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We study anti-symmetric solutions about the hyperplane {z,, = 0} for the following
fractional Hardy—Hénon system:

(=A)tu(z) = [z|*0P(z), = €RY,
(=4)* v(x) = |z/ful(z), = €RY,
u(z) > v(z) 20, z € RY,

where 0 < s1,s2 < 1, n > 2max{s1, s2}. Nonexistence of anti-symmetric solutions
are obtained in some appropriate domains of (p, ¢) under some corresponding
assumptions of «, 8 via the methods of moving spheres and moving planes.
Particularly, for the case s; = s2, one of our results shows that one domain of (p, q),
where nonexistence of anti-symmetric solutions with appropriate decay conditions at
infinity hold true, locates at above the fractional Sobolev’s hyperbola under
appropriate condition of «, 3.

Keywords: Anti-symmetric solutions; Hardy—Hénon system; Liouville theorem;
method of moving planes; method of moving spheres
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1. Introduction

In this paper, we study anti-symmetric solutions about the hyperplane {x,, = 0}
for the following system involving fractional Laplacian

o

2u(x z|Pud(x r € RY,
@) > 0,0(a) > 0 z € RY, (1)
u(@',xy) = —u(a!, —x,), v, x,) = —v(2, —x,), x= (2 ,z,) €R",

where 51,52 € (0,1), n>max{2sy,2s2}, R} ={z = (2',2,) € R"[z,, >0} and
' = (z1,22,...,Tp_1).
The fractional Laplacian (—A)® (0 < s < 1) is a nonlocal operator defined by

(—A)u(z) = C(n, $)P.V. / ulw) —uy) 4,

T _y‘n+23 3

n
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where P.V. stands for the Cauchy principal value and C(n,s) = ([, ‘15‘,‘3?;5 -1
(see [2, 11]). Let

|u()|
Log=<u:R" =R dr < +o00 ;.
: { | o T o

Then for u € Las, (—A)*u can be defined in distributional sense (see [34])
/ (=AY’ updx = / u(=A)pdz, forany ¢ €S.

Moreover, (—A)%u is well defined for u € Log ﬁCllocl(]R") We call (u,v) a clas-
sical solution of (1.1) if (u,v) € (Lag, N C’lloi RT)NC(R™)) x (Las, N C’lloi RT)N
C(R™)) and satisfies (1.1).

As is well known, the method of moving planes and moving spheres play an impor-
tant role in proving the nonexistence of solutions. Chen et al. [3, 4] introduced
a direct method of moving planes and moving spheres for fractional Laplacian,
which have been widely applied to derive the symmetry, monotonicity and nonexis-
tence and even a prior estimates of solutions for some equations involving fractional
Laplacian. In such process, some suitable forms of maximum principles are the key
ingredients. The method of moving planes in integral forms is also a vital tool for
classification of solutions (see [5]).

Recently, Li and Zhuo [20] classified anti-symmetric classical solutions of
Lane-Emden system (1.1) in the case of s1 = so =: s € (0,1) and a = 8 = 0. They
established the following Liouville type theorem.

PROPOSITION 1.1 ([20]). Given 0 < p,q < 225 assume that (u,v) is an anti-

< n—2s’

symmetric classical solution of system (1.1). If 0 <pg<1 or p+2s>1 and
q+2s>1, then (u,v) = (0,0).

As a corollary of proposition 1, the nonexistence results in the larger space Losi1
follows immediately for the case p+2s > 1, ¢+ 2s > 1.
PROPOSITION 1.2 ([20]). Assume that uw and v € Lag41 N Cllocl(R”) N C(R™) satisfy
system (1.1). Then if 0 < p,q < Z%i, p+2s>1and qg+2s>1, (u,v) =(0,0) is
the only solution.

The nonexistence of anti-symmetric classical solutions to the corresponding scalar
problem were given in [37].

The following Hardy—Hénon system with homogeneous Dirichlet boundary
conditions has been investigated widely

(=A)"u ( ) = |z|%u?, u(z) >0, ze,
(—A)*2v(x) = |z|fve, v(x) =0, z€Q, (1.2)
u(z) =v(z) =0, x e R™\ Q.

There are enormous nonexistence results of (1.2) for the case Q = R™. We list some
main results as follows.
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If s =89 =1, for o, 8 > 0, system (1.2) is the well-known Hénon—Lane-Emden
system. It has been conjectured that the Sobolev’s hyperbola

n+a n+p }
=n-—-2
p+1 qg+1

{p>0,q>0:

is the critical dividing curve between existence and nonexistence of solutions to
(1.2). Particularly, the Hénon-Lane-Emden conjecture states that system (1.2)
admits no nonnegative non-trivial solutions if p > 0, ¢ > 0 and ’;JFT? + Z%’f >n—2.
For a« = 3 = 0, this conjecture has been completely proved for radial solutions (see
[23, 32]). However, for non-radial solutions, the conjecture is only fully answered
when n < 4 (see [29, 33, 35]). In higher dimensions, the conjecture was partially
solved. Figueiredo and Felmer [14] showed that system (1.2) admits no classical

positive solutions if

n+2 n+2>

n+2
0< 9 <7 d 9 a5
Pg< ——5 an (pq)sf'é(n2 —

2

Busca and Manésevich [1] proved the conjecture if

— 2 -2 -2
a1,042>n2 and (041,042)75(”2 ’n2 ),

where

a1:2(p7—~_1)7 a2:2(q7—~_1)7pq>]_.
pg—1 pg—1

When «, 3 > 0, Fazly and Ghoussoub [13] showed that the conjecture holds for
dimension n = 3 under the assumption of the boundedness of positive solutions, Li
and Zhang [22] removed this assumption and proved this conjecture for dimension
n = 3. When min{a, 8} > —2, the conjecture is proved for bounded solutions in
n =3 (see [27]).

