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ON THE PETTIS MEASURABILITY THEOREM

DIETRICH HELMER

It is shown that, in Pettis’s criterion for Bochner measurability of a vector-valued
function f: § — X, scalar measurability of f can be weakened to requiring that
uo f be measurable for u in some subset of the dual X* separating the points of
X . Even then, the separability hypotheses in Pettis’s Theorem can be weakened
as well.

Throughout, (S, X, #) denotes a positive measure space. Then X, stands for the
collection of all p-null sets and X} for {E € £ |0 < u(E) < oo}. Moreover, X is a
Fréchet space over KK, where K =R or K = C. We fix a function f: § —» X. Recall
that f is p-measurable (in the sense of Bochner) if and only if xg f is, for every E € £y,
the hmit p-almost everywhere in S of a sequence of u-simple functions. The set of all
p-measurable functions § — X is denoted by M(p, X).

One of the most frequently employed and useful criteria for y-measurability is the
Pettis Measurability Theorem for Banach spaces X [12, p.278] (compare (2, p.149)):
J € M(p, X) if (and only if) every E € I3 admits an N € ¥ such that f(E\ N) is
separable and f is scalarly p-measureable, that is,

X*of:={uof|ue X"} C M(p, K) = M(p).

A discussion of the importance of the theorem for Measure Theory and the theory of
Banach spaces has been given by Uhl in [19]. It is known (compare [19] [1, p.43] for
finite p) that scalar p-measurability of f in Pettis’s Theorem can be replaced by the
weaker condition that U o f C M(u) for some norming U C X*. We shall show in this
note that a minimal requirement is already sufficient here: namely, that Uo f C M(u)
for some U C X* separating sufficiently many points of X. (A key argument has
already been utilised implicitly in [4] for Haar measures p and, for general o-finite g,
in [7].) It is often easy to identify point-separating subsets U of X*; and, depending
on X* and f, there may be flexibility in tailoring U so as to facilitate the verification
of Uo f C M(p).

Let 1:= [0, 1]. If B C X, then 3pan B stands for the closed linear span of B in X
and B, denotes B with the subspace topology it inherits from the weak topology of X .
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Similarly, if V' C X*, then V,, is V equipped with the restricted w*-topology. (S, f), p.)
denotes the Lebesgue extension of (S, X, u). We call . C g p-covering if and only if
for every E € I, there exists some T € . such that ENT ¢ 3, which is the case

if and only if every E € ¥, admits a sequence T, in X, with E\ G Tp € Xp. And
n=1

I C 5 is said to be a p-regularity set if and only if w(E) =sup{p(G) |GeT,GC E}
for every E € X. Any such I' is u-covering.

THEOREM 1. f € M(u, X) if and only if there exists a p-covering set T, such
that every T € X, admits some N € Lo with f(T \ N) separable and some U C X*
separating the points of 3pan f(T'\ N) with Uo f C M(u).

PRroOOF: If f is p-measurable, then the conditions are satisfied with ¥, := ¥, and
U := X*. Conversely, suppose now that there exists a p-covering collection . as
above. First, using routine arguments, one reduces the proof to the case where u is
finite, X is separable, and where U o f C M(pu) for some subset U of X™* separating
the points of X . In this situation, it follows by means of Egoroff’s Theorem that the
linear subspace D := {u € X* |uo f € M(n)} of X* is sequentially closed in X. For
every O-neighbourhood B in X, the polar B® := {u € X* | [u(b)| < 1 for all b€ B} is
compact and metrisable in X} ; and, consequently, DNB° is closed in (B®),. According
to the Krein-Smulian Theorem [9, 22.6], therefore, D itself is closed in X*. On the
other hand, D is dense in X since it separates the points of X. Thus, D = X*, that
is f is scalarly p-measurable. If X is a Banach space, an appeal to Pettis’s Theorem
finishes the proof. In the general case, the usual arguments need adaptation: Fix a
sequence B, of closed convex circled subsets of X constituting a 0-neighbourhood
base in X such that Bpy1 C B, for all n. Thereafter, pick, for every n, a sequence
Unj that is dense in (B;),. Moreover, let z,, be a dense sequence in X. Then

Bnm: 8 — sup{|un(f(s) — zm)| | keN}: S —K

is p-measurable for all n,m, and, consequently, h7L(I) € £. But h7i(I) =
f Y (zm + B,) by means of the Bipolar Theorem. Now the classical arguments carry
over mutatis mutandis to show that f is the uniform limit of a sequence f,, of countably-
valued functions with {f;(z) |n € N,z € X} C $ and, finally, to show that f is
p-measurable. a0

