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Abstract

Competing and complementary risk (CCR) problems are often modelled using a class
of distributions of the maximum, or minimum, of a random number of independent and
identically distributed random variables, called the CCR class of distributions. While
CCR distributions generally do not have an easy-to-calculate density or probability
mass function, two special cases, namely the Poisson—exponential and exponential—
geometric distributions, can easily be calculated. Hence, it is of interest to approximate
CCR distributions with these simpler distributions. In this paper, we develop Stein’s
method for the CCR class of distributions to provide a general comparison method for
bounding the distance between two CCR distributions, and we contrast this approach
with bounds obtained using a Lindeberg argument. We detail the comparisons for
Poisson—exponential, and exponential-geometric distributions.
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1. Introduction

Competing and complementary risk (CCR) problems typically focus on the failure of a sys-
tem composed of multiple components or a system with several, sometimes even a countably
infinite number of, risk factors that can cause its failure. Here we think of components and risk
factors as having random lifetimes, denoted by a sequence of independent and identically dis-
tributed (i.i.d.) positive random variables X1, X», .. .. At the end of its lifetime the component
fails, or the risk occurs.

CCR systems are either sequential or parallel; in sequential systems, the whole system fails
at the occurrence of the first among an unknown number N of risk factors; risks compete
with each other to cause failure. In this case, the observed failure time is the minimum of the
lifetimes of the risk factors. In parallel systems, the system fails after all of an unknown number
N of risk factors occur, and the observed failure time is the maximum of the lifetimes of these
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2 A. FATIMA AND G. REINERT

risk factors. In both settings, the lifetimes of the components or risks are modelled as random,
as is the number of risks N, which is assumed to be independent of the lifetimes. These two
CCR settings are frequently studied together, as max(Xy, ..., Xy) = —min(— X1, ..., —Xy);
see [0].

CCR settings arise in many fields, such as industrial reliability, demography, biomedical
studies, public health, and actuarial sciences. For example, in a study of vertical transmis-
sion of HIV from an infected mother to her newborn child, several factors increase the risk
of transmission, such as high maternal virus load and low birth weight. Exactly which factors
determine the timing of transmission is an ongoing area of research. Even with a list of known
risk factors, there are possibly many unknown risk factors involved. The problem is therefore
modelled as a CCR problem in [8], [20], [21], and [35]. The number of successive failures of
the air conditioning system of each member of a fleet of 13 Boeing 720 jet aeroplanes was
modelled as a CCR problem in [17], with potential risk factors including defective compo-
nents in the air conditioning system and errors during the production process. In [3] the period
between successive coal-mining disasters is modelled as a CCR problem, with construction
faults or human errors committed by inexperienced miners as examples of risks. The daily
ozone concentrations in New York during May—September 1973 is treated as a CCR problem
in [16].

We call the distributions used to model the lifetimes in CCR problems the CCR family
of distributions. Examples from this family that have been studied in the literature include
the exponential-Poisson distribution [17], the Poisson—exponential (PE) lifetime distribution
[8], the Weibull-Poisson distribution [22], the extended Weibull-Poisson distribution, and the
extended generalised extreme value Poisson distribution [29]. In [34] a detailed review is given
of CCR distributions, and additional ones are proposed therein.

The probability mass function of a CCR distribution can be quite unwieldy. Hence, it is
of interest to approximate a CCR distribution by a simpler CCR distribution such as the PE
distribution or the exponential-geometric distribution. For these two distributions, the number
of risks or components follows a zero-truncated Poisson or geometric distribution, respectively.
To assess such approximations, we develop Stein’s method for CCR distributions.

The seminal work of Charles Stein [32] derives bounds on the approximation error for
normal approximations. In [10], Stein’s method is adapted to Poisson approximation; see also
[4] and [5]. Generalisations to many other distributions and dimensions are available; see,
for example, [9], [24], and [25]. The Stein operators in this paper are based on the density
approach; see [18]. A main difficulty in distributional comparison problems is comparing a
discrete and a continuous distribution; related works on Stein’s method include [15], which
bounds the Wasserstein distance between a beta distribution and the distribution of the number
of white balls in a Pélya—Eggenberger urn, and [14], where standardisations related to the
ones we propose are used. Maxima of a fixed number of random variables were treated with
Stein’s method in [13]; Stein’s method applied to a random sum of random variables can be
found in [28]. Here we propose a comparison of the distributions of a maximum (or minimum)
of discrete random variables and a maximum (or minimum) of continuous random variables
when the number of these random variables is itself an independent random variable. In future
work, the Stein characterisations derived in the present paper could be employed to construct
Stein-based goodness-of-fit statistics as in [7].

The remainder of this paper is organised as follows. Section 2 gives a brief introduction to
Stein’s method using the density approach and applies it to obtain a general representation for
the CCR class of distributions through a Stein operator. Section 3 develops Stein’s method for
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comparing CCR distributions; as an alternative approach, it also provides a comparison based
on a Lindeberg argument. As the main illustration of our results, Section 4 details Stein’s
method for the PE distribution and uses it to bound the total variation distance between a PE
distribution and a distribution from the CCR family, as well as between a PE distribution and a
distribution not from the CCR family. As a second illustration, in Section 5 we develop Stein’s
method for the exponential-geometric distribution and perform distributional comparisons in
total variation distance. Section 6 gives a bound on the bounded Wasserstein distance between
the distribution of the maximum waiting time of sequence patterns in Bernoulli trials and a
PE distribution. Proofs that are standard but which would disturb the flow of the argument are
postponed to Appendix.

2. Stein’s method for CCR distributions

‘We use the notation Rio = (0, 00)and N={1, 2, 3, .. .}. The backward difference operator
A~ operates on a function g: R — R by A7 g(x) = g(x) — g(x — 1). We note that A~ (gq)(y) =
gMA~g() + gy — 1)A™¢q(y). For a function h € Lip,(1), its derivative is denoted by 4’ and
exists almost everywhere (by Rademacher’s theorem).

For two probability distributions g and p on Rio, we seek bounds on distances of the form

dy(p. g) := sup |Eh(X) — Eh(Z)|, 2.1
heH

where H is a set of test functions, Z ~ g, and X ~ p. The sets of functions H in (2.1) are, for

the total variation distance dty, H = {I[- € A] : A € B(R)} and, for the bounded Wasserstein

distance dgw,

H =Lip,(1):={h: Rio — R:|h(x) — h(y)| < |x—y| forall x, y e R; ||| < 1}.

Here B(R) denotes the Borel sets of R and || - || is the supremum norm in R. We note here
the alternative formulation for total variation distance based on Borel-measurable functions
h:R— R,

drv(p, 9) = %ihlpl [EAX) — EA(Z). (22)

2.1. Stein’s method for distributional comparisons

To obtain explicit bounds on the distance between a probability distribution £(X) of interest
and a usually well-understood approximating distribution Lo(Z), often called the target distri-
bution, Stein’s method connects the test function # € H in (2.1) to the distribution of interest

through a Stein equation
h(x) —Eh(Z) =T g(x). (2.3)

In (2.3), T is a Stein operator for the distribution Ly(Z), with an associated Stein class
F(T) of functions such that E[7 g(Z)] =0 for all g € 7(7T) if and only if Z ~ Ly(Z); thus,
a Stein operator characterises the distribution. The distance (2.1) can then be bounded by
dy (LX), Lo(Z2)) < Supye Fen) |ET g(X)| where F(H) = {gn : h € H} is the set of solutions of
the Stein equation (2.3) for the set of test functions /& € H.

The Stein operator 7 for a probability distribution is not unique; see e.g. [18]. In this
paper, we employ the so-called density method, which uses the score function of a probability
distribution to construct a Stein operator, called a score Stein operator. Following [19, 33],
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a score Stein operator for a continuous distribution with probability density function (PDF) p
and support [a, b] € R acts on functions g for which the derivative exists by

(gp)'(x)
px)

Tpg(x) = (2.4)
where we take 0/0=0. For differentiable ¢ and p, (2.4) simplifies to 7,g(x) = g'(x) +
g(x)p(x), where p =p’/p is the score function of p. The Stein class F(Tp) is the collection
of functions g:R — R such that g(x) p(x) is differentiable with integrable derivative and
limy— 45 g(x)p(x) = 0. It is straightforward to see that for a PDF p on [a, b] C R,

1 X
g =gnx)=— / [A() — ER(X)]p(¢) dt (2.5)
p(x) Jo

solves (2.3) for A and that if / is bounded then g € F(7,).