If s1=s9=:5€(0,1),c,0 >0, there are fewer nonexistence results of solu-
tions to system (1.2) in the case of p > 0, ¢ > 0 and 2t + ntp

s i il e 2s, namely
the case that (p,q) locates at bottom left of the fractional Sobolev’s hyperbola
{p >0,g>0: ke 4y ndb 25}. For a = 3 = 0, Quaas and Xia in [30] proved

p+1 q+1
that there exist no classical positive solutions to (1.2) provided that
n —2s n—2s n—2s
of, 05 € Ln—2s1), and (of,0f) # , , (1.3)
2 2 2
where

. 2 1 .2 1
af = 2la+1) o = 2s(p+1)
pg—1 pg—1
Note that region (1.3) of (p,q) contains the following region:
" n+2s n+2s n+2s
{(nq): <pg<——, and (p,q);ﬁ( )}
n—2s n—

2s n—2s' n—2s

, p,yg>0, pg>1.

As min{a, } > —2s, Peng [26] derived that system (1.2) admits no nonnegative

classical solutions if 0 < p < 225122 apnd 0 < ¢ < %
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For scalar equation (i.e. s; = s := s, = 3,p = ¢,u = v), in the Laplacian case,
if &« = 0, a celebrated Liouville type theorem was showed by Gidas and Spruck [17]
forl<p< Z—f;; if « < —2 and p > 1, there is no any positive solution (see [16, 25]);
if « > —2and 1 < p < 229 Phan and Souplet [28] derived a Liouville theorem
for bounded solutions; if 0 < p < 1, the nonexistence result was proved by Dai and
Qin [8] for any «. We also refer to [15, 24| and references therein. For the scalar
fractional Laplacian case, Chen et al. [3], Jin et al. [18] proved the nonexistence
results fora =0 and 0 < p < Zt—gj If « > —2s, Dai and Qin [9] showed a Liouville
type theorem for optimal range 0 < p < %

For the case 2 = R’} , the following several main results exist.

If s1=s3=1, a=0=0, min{p,q} > 1, a Liouville theorem is proved for
bounded solutions by Chen et al. [6]. If s1 = s2 =: s € (0,1), for « =3 =0, the
nonexistence of positive viscosity-bounded solutions to system (1.2) was showed
by Quaas and Xia in [31]. For a, 3 > —2s, if p > 22582 and ¢ > ”2382‘;5, Duong
and Le [12] obtained the nonexistence of solutions satisfying the following decay at
infinity:

4s+8

u(xz) =o0 (\xr a1 ) and wv(z)=o0 (|x|74:j10) .

For general s1,s2 € (0,1), Le in [19] concluded a Liouville type theorem. Pre-
cisely, they obtained that if 1 <p < nE28it2a 1 g ni282420 and (p,q) #

n—2ss n—2s1

(”tf_s;jfa, ”22_33;20‘), a > —2s; and 8 > —2s9, then (u,v) = (0,0) is the only non-
negative classical solutions to system (1.2). More nonexistence results for general
nonlinearities in a half space can be seen in [10, 36]. For the corresponding scalar
problem of (1.2) with Laplacian and o = § = 0, Gidas and Spruck [17] obtained the
nonexistence of nontrivial nonnegative classical solution of (1.2) for 1 < p < 242,
For the corresponding scalar problem (1.2) with fractional Laplacian and o« = § = 0,
Chen et al. [3] showed that uw =0 is the only nonnegative solution to (1.2)
for 1 <p< ngz Recently, a Liouville type theorem of the corresponding scalar
problem for 1 < p < %mz > —2s and s € (0,1] was established by Dai and
Qin in [9].

In this paper, we will study nonexistence of anti-symmetric classical solutions to
system (1.1) for general «, 3, p, q.

For @ > —2s; and 3 > —2s9, we denote

n+ 2s1 + 2«

Raup = 0<pg LT g
sub {(p,Q)| <p TL—282 <q

n+ 2sy + 20 n+2s1 +2a n+ 2sy + 20
< 77( 9 ) 7é 9 .
n — 281 n — 28y n — 2s;

Note that for the case s1 = so, the set Ry locates at bottom left of the preceding
fractional Sobolev’s hyperbola.

Throughout this paper, we always assume sy, s2 € (0,1), n > max{2s1,2s2} and
use C' to denote a general positive constant whose value may vary from line to line
even the same line. Our main results are as follows.
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THEOREM 1.1. For (p,q) € Rsub, assume that (u,v) is a classical solution of system
(1.1). For either one of the following two cases:

(i) min{p + 2s1,p+ 281 + a} > 1 and min{q + 2s2,q + 252 + S} > 1,

(il) 0 < pqg <1 with o > —2s1pq, B = —2sapq,
we have that (u,v) = (0,0).

The nonexistence results (i) of theorem 1 can be extended to a larger space.

THEOREM 1.2. Assume that (p,q) € Rsuy and (u,v) € (Las, 41N Cl’l(Ri) N

loc

C(R™)) x (L2sy+1 ﬂC’llo’i(]R:L_) NC(R™)) satisfies system (1.1). Then for the case

that min{p + 2s1,p+ 2s1 + a} > 1 and min{q+ 2s2,q+ 2s2 + 8} > 1, (u,v) =
(0,0) is the only solution.

Combining our anti-symmetric property, in the proof of theorem 1.1, we only
utilized the extended spaces Laog, 1, Las,+1 instead of the usual spaces Los,, Lo,
in the case that min{p + 2s1,p + 2s1 + a} > 1 and min{q + 2s2,q + 252 + 5} > 1.
One can see that theorem 1.2 is a direct corollary of (i) of theorem 1.1.

REMARK 1.1. Our results of theorems 1.1 and 1.2 are the extension to gen-
eral $1,892,,3 of the nonexistence results of Li and Zhuo [20] (see preceding
propositions 1.1 and 1.2) except one critical point of (p, q).

