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Some inequalities between M(a, b, c; L;n)
and the partition function p(n)

Bing He®, Linpei Li, and Jian Cao

Abstract. Let p(n) and M (m, L;n) be the number of partitions of n and the number of partitions
of n with crank congruent to m modulo L, respectively, and let

M(a,b,c;Lsn) := M(a,Lyn) + M(b,Lyn) + M(c, Ly n).

In this paper, we focus on some relations between M (m, L; n) and p(n), which Dyson, Andrews,
and Garvan etc. have studied previously. By applying a modification of the circle method to estimate
the Fourier coeflicients of generating functions, we establish the following inequalities between
M(a,b,c;L;n) and p(n) : for n > 467,

M(0,1,1;9;n) > @ when n=0,1,5,8 (mod9),
M(0,1,1;9;n) < @ when n=2,3,4,6,7 (mod 9),
M(2,3,4;9n) < p(:) when 7= 0,1,5,8 (mod 9),
M(2,3,4;9n) > P(:) when 7 =2,3,4,6,7 (mod9).

In the proof of these inequalities, an inequality for the logarithm of the generating function for
p(n) is derived and applied. Our method reduces the last possible counterexamples to 467 < n <
22471, and it will produce more effective estimates when proving inequalities of such types.

1 Introduction

A partition of a positive integer »n is a nonincreasing sequence of positive integers
whose sum equals #. Typically, p(n) is used to denote the number of partitions of n.
The generating function for p(n) is as follows:

nle( n)q" = T q)oo

Here and in what follows, |g| < 1, and

(0w = fj(l— aq’).

Received by the editors January 24, 2024; revised June 23, 2024; accepted July 2, 2024.
AMS subject classification: 11P55, 11P82, 11P83.
Key words: Inequality, partition, crank, M(a, b, ¢;L;n), p(n), circle method.

()
Check f¢
https://doi.org/10.4153/50008414X24000683 Published online by Cambridge University Press Updates


http://dx.doi.org/10.4153/S0008414X24000683
https://orcid.org/0000-0001-6319-5800
https://orcid.org/0000-0002-7173-0591
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X24000683&domain=pdf
https://doi.org/10.4153/S0008414X24000683

2 B. He, L. Li, and J. Cao

In 1944, Dyson [12] defined the rank of a partition to be the largest part minus the
number of parts. Let N(m;n) be the number of partitions of # with rank m and
N(m, L; n) the number of partitions of n with rank congruent to m modulo L. Dyson
conjectured that

5n+4
N(a,55n+4) = %,

5 4
N(a,7;7n+5) = @

which provide combinatorial proofs for the cases of modulo 5 and 7 in Ramanujan’s
congruences. In addition, Dyson conjectured that there exists a crank function for
partitions which would supply a combinatorial proof of Ramanujan’s congruences
modulo 11. In 1954, Atkin and Swinnerton-Dyer [5] proved the above identities of
Dyson by applying the generating function for N(m, L; n).

Forty years later, Andrews and Garvan [3] defined the crank function for partitions.
Let M(m; n) be the number of partitions of n with crank m and let M(m, L; n) be the
number of partitions of n with crank congruent to m modulo L. Andrews and Garvan
proved that

) = p(lln +6)
N n

which provides a combinatorial proof for Ramanujans congruences modulo 11.
Recently, many inequalities for M(m, L;n) and N(m, L; n) modulo 11 were deduced
by Borozenets [7] and Bringmann and Pandey [8]. For inequalities between the rank
counts N(m, L;n) or between the crank counts M(m, L; n), see, for example, [1, 10,
11, 16]. For distributions of rank and crank statistics for integer partitions, see, for
example, [20, 21].

For convenience, we adopt the following notations:

M(m,1;1ln+ 6 0<m<10,

N(a,b,c;Lsn) == N(a,L;n) + N(b,L;n) + N(c, Ly n),
M(a,b,c;Lsn) :== M(a,Lyn) + M(b,L;n) + M(c, L;n).