EXAMPLE. Suppose S is also a topological space and T' is a p-regularity set
consisting of closed subsets or of open subsets of S. Let D be an open connected set
in C and h: §x D — C a function that is analytic in the second argument such
that {h(—, z) | z € A} C M(u) for some A C D with an accumulation point in D.
Then, given € > 0, every E € Xy containsa G € T' with p(E \ G) < € such that h is
continuous on G x D.
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PROOF: Consider ¥: 8 — h(s, —): § — H(D), where H(D) denotes the sep-
arable Fréchet space consisting of all analytic functions D — C equipped with the
topology of uniform convergence on compacta. The subset U of H(D)", made up
of the evaluation functionals at points of A, separates the points of H(D) and satis-
fies U oy C M(p). So 9 is p-measurable by Theorem 1; whence some sequence of
countably-valued p-measurable functions S — H(D) converges to ¢ uniformly. Adapt-
ing standard arguments (compare [16, p.27]), given ¢ and E, we find some G € T with
G C E and p(E \ G) < € on which 3 is continuous. To complete the proof, it therefore
suffices to utilise the continuity of the evaluation H(D) x D — C. a

We now turn to the second ingredient of the Pettis Theorem, separability, and
replace it by weaker conditions, while keeping our minimal hypotheses on scalar p-
measurability.

We call a topology 7 on RC S a p-topologyif and only if TNXy C {0, R}. I R
is o-finite in & and 6 is a lifting of A:={De$|DC R}, or just any lower density
of A, then the density topology

To:={6(D)\M |De A, Mec AN} ={F e A|F C6(F)}

(compare (8, p.54]) is a u-topology on R. Generally: if R € b3 \ Xy and O is any
topology on R with ONXEy = {0}, then {Q\ M | Q € O, M € £y} is a basis of a
p-topology. If P is a topological space and V C C(P), then V is considered equipped
with the topology of pointwise convergence and AlgV denotes the smallest closed K-
subalgebra of C(P) containing V. Recall that P satisfies the Souslin countable chain
condition CCC if and only if every family of non-empty, pairwise disjoint, open subsets
of P is countable. We say that.a collection B of Borel subsets of K is a Borel subbase
for K if and only if for every open W C K and every a € W, there are By, ..., B
in B with a € ﬁ B, CW.
k=1

THEOREM 2. f € M(p, X) if there is a p-covering set X such that every T €

Y. admits pseudo-compact sets Py, Py, ... in X,, p-null sets Ng, Ny, ... with

f(T\ No) C W(D f(T\Ni)ﬂPi) =Y,

i=1

and a U C X* separating points of Y with U o f C M(pu) satisfying, for every k> 1,
one of these conditions:

(1) There is a sequence Vim of pseudo-compact CCC-subspaces of C(Py,)
with U |pk§ Alg( U Vkm) .

m=1
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(2) Thereis a Borel subbase B}, for K so that every pairwise disjoint collection
in

{Tﬂ nf_l(Pkﬂui_l(B,'))\Nk ImEN, u; € U, B,‘EB}:}

i=1

is countable.

(3) TN f Y (P) isin £ and o-finite; and there is a p-topology Ty on T N
f7Y(Py) such that uof, restricted to (T N f~*(Py))\Ni, is Tx-continuous
foruelU.

Conversely, these conditions are necessary for f € M(p, X).

PRrROOF: Suppose that there exists a p-covering collection %, with the properties
listed above. Fix T € X, and then let the P;’s, the N;’s and U be as guaranteed
by the hypotheses. In view of Theorem 1, it suffices to show that, for every fixed
k > 1, the weak closure Cj of f(T\ Ni)N Py is separable with respect to the weak
topology. Note that Cx C Y, as Y is closed in X, by Ma.zur s Theorem [9, 17.1]. The
class of Eberlein compacta (that is, those topological spaces that are homeomorphic
with weakly compact subsets of Banach spaces) is well-known to be closed under the
formation of countable products. And according to a result of Preiss and Simon [13],
every weakly pseudo-compact subset of a Banach space is weakly compact. Thus, as
X admits a linear homeomorphic embedding into a product of countably many Banach
spaces, P, i1s Eberlein compact.