REMARK 1.2. When s; = s9, p = ¢, @ = § and u = v, the results of theorems 1.1
and 1.2 are the nonexistence of nontrivial classical solutions to the corresponding
scalar problem.

Under appropriate decay conditions of v and v at infinity, we can extend the
nonexistence result of classical solutions of (1.1) to an unbounded domain of (p, q).
Particularly, this unbounded domain, except at most a bounded sub-domain, locates
at above the preceding fractional Sobolev’s hyperbola for the case s; = so.

”13522;:5, a > —2s9, > —2s1. Assume

) satisfying

n—2s

THEOREM 1.3. Suppose p > nt2sita ;>
(u,v) is a classical solution of system (1.1

lim u(@) <C and lim v(xb) <
T—00 |:1,‘|a r—00 |(E|

)

25,42 25142 _
for some C' > 0, where a = —%S{”‘B and b= —%. Then (u,v) = (0,0).

REMARK 1.3. The results of theorem 1.3 are new even if for the corresponding
scalar problem with o = 0.

https://doi.org/10.1017/prm.2023.40 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.40

Nonexistence of anti-symmetric solutions 867

REMARK 1.4. When «, 8 are positive, define the region

n+281—|—a< <n+2sl+2a n+2sy+ 1 <n+232+25

Rsu = 5 P X s <g <
P {(p 9l n — 289 p n — 289 n — 2s q n — 28
n+2sy +2a n+ 2sy + 203
(p.q) # , .
n — 289 n — 2s

Note that Rgyp, is contained in the nonexistence region of (p,q) obtained in
theorem 1.1. Hence, if (p, q) € Rsup, theorem 1.1 tells us that the results of theorem
1.3 still hold true without the decay conditions.

2. Preliminaries

In this section, we introduce and prove some necessary lemmas.

PROPOSITION 2.1 ([12]). Let s € (0,1) and w(y) € Las N CLHR™) satisfy w(y) =

loc
—w(yy ), where y, = (y', 2\ —yn) for any real number \. Assume there exists x €

Y\ such that

w(z) =infw(y) <0 and (—A)w(x)+ clx)w(x) >0,

PPN
where ¥y = {x € R"|z,, < A}. Then we have the following claims:
(i) if

liminf |2[**c(z) > 0,

there exists a constant Ry > 0 (depending on c, but independent of w) such
that

|£L’| < Ry,

(ii) if ¢ is bounded below in Xy, there exists a constant £ > 0 (depending on the
lower bound of ¢, but independent of w) such that

d(SU, T,\) >/,
where T\ = {z € R™|z,, = \}.

We want to point out that the constant ¢ is non-increasing about A\, since ¢ is
non-decreasing about the lower bound of ¢, which can be seen from the proof of
proposition 2.1 in [12].

In order to apply the method of moving planes to prove the nonexistence, we
need to establish the following estimate.
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LEMMA 2.1. Let s € (0,1) and w(y) € Lys N CEUNR™) satisfy w(y) = —w(yy ).

loc
Assume there exists © € Xy such that w(z) = infy, w(y) < 0. Then we have

(=A)Y’w(z) < C(n,s) [w(x) d=?

oo w0 (= ~ ) )

where d = d(x,Ty) and the constant C(n, s) is positive.

Proof. Applying the definition of fractional Laplacian, we have

(A u(@) = Cln.s) [ wl@) ~wly) 4,

Re | —y[ T2

ZC'(n,s)/Z Mdy+0(n’5)/ Mdy

sz =yl mo\z, |7 — Y[

= Cln) [ WD gy 1 o [ M,

. |IJ’J _ y|n+2s N |(E _ y;‘n+2s
cns) | [ we) - wi) (5= )
=C(n,s w(r) —w(y - - - dy
EA |x . y|'ﬂ+23 |.T _ y)\ |TL+2&

) 21)

By an elementary calculation (see [7]), we derive

2
/ wifx)Q dy = C(n, s)w(x)d 2.
2 |$L' —Yx |n+ s

Hence, combining this and (2.1), we complete the proof of lemma 2.1. |

In order to apply the method of moving spheres to prove the nonexistence, we
need to establish a similar estimate as that of lemma 2.1. To this end, we need to
introduce some notations. For any real number A > 0, we denote

Sy ={z e R"||z] = A},
BY=B{(0) = {|z| < |z, > 0}.

Let 2* = % be the inversion of the point x = (2/,x,) about the sphere Sy and

*

x* = (2/, —x,). Denote

By ={zlz" € B}, (BY) ={alz* € B}, (BY)“ = {alz” € By}
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LEMMA 2.2. Let w(z) € Lag N C’l’l(Rﬁ) satisfy

loc

A

||

n—2s
w(x) = —w(x") and w(z) = — < ) w(zY), VreR%. (2.2)

Assume there exists & € By such that w(¥) = infB;r w(z) < 0. Then we have
s -, =, ~1\—2s o"
(=A)w(@) < Cn, ) jw(@) | (A= 2D + 555

+LJM@w@MMiw®L

A

~ 1 1 1 1
where hy(Z,y) = = =5 — - + — — = — >0 for
) [Z—y["T2s |‘/y\|$_|;‘y|n+25 ‘li‘x_\;|y*|n+2s [Z—y* |7 T2s

Z,y € BY, 6 = min{Z,, A — |Z|} and C(n,s) is a positive constant.
Proof. By the definition of fractional Laplacian and assumptions (2.2), we derive

= C’(n,s)/ Mdy

| —y|nt2s

w(Z) —w % n_QSw(i)+w( )

n—2s
)\ ~
e (%) = Dw@
+ / 2@ g,y / o (2.3)
B;r |='17 -y | B)T |%§j _ W)\Iy*‘n-‘rQs