To use the Stein equation for a distributional comparison, let X and Y be two random vari-
ables with PDFs px and py, defined on the same probability space and with nested supports
supp(py) C supp(px) = [a, b] C R, score functions px and py, and corresponding score Stein
operators Tx and Ty. Then

Eh(Y) — Eh(X) = Egx n(V)(py(Y) — px(Y)), (2.6)

where gx »(x) is the solution of the Stein equation for # and Tx. Equation (2.6) is a special case
of Equation 23 in Section 2.5 of [18].

For a discrete distribution with probability mass function (PMF) ¢ having support Z =

[a, b] C N, the discrete backward score function is A;(‘;gy ), and, as in Remark 3.2 and Example

3.13 of [18], a discrete backward score Stein operator is

A-
T8 =A"g(y) + ﬂg(y -1, yel (2.7
q()

With an abuse of notation, we often refer to a Stein operator for the distribution of X as the
Stein operator for X, and similarly refer to the score function of the distribution of X as the
score function of X. Further, if X ~ p, we also write Tx for 7.

2.2. CCR distributions

Let N € N be a random variable with finite second moment and let Y = (Y, Y»,...) be a
sequence of positive i.i.d. random variables, with cumulative distribution function (CDF) Fy
independent of N. Then

in(Y,. Yy, ....Yy) ifa=—1,
Wy = Wy(N, Y) = | minl¥1. 12 v} ife (2.8)
max{Yy, Yo, ..., Yy} ifa=1

is called a CCR random variable with type indicator o € {—1, 1}. Setting

2.9)

1= 1—Fy() ifa=-1,
YT Fye) ifa=1

and writing Gy(x) = E xV, the probability generating function of N, W, > 0 has CDF
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Fy,(w) =P(Wy <w) (2.10)
1=Y,PIN=n)Usw)"=1—(Gyo UH)(w) ifa=—1, @.11)
Zn P(N =n)U(w)" = (Gy o U¥)(w) ifa=1. '

If the Y; have a continuous distribution with PDF fy, then W, has PDF

Jw, (W)= Z PN = n) n(US(w))" ™ fr(w) =fy(w)(Gly o UF)(w); (2.12)

see also [34]. Here we have used that (U} Y (w) = afy(w).
If the Y; are discrete with PMF py on N, the resulting random variable W, has PMF pyw,_,
which can be expressed in terms of Gy(-) as

pw, @) = a(Gn(US(x) — GN(UF(x — 1)) = @A™ (Gy o UR)(x). (2.13)
Example 1.
(1) IfNisa zero- truncated Poisson random variable with parameter 0, then (2.12) simplifies

1o fw, (W) fy(w) _9 e—0(1=Uy(w) forw > 0. This is the PDF of the extended Poisson

family of dlstrlbutlons glven in Equation 3 of [29], where it is called the G-Poisson class
of distributions [34].

(i) If N is a Geometric(p) random variable with PMF P(N =n)=(1 — p)"Yp for ne
N, then (2.12) yields fw,(w) =fr(w)p/(1 — (1 —p)U?‘,(w))2 for w> 0, which gives the
distributions in Equations 5.2 and 5.3 of [23].

2.3. Stein’s method for the CCR class of distributions
To obtain a Stein operator for the CCR random variable W,, = W, (N, Y) in (2.8), we use the
density method. First, we assume that the Y; are continuous with differentiable PDF fy. From
(2.12), the score function for the distribution of W, is
(Gy o Us)(w)

— o~ T , 2.14
GaTHm TP (2.14)

ow, (W) = afy(w)

where py = fy /fy is the score function of Y. Hence Ty, given by

Tw,8(w) = g' W) + pw, (W)g(w) (2.15)

for differentiable g is a Stein operator acting on the functions g € F(7Tw, ). For a test function
h € ‘H, the corresponding Stein equation is

§' W) + pw, (W)g(w) = h(w) — ER(We). (2.16)

Thus, for any random variable X, the distance dy; from (2.1) between the distributions of
X and W, can be bounded by bounding the expectation of the left-hand side of (2.16). For Y;
taking values in N with PMF py, the backward score function is

A" pw,(w) _ AT(A(Gy o Uy))(w)

pw, (W) = = : 2.17)
pw, (W) A~ (Gy o Uy)(w)
with corresponding discrete backward score Stein operator Ty, operating as
Tw,8w) = A~ g(w) + pw, (w)g(w — 1). (2.18)
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3. A general comparison approach

To illustrate the use of Stein’s method for CCR distributions, we compare the distributions
of two maxima or two minima of a random number of i.i.d. random variables W, (N, Y) and
Wo(M, Z).

Proposition 1. Let W, (N, Y) and Wy, (M, Z) for a1, oz € {—1, 1} be CCR random variables
with PDFs fy and f7 and score functions py and pz. Then for any test function h such that the
W, (N, Y) Stein equation (2.16) for h has a solution g = g,

|ER(Wy, (N, Y)) — ER(Wy, (M, Z))|

(G} o UE (W) (G}, 0 ULYW)

= |Eg(W W———— — wW)—"—/—
8( )(aLfY( )(G}\,OU?)(W) afz( )(ij,ong)(W)

) +EgW)(py — pz)(W)|,

3.1

where W = Wy,(M, Z) and U? is as in (2.9).
If the Y; are discrete with PMF fy and the Z; are discrete with PMF f7, then
|ER(Wo, (N, Y)) — ER(We, (M, Z))|
A~ (A= (Gy o UyH))(W) A~ (A= (Gy o UZ)(W)
e — W= . (32)
A=(Gy o Uy (W) A=(Gy o U, )(W)

= ‘Eg(W -1 (fy(W)
Proof. Substitute the score functions (2.14) and (2.17) into (2.6); simplifying then gives
(3.1) and (3.2) respectively. U

To compare a discrete random variable and a continuous random variable, we use the con-
cept of standardised Stein equations as in [14] and [18]. For a continuous random variable W
with score function pw and a differentiable function ¢ : R — R, define a c-standardised Stein

operator 7'&,6) by

T (8w) = Tw(cg)(w) = c(w)g' (W) + [c(w)pw () + ' (w)] g(w). (3.3)

For a random variable V € N with discrete backward score function py and a functiond : N —
R, define a d-standardised Stein operator for V by

T (g(w)) = Tv(dg)(w) = A~ (dg)(w) + py(w)(dg)(w — 1)
= d(w — A g(w) + gw)A~d(w) + d(w — 1)g(w — 1) py(w).

(34)

For CCR random variables W, (N, Y) and W, (M, Z), when the Y; are continuous on Rio
with differentiable PDF f; and the Z; take values in N, we rescale W, (M, Z) by dividing it by n,
to obtain W, = W, , = lW M, Z2).If Wu(M, Z) € N has PMF p and backward score function
p, then W, has PMF IP’(Wn =7)= {J(nz) and backward score function p,(z) = p(nz). We note
here that the ratio p(nz) =2 ("Z)p(ll; z}; is the score function of W, (M, Z) evaluated at nz,
which for n # 1 does not equal the score function of W,,. With A™"*f(x) :=f(x) —f(x — 1/n),

we obtain the Stein operator 7;,(‘1) given by

TDg(2) = Tu(dg)(z) = A™"(dg)(2)d(2) + pn(2)(dg) (z — 1/n) . 3.5)
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Proposition 2. Let W, (M, Z) be a discrete CCR random variable with discrete backward score
function pw, for neN set W,,=Wy(M, Z)/n and p,(z) = pwnz). Let W =Wy(N,Y) be a
continuous CCR random variable with score function p. Let h € H be a test function such
that the L(W) Stein equation (2.3) has solution g = g. Then for any differentiable function
c: RIO — R and any functiond : N — R,

|[ER(W,) — ER(W)| < |E[nA™"(dg)(Wy) — (cg) (Wp)]

~ (3.6)
+ E[n0,(Wa)(dg)(Wy — 1/n) = (c@)(Wa)p(Wp)]|.
Proof. To compare the two distributions, for a given test function 4 we have
Er(Wy) — ER(W) = ETw(cg)(Wn) = El(cg) (Wa) + (c) (W) p(Wn)] (3.7

with g solving the continuous Stein equation (3.3) for h. Next, we note that for the Stein

operator given in (3.5), ]E77fd)(g)(Wn) =0 by construction. Hence, also nIET,,(d)(g)(Wn) =0.
Thus, (3.7) yields

En(W,) — ER(W) = E[(cg) (Wn) + (cg)(Wn)p(Wy)
— nATdG)(Wn) = npu(Wa)(dg)(Wy — 1/n)].
Rearranging gives the assertion. O

Adaptation to other deterministic scaling functions should be straightforward; as in our
examples, we concentrate on the case where we scale by dividing by n. As an aside, while
such standardisations and scalings could perhaps be used for a ‘bespoke derivative’ as in [14],
the connection is not obvious.