First, suppose that (1) is satisfied. Fix m. Evaluation g : Vim X Pre — K is
separately continuous. Let h € C(K,I). Then an argument given by Ptdk [14, p.572]
shows that

Lim lim h(vi(p;)) = hm hm h(v,(p,)) inI

i—00 j—oo

for every sequence (v;, p;i) in Vi X Py for which all limits involved exist. According to
[5,2.1.(2)], therefore, hog: Vim X Pre — I admits a separately continuous extension to
BVim X Pio, where 8 denotes the Stone-Cech compactification operator. Furthermore,
if A, B are any two disjoint closed subsets of K, then h'(4) C {0} and A'(B) C {1}
for a suitable k' € C(K,I). Consequently, ¢ admits a separately continuous extension
BVim X Pre — BK by [5, 2.1.(7)]. Moreover, all subspaces of K of the form Vi, (p)
with p € P, and of the form v(P;) with v € Vi, are compact. It therefore follows
from [5, 2.5.(1), 2.8] that Vi, has Eberlein compact closure Vi, in C(Pio). On the
other hand, Vy,, satisfies CCC. Consequently, Vim is separable. This follows from
the Rosenthal Separability Theorem [15, 4.6] and is also a rather direct consequence of
Namioka’s continuity Theorem 4.2 in [11]. Thus, A := Alg( U Vkm) is separable in

m=1
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C(Pro), whence A|c, is separable in C(Cio). But A|c, separates the points of C;
since it contains U|c, . Consequently, Cxo is separable, indeed.

In cases (2), (3), it suffices to show that C}, satisfies CCC because it is Eberlein
compact. Solet (@1),c, be any family of non-empty, open, pairwise disjoint subsets of
Ciro. Fix A € A, and choose some ¢ty € T'N (f_l(P,c Naa\ N;,). Since U|c, separates
the points of Cp, it generates the topology of Ci,. So there exist vy, ..., u,, € U and
open subsets By, ..., By, in K such that

f(ta) € Cen [ ui*(B:) € @

=1

But then f(Dx) C @, for

Dx:=TNf(Pa)N () (wio f)7'(Bi)\ Ny
i=1
And D, # 0, as iy € Dy.

Suppose now that (3) holds. Then D, is an open Ti-neighbourhood of ¢ in
(TN f~*(Ps)) \ Ni. Since T} is a p-topology on TN f~1(Py), it follows that Dy ¢ %o,
provided that D) # (Tﬂ f‘l(Pk)) \ Nx. Moreover, in view of the hypothesis that
Uo f C M(p) and that TN f~1(P;) is o-finite in 3, we obtain that Dy € & (compare
(2, p.148]). Consequently, the usual summability argument shows that A must be
countable.

Finally, suppose that (2) is satisfied. Then we may assume that B;, ..., By
are, actually, members of By (though no longer open, perhaps). Consequently, (2)
guarantees countability of A in this case as well.

Conversely, as for the necessity of the conditions, suppose that f is y-measurable.

Take B, := ¥ and U := X*. Fix T € ¥, and, thereafter, N, € Xy such that |J P;
i=1

is dense in f(T\ Ny) for some sequence Pj of singletons. Let Ni := 0 for £ > 1.

Then (1) and (2) are, trivially, satisfied for every k. As is (3) since TN f~1(P:) € &

(compare (2, p.148)).

REMARKS. 1. The proof of Theorem 1 essentially consisted in showing that, if Uo f C
M(p) for some U C X* separating the points of X, then f is scalarly y-measurable,
provided that X is separable. Scalar measurability has received considerable attention,
in particular in the context of the Pettis integral (compare [18] and references there).
The Krein-Smulian Theorem can be applied to the scalar measurability problem as
well. Even if X is non-separable, the argument for scalar p-measurability of f in
the proof of Theorem 1 goes through, provided that (B°),
neighbourhood B in X . The latter condition is satisfied, for instance, if X is a closed

is sequential for every O-
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linear subspace of a Fréchet space Z suchthat |J P, is totalin Z for some sequence P,
n=1

of pseudo-compact subsets of Z,. But some additional assumption on X is, generally,

indispensable to arrive at the conclusion. Consider, for instance, the map g: I — £,
where g(s) is the sequence making up the dyadic expansion of s € I such that g(s) is
not 1 eventually. Let U C (£*°)" consist of the evaluation functionals at points of N.
For every u € U, then uog is measurable with respect to Lebesgue measure A (in fact,
uog is of Baire class 1). It can be shown, however, that g is not scalarly A-measurable.
2. If S is a Souslin space and g a Borel measure, then the set X(S) of all compact
subsets of § is a p-regularity set (compare [16, p.122]).