Using similar arguments in [21], we can obtain that hy(z,y) > 0 for z,y € B/J\r.
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Furthermore, choose r < Z, small such that H := {z € Bs(Z)|z, > Z,} C {z €
R"|z,, > #,} C (B}(0))¢ where § = min{Z,,, A\ — |Z|}, then we calculate

/ dy < dy
n+2s n+2s
5 [ T
n—2s
(1+ ()" )u@ o
2 n+2s B ( )
(BH)® (%) |7 — y|n+2s ly|
1 A n—2s
=w(z — | 1+ () dy
® [ oo Ty ( 3y )
1
< w(:f:)/ ——dy
{zeR™ |z, >T, }\H |LL‘ - y|n+2s
+oo
< Cln)w(3) / =251 gy
§
< C(n, s)w(x)6 %
< C(n, s)w(z) (A — |2])~%. (2.4)

From the definition ¢ = min{z,, X —|Z|}, we have | —y*| < C%, for any y €
B;(i). Simple calculations imply that

2w() i / 1 o

—————dy < C ——dy<C —. 2.5
/Bj: |§7 — y*|n+25 Y w(x) Bg’(a”c) fé%"'% Y (n)w(x) :22+2s ( )

It is easy to see that

n—2s
<(;‘|> — 1> w(Z)
—— (2.6)
/B; Iolz — A"
NET Y

Therefore, from (2.3)—(2.6), we conclude the proof. O

LEMMA 2.3. Let a, § > —n. Suppose that (u,v) is a nonnegative classical solution
for the following system:

(=A)"u(z) = |2|*P(2), u(r) >0, =eRY,
A >0

—A)*2u(z) = |z|Pui(z), v(x , T EeRY, (2.7)
u(z) = —u(z*), v(x) = —v(z*), x € R™
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Then for x € R, we have

1 1
u(e) > C ( - ) Yoo (y) dy,
Ri |$ _ y|n7251 |$* _ y|n7251
1 1
v(@) > C ( - ) P (y) dy,
ry |z —yr722 for —y|noRe

where C' is a positive constant.

Proof. Define a cut-off function n(z) € C5°(R") satistying n(z) = 0 for |z| > 1 and
n(z) =1 for |z| < 1. Denote nr(x) = n(%) for large R and

1 1
=C - “vP(y)d
) = [ (G ey ) @ @) d
(r)=C : : Wly*ut(y)
T g |x —yE T o g ) TR
Note that (ug(x),vr(x)) is a solution for the following system:
(—=A)*rup(z) = nr(z)|x|“vP(z), r € RY,
(A 5203 = nr(@)|z| u?(z), z €RY, (2.8)
ur(z) = fuR( *), vp(x) = —vr(z*), x € R™
Let Ur(z) = u(x) —ug(z) and Vr(z) = v(z) —vr(z). From (2.7) and (2.8), we
derive
(—A)Ug(z) = |z|*0P(z) — nr(z)|z|*vP(z) 2 0, = eRY,
(—=2)*2Vr(z) = [2|’ui(z) — nr(2)|z| ul(z) 2 0, z€RL, (2.9)
Ugr(x) = =Ug(z*), Vg(x) = —Vg(z*), z e R™
By the definitions of Ur(x) and Vg(x), obviously, for € R,
lim Ug(z) > 0and lim Vg(z) >0, (2.10)

where we used the assumptions «, 5 > —n.
Next, we claim that Ur(x) > 0 and Vg (z) > 0 for z € R’ If not, from (2.10) we
know that there exists some & € R'} such that Ugr(#) = infgr Ugr(x) < 0. Then,

) = [ LT

ZC(n,sl)/nMd + C(n, 51)/ wdy

|1. _ y|n+251 |£ _ y*|n+251

n
+

=C(n,s1)

/ , R ~Urly) (|a:~—y1|n+281 e —yin%)

2UR(2)

+ ‘i. _ y*‘n+251

< 0.
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This leads a contradiction with the first equation in (2.9). Thus, Ug(x) > 0 holds
true for any x € R}, that is, u(x) > ug(x) in R’}. Letting R — oo, we obtain

u(x) > C ( L - . ) ly|* v (y) dy.

Ri |£L' _ y|n7251 |£L’* _ y|n7251

Similarly, one has

o) > C [ (e e ) WP 0

|l‘ _ yln—232 |l‘* _ yln—232

3. Proof of theorem 1.1

In this section, we are ready to prove theorem 1.1. For (i) of theorem 1.1, namely
the case min{p + 2s1,p+ 2s1 + a} > 1 and {q + 2s2,q + 22 + 8} > 1, we use the
method of moving spheres to derive a lower bound for w(z) and v(x). Then, lemma
2.3 and a ‘bootstrap’ iteration process will give the better lower-bound estimates
which can imply the nonexistence result. For (ii) of theorem 1.1, namely the case
0<pg<l1, a>—2s1pqg and B > —2s9pq, a direct application of lemma 2.3 and
iteration technique may give its proof.

3.1. Proof of (i) of theorem 1.1

Proof. By contradiction, assume that (u,v) # (0,0), then we can derive that u > 0
and v > 0 in R Indeed, if there exists some Z € R’ such that «(Z) = 0, from the
anti-symmetry of u, we have

(ay@) = [ ==y <o,

n & — y|nt2s

which contradicts with the equation
(=A)" u(@) = [2|*v"(2) = 0.

Thus u(z) > 0, and using the same arguments as above, we easily obtain v(x) > 0.
Therefore, we may assume that u(z) > 0 and v(z) > 0 in the rest proof of (i) of
theorem 1.

Let uy(x) and vy(x) be the Kelvin transform of u(z) and v(z) centred at origin,

respectively
( )_ i n—281 &
) )
( )_ i n—28o AQJ
RN P2
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for arbitrary « € R™\ {0}. By an elementary calculation, uy(x) and vy(x) satisfy
the following system:

8yt = laf (2) ).« e

|z

(~A)20r(2) = [o)? (A) u{(z), zERY,

||
where
71 =n+2s1 +2a —p(n—2s9) and 7o =n+2s9+ 26— q(n — 2s7).