In [15, Theorem 4.1], Kang showed the following relationship between rank and
crank:

> > (N@Bm-Ln)+N@m;n)+ N(3m+1Ln))z"q"
m=—o0 n=0

(qS;qS)OO - - m _3n
= M(m;n)z"g™".
@) e

Inspired by this relationship, Aygin and Chan [6] provided a series of generating
functions for M(a, b, ¢;L;n). For L € {6,9,12}, Aygin and Chan found generating
functions of
N(3j-1,3j,3j+1;Lin), for0<j<L/3-1,
M(3j-1,3j,3j+1;L;n), for0<j<L/3-1,
M(@3j-2,3j-1,3j;L;n), forO0<j<L/3-1
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and used the periodicity of the sign of the Fourier coefficients of these generating
functions to prove many inequalities between M(a, b, ¢; L; n) and the partition func-
tion p(n). At the end of the paper, they proposed 18 inequalities of such type as
a conjecture. In [13], Fan, Xia, and Zhao established some generating functions for
N(a,12;n) and M(a,12;n) with 0 < a <11, and used them to confirm the first 6
inequalities in the conjecture of Aygin and Chan. Later, Yao [19] proved that the
remaining 12 inequalities hold for sufficiently large n. Simultaneously, at the end of
their paper, Aygin and Chan said that “Additionally, the referee pointed out that the
signs of theta parts of M(0,1,1;9;n), M(2,3,4;9;n), M(0,1,2;9;n), M(3,4,5;9;n),
and M(6,7,8;9;n) are periodic modulo 9 when n > 467. Thus, conjectures similar
to Conjecture 8.1 can be stated for M(0,1,1;9;n), M(2,3,4;9;n), M(0,1,2;9;n),
M(3,4,59n) and M(6,7,89;n)” Up to now, as far as we are concerned, no
inequality for M(0,1,1;9;n), M(2,3,4,9n), M(0,1,2;9n), M(3,4,59;n) and
M(6,7,8;9;n), which is similar to [6, Conjecture 8.1], has been proposed explicitly
and proved.

In this paper, we state some inequalities for M(0,1,1;9;n) and M(2,3,4;9;n) and
prove them.

Theorem 1.1 For n > 467, we have

p()
p()
3
p()
p()

M(0,1,1;9;n) > =—= when n=0,1,5,8 (mod 9),

M(O,1,1;9;n)<

when n=2,3,4,6,7 (mod 9),

M(2,3,4,9;n) < ——= when n=0,1,5,8 (mod 9),

M(2,3,4,9n) > when n=2,3,4,6,7 (mod 9).

We will employ the modification [14] of the circle method' to estimate the Fourier
coefficients of generating functions for M(0,1,1;9; 1) and M(2,3,4;9; 1), obtaining
information about the sign of the coefficients of g(g) — 3h(q) (see (3.1) and (3.2) for
the definitions of g(g) and h(q)), and thereby prove the inequalities in Theorem 1.1.
An inequality for the logarithm of the generating function for p(n) will be derived and
used to reduce the last possible counterexamples to 467 < n < 22471. This method will
produce more effective estimates when proving such types of inequalities.

2 Preliminaries

For f(s) = Yooy a(n)s", we apply the residue theorem to the generating function to
get

a(n) = 1 f(s) ds

27i Jis|=r s"*1

with r smaller than the convergence radius.