An alternative comparison of CCR distributions can be achieved using a Lindeberg
argument, to arrive at the following result.

Proposition 3. Let Wy (M, X) and Wy (N, E) be given in (2.8). Then for functions h € Lip,(1),

|[ER(Wo (N, E)) — ER(Wo (M, X))|
<|IKII ) BIE — X;| P(M > i) (3.8)
i=1
+ Z P(M =m, N = n) |Eh(W(n, E)) — Ei(W,(m, E))|.
m,n=1

If M and N are identically distributed random variables, then

[ER(Wo (N, E)) — ER(Wo (N, X)| < [IF|| D E|E; — Xi| PN > ). (3.9
i=1

Proof. We employ a Lindeberg argument, as follows. Defining X1, X2, ... and Ey, E», . ..
on the same probability space, we have

|ER(Wy (N, E)) — ER(Wo (M, X))| < |[ER(Wo(N, E)) — ER(W, (M, E))| (3.10)
+ |ER(Wo (M, E)) — ER(Wo (M, X))|. (3.11)
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To bound (3.10), we simply note that
|EA(We (N, E)) — ER(Wo (M, E))|

<X Z P(M =m, N =n) E|Wy(n, E) — Wy (m, E)|. (3.12)

m,n=1
Now, to bound (3.11), if « = 1, then
|Eh(max{E\, ..., Ey}) — Eh(max{Xi, ..., Xp})|

o0 m
< Z P(M =m) ZE|h(max{E1, oo EL Xis - X))

m=1 i=1

—h(max{Ej, ..., Ei—1,Xi, ..., Xn})|
o m o
<Y PM=m) ) EIE—X[|F||=)_ EIE—Xi[PM = i)|]. (3.13)
m=1 i=1 i=1
Similarly, the minimum case (¢ =—1) follows as min(X;) < max(X;) <> X;. Adding

(3.12) and (3.13) and taking the supremum over all /2 € Lip, (1) gives the first assertion. The
second assertion follows from coupling M and N so that M = N almost surely, in which case
(3.12) vanishes. O

Propositions 1, 2 and 3 complement each other; the first two yield bounds in dtv distance,
for a general variable W, while the last result can be translated into a bound in dgw distance,
for comparing CCR distributions; see Remark 4 for more details. We note that Proposition 1
can be used to compare a maximum and a minimum, whereas Propositions 2 and 3 require the
same value of «.

4. Application to the Poisson—exponential distribution

Cancho et al. [8] introduced the PE distribution as a distribution of the maximum of
N 1i.i.d. exponential random variables from an infinite sequence E = (E1, E>, . ..) such that
E; ~ Exp(}) with parameter A (having mean 1/A) and N follows a zero-truncated Poisson dis-
tribution with parameter 6, independently of E. This maximum has the PE distribution with
parameters 6, A > 0, denoted by PE(6, 1), which has the differentiable PDF

ekef)»wfﬂe’)‘w

pw|0, L) = , w>0. “4.1)
1—e?
To obtain a Stein operator for PE(6, A), we use (2.14) with Gy(u) = 1:9_9 (€’ —1) and
Gyw) C .
T = 0, yielding the score function
p(w)=Ar(e ™™ —1). (4.2)
Equation (2.15) gives
TFw) =f'(w) + 1O0e ™™ — Df (w). (4.3)
For a bounded test function & € H, the score PE(6, 1) Stein equation is
/W) + 10 — Df(w) = h(w) — ER(W), (4.4)
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with the solution f,, given by (2.5), satisfying the following bounds.

Lemma 1. Let h : RIO — R be bounded and let f denote the solution (2.5) of the Stein equation
(4.4) for h. Let h(w) = h(w) — ER(W) for W ~PE(, A). Then for all w > 0,

le™"fw)| < Ik ||( — e 0H0e) (4.5)
E%; (4.6)

|A(0e™ — Dfw)| < Ihll; (4.7)
Fow) < 200 ” I, “8)

IF'w)| < 2||h||- (4.9)

If in addition h € Lipy(1), then at all points w at which I’ exists,
") < 1| + 220 |1 + 3A 1]l (4.10)
Proof. We write p for the PDF of PE(6, 1). To prove (4.5) and (4.6), we bound
e—hw W _ e 0—eM)

~ 1
Ow) p(t)dt= Wl =

3

e F ()| < 1Al

and (4.5) follows. From 1 —e™ < 1 for all y > 0, we get (4.6).

Proof of (4.7). Case 1: 6e™*" — 1 > 0. In this case 0 < w < 8¢ 1“9 and we have

i - MOe™W —1) v
|A(Be —l)f(w)lsllhll—f p(t)de.
p(w) 0

As p/(t)=r0e™ — Dp(t) = MOe™ — Dp(1) for 0 <t <w < 22 it follows that

w " L v (1 — a0 =) frw
0< o) ./(;p(t)dtip(w)/o pPdi=(1—e )<L

Hence we obtain the bound (4.7) for 0 < w < &% ln 9.

ln0

Case 2: 0= — 1 <0. In this case w > ¢ and

0 < A(1 —0e (1) < M1 — e Dp(r) =p'(1).
Using (2.5) gives

Al —

5 0 —Aw 0 5 1 o0 B
!x\(ée’”—l)f(w)lsllhllp(—;) / | p(t)dtsllhllm / P dr<|h.

Hence the bound (4.7) follows for all w > 0.

Proof of (4.8)—(4.10). As A(Be™*" — 1)f(w) = A0e~*"f(w) — Af(w), the triangle inequality
along with (4.7) and (4.6) gives (4.8). To show (4.9), using the triangle inequality, from (4.4)
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we obtain [f'(w)| < |h(w) — ER(W)| + |A(6e~*" — 1)f(w)|, and using (4.7) yields the bound
(4.9).

Now, for h differentiable at w, taking the first-order derivative in (4.4) gives |[f”"(w)| <
| (W)| + |[A(Oe™ — Df'(w)| + |9)\26_)‘Wf(w)|. Using (4.6) and (4.9), we obtain the bound
(4.10) through

_ - 17| e E - -
")l < IIH]| 4 1|0e AW—1|2IIh||+0A29—A§ 7| + 2202 ||R|| + 24|\ Al + A\l

This completes the proof. (|

Remark 1. If 6 — 0, the PE distribution converges to the exponential distribution Exp(A);
when A =1, (4.4) reduces to the Stein equation (4.2) in [27]. For this simplified version, the
bound in [27] is only one-half of the bound (4.9); this discrepancy arises through our use of
the triangle inequality for 6 > 0.

In the following subsections, we compare a PE distribution with a distribution of a maxi-
mum of a random number of i.i.d. random variables, with a generalised Poisson—exponential
distribution, and with a Poisson—geometric distribution.

4.1. Approximating the distribution of the maximum of a random number of i.i.d.
random variables by a PE distribution

Let M € N be independent of X = (X{, X2, ...), a sequence of i.i.d. random variables,
and let W = W (M, X) have a PDF of the form (2.12) for « = 1. Our first comparison result
employs Stein’s method.