Note that both 71 and 15 are nonnegative and they will not be zero simultaneously,
since (p,q) € Rsup-
Denote

Ux(z) =ux(z) —u(z) and Vy(x)=vy(z)—v(x).

By elementary calculations and the mean value theorem, for z € B;’, there holds

8y 0e) = ol () (a) = el

||
= |z|* {(Ui(a:) —vP(2)) + <<|;\|> 1 — 1) vﬁ(x)]
> [a]*peh ™ (2)Va (), (3.1)
(—A)*2Va(z) = || qni ™" (2)Ux(2), (3.2)

where &) () is between v(z) and vy (z), nx(z) is between u(z) and uy(z). Note that

A

||

A

||

U,\(x):—( )n_%l Ux(z?) and V,\(a:):—( )n_zszvk(a%). (3.3)

Next, we will use the method of moving spheres to claim that Uy(z) > 0 and
Vi(z) = 0in By for any A > 0.
Step 1. Give a start point. We show that for sufficiently small A > 0,

Ux(z) >0 and Vy(2z) >0, z€ B. (3.4)

Suppose (3.4) is not true, there must exist a point Z € B;\' such that at least one
of Uy (Z) and V) (Z) is negative at this point. Without loss of generality, we assume

Ur@) = inf {U3(z). Va(e)} <0.

We will obtain contradictions for all four possible cases, respectively.
Case 1. (p,q) € Reup and p > 1, > 1. Due to p > 1, by the convexity of the
function f(t) = t?, then we can take &;(z) = v(z) in (3.1). From equation (3.1) and
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lemma 2.2, we have

|Z|*pv? N (2)UA(2) < |2]*po” ™ (2)VA(2) < (-A)"Ua(2)

xT

< C(n,s1)Uxr(T) (()\ — |z + 6n> . (3.5)

777;+281
Hence,
Oln,s1) (A= 2D 72 + )
plz|*
If § = min{\ — |Z|,Z,, } = A — |Z|, which implies that A — |Z| < Z,, < |Z|, using the
fact and (3.6), we obtain

P (E) > (3.6)

CA—Jz)) 7=

PN (Z) >
@ plz|~

> Oz~ (3.7)

As XA — 0, the right-hand side of (3.7) will go to infinity since o > —2s;. This is

impossible.
If 6 = min{\ — |Z|, Z,} = Tn, from T, < |Z| and (3.6), we derive
07_231
WU (T) > on > oz, (3.8)
plz|*

which is also impossible.
Case 2. 0 < p,q < 1. Due to p < 1, we can take &,(x) = vy(z). From equation
(3.1) and lemma 2.2, we have

2o} (@)UA(Z) < |2]°po}H (@)VA(Z) < (—A)* UA(2)
a—.::ll+251

< C(n, 51)Ux (%) (()\ —jE) 72+ W) . (3.9

Analogous to (3.7) and (3.8), there holds

1, Cz 2
1}§ 1(1‘) > |j|a s (310)
or
1, O\ —z])2=
A7) > & |x||a) (3.11)

Applying lemma 2.3 and the mean value theorem, we obtain that for z € B,

1 1

|z — y[n—251 o |z — y[n—21

1 1
>C — d
=% Joen (|x —ylr T y|> Y

Lnln
sof
By (2en) T* — yln—231+2

> Cua,,.

=, ( ) bl ) dy
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For x € (B]")®, we derive

1 1
_ &,,p
““>>Cﬂg<u—yw*a ﬂ—yW4a>w'”@”m
TnlYn
>c/ Tt dy
By (2e,) [T — y[n2e1t2

Ln
> Oz

Similarly, we have
Cz,, T € Bf',
> n
v(z) > ‘ z € (B])C.

‘x|n7252+27

Then by the definition of vy (x), we obtain

A n—2so+2
C () Tn, o€ By,
NOE ‘3;' (3.12)
CXI’LTZQH’ Z‘)\ S (B;r)c

If § = X\ — |z < @y, that is, |Z| > 3, combining (3.11) and (3.12), we conclude

that for z € Bj\' and sufficiently small A,
(A —lz) = < Cap~tz* <O - [z~ iz,

which gives that
)\ —2s1—p+1
(1) < Clafprratant, (3.13)
T
Due to min{p + 2s1,p+ 281 + o} > 1 and ﬁ < 2, inequality (3.13) is impossible

T
as A > 0 sufficiently small.
If 6 = Z,, it follows from (3.10) and (3.12) that

—7281
Cz,,

||

<N z) < oY,

which implies that
‘jl_p_281_a+1 < C ifa > 0, and j;p—Qsl—a—H < C ifa<0.

Either one of the two inequalities will yield a contradiction since the left terms go
to infinity as min{p + 2s1,p + 2s1 + a} > 1 and A > 0 small enough.

For case 3: (p,q) € Reup,p = 1,0 < ¢ < 1 and case 4: (p,q) € Reuwp,0 <p < 1,q
1, similar argument as that of cases 1 and 2 can show that Ux(x) > 0 and V) (z) >
in BY for sufficiently small A > 0. Therefore, (3.4) holds.

