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Introduction

There have been many attempts to improve the resolution
of electron microscopes. Transmission electron microscopes
are normally limited in resolution by a balance between the
diffraction limit (which could be overcome by the use of a large
objective aperture) and the spherical aberration of the lenses
used (which could be overcome by the use of a small objective
aperture). In recent years successful attempts have been made
to achieve resolutions beyond this limit by holography [1, 2]
and also by the development of aberration correctors [3].

In this paper we bring together two concepts (each of them
well-known) to propose a new method of achieving image
resolution in scanning transmission electron microscopy
(STEM) that goes beyond the resolution of these existing
methods. The two elements that combine to make the new
technique possible are the appearance of singularities in the
caustics, which are formed in waves that are subject to random
phase shifts, and the imaging of detail well below the size of
the image-forming probe when the probe contains fine-scale
structure.

Resolution in a Scanned Image

It is well known that in a scanned image, the resolution
in the image can be much better than the overall size of the
probe. In a scanning electron microscope (SEM), for example,
the signal leaves the sample from an area corresponding to
the interaction volume, but the detail seen in the image can be
orders of magnitude smaller than the
interaction volume [4]. In more general
terms, information may be seen in an
image on a scale that is related to the
maximum slope of the spatial variation
of the intensity of the probe, not the
overall size of the probe [5]. Therefore to
achieve high-resolution images, we do
not need a probe with a size equal to the
resolution sought. We need only a probe
that contains a strong local intensity
fluctuation on the scale of the resolution.

Caustics in Randomly
Scattered Waves

When waves are focused to form
a small probe, they are subject to fields
that are deliberately made very symmet-
rical. However, if waves are scattered
by a more random scattering potential,
the result is the production of caustic

surfaces [6]. These caustic surfaces are described by catastrophe
theory [7]. The conclusion of studies in this field is that in the
fairly-near field of the waves scattered from a random potential,
there will be caustic maxima (see figure 1). These maxima have
a sharpness that would be infinite in geometric optics but in
a wave theory approach can be shown to be broadened by the
wavelength [7].

The Principle of the Technique

The principle of the proposed technique is that a coherent
electron beam illuminates a very thin amorphous film of a
light element. This acts as a scattering potential to produce
a randomly phase shifted wave. The exit wave from this phase-
shifting film is a wavefront with random variations in phase on
the scale of atomic diameters and below.

As this wavefront propagates, caustics will form, including
places where a caustic peak is locally much smaller than the
atomic size, limited only by the wavelength of the electrons.
This caustic peak will be surrounded by a much larger area of
electron wave but with essentially no significant structure. We
imagine that the beam falling on the amorphous phase-shifting
film is limited in diameter so that the likelihood of more than
one caustic in a given plane is negligible. In this plane below
the phase-shifting film, the sample to be studied is placed
and scanned under the probe by a piezoelectric drive similar
to those used for atomic force microscopes. The image of the
sample under investigation is thus as sharp as the caustic peak
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Figure 1: Detail from a painting by David Hockney: “Portrait of an Artist (Pool with Two Figures)” 1972.
Acrylic on canvas. 84x120 inches. ©David Hockney. The figure shows caustics produced on the bottom of a
swimming pool by the scattering of sunlight by the random pattern of waves on the surface.
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Figure 2: Schematic diagram to
show the principle of the method. A is
a thin amorphous film that serves to
introduce a suitable scale of random
phase shifts on the electron wave.
B is the sample to be studied. It is
moved vertically to find “focus” that
is a position where the electron wave
field contains a singular caustic. The
sample is rastered under the beam to
form the image. Note: Rastering the
electron beam does not serve, in this

Wavelength High-Energy Electron Localization

in the probe but with an
added diffuse background
formed by the skirt
surrounding the caustic
peak. We coin the term
Wavelength ~ High-Energy
Electron Localization for this
new technique.

Figure 2 shows a schematic
diagram of the apparatus.
A thin amorphous film
(A) imposes random phase
shifts, as a function of
lateral position, on the
incident  electron  wave.
The wave field below A
contains caustics produced
by these phase shifts. Thus
the electron wave field that
is incident on the sample
(B) is a large diffuse patch

case. crossed by bright caustics.

The transmitted beam then
contains information on the sample, B, down to a resolution
corresponding to the size of the caustic in the illumination.

At any height of the sample, the electron wave field will
contain caustics that are basically lines similar to those in
Figure 1. However in certain planes below A, the wave field
will contain singularities [7]. In such planes the intensity will
be extremely bright in a local region, rather than moderately
bright along a line. If the sample, B, is located in such a plane,
the image will resolve detail down to the size of the singularity.

There is no way (that we are aware of) that would allow us to
examine the wave field formed by the phase-shifting sample to
see directly the caustics formed. We anticipate that the sample
to be studied would be moved along the beam direction, looking
to see fine detail in the images produced until a caustic singularity
is found through observation of fine detail in the image.

There are two apparent difficulties. On the one hand
the imaging probe will have the complex shape of a caustic
singularity, rather than the Gaussian shape of an “ideal” probe.
On the other hand there will be no way to check that there is just
one singularity. Both of these problems have straightforward
solutions, but, for reasons of space, it is not appropriate to give
them here.

Comparison with an Earlier Method

When a lens is used to focus a beam, the process may be
thought of as producing a caustic, but one in which, because
of the symmetries so painstakingly imposed on the fields, the
caustic is highly degenerate, rather than one of the structurally
stable singularities that result from unsymmetric scattering.
Thus, when Cowley and others suggested that resolution could
be enhanced by putting an atom (one atom) into the electron
beam, they were proposing one special case of the present
method, albeit one that seems impossible to realize [8].

Conclusion
We propose a new method for obtaining much higher
resolutions than can be obtained with current instrumentation.
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It seems plausible that, if the requisite stabilities can be
achieved, direct imaging should be readily obtained that is an
order of magnitude better than present results.

See page 68 for a note added in proof.
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