Corollary 1. Assume that the X; have differentiable PDF px, CDF Fx, and score function py.
Let W =W (M, X) =max{X1, ..., Xy} Then
drv(PE@, 1), LW (M, X)))

<2 (IE ‘exew _ Gy o FW)
A (Gyy o Fx)(W)

“4.11)
PX(W)‘ +E|-2— px(W)|> :

If M is a zero-truncated Poisson(6,,) random variable, then (4.11) reduces to
4
dry (PE@. 2), LOVi(M. X)) = = (E[62e™Y — 6,,px(W)]| +E[ 4 = px(W) ).

Proof. We employ Proposition 1. For a zero-truncated Poisson random variable N with
parameter 6 such that G}(-)/Gy(-) =6 and for Y ~Exp(%) with PDF fy(y) = Ae™*”, using
(3.1) along with (4.8) and taking & to be an indicator function so that Al <2kl <2 gives
(4.11). The simplification when M is a zero-truncated Poisson random variable follows from
Gy ()/ Gy () = Om. 0

Remark 2. As —A is the score function of the exponential distribution Exp(}), for M being
a zero-truncated Poisson(#) random variable, the bound in Corollary 1 is close to zero if the
density and the score function of X are close to those of Exp(}).

The next result is based on the Lindeberg argument.
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Corollary 2. Let Wi (N, E) ~PE(@, A) and let Wi (M, X) =max(Xy, ..., Xy) have a CCR
distribution. Then

dw (PE. 1), L(Wi(M, X)) < EME|E; — X, |
00
+ Z P(M =m,N =n) (Hmax{m,n} - Hmin{m,n}) ,
m,n=1

where H,, is the nth harmonic number.
If M is also a zero-truncated Poisson(0) random variable, then

dpw(PE(6, 1), LW1(M, X)) < ] E|E; — Xi.

— e 0
Proof. Proposition 3 gives

|[ER(W (N, E)) — ER(W1(M, X))|

o
<Y EIE — Xi| P(M > i) ||

i=1

+ Z P(M =m, N =n) |[ER(W;(n, E)) — ER(W(m, E))| ||

m,n=1

Since the random variables in X are i.i.d., those in E are i.i.d. exponential with parameter A,
and the expectation of the maximum of n exponential random variables is ) 7, % = H,, the
assertion follows. O

4.2. Approximating the generalised Poisson—-exponential distribution

The PE distribution has an increasing or constant failure rate. To model decreasing failure
rate as well, Fatima & Roohi [12] introduced the family of generalised Poisson—exponential
(GPE) distributions. The differentiable PDF of a GPE distribution with parameters 8, 6, A > 0,
denoted by GPE(4, A, B), is

—Ax—0Be™ " o\ B—1

pl6, i, B) = % (10t )ﬂ . x>0, 4.12)
For B =1 the density of the GPE distribution simplifies to that of the PE distribution given
in (4.1). For 0 < 8 < 1 the PDF of the GPE distribution is monotonically decreasing, while
for B > 1 it is unimodal positively skewed with skewness depending on the shape parameters
B and 6. The shape of the hazard function also depends on these two shape parameters. For
example, for 8 =1 and X = 2, the failure rate is decreasing for 0 < § < 1 and increasing for
B >1, as in Figure 2 of [12].

For a data set from [1] which consists of 50 observations on the time to first failure of
devices, in [12] it was shown that the GPE distribution provides a better fit than the PE and
some other candidate distributions. However, a GPE distribution is not as easy to manipulate
and interpret as a PE distribution. Therefore, a natural question is how to quantify the sacrifice
when approximating a GPE distribution with a PE distribution. Here we note that GPE distri-
butions are not from the CCR family, and hence Proposition 3 cannot be applied. Instead we
use Stein’s method to bound the approximation error.
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For such an approximation to be intuitive, the failure rate of the approximating distribution
should be qualitatively similar. Hence we restrict attention to the case of 8 > 1, for which both
the GPE and the PE distributions have an increasing failure rate. As an aside, we note that for
B > 1, the limit of the PDF at 0 is 0, while for 0 < < 1 it is undefined; the latter condition
leads to a Stein class for the GPE Stein score operator which differs from the Stein class for
the PE Stein score operator.

We note here that if X ~ GPE(9, X, B8), then for § > 1 we have

Bo

EX<—"1"
“ a1l —ef)P

(4.13)

The proof of (4.13) is given in the appendix.
The GPE random variable is not of the CCR form (2.8), but its score function, given in
(4.14) below, can be derived from its PDF (4.12) with parameters 8, 6, A > 0 as

/ 1) 040
p(x):‘?)((j:)) =)\9€_}‘X|:,3+%:| A, x>0. “4.14)

In the following theorem we bound the distance between a GPE with > 1 and a PE
distribution, using their corresponding score Stein operators in (2.6).

Theorem 1. Let W ~ PE(01, A1) and X ~ GPE(6;, A», B), let h: Ri‘O — R be bounded, and
let h(x) = h(x) — ER(W). Then for A1 <Xy and B > 1,

~ A
IER(X) — ER(W)| < |17 {f'f’ — 1+

120 %)
—=B—-1 — —1)(MEX+2)¢. 4.15
22514 (2-1) e @)

Proof. Let py and px denote the PDFs of W and X, and let Tx denote a score Stein operator
for a GPE distribution. To employ (2.6), we first check that fi as in (2.5) for the PE distri-
bution, for 4 bounded, is in the Stein class of Tx. Invoking Lemma 1, fiy is bounded. Now

E[Tx fw (O] = [o° PO () die = im0 (firpx)(x) — im0 (fwpx)(x), and for B> 1
we have that (fiypx)(x) — 0 as x — 0 and as x — 00, showing that fy is in the Stein class for

Tx. Applying (2.6) with the score functions from (4.2) and (4.14), we have
Eh(X) — ER(W)

=E |:)\2926_)‘2X (,3 +

(B — Detattae ™

1 —0r+0,e 72X ) — A2 — Al(ele_hx — D lfw(X)
— €

. —anX
rM—r)x  © batboe 2 —X
<E|X26:2(8 —1e =% © [fw (X))

1— 6792+926
+E | 26286 2% — x101e M| [fiw (O] + ElA1 — Aa| [fw (X
Next,

02006 2" — G h1e M| < |Gahaf — O1 A1 ] M T TMT L Gy — AxBiAe MY, (4.16)
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since |[e™* — 1| < x for all x > 0. With eP1—=22)% < | for A; < Ay, we write

IER(X) — ER(W)|

6792+92eﬂzx

<b|p—1|E e M Xy 0| 4+ (A2 — 1) Elfw (X))

1 — e—fa+bre 22X

+ 1161

A26r _ _
P 1‘ Ele™ X (X)| + 2101 (h2 — A1) EX|e ¥ fp (X)) (4.17)

Now, using (4.5) as wellase®* — 1 > xand 1 —e™ < x for x > 0, we have

—9a ~ —
e—92+92e 2% ||/’l|| 6_02+02e 2%

—Ax | — e t1(1—e741%)
- 6762+626_)‘2Xe ()| < 01 | e (1—e )
< @ (4.18)
ST
Using (4.6), (4.8), (4.13) and (4.18) in (4.17) gives the bound (4.15). O

Remark 3. For A; = A, and ) =6, in Theorem 1, the bound (4.15) can be improved by a
factor of 2, using that with fy being the solution of the PE score Stein equation,

—AX
|Eh(X) — ER(W)| = E<w| B— 1|1_e_wfw(X)> .
With (4.5) and fz(x) = h(x) — Eh(W) we obtain
[EA(X) — ER(W)| < || |8 — 1] (4.19)

This bound depends solely on the parameter 8 and tends to 0 as § — 1, which is in line with
the fact that for 8 — 1, GPE(9, A, B) converges to PE(6, A); see [12].

The next result follows immediately from Theorem 1 and (4.13).

Corollary 3. Let W) ~PE(0;, A1) and W ~PE(02, A2) with A; <Ap. Let H=1{h: Rio —
R, ||h|| < 1}. Then for all h € H, letting h(w) = h(w) — ER(W), we have from (4.15) with B = 1

that
220 py 216
ﬂ—1‘+<—2—1) (#+2>}. (4.20)

Eh(W,) — ER(Wy)| < ||k
| (W7) ( 1)|_|| II{ ") o a(l—e=0)

Remark 4.

(i) For ||h|| <1 such that ||A|| <2, the bounds can easily be converted into bounds in total
variation distance using (2.2).