ISee [17] and [18] for details of the circle method.
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2.1 Splitting integral intervals with Farey fractions

We set r := e~>™ with p = 1/N? for some N > 0. Let h/k be a Farey fraction of order
N, and let &,k = [0, 0} ] with 6,0}, being the distance from h/k to its
neighboring mediants. If we set

2mif _ e—2np62m’9
and let 0 := h/k + ¢ on each &, i, then
ds = 2nie_2"”e2”ih/kez”i"’d¢,
so that
0((71) _ Z e—Zninh/k f(eZni(h/k+ip+(p))eZnnpe—Znimpd(P.
0<h<k<N Enk
(h,k)=1

Setz:=k(p—ig)and 7:= (h+iz)/k to get

(X(}’l) — Z e—2ninh/k f(eZﬂi(h+iz)/k)eZane—Zninq)d(p

0<h<k<N Sk
(h,k)=1
(2.) ' . '
_ Z e—2mnh/k / f(eZMT)lempe—mepd(P.
0<h<k<N Sk
(h,k)=1

2.2 Dedekind’s eta-function
The Dedekind eta-function is defined by

n(7) = 47 (4:9) oo
where g = e*™* with Im(7) > 0. A well-known transformation formula for the
Dedekind eta-function is as follows [4, p. 52].

Fory = ((Z Z) € I':=SL,(Z), ¢ > 0, we have [4, Theorem 3.4]

(2.2) ’7()}‘[) _ e—nis(d,c)eni(aer)/(lZc)\/mn(_[),

where s(d, c) is the Dedekind sum given by

wo- S |]-)

n=0 ¢ ¢
Set
) 1 eniT/lZ
F(62m‘r) - — .
(B9)e  n(7)

It follows from (2.2) that

F(eZHiT) _ eni(‘r—y‘r)/lZe—nis(d,c)eni(a+d)/(12c)\/mF(eZTtin)'
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For the interval &, , if gcd(n, k) =1, then we choose an integer k), such that
nhh! = -1 (mod k). Hence, there exists b, € Z such that nhh! — b,k = —1. Set

W b,
V(nh,k) = ( k —nh) € F.

Then,

) :h;%_bn:h;nh—bnk+inh;z:h7;+ii

(nh,k) knhsinz kinz k  knz’
so that
1 1 1

23 I =Relonz) " ne\z)
(2.3) m()/(nh,k)) e(knz) kn e(Z)
and
(2.4) F(2™77) = ¢ (e n9) mis (k). /7 p (271 (1))

2.3 Some bounds and an integral

It is obvious to observe that
1
- S ! , " S i
2kN h,k> Y h,k kKN

From this, we have
1 2
— < <=,
N S 1€n,k] < N
and
o < (kN)™".
Notice that z = k(p — i¢). Then,

(2.5) Re(l)—Re ! Lo 1 NE K
’ z) k(p-ip)) kp*+¢?  k T2

Also, we have

_ 1 1 !
kU2 (p2 + @2)/4 = (k2p2)i/4

(2.6) ||~/ = k2N,

We now estimate the function logF(x) for 0 < x < 1. Since 0 < x < 1, we have

o 1=x™
m1<

m—1 <

=lvx+xi+ -+ x" M <m.

mx
1-x

From this, we deduce that

m(1-x) < 1-x" < m(l-x)

X xm xm
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so that
x™ x™ X
< < .

m?(1-x) ~ m(l-xm) = m?>(1-x)

Then
" oo oo xﬂm oo xm
logF(x) =) -log(1-x")=> > => e

(27) n=1 n=1m=1 M m=1 m( -X )

Let g,,(n) denote the number of m-colored partitions of 7 into an even number of
distinct parts minus the number of m-colored partitions of # into an odd number of
distinct parts. Then, by [2, eq.(6.1.3)]

n 627r1n‘r _ i _ ; -
’;ql( ) Fle) (g:9)

Define d;(n) (resp. d,(n)) as the number of partitions of 7 into an even (resp. odd)
number of parts with distinct elements. Then, we have q;(n) = d;(n) — d,(n). Since
0< d(n) < p(n),0<dy(n) < p(n), wehave

(2.8) |q1(n)| = |a1(n) = d2(n)| < p(n).
Then,

‘F(ezmT) Z|q1(n)||62mn‘r| < ZP(” 2ﬂin‘r|
(29) — F(|627T1T|) — F(e—ZnIm('r))
p n,ZefzrtIm(‘r)
=P\ g1 = e2mm() )
where the last inequality follows from (2.7).
An inequality for F (ez””) is given in the following lemma.