P
0
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Step 2. Now we move the sphere Sy outwards as long as (3.4) holds. Define

Ao =sup{\| U,(x) > 0,V,(x) >0, z€ Bf, VO <p<A}

o

We will show that A\g = 4+00. Suppose on the contrary that 0 < A\g < +00. We want
to show that there exists some small € > 0 such that for any A € (Ao, Ag + €),
Ux(z) >0 and Vy(z) >0, z€ BY. (3.14)

This implies that the plane Sy, will be moved outwards a little bit further, which
contradicts with the definition of Ag.
Firstly, we claim that

Ux,(z) >0 and Vy,(z) >0, z¢€ B:\*'D. (3.15)
Indeed, if there exists some point z° € By such that Uy, (z°) = 0, we have

_U)\o (y)
Z‘O _ y|n+251

(—A)*1 Uy, (2°) = C dy < 0. (3.16)

Rn

On the other hand, it is easy to get that
Ao\
(—A)Sl U/\o (.’L‘O) _ ‘x0|a (|$0|) ’Uio (:po) — |m0|(¥1}p(1‘0)

= (25) 1) 6+ 6O ). )

If 71 > 0, then (—A)*1Uy, (2°) > 0, where we use the facts that Vy, > 0 and v > 0
in R7. If 7y =0, then we have that 75 > 0. Moreover, Vj, (%) = 0 follows from
(3.16) and (3.17). Using an argument similar to (3.16) and (3.17), we derive

0> (—A)*Vay (20) = ") ((@) - 1) Wl () + [2°)Pnd (20U (2)

Mo \ 7

which is absurd. Thus, Uy, (z) > 0 is proved. Similarly, we derive that V), (x) > 0.
Hence, (3.15) holds.

Next, we will show that the sphere can be moved further outwards. The continuity

of u(x) and (3.15) yield that there exists some sufficiently small I € (0,22) and

2
e1 € (0,22) such that for A € (A, Ao + 1),
Ux(z) 20, z€ B;\:—l' (3.18)
For z € BY \ B;‘Oil, using the similar proof of (3.4), we can deduce that
Ux(z) 20, =z¢€ BI\B;OJ. (3.19)

Note that the distance between z and Sy, i.e. A — |Z|, plays an important role in
this process.
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Hence, it follows from (3.18) and (3.19) that for all A € (Mg, Ao +&1),
Ux(z) >0, ze€Bf.

Similarly, we can also prove that there exists €2 > 0 such that for all A € (),
Ao +€2),
W(z) =0, .TJEB;.

Let ¢ = min{ey, 2}, therefore, (3.14) can be completely concluded. This contradicts
with the definition of A\g. So A\g = +o0.
Then, we have for every A > 0,

U)\(ir)

WV

0, WVi(z) >0, xij\r,

which gives that,

n—2s
! Ax
<|m|) <|>, Vig| 2 A, xR}, V0 < A < 4o0. (3.20)

A\ N
v(z) > <|$| U(W), Vie| > X, z € R}, V0 < A < 400. (3.21)

For any given |z| > 1, let A = y/|z|, then it follows from (3.20) that

1 C Cz,
u@) > | min @) | = > e, (322)
vesy || |z | = *
and similarly from (3.21), we obtain
Czy,
o(r) > —at— (3.23)
I

Now we make full use of the above properties to derive some lower-bound
estimates of solutions to (1.1) through iteration technique.

Let 0y = "_2281 +1,00= "_TQ”‘ + 1. From lemma 2.3, inequality (3.23) and the
mean value theorem, we have for z,, > 1,

1 1 o
’LL(J}) =C RY (|ﬂ?y|n2sl - y|n251) |y| v (y) dy

|z

4|z|
‘LL‘* _ |n—231+2 | |po’o—a Y AYn
2|z| 2|z|<|y’|<4|x| Yy Yy

4|x|
>C / / yP T dy dy
|x|(n 261+2)+(PO'O a) 2| J20e|<|y|<4l7| n "

|x|poo—a 231 +3—(p+2)°

(3.24)
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Similarly, we have

Tp
v(z) = € ‘x|¢I(9o—1)—(ﬁ+252)+1 (3.25)

Denote 61 = p(og — 1) — (a+2s1) + 1 and 01 = q(6p — 1) — (B + 2s2) + 1. Repeat
the above process replacing (3.23) by (3.25), then we have

4[| z D
y’l’b yn ! x’l’b
u(z) = C / n dy' dy, > C——
T Lol ety i<aga) 1ot — y|r 2 E2 Jylpo—e T ]

and analogously,

Tn

v(x) =2 C——, 3.26
(@) > O (3.26)

where 0 =p(o1 —1) —a—2s1+1and oy =q(6h — 1) — B — 282+ 1.
After such k iteration steps, we derive

Ty Ty
u(@) > Crgie, (@) > O, (3.27)

” el

where Op11 =plop —1) —a—2s1+1 and op41 =q(0r — 1) — 8 — 252 + 1. Ele-
mentary calculations give that

o = " ) = [(p(252 4 9) + (21 +) T2
N
- [(p(232 +6) + (251 + a)) 11__(’7;(1)171] +1,
o = " )" (2514 ) + (232 5) T 1,
Oomt1 = (q(n 2281> 253 — ﬂ) (pg)™
- [(q@sl +a) + (252 + 3)) 11__(1,;])“1} +1, (3.28)

where m =0,1,2,....

For the case pq > 1, we claim that both {6} and {o}} are decreasing sequences
and unbounded from below. Denote

n—2sy n—2s
Ae p 2 - 2

n—2s n—2s
Ao=q B L 9 2—232—6.

— 251 — «,
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Note that A., A, < 0 and they will not be zero simultaneously, since (p, q) € Rsup-
By elementary calculations, we have

{k + 1} {k
P 2 q 2 A, <0, kiseven,
Okr1 — Ok = (3.29)

[

Hence, the sequence {0} is decreasing.

Combining the above properties of A, A,, the assumption pg > 1 and (3.29),
we deduce that 0, — —oco as k — +oco. Similarly, we can show that {0} is also
decreasing and o} — —oo. These and (3.27) indicate that w(z) and v(x) do not
belong to any Los. Hence, the solutions (u,v) = (0,0) when pg > 1.

Next, we consider the case pg < 1. From (3.28), we can conclude that

A, <0, kisodd.