(i) To bound dy(PE(61, A1), GPE(62, A2, B)) when A1 > X,, we can use

dy(GPE(62, 32, B). PE(61, A1) < d3(GPE(62, 12, B), PE(62, 1)
+ d3( (PE(62, 1), PE(61, A1)

and apply Remark 3 and Corollary 3.
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4.3. Approximating the Poisson—-geometric distribution

Next we consider the distribution of Wg=max{Ty, ..., Ty}, where T1,T5,...€
{1, 2, ...} are i.i.d. Geometric(p) random variables and M is an independent zero-truncated
Poisson(6) random variable; the distribution of W is the Poisson—geometric (PG) distribution;

it has PMF
e~ (1=P"0 _ g=(1=p)"10
P(Wg=w)= , eN 4.21
(We =w) 1= w 4.21)
and the discrete backward score function
e (=" 710 _ o—(1-p)" %0
,OWG(W)Il— , weN.

e=(1=p)"0 _ o—(1—p)*~10

For T ~ Geometric(X/n), the distribution of n~!T converges to Exp(}) in probability, and
hence it is plausible to approximate the distribution of Z, = Wg_,/n, for Wi , ~PG(6, A/n),
by a corresponding PE distribution. With g, =1 — X /n and 0,(2) = pw,; (n2),

e a0 _ o—di0

pu(2)=1— , nzeN.

e—qug — e—‘]ﬁz_ 'o

This function is the ratio of two exponential functions, complicating the comparison using
(2.6). To simplify the comparison, we use Proposition 2. From (3.4), a standardised PG Stein
operator for Z,, is

) 1 1 . 1 1
Tz<n @) =g@)d@)—g|lz— = )dlz— =) +Pm@g|lz— = )dlz——); (4.22)
n n n n
here we choose
d(z)= eI _ om0 — o—0ar (e_g(q"_l)qu — 1) (4.23)

so that ﬁn(z)d (z — %) = e_qﬁzé — e~ lg + e—qﬁz—zg. As nd(z) N Aee—kz—ee—kz as 1 —> 00,

for the approximating PE distribution we choose

A0 —2z
c(z) = ——eH0e ’ , z>0
n

as a standardisation function in (3.3), giving rise to the standardised PE Stein equation
cw)g' (w) + [c(w)k(@e_m — 1)+ ' (w)]g(w) = h(w) — ER(W) (4.24)

for W ~PE(6, 1). Again we can bound the solution of this Stein equation as follows.

Lemma 2. For W ~ PE(#, L), the solution g(w) of the Stein equation (4.24), bounded differen-
tiable h such that ||h|| <1 and |K'|| < 1 with h(x) = h(x) — ER(W), and c(w) = 22 e=2w=07"
we have
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e g(w)| < = W, (4.25)
e 0 — g = -l (4.26)
e gw)| = 25 A, .27)
e g )] < 35, (4.28)
%e‘”‘%’“’g”(w> < Il + 926 |1 ll + 1A, (4.29)

and

A
Oen—1) _
) <{e . p=-1 (4.30)

c(x+2)~ |en, 0<p<l.

Proof. In (4.24), cg = is the solution of the Stein equation (4.4), so we use the bounds
for f to bound g. The bound (4.6) in Lemma 1 immediately gives (4.25). Also ¢'(w)=
c(W)A(@e™* — 1) so that ¢'(w)g(w) = A(Fe ™" — 1)f(w); using (4.7) we get (4.26). Combining
(4.25), (4.26), and the triangle inequality gives (4.27).

Since (cg) = cg’ + (g, rearranging and using (4.9) and (4.7) with the triangle inequality
gives (4.28). For (cg)” — ¢"g — 2c'g’ = cg”, using (4.28) we have

I/ (w)g' (w)| < 1|0e™ — 1|c(w)g' (w) <316 + D)|A].

For ¢’ (w)g(w) = 2A2(0e™" — 1)?>c(w)g(w) — A20e ¥ c(w)g(w), using the triangle inequality,
(4.26), and (4.25) yields

" (w)gW)| < A10e™™ — 1| ||All + AlIR]| < A0 |1R]| + 2x| 2]

These two results along with (4.10) give (4.29). Now, forany 0 < p < 1,

P

c(x)p :e)\%—ee’”(l—e_kﬁ) Sexﬁ;
c(x+%)
_ A A
for p = —1 we have (C(x)l) — e~ nt0eT e 1) <e?C" =D yielding (4.30). O
c(x—y

Theorem 2. Let Wi , ~ PG(0, p,) with p, = A/n where 0 < A < n, and let W ~ PE(0, L). Then
forthe scaled PG random variable Z,, = W, /n and any bounded function h with bounded first
derivative, we have

|En(Z,) — ER(W)|

(228

A
en ene
<— (1 + —B1(0, A)) I
n n

1 A 1 .
- ((1—;) e9€"+"3+232+ﬁ32<9,x>+EeHﬁBg(e,A)) I, (4.31)
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where

M0+e N 0r(1+e—e?)
20 2¢e (1—e?) °

B0, A) =2 max(1, 0) +

3e0+ e (1+e—e9)
By(0, ) =111 + 910 + 6A max(1, 0) + 4302
o (1—e%e
e+ 10 (Se+3)07 620 +1
+4xre™? 1+2max(1,0)_|_(e+ 0 (Get+3) 20 +1) |
€ 3e (1—e?)
By, = 030+ 113 (22 max(1, 0y + S 4 g LEE=¢)
A= max(1,
’ oOr (1—e%)e
Remark 5.

(i) For fixed A and 6, the bound (4.31) is of O(n~1). As n — oo, for A = A(n) and 6 = 6(n)
the bound decreases to 0 as long as A(n)f(n)/n — 0 and A(n)/n — 0.

(ii) Equation (4.31) can be translated into a bound in the bounded Wasserstein distance using
Lip, (1) as the class of test functions.

Proof. We employ Proposition 2. First we note that ¢(w)o(w) = ¢’(w) and that ,(w)d (w —
Ly=d(w— 1) —d(w— 2). Thus, for (3.6), with & € Lip,(1) we have

|Eh(Z,) — ER(W)|

=

1
E[n& ™" (dg)(Z,) — (¢8) 2] +E[npuZ0)(d) (2 — =) = (o) @) p(zn)]‘

<E|n {g(zn) — 8 <Zn - %)} co(Zy) — g/(Zn)c(Zn) (4.32)
+E|n {g(Zn) -8 (Zn - 1)} (d(Zn) —c(Zy) — gc/(Zn)>' (4.33)
n n
2 2, 1
+E ‘d(Zn) —d (Zn — —) — = (Zy)| |ng (Zn - —)} . (4.34)
n n n
To bound the term (4.32), for some 0 < p < 1 we write
1 / 1 1 IO
Eln {g(zn) — 8 <Zn - _> } c(Zy) — g (ZpcZy)| < - E ‘C(Zn)g (Zn + —>)
n n n
l ., c(Zy)
Then (4.29) and (4.30) give the bound
e&
E |n{8(Zn) — 8(Zn — 0™ }e(Zn) — § (Zn)c(Zn)| < - {IR' Il + 90 |[R|| + 11A|lA] ).
(4.35)
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To bound (4.33), we let 7(z) = e 0™ 5o that 7~ g = pscg can be bounded as in
Lemma 2, and write
1 2
n {g(zn) — & (Zn - ;)} (d(zn) —c(Zy) — ;C/(Zn))‘

=E ‘l(z,»n {g(zn> -g (zn — %)} !

where I(Z,) = r(Z,,)(d(Zn) —c(Zy) — %c’ (Zn)). We show in Appendix that

2220 9222 o137
U(Zy)| < —max(1,9)+ M+ p L el p I (4.36)
n? 2 2

By Taylor expansion, for some 0 < € < 1 we have

1 -1 / —1 1 " € —1
n{g(zn)—g<zn—;l)}r @) =g @) Z)+ 56" (20+5) ' @)

c(Zy)
=— + — _—. 4.37
IICg l 29,\” g cZ+9) (4.37)
Using (4.36) and (4.37) along with (4.28), (4.29) and (4.30) yields
1 2
n {g(Zn) — & (Zn - ;) } (d(Zn) —c(Zy) — _c/(Zn)>‘
2226 1 92)\2 013EZ,
< <—2 max(l, 0) + _2€w+g + eié Ly ”e%>
n n?
{—3||h|| + M{”h/” + 9A9||h|| +1 1A||h||}en } . (4.38)
Finally, to bound (4.34), we show in Appendix that
2, 2 1
—c()—d)+d|z—-)||ng|lz— - (4.39)
n n n