Lemma 21 Lett), 13, ,T, € Candlet my,my, ---,m, € Z\{0}. Then,

—2nIm(7;)
2miT;\m; |m |7T
(210) e ) - < exp (Z 6(1—27‘[1m(‘r,))) -1
Proof Let
F(elniri)mi - i c,-(n)ez’”"”, F(elniri)|m;| = i Ei(n)ehinr,-‘
n=1 n=1

If m; > 0, then |c;(n)| = ¢;(n); if m; <0, then, by (2.8),
lei(m)l < X0 la(np)l< X p(ng) =éi(n).

1< j<|m;| 1<j<|m;]

Y nj=n Y nj=n
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Hence, by (2.7),

IA

(eZni‘r,»)m,» _ 1‘

oo oo )

Z Z ) 2nikyTy |, eka,,r,, -1

k1=0 n=0
Z z El(kl)'"En(kn)|€2ﬂiklrl|'"|€2mk"1"|
ki1=0 kn=0

(kl:' . ':kn)¢(0:' . .’0)

_ HF(|62nir,»|)|m,-\ -1
i=1
|1’I’l |7_[ —2nIm(7;)
< exp (Z 61— e2mm(y |~ L

This completes the proof. L

IA

To facilitate certain bounds in the proof of Theorem 1.1, we examine monotonicity
of a function here.

Lemma 2.2 Let uy,uy, -+, u, € Ry and let my, my, - -, m, € N. Then,

n m'T[qu,»
W(x) := (exp( ——— -1
; 6(1—x41)
is a nondecreasing function of x on (0,1).

Proof Taking derivative of W (x) yields

W/(x):—xlz(exp( "1 67171 x,)) 1)
6

1 nom it w*m;
+xeXp(Z 6(1- x*) )Z

i=1

i=1

uixti!
(1-xu)2 )"
Therefore, it suffices to prove

(2.11) Zn:”6 ( xu)2)+exp( zn:ﬂ;”’ xi_)z

— u
i=1 i=1 1— x4

for x € (0,1). Since

u;x"i xti (u; — 1)x¥i + x>
_ - >0
(1-x4)2 1-xwi (1—x%i)2 -

for u; > 1, we have

" omm; u;xv nomtm; XV
— | +ex

,Z:; 6 ((l—x“")2 P~ 6 1—xti
- 2

i=1
n i n u;
m; x nem;  x"
> +ex .
Z 6 1-—x" p( Z 6 l—x“i)

i=1

(2.12)
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Let

wm;  x%

n
o6 1-xui’

yi=

Then, y > 0, and so y + e” > 1. From this and (2.12), we easily obtain the inequality
(2.10). n

An estimate for a useful integral is given in the following form. Even though it
contains the result in [9, Lemma 3.2] as a special case, its proof is similar to that of
[9, Lemma 3.2], and we omit it here.

Lemma 2.3 Let (h,k) =1, b € Ry, and define

I::f eﬁ(%_")z—%eZ””Pe_Z”i”¢d(p.
Eh,k

2 x [2b 1
I=y/— 2 pYicosh| X 7( _7) EO(D),
ki 1aay < (k s\ a) T ETD

271(n—1/24)pN1/2
EO (D) <2 bn/3 €
EO W) Var et R

Then,

where

The following inequalities are also important in the proof of Theorem 1.1.