3. If S is a completely regular space and p a Baire measure, then it can be shown
that the collection Z(.S) of zero-sets of S (that is, sets g~*(0) with g € C(S,[)) is
a p-regularity set. This, in turn, can be used to show that, if S is a locally compact
group and p a Haar measure, then Z(S) N K(S) is a p-regularity set; if, moreover,
the connected components of § are metrisable, then those members of Z(.S) that are
homeomorphic with {0, 1}* form a u-regularity set, where w is the local weight of §
(6, p.337].

4. In Theorems 1, 2, U o f C M(u) can be replaced by U o f|lr C M(ur), where
pr 1s the restriction of p to T'.

5. For certain measures g, a much stronger version of the o-compactness condition for
F(T'\ No) in Theorem 2 is a necessary by-product of u-measurability. Suppose § is also
a topological space and has a p-regularity set I' consisting of closed pseudo-compact
sets of §. (For example, x4 a Radon measure.) If f € M(p, X), then every T € X}
admits some Ny € X¢ such that f(T \ Ny) is o-compact, even in X . This follows from
the fact (compare the Example) that T contains, for every £ > 0, some G € T' with
(T \ G) < € such that f|g: G — X is continuous.

6. Given the Pj’s in Theorem 2, condition (1) is satisfied if U is pointwise bounded on
X and U, satisfies CCC. For instance, if Z is a Banach space for which B := {z € Z |
llz]] €1}, satisfies CCC — such spaces have been studied and examples exhibited by
Wheeler in [20] — and if X is the strong dual of Z, then one may take the set U C X*
corresponding to B or any sufficiently large subset thereof.

7. Concerning the countable chain condition in (1), it would not be good enough

to suppose that U Vim be a CCC-space. Comsider X := £%(1), U := X*, Py :=

{z | ||I=]| €1}, a.nd Vkm = {'v|pll |v € X*, |lv|| < m}. Since X is homeomorphic
with a dense subset of some product K2, it satisfies CCC. But the scalarly Lebesgue
measurable function f: s — x(,}: I = X is not measurable (as Birkhoff observed long
ago).

8. In Theorem 2: if T N f~1(P;) is in % and o-finite and the set system in (2) has
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only @ in common with X, for some Bk, then (2) is satisfied.
9. If (3) is satisfied for all k, if T\ U F1(Px) € o, and U T, C £, then the

hypothesis U o f C M(p) is redunda.nt since U o flr C M(pr) in thls situation.

10. Let F be the class of those Fréchet spaces in which all weakly compact, hence all
weakly pseudo-compact, subsets are separable. (1), (2), (3) in Theorem 2 are redundant
if X € F. — Now let X = L*(v, Y), where v is a o-finite measure and Y a Banach
space. Clearly, X € F,if Y € F and L!(v) is separable. It is shown in [7] that large
subspaces of X are in F if Y admits a continuous linear injection into some Banach
space Z such that W, satisfies CCC for some bounded W C Z* separating the points
of Z. More elementary is the fact that X € F if Y is separable. For a compact space
L, the Banach space C(L) may have a weak *-separable dual, even when L itself is not
separable; compare [10] and [17]. In [3, 5.6], an example is given of a Banach space X
with X} separable (equivalently: with a countable subset of X* separating the points
of X) such that no countable subset of X* is norming.

COROLLARY. Let p be o-finite. If f € M(p, X), then there are N € X,
some U C X* separating points of 3pan f(S\ N), and a topology T on S with
T\ {0} C £\ By rendering uo fls\w T -continuous for all w € U. The converse holds
if f(S\ M) is relatively compact in X, for some M € X,.

ProoF: Let f € M(p, X) and then Z a separable closed linear subspace of X
such that Ny := f~}(X \ Z) € 9. Choose a countable subset U of X* that separates
the points of Z. Moreover, let 8 be a lifting of £. (Such a lifting exists: if (5, T, u)
is not finite and complete, instead we may consider any measure v: | producing
the same null sets as p. Compare [8, p.46].) But then every u € U admits some
N, € %y for which u o f|s\n, is continuous with respect to the density topology 7s

on S [8, p.59]. Consequently, N := N; U |J N, does the job. Conversely, suppose
w€U
that, in addition to the conditions listed, there exist a weakly compact subset P of X

and some M € ¥y such that f(§\ M) C P. Then the py-measurability of f follows
by means of Theorem 2.(3) with Ny := NUM =: N, Z.:={S\ No}, P := P, and
Te :={Q\ No | @ € T}; compare Remark 9. 0
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