{ A\ 2 1
<2\ (1——) —1}max(1,9)c(z)g<z——>‘
n n
912( ,\)—2 m{l( A)‘l[ 0w < x)“
4+ —(1-= ene 1—- 0+0en +6en +12(1——
n n 3 n n
-3
+89<1—&> ]+2<€+2)»z>}c(z)g<z—l>'
n € n
2 (-3) e [(-3) ool ()
+ 2 (1=L) e |(1-2) eFarztrl|c@lg(z—-)].
n n n n

Note that
AN\ 2 A AN\ 2 A
o<(1=-2) —1=2(1-2 2= (4.40)
n n n n

and that, using (4.27) and (4.30),
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18 A. FATIMA AND G. REINERT
c(z 2 ged 1y, ¢
© | <2k Dz

1 1
8 (Z— —)‘ = |c(2)g (z— —) <legll|—F/——=| =
n n ¢ (Z _ %) A
Combining this with (4.39) and (4.40), we bound (4.34) as
1
ng (Zn — —)‘ “4.41)
n

E ‘d(Z,,) —d (Z,, — %) - %c’(zn)
n n
A

4h A\ 2w Lo 20A -2 Lo
< — max(1, 0) (1 - -> = =2/ D a) + = (1 — —> |
n n n n n
1 A o o A\ ! AN\
x{=-(1=-% O+0en +6en +12(1-=) +89(1-=
3 n n n
0 2 N\ e 0
+2(=+22EZ, )+ 2| (1==) en +AEZ,+ - |}.
e 0 n e

To bound EZ,, we argue as for (4.13); WG,nzmax{Tl,...,TM}SZ?il T; and so

EWgn<EY M T;= 0 siving that EZ, = \EW; , < %e_g) Adding (4.35), (4.38),

c(2)

AM(1—e9)’ 1§
and (4.41) and simplifying gives (4.31). U
The next result instead uses Proposition 3 to bound the distance between a PG and a PE
distribution.
Corollary 4. Let W =W (M, E)~PE(, L) and Wg,=Wi(M, G) ~PG(9, %) with G;~

W,Gl'". Then, for all bounded

Geometric(A/n) be two CCR random variables, and let Z, =
Lipschitz functions h : R;LO - R,

A
6 2 (n—en(n—2»)
|ER(W) — En(Z,)| < — = - 4] (4.42)
l—e%n Aen — 1)
Proof. Using (3.9) in Proposition 3 gives
W, 0 G
‘]Eh(W) — Eh(Zn)] = ‘Eh(W) —Ehn ( G’") < 7 E ‘E— —‘ 7]
n 1—e™ n

With the coupling G=[nE]~ Geometric(1 — e "), Gis stochastically greater than or equal
to G and E|nE — G| < E|nE — G| + E(G — G). Moreover,

> n ei(n A)
]ElnE—é|=Z/k 1 /\e_“(k—nx)dxzk—
P Men —1)
and E(G — G)=(1 — e_%)’1 — n/A. Hence the bound (4.42) follows. O

Remark 6. To compare (4.31) and (4.42), first note that as no fixed bound on ||4]| is assumed,
through rescaling 4 we can make ||/ as small as desired. Therefore, for a comparison we focus
on the terms involving ||#||. For continuous ||#’||, (4.31) outperforms the bound (4.42) for

01 s
large n, since lim,Hooe% (14 <=Bi(f, 1)) =1 and lim,_ oo 0_ 2("_6';("_)‘)) =—0 I
n 1—e Aed —1) (I—e™?)
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TABLE 1. Values of n above which the coefficient of ||/#’|| is smaller in (4.31) than in (4.42)

A 1 1 2 2 2 3 3 3 5

0 1 2 1 2 3 2 3 5 3
no 9 7 14 16 35 49 374 67775 87731

particular, for any n > ng the right-hand side of (4.42) is larger than the coefficient of ||/

A
in the bound (4.31), where ng = ng(8, A) solves en < no__ ( n—er(n—}) ) Table 1
A(1—e=)en —1) \n+enec Bj(0,1)

shows such values of ng.

5. Application to the exponential-geometric distribution

The exponential-geometric (EG) distribution EG(A, p) introduced in [3] is the distribution
of the minimum of N i.i.d. random variables E = (E1, E3, ...) with E; ~Exp(X) for i e N,
where N is a Geometric(p) random variable and independent of all the E;. We set g =1 — p.

An EG random variable W = W_1 (N E) is thus a CCR random variable. As Gy(u) = %,
Gy(u) = )2, and G,(u) = )g , the PDF of W ~ EG(A, p) is
)\'pe—kw
f(W,)\.,p):(l_qu)z fOI'W,)\.>O, Ofpfl, (51)
with score function N
1+ ge™"
This gives the score Stein operator
14 ge™*
Tew)=g'(w) — A (161—_”) gw) (5.3)
—ge
and the Stein equation
1
&(w) — A (1+"—) 2(w) = h(w) — EA(W). (5.4)

The next lemma bounds the solution (2.5) of this EG Stein equation.

Lemma 3. For any bounded test function h: RIO — R, let il(w) = h(w) — EW(W) for W ~
EG(A, p). Then the solution g = g, of the EG Stein equation (5.4) satisfies

lg(w )I<— (5.5)
2|k
lg'(w)| < el ” (5.6)
p
Proof. For the solution (2.5) of the EG Stein equation (5.4),
=1 B (1—ge™™) | _ ikl
lgow)| < IIAll ’f(_W)/w f@de = IIhII' Tom) ‘ [ '— ==
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The last inequality follows since with 0 < e <1 and 0< g<1, we have 1 —g<1—
ge™™ <land1<1+ge ™ <1+ q.Forabound on |g’(w)|, we use the Stein equation (5.4)
and the triangle inequality to obtain

1—qge=™w

1+ qekw>
l—¢q

- IRl _ - 1+
lg' W) < llAll + ‘)» ( B <A (1 + _6]> .

Simplifying the last inequality gives (5.6). O

5.1. The minimum of a geometric number of i.i.d. random variables

Let N € N be a random variable which is independent of X = (X1, X», . .. ), a sequence of
i.i.d. random variables, and let W = W_ (N, X) have PDF of the form (2.12) for « = —1. In this
subsection we approximate its distribution by an EG distribution. First we apply Proposition 1.

Corollary 5. Assume that the X; have CDF FY, differentiable PDF px, and score function py,
and let N ~ Geometric(p). Then

2
dTv(EG()», D), E(W)) =< 3 ‘ E(—2 — px(W))

(2(1 —pre W _ 2(1 — p)fx(W) )‘
Il—(1=peW 1—-10=p)(1-Fx(W) /)|

Gy(—Fw) _  2(1—p)f(w)
Gy(1—Fw)) — 1=(1-p)1—F(w))

distribution into (3.1), taking 4 an indicator function so that ||i~z|| <2||h|| <2, and using (5.5)
gives the bound. O

Proof. Substituting

and the score function of the exponential

Next, we instead use Proposition 3; the corollary follows immediately from (3.9).

Corollary 6. For W = W_(N, X) with N ~ Geometric(p),
dpw (EG(%, p), LW)) <E|E — X|/p.

5.2. Approximating the extended exponential-geometric distribution

Motivated by population heterogeneity, Adamidis et al. [2] developed the extended
exponential-geometric (EEG) distribution by assuming that individual units in a population
have increasing failure rates that depend on a random scale parameter A. Their lifetimes X/A
are modelled by a modified extreme value distribution; if A = «, then the PDF is f(x|«o;8) =
aﬂeﬂ"*"‘(l ’eﬁx), where x, «, B € R+O; it is assumed that A has an Exp(y ) distribution. Then the

>
unconditional lifetime distribution X has PDF

Bye Px
(1—(1—y)ehn

JosBy)= x>0, (5.7

with 8, y € RT); we use the notation X ~ EEG(, y). Its score function is

>0’

px) =

/ _ —Bx
[ =—-B (M) . (5.8)

) 1= (1—y)ehr
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This distribution is not in the CCR family. However, the EG distribution EG(8, y) is a special
case when y € (0, 1). To assess the total variation distance between the distributions, we use
the general approach developed in Section 2.