N ifn>o0,

N
n
kz—:lk < LNn+l

n+l1 if —1<n<O0.
3 Proof of Theorem 1.1
Let
60 Sa(mygr e 0 FEIEETE)
n=0 (3 9) (47597 ) oo F(62m(91))3
and
S b(m)g" = (4597) (9739”7 )%
(3.2) n=0 (4:9)(9°:9°) o
. 2i(2%) F(eznir)F(eZni(%)) 0
¢ F(e27iG0))F(e2mi(277))2 = h(q)
With q - leri‘r'

In this section, we first employ the modification [14] of the circle method to
estimate the coefficient a(#) of g(q) and the coefficient b(n) of h(q) and then obtain
information about the sign of the coefficients {a(n) —3b(n)}ns0 of g(q) —3h(q).
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Finally, by [6, egs.(2.10) and (2.11)], we know that

M(0,1,1:9 1) - @ _ %(a(n) ~3b(n)),

1
M(2,3,4;,9;n) - P(3n) = —g(a(n) -3b(n)).
Therefore, from the sign information of the coefficients {a(n) — 3b(n)} 50, we can
deduce the inequalities in Theorem 1.1.

Since ged(k,27) =1,3,9 or 27, we split each of the sums Y o<p<k<n for a(n) and
(h.k)=1
b(n) into four parts according to the values of ged(k, 27).
It follows from (2.1) that

o F(eZnir)F(eZni(27r)) .
_ 2minh/k 2nnp —-2ming
a(n) - Z € Lhk F(eZni(9r))3 € € d(P

0<h<k<N
(h,k)=1
:(Z+Z+Z+ Z )ZeZninh/k
(3.3) 1<Sk<sN 1<k<N 1<k<N  1<k<N / o<h<k
(k27)=1  (k27)=3 (k27)=9 (k.27)=27 (hk)=1
Xf F(ezniT)F(ezﬂi(27T))eZﬂnpe—Zﬂin(pdgo
En F(eZm(9T))3
=: S](A) + Sz(A) + S3(A) + S4(A)
with
u- F(ezniT)F(eZHi(27T)) 27'mpe—27ringo
F(62ﬂ1(9r))3
and
h+i
z=k(p-igp), T= -;zz'

Similarly, we get

(3.4)
b(n) = Z e—Zm’nh/k[ £2mi(27) F(ezm)F(ezm(gT)) 2P pm2ming g
o<l o F(e27iG))F(e2mi(277))2 4
(h,k)=1
:( Z + Z + Z i Z ) Z e~2minh/k
1<k<N 1<k<N 1<k<N 1<k<N 0<h<k

(k27)=1  (k,27)=3  (k,27)=9 (k,27)=27 (h,k)=1
2miT 2mi(97
y [ 27 (27) F(e' )E(e '( ) Q2P =2ming g
Enr F(eZm(3r))F(eZm(27‘r))2
=: Sl(B) + Sz(B) + S3(B) + S4(B)
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with

B= leri(Z‘r) F(eZnir)F(eZﬂi(9‘r)) lempe—Zninw‘

F(62ni(3r) )F(leti(27T) )2

3.1 Transformation formulas for g and h

We apply (2.4) to transform g and h according to the values of ged(k, 27).
Case 1: gcd(k,27) = 1. By (2.4), we have
F(eZT[iT)F(eZT[i(ZTr)) 1 F(eZ”iY(h,k)(T))F(eZTTi)’(z7h,k)(27T))

(3.5) F(ezm(gr))s - 3\/§\/2 F(ezniy(gh,k)(%))s
% eﬂi(s(h,k)+s(27h,k)—3s(9h,k))eﬁ(z%—z)

and
2mi(27) F(eZnir)F(eZm'(%'))
F(e2mi(0))F(e2ri(277))2
1 F(e2”i7(h,k)(T) )F(ezm}’(sh,k>(9f))

- 9\/5\/2 F(eZHiY(sh,k)(3T) )F(ezni)’(27h,k)(277) )2

(3.6) « 2TI(R/K) m e i (s(h k) +s(Oh,K) =5 (3h,K)-25 (27h,K)) , o (S +472)