(252 4 ) + (251 + @) q(2s1 + ) + (252 + B)

O — 1 — , op—1— as k — oo.
1 —pq 1—pg
(3.30)
Since p 4+ 2s1 +a > 1 and ¢ + 2s2 + 3 > 1, we have
2 2 2 2
p(52+/6)+(51+05)_1>0, ¢2s1ta)+2240) 4
1—pq 1—pq
Hence, from (3.30) and (3.27), we have for z,, > 1,
p(252+ﬁ)+(2>1+a) ° 9@2s1+a)+(2s248) 4
u(z) > cxy 1=pa * (1), v(z) = crp 1opa * (1) (3.31)

Combining this with lemma 2.3, we have

1 1
u(z) = C -
]R" |.T _ y|n—2$1 ‘.T* _ y|n—2s1

2, /]R" 1<Ix—yl” 2

> ly|*v? (y) dy

a(2s1+a)+(2s2+8)
(1177m2+0( ))p+ad 'd
o n—2s1 Yn Y dyn
| yl
400 (q(251+?1-;;252+5) +o(1))p+a
=>C Yn Yn

2z,

InlY
></ — n—2s1F2 dy/~
Rt (o = ' P+ on + ynl?) 2
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Let 2’/ —y' = (zp, + yn)2’, we have

(251 +a)+(2s2+8)
+o00 (‘1 ! iyqu = +0(1))p+0¢+1

Yn Tn 1 ,
u(a:) =C 3_2s; dyn n—2s,42 dz
22, (n + Yn) R (|24 1) 2
oo (7“23”;‘1:2252”) +o(1)) pratl
Z 3-2s, Yn-
2z, (mn +'yn)
Let y,, = x,,2,, one has
a(281+0)+(259+8) 1
(q(251+;11:((1252+ﬁ)+O(1))p+2sl+a +oo Zn T—pgq pta+
u(z) = Cxp R dzy,
2 (14 2,)3725
+oo 1
~Y
o dz,. (3.32)
J R [TEE Rz
n

Due to p+ 281 +a > 1 and ¢+ 255 + 3 > 1, we have %}W > 1, which
implies that

39 — (q(251 +a)+ (2s2 + )

p+a+1) <1
1—pq

This yields that the right-hand side of (3.32) is infinity, which is impossible. Hence,
for pg < 1 we also obtain (u,v) = (0,0).

In sum, we conclude that there is no nontrivial classical solutions to system (1.1)
for the case that (p,q) € Reup, min{p + 2s1,p+ 251 + a} > 1, min{q + 2s2,q +
259 + B} > 1. O

3.2. Proof of (ii) of theorem 1.1

Proof. Assume that (u,v) # (0,0), from the proof of (i), we know that « > 0 and

v >0 in R%. Applying lemma 2.3, for x,, > min{2, %l}, we have

1 1
|(E _ y|n7251 - |£C* _ y|n72sl

wnzc [ ( ) bl ) d

LnYn
= (2¢0) (|x—y|n2+2> ly|“vP (y) dy
1 n

1+ |z /
>C——r——— n|y|“vP (y) d
T 777 g, o, oW
1
> O (3.33)
Similarly, for z,, > min{2, %}, we have
C
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Iterating (3.33) with (3.34), for z,, > min{2, %}, we get

= ( i —2s1 |g* 1 -2 ) s 255+1 dy
B 4fe]) T =y 720zt —y[r2sn ) (14 Jy[)p(n=2e2+l)
TnlYn |y|0‘
>C | ”
Bs|((0,4]7|)\ Bz4| (0,4]z]) |z* — y|n=25142 (1 + |y|)p(n—2s2+1)
(1 + Ja])**e / 0
. (1 + |x|)”*251+2+(n7252+1)p B3 (0,4]z|)\ B2« (0,4]z])
1
- (3.35)

(1 + |z|)(n—252+1)p—251—o¢ :

Using the same argument as that of (3.35), for x,, > min {27 %}, we obtain

1
(1 + |z|)(n72sl+l)q72327,@ :

v(x) = C

After k iteration steps, it is easy to see that for |z| large and x,, > min {2, %},

u(z) = L, v(x) = L
(1 fa[) (1 + )%
Here,
Ve = Ok—1p — 281 — @, Ok = Yk—1q9 — 282 — [3,
where

m=Mm—2s2+1)p—281 —a, 6 =(n—2s1+1)g—2s9 — .

Simple calculations imply that

Yom = (n — 251+ 1)(pg)™ — [(p(252 +8)+ (251 +a)) HW”] ’

1—pq
Yoem+1 = [p(n — 252 + 1) — (251 + )] (pg)™
1- (pq)m]

- |25 )+ (20 ) S

Oam = (n — 252 +1)(pg)™ — [(q(?sl +a)+ (2524 B)) 1_(1"‘1)771] ’

L —=pq
52m = [q(n — 281 + 1) — (252 + ﬂ)] (pQ)m
otz +) + (250 + ) 20

where m =0,1,2,....
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From 0 < pg < 1, we obtain

p(2s2 + B) + (251 + @)
1—pq

q(2s1 + ) + (252 + B)
1—pq

) 5k_>_

Ve — — , as k — oo.

This yields that for |z| large,

u(z) >

(2s +ﬁ)+(2b +a) (2514+a)+(252+8)
p(2s9 1 —o(1) pner)TAee el Tooe 2 —o(1)

C(+ [z) v(z) = C(1 + [z)

as k — +00. Due to 0 < pg < 1 and o > —2s1pq, B = —2s2pq, we have
2 2 2 2

P24 )+ 2sita) o o @t +Retf) .,
1—pg 1—pq

This contradicts with the assumptions that u(x) € Los, and v(x) € Log,. Hence,
(u,v) = (0,0). O

4. Proof of theorem 1.3

In this section, we give the proof of theorem 1.3 by using the method of moving
planes.