Theorem 3. For X ~ EEG(B, y) and W ~ EG(A, p), with B, y, A € R+0 and p € (0, 1), and for
a bounded test function h, we have

LAl 2-p 2<1 )
00— Bnom) = |+ r—pl(B2+20) 2 p—yl], 0<y<l,
T LI =B+ - 1)(1 -P+A+Bp i -p]. v=1
(5.9)
Proof. Using the score functions (5.2) and (5.8) in (2.6) yields
[ER(X) — ER(W)| = [E(px(X) — py(X))g(X)|
B 14+ —y)e P 1+ (1 —pe X
B ‘E <_ﬂ (1 -1 - )/)eﬂx> o (1 - —p)e”)) g(X)‘
1Al L+ (1 —y)e L+ (1 —ppe ™
el (i) o (Tapes). o
To bound the expectation in the above equation, we let
_ 14+ —y)e P 14+ (1 —pe™
)=F (1 - (I - V)e‘ﬁx> o (1 - —p)e‘“) '
Case 1: 0 < y < 1. In this case we decompose |R(x)| as
1+ (1 —ple ™
IR@) < '(k proa P 5.11)
(I —ple
I+ (1 —pe™ 1+(1—y)e™
‘/3 (1 —(—per  1-(1- V)e‘”‘)‘ G12
I+ —pe™ 1+1—y)le
‘ﬁ (1 —(d—per 1-(1- V)e"f”‘> G19

and bound these terms separately. For (5.11) we use that 1+°‘Z < }J_rz when o € [0, 1] and
q € (0, 1). Hence
L+ —ppe™
‘( o pram e B ﬂl—
(1 —ple
For (5.12), Taylor expansion about 1 — y of the function f(g) = 1 — 4 with a=e M ¢

1
©.1)and g=1 _p gives (@) = ?1( ZZ()]Z) = (l_zaq)z

have (1—2# < w, and hence for 9 €(0,1) we have 0 <f/ @1 —p)+(1—=0)(1—-y)) <
2

> (0. Moreover, for 0 <a <1 we

— 2
(I—max(1—y,1=p))2 — (min (y,p))2" Therefore,

L+ —pe™ 1+d-ye ™\ _, 2p—vl
-1 —pe™ 1-(l-y}e™ (min (y, p)*
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1+(1—y)eF*

For (5.13), first-order Taylor expansion of the function f(8) = (=) F*

gives

1+ —p)e™™ 1+1—ypler ,
'ﬂ <1 A= 1o _y)e_ﬂx)‘sﬁl)\—ﬂl If'(Or + (1 —0)B8)|

. B . ..
for some 6 € (0, 1). Now the function f'(8) = % is positive; moreover, xe Px <

(eB)~! for x>0, so that f'(B) < ﬁe = (?(ly));)mz < 223 ) Hence we can bound

I+ —pe™ 14+01—y)er (—V)
‘ <1—(1—y)eM 1—(1—V)e’3")‘< =pl

This gives as overall bound

2— 2(1 — 2
|R(x)|5|x—/3|< Py 2”)+ B -]
p ey min(y, p)

Substituting this bound into (5.10) gives the final bound for the case where 0 <y < 1.
Case 2: For y > 1, we have

(A= B)1 = (1 = y)(1 —ple”*+Px)
(1= =p)e=) (1= (1—pe)
(A +B) (1 —pe™ — (1 —y)eF)
(1= =y)ex) (1 -1 —ppe>)
< A =Bl (1+(y — D1 —p)) n A+pB)(y —P).

p p

IR(X)| <

Substituting this result into (5.10) gives the bound for y > 1 in (5.9). O
Remark 7.

(i) The bounds are not optimised for numerical value, but for 8 = X and y = p, (5.9) reduces
to zero, as it should.

(i) Fory € (0, 1), (5.9) gives a bound on the distance between an EG(8, y) and an EG(%, p)
distribution.

6. The maximum waiting time of sequence patterns in Bernoulli trials

This application is motivated by the results in Section 4 of [26], which gives bounds on the
distribution of the number of trials preceding the first appearance of a pattern in dependent
Bernoulli trials. Here we are interested in the distribution of the maximum of such random
variables. o

Consider M independent parallel systems (Xg’), X;’), ...),fori=1,2,..., M, of possibly
dependent Bernoulli(a) trials, which are jointly independent of M € N. For each sequence i, let
[ ) be the indicator function that a fixed non- -overlapping binary sequence pattern of length k

occurs starting at X( D, ; the pattern may be specific to sequence i. Let V; = min{j : I - = 1} denote

the first occurrence of the pattern of interest in the ith system; assume that P(V; = 1) = p for all
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i € N. We denote the maximum waiting time for the occurrence of a corresponding sequence
pattern in all M parallel systems by W = W{(M, V) where V= (V|, V> ...).

Example 2. If the Bernoulli trials are independent and the pattern of interest is a run of ones
of length k, starting with a zero and followed by k ones, then P(V;i=1)=p=(1 — a)d", as
given in Corollary 2 of [26]. Intuitively, the waiting time for the occurrence of this pattern in
an individual sequence is approximately geometric with parameter p. For an approximation by
a PE distribution we are particularly interested in instances where we can write the probability
P(Vi =1) =p as p = A/n; here this leads to scaling the run length k as k ~ alog n.

Corollary 7. In the above setting, let U, = W/n with p = % Wi(M', E) ~PE(©, L) with M’
being a zero-truncated Poisson random variable, and E; ~ Exp(A). Then we have

dgw (L(Uy), PE(, 1))

M,M") 2 02
2u(k — 1) 1 e 1 en e o
< EM E —+— 14+ —B6, 2
=— +ln(p_1) Z Pl R GRS
k=min(M,M")

1 A\ 0 Gos 100k 0 i 1 a0
41 (1__> M P2 B0, h) + ——en TR By(0, 1) |
n n 2n

where B1(0, 1), B2(0, L), and B3(0, A) are as given in Theorem 2.

Example 3. In the above example of independent Bernoulli trials and the pattern of interest
being a run of ones of length k ~ alog n, the bound in Corollary 7 is of order (logn)~.

Proof. We couple U, = % max{Vy,---,Vy} and Z, = % max{Ty, --- , Ty}, where T; ~
Geometric(%) fori=1, ..., M, by using the same random variable M. Then

dpw (L(Un), LIPE®, 1)) < dw (L(Un), L(Zy)) + dpw (L(Zn), LIPE©, 1))). (6.1)

Taking a union bound, we have

o Vi T; o Mk=1)
drv (L(Un), L(Zy)) < mZ:l ; drv (c (7> L (;)) P(M =m) < ————EM,

where in the last step we have used Corollary 1 from [26]. With (2.2),

i (£, £2) = 24y (£, £0) = =D g 6.2)
Now
dpw (L(Zy), PE(©, 1)) < dpw (ﬁ(z,,), c <w>) (6.3)
+ dpw <E (%m) , PE(O, A)) . (6.4)
The term (6.4) is bounded in (4.31). To bound (6.3), (3.12) gives
dew (c(zn), L (%/T)» < i PM=m,M =m)E W', T) — Wi(m, T)| .
m,m'=1
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The expectation of the maximum of m Geometric(p) variables satisfies

| |
Zz EWi0m, T) <1+ Z—,
k= k:

In (p
as given in [11, p. 136]. Hence

wy(M', T
dow (ﬁ(z,», c (M))
n
max(m,m’)

> / / 1
<> ]P’(M:m,M:m)ln(p_l) >

m,m'=1 k=min(m,m’)
M M 1
—-E —.
=% kZ 2

Combining this result with (4.31) and (6.2) in (6.1), we obtain the assertion. O

| -

Remark 8. For M = M’, the bound in Corollary 7 reduces to

228
1
dw (L(U,), PE, 1)) < %-}- <1+—Bl(9 A))

1 A 9en+2“+ . 1 2
+; 1_; "By (8, ,\)+—en ne B30, 1)) .

The assumption of i.i.d. sequences can be weakened to that of a Markov chain by applying
Theorem 5.5 from [30] with M = M’. This theorem gives a Poisson process approximation for
the number of ‘declumped’ counts of each pattern, which in turn yields that the waiting time
for each pattern to occur is approximately exponentially distributed. The theorem also gives an
explicit bound on the approximation, but this result requires considerable notation and hence
we do not pursue it here.
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Appendix Further proofs
Proof of (4.13)

For X ~ GPE(4, A, B) with A, 6 > 0and 8 > 1, we have (1 — e=0+0e7)B=1 < | and hence

B =P f " et (1- e—9+0°’“)ﬂ_1 dr
0

(=)
BOA o
=< m /() xe " dx.