[4

1 F(e2 7o (1)) E (27 oni (7))

- 9\/5\/2 F(eZﬂi)’(sh,k)(3T))F(eZﬂiV(z7h,k)(27T))2
x e2mi(2h[k) ymi(s(h,k)+s(9hk)=s(3h,k))=25(27h.k) , 7 ( L _2)

27z

Case 2: gcd(k,27) = 3. Let k = 31;. Then,

F(eZTIiT)F(eZﬂi(Zﬁ')) 1 F(eZTIl‘Y(h,yl)(T))F(62ﬂl‘y(9h’11)(27‘[))

(3.7) F(e?mi(®n)3 NENZ F(e2m7onn (03
% eﬂi(s(h,311)+s(9h,ll)—3s(3h,ll)) eﬁ(—%—z)

and
eZTZi(ZT) F(eZﬂir)F(ezm(%'))
F(e2ni(30))F(e2mi(27m) )2
(3.8) 1 F(eZHiV(h,szl)(T))F(eZHiY(sh,xl)(9T))

= 3\/§\/2 F(ezniyo,,,l)(}r))F(eZniy(gh,ll)(NT))z
x 2 (2h/K) pmi(s(h30)+s(3h,h)=s(h,1)~25(9h,1)) , g (- 35-2)

Case 3: gcd(k,27) = 9. Let k = 91,. It follows that

F(eZﬂir)F(Eeri(Nr)) \/§ F(ezm)’(h,gzz)(‘f) )F(ezm}’(sh,lz)(ﬂf))
F(e2mi(om)3 = % F(eZHi}’(h,lz)(9T))3
w @M (s(191)+s(3h, 1) =3s(h,12)) , 5 (-2 -2)
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and

2mi(27) F(eZnir)F(eZni(9-r))
F(elni(}r))F(eZni(ZTr))Z
1 F(62ﬂi7(h,912)(f))F(eZﬂi)’(h,lz)(%))
- 3\/2 F(ezrli)’(h,slz)(37))F(ezrli}’(}h,lz)(277))2
w 2miQ2h/K) (mi(s(h912)+s(hola)=s(h,31)=25(3h,12)) , 5 (2=2)

e

Case 4: gcd(k,27) = 27. Let k = 271;. We have

F(ezniz)F(ezni(zh)) 1 F(eZHi)’(h,2713)(T) )F(eZHiy<h),3)(27‘r))
(3.9) F(e?mi(®n)3 Nz F(e¥™ 7ot (97))3
x M (s(h270)+s(h,13)=35(h,315)) , 757 (3 -2)

and

627:1'(21) F(lerir)F(Eeri(Qr))
F(eZHi(ST))F(eZHi(27T))2
1 F(eZ”iy(h,zﬂg,)(T))F(eZ”iY(h,3lg)(97))
= % F(eZniy(h’gb)(fi‘r))F(eZHiy(h’l3)(27T))2

% eZni(Zh/k)erri(s(h,2713)+s(h,313)—s(h,9l;)—23(h,l3))eﬁ(_ﬂ_z).

z

1

From the above transformation formulas for g and 4, we see that the integrands
of the integrals in S,(A), S»(B), S3(A), and S4(B) have factors of the forms e? with
0 < 0. For these integrals, we use (2.3), (2.5), (2.6), and (2.9) to give bounds. However,
since the integrands of the integrals in S;(A), S;(B), S3(B), and S4(A) contain factors
of the forms e with & >0, we split these integrals into two parts and then apply
Lemma 2.2, (2.3), (2.5), (2.6), and (2.10) to estimate the second parts. For the first
parts, we employ Lemma 2.3 to tackle the integrals. It should be mentioned that our

main term P(n) (in Subsection 3.3) originates from S;(B).