Proof. Suppose on the contrary that (u,v) # (0,0), we know that « > 0 and v > 0
in R%. Let @(x) and v(x) be the Kelvin transform of u(x) and v(z) centred at

origin, respectively
1 n—2s1 x

(i)” (piiz)

u(x) and v(x) satisfy the following system:

for arbitrary € R™ \ {0}. Then,

where

(-8 = (1) ), v €RY,
v = i " ul(x T "
-8y = () ovto) 333
a(z) >0, v(x) >0, xr € RY,
a(x' xn) = —u(2, —xy), 02, x,) = -0, —x,), == (2 2,) €R",

Til=n+28+a—pn—2s) and o =n+2s2 + 5 — q(n — 2s1).

Note that 73 < 0 and 7
|z| large enough,

a(z) = 0 (mf_z) and o(z) = O <|x|nl_2> .
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For any real number p > 0 and = € X, define

where ¥, T}, and - are defined as in proposition 2.1. Then, for x € ¥, N R, we

have

(=2)" Uy () = o |7 o)) P~ 0(a) — Jof 77 o(2) P~ o(2)
= |z (Jo(a,)IP o(xy,) — [o() P~ o(2))
+lo(a) P o(,) (Jag 7 = |277)
> |z (Iv(l‘p_)l” "o(ay) — [0(2)[P o ()
> |27 plolP T (), (2), (4.2)
where we use the fact p > 1 in the last inequality. Similarly,
(=8)*2Vp(2) = ||~ qlal*™" (2)Up (). (4.3)
Step 1. We claim that for p > 0 sufficiently small,
(4.4)

Uy(x) = 0and V,(z) >0, z€X,.
" such that at least one of

Otherwise, from (4.1), there exists some € X, NR
U,(z), V,(x) is negative. Without loss of generality, we may assume that

U,(7) = iélpf{Up(x),Vp(x)} <0.

Combining equation (4.2) and lemma 2.1, we deduce
TP TH(2)V(2) < (A)7 U, (@)
T,) 25, (4.5)

This yields that
(4.6)

2] Tper 1 (2) > Clp— ) 2 2 Cp 2,

Observe that (4.1) and the decay conditions of v and v in theorem 1.3 ensure that

lim |z " poP~H(x) =0, lim |z| "poP~t(z) < C,
T—00 z—0
where we used the assumption « > —2s9. Hence, inequality (4.6) is impossible as
p > 0 is sufficiently small. Therefore, (4.4) holds.
Step 2. Move the plane T, upwards along the z,,-axis as long as (4.4) holds. Let

po =sup{p|U,(z) = 0,V,(z) > 0,2 € X, < p,p > 0}.

We will show that py = +o0 by contradiction arguments.
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Suppose on the contrary that 0 < pg < +00. We will verify that

Uy (z) =0, and V, (z) =0, z€3,,. (4.7)
Then using the above equalities (4.7), we immediately obtain
0<i(x,)=ulx)=0, 0<v(z,)=v()=0, zedR},

which is impossible. Thus py = +0o must hold.
Therefore, our goal is to prove (4.7). Suppose that (4.7) does not hold, then we
deduce that

Uy (z) >0, and V, () >0, z€3,. (4.8)

Otherwise, there exists some point & € 3,, "R’} such that U,, (%) = 0. We have

(—A)*T,, (%) = c/n _Ug’;(y) dy < 0.

On the contrary, it is easy to get that

(=8) Upo () = |25, |7 0(35,) P~ 0(1,)

— 2T p@)P (@) = |27 ploP @)V eo() 2 0,

where we use the fact V,, > 0. This leads to a contradiction. Hence, (4.8) holds.

Now we show that the plane T}, can be moved upwards a little bit further and
hence obtain a contradiction with the definition of pg. Precisely, we will verify that
there exists some small £ > 0 such that for any p € (po, po + €),

Uy(z) > 0and V,(z) >0, z€3,, (4.9)

where ¢ is determined later.
If (4.9) is not true, then for any e, — 0 as k — 400, there exists pr € (po, po + k)

and xp € R} N¥,, such that

Upx (zk) = izrif{UPk (2), Vpk (z)} <0. (4.10)

Similar argument as that of (4.5) gives that

(=A)**Up, (k) + c(z)Up, (z1) 2 0, (4.11)

where ¢(x) = —|z| T pvP~1(z). From (4.1) and the decay conditions of u and v, we
deduce that

lim |z|***¢(z) = 0 and ¢(x) is bounded below in %
Tr—00

on) (4.12)

where we used the assumption o > —2s5. Then from proposition 2.1 we know that
there exists £, > 0 and Ry > 0 such that

2 € Bp,(0)NS, (4.13)

k=L

Denote £o(> 0) as the constant given in proposition 2.1 corresponding to the half
space X,,+1. Combining the remark about the monotonicity of ¢ with respect to A
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below proposition 2.1, (4.13) and the fact that ¢ — 0, we have that

Tk € BRO(O)HE £ - (414)

PO— 3

If po — %0 <0, then (4.14) contradicts with the fact that z; € R’}. If pg — %0 > 0,
due to (4.8) and continuity of @, we know that there exists ¢’ € (0,%2) such that

172
for any e, < &’ and p € (po, po + €k),

Upy(x) 20, x€ Bg,(0)N EPO*%"
This contradicts with (4.14) and (4.10). Hence, we derive that for any p € (po,
po +¢’) with ¢ > 0 small enough,

Uyz) >0, z€X,

Similarly, we may verify that there exists ¢” > 0 such that for any p € (po,
po + &) the inequality holds

Vo(z) 20, z€X,

Let ¢ = min{e’,e”}, then (4.9) follows immediately and hence (4.7) holds, which
yields that py = 4o00.

The result py = +oo indicates that both 4(x) and ©(x) are monotone increas-
ing along the z,-axis. This contradicts with the asymptotic behaviours (4.1).
Therefore, (u,7) = (0,0), which yields that (u,v) = (0,0). We complete the proof
of theorem 1.3. ]
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