Proof of the inequality (4.36)

First note that for n € N and |x| <n,

2 n n 2
eX<1—x—)5(1+f) , 05&—(1+f) <L, (A1)
n n n n
and xe ™ <e~! forx > 0. Hence, for0 <A <nand z> 0,
A2\ (r2)? A2
0<e - <1 - —Z> < B e AT (A2)
nz nz n
A
< —. (A.3)
ne
_ _A nz —}\Zﬁ_ _L nz o
Also, we can write e 9(1 ") = eo[e (1 ") ]e_9e M, and so
i nz .
G (A4)
Now, to bound [ =1(d — ¢ — %c/), we have
i A0 2 2220
@@= e =" Sr@d@= T (07— 1),
n n n

and
_ Az 2\ /()"
e)»erGe hz I(2) ekz+9e 0(1 n) (e . (1 n) l)

:e)\z+9e’“70<17%)m e%(p%)”z o A0 (1 B &)"Z>

| oo oo(1-5)" 20 <1 - §>"z .
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Thus,
226
l2) = " (fe ™ —1
(@) ==7=(0e )
—aa_(1_r\"* W (1_r\"™ 20 A =
(e (1) )(en(l 2 _1__(1__) 9) (A.5)
n n
nz nz N
+ Ee)‘ﬁ'eeikz <e_9(1_2) (1 — &> — e_xz_geu) . (A.6)
n n
Here
22%0 , 2226
5 (96 - 1) < —5—max(L, 0). (A7)
n n

To bound (A.5), we use (A.3) and series expansion, recalling that 0 < A < n, to get

ekz-i-@e*kz_(l—%)m@ <ek,.s<1—;,\)nZ 11— E (1 — &)"3 9) (A.8)

n n
(0 (1= 2)"

01
E e)\Z+E
nkk!
k=2
S k—Azk
0 r0)'e 1 02 1 ¢
< eAZ+% L < _e—)»Z+,TC+)»9 < _CEJ’_AG. (A9)
- k — 2 — 2
P n*k! n n

To bound (A.6), we first bound

e_)\z_ge—xz _ e_e(l_%yz (1 B &>nz

n

= (e—)»z _ (1 _ &)”Z) 6_9(1_%)"1 +e—)\z—967}”z (1 _ eg{ekz_(l_ﬁ)nz})
n

< (e—kz _ (1 _ &>nz> e—@(l_
n

+96_M_ge—kz <e_)‘z B <1 B &)M) e@’e*kz_(l_%y:zi

n

SIS
S—"
a8

Mz oo e OA on gt
eree M0 4 Tenee M0, (A.10)
n ne

=

Here we have used Property 4 from [31], that for all x > 0 we have (1 + ﬁ)" — 1 <xe* and
e* — 1 <xe¥, along with (A.2) and (A.4). Thus

A0 e [ —0(1-%)" M e O3z 0227
—e e ( ) 1—— —e = —5en+ 7 ene” ", (A.11)

n n n
Combining (A.7), (A.9), and (A.11), we get

2226 1 ope 002 o 06Xz w
I(2) < ——max(l,0)+ —e™" e + ——ene" + ——ere.
n n n

n

Replacing z by Z, gives (4.36).

https://doi.org/10.1017/apr.2025.20 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.20

28 A. FATIMA AND G. REINERT

Bounding (4.39)
For z > 0,
2
geszf%’“ (967)”2 -1
n

Aynz+1 Aynz Aynz—1 Aynz—2
(e—eu—;)" e OU=R)E 0= 0= )

2

220 -z n
-2 —Az—0e 0 -z — D=k ,
n2 ¢ (e ) n—a
. nz
where, with a =6 (1 — %) R
k(b)y=e b —e 9 —e 4 e % = 2(h— 1)2ae%(a— 1)+ R

with R; being the remainder term from the Taylor expansion for k(b) about 1,

a

i et baet | gt
R1=§(b—1)3a<a e % 4 ;6 - a; + 24 +12a§e_“§2—8a2$3e_“52>

To bound R;, we use that 1 <& < 7 so that e=% <e~ and

for some 1 <& <b=-"
—a" . Hence, with the crude bounds a <6 ande @ < 1,

n— A
e~ <e %alsoe ¥ <e
1 3 2 n—Aa 6 2 n—»x n—Aa 3 n—»x
IR1| < =(b—1)a ae”—i—( ) ae”n—}-( ) 6ae
3 n n
4 3
_)\4 n—.
+ n 6e_“TI\+12a " e+ 842 " e ¢
n n—»a n—»a
3,2 o2 62 1,02 n n\’
<= (b—l) 4O +0e"n 46" +6a e’ +12 + 86 .
n—a n—aAa

Substituting the expressions for a and b gives

1 )\‘ 3 )\‘ 2nz _ A nz
|R1|§§<—k) 02(1——> (%) [9+9e*f +6en
p—

n
vee L (MY () s (L ’
en—|1—-—

0 n n—»Aa n—A»Aa

92)\3 A -3 _ )" 3 -1
< 3 (l — —> e e 9<1 ”) [9 + 96:% +6e% +12 <l — —>
3n n n

AT 2043 A\ 72 _o(1-2)\"
+80 (1——) }Jr : (1——) e ezg(1-%)"
n n n

0 ! [C%Z‘(l‘%)'lz]e%’“. Hence, with (A.4),

2

where we have used e_9<1_
0233 o A\ 20 20 A\ 7!
[Ri| < ene (1 —— f+0en +6en +12(1—=
3n3 n n

-3 3 -3
+ 80 <1 — &> ]e—ﬂz—@e‘“ + 29% (1 _ ﬁ) o (et D) g—hz—fe ™
n n n

(A.12)
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Thus,
‘2A:—29e—lz—96“(9e—kz —1
_ (efeaf%)””l P (R efe(lf%wﬁ) ‘
< ztife—“—ge’”"(ee—*z - 1)[1 - (1 - %)_2]‘ + R+ IR, (A.13)
with

2 2nz nz
Ry=2 ( ~ ) {92[ <1 — &) e*9<1*%) _ e—2kz—9e_“i|
n—a»A n
nzg nz
— 9|: (1 — &) 670<17%) _ e—)»z—@e_)‘zi| }
n

Using (A.10), we obtain the bound

2)4 —2 343 -2
[Ry2| < 49—;\‘ <1 — &> ze%e_nz_eeilz + 29 » <1 — &) e%e—nz—@e’)‘z
n n

n3e n
o1t N\ w Jr—fe 9223 N\ w Nr—fe (A1
+2—- (1 — —> zenee ATV T LD 3 (1 — —) eneg MTVE T
n n nde n

Combining (A.12), (A.13), and (A.14) and simplifying then gives the bound

220

‘2—2e—“—"e“(9e—“ —1)
n

Aynz+1 Aynz Anz—1 Anz—2
_ (670(17)"+ e B R 0=y 0" )‘

2A A\ 2 o22 N2 w1 A\
<Tmax(1,O){(1-=) —1tc@+—(1-=) eri-(1-=
n n n n 3 n
R -1 -3
x|0+0en +6en +12(1-=) +89(1-Z= +2( = +2xz) te*e(2)
n n c
222 N2 o N\ e 0
+—\1-- ene 1—-- en +iz+ — | c(2).
n n n c

Multiplying the above inequality by n ‘ g (z — %) ‘ gives (4.39).
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