3.2 Bounding S,(A), S»(B), S3(A), and S4(B)

For S, (A), we apply (3.7) to deduce that

A =Lt (s (n3h)+5(9h, 1) =3s(3h 1)) o e (— £ -2)

V3

F(eZﬂiY(h,sll)(T))F(eZ”i}'(sh,zl)(27T))
x .
F(eZﬂIY(sh,zl)(9T))3

eZnnpe—Zmn(p
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with k = 3. Using (2.3), (2.5), (2.6), and (2.9), we find that

14 S%F(efht(%)l{e(%))F(672n(%)Re(;lz))F(672n(%)Re(§))3

% e -3 Re(2 )e 12kRe(z)|Z| 2eZﬂnp

2 -7 -n/3 5 . .
—exp e + 7T ¢ X e_ﬁ(?z”(n_ﬁ)pk_iN
\/‘ 31-em) 6(1-e7/3)
<L 0.969 27r(n 24)pk 2]\]

%

So we have

1
S,(A)| < 0969 2"(”_24)Pk sz
S204)1< > X b 3 ¢

1<k<N 0<h<k
(k,27)=3 (h,k)=1

Z 0.969 Zn(n—f)p
—¢€ e
1<k<N  0<h<k V3 k3
(k,27)=3 (,k)=1
Sie0.96962ﬂ(n7i)p D s
3 1<k<N

4 _1
< 60.9696271(11 )PN2

V3
For S,(B), we apply (3.8) to give

B 1 75 p2mi(@h/K) i(s(h3h)+s(3h ) =s () =25(9h.1)) o e (~ 5 —2)

33

F(eZﬂiY(h,szl)(T) )F(eZHiy(sh,zl)(%))

2anp ,—2ming
X - - e
F(eZHW(h,zl)(3T) )F(e2m)'<9h,z,>(27f) )2

with k = 3. Using (2.3), (2.5), (2.6), and (2.9), we find that

|B| S3\1/§F(e—27r(%)Re(%))F(e—Zn(%)Re(i))F(e—ZH(%)Re(%))F(e—Zn(%)Re(;lz))Z

% e—fs—’;Re( )e 12kRe(z)|z| 2eZnnp

n2e ™ P 6—371 ﬂze—rr/3

1
< —
_3\/§eXp(3(1 —em) i 6(1—e37) " 3(1-e7/3)

< 1 617106271(n—7)pk ZN

35

)e—izew—mk—m
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and

S,(B [ el 710 Zn(n 24)pk sz
152(B)| < > [ e 0

1<k<N 0<h<k
(k,27)=3 (h,k)=1

1 1.710 2n(n—7)
< —e e P
IS%N oghik 33 k3
(k,27)=3 (h,k)=1

2 10 2n(n-) -1
<——e"Ve ZUD D
3V3 1<k<N

4
< 61.710627r(n—ﬁ)pN%‘

W
Similarly, for S3(A) and S4(B), we get

52040 < 43 207 e
and
1S4(B)| < 4577 21 (=3)p N}
3.3 Tackling S:(A), Si(B), S3(B), and S4(A)
For §;(A), set

w&)’k) = pmi(s(hKk)+5(27h,k)=35(9h,k))

We apply (3.5) to deduce

L F( 27111)1_—;( 2m(27r)) ~

S (A) = e Zﬂlnh/kf letnp Zmn(pd

1( ) 1nggN oth:<k Euk F(62n1(9r))3 %
(k,27)=1 (h,k)=1

= Z Z eizm‘nh/kw(;)k 1 elzk(27z Z)
1<k<N  0<h<k (K S, . 33z
(k:27)=1 (h,k)=1
278y (k) (T) 278y (a7n,k) (277)
Fe (e )

F( 27iy (on, k)(9T))3

2nnp —2ntn<p

e

de

el;’k(%—z)eZﬂnPe—Znimpng

_ Z Z e—Zmnh/k (1) 1
1<k<N  0<h<k “inb &k 373V
(E27)=1 (h.k)=1

72mnh/k (1) 1 (£ -2)
+ e elzk 27z
ls%s:N os%k ) &k 3V/3V/z

(k.27)=1 (h.k)=1

F( 22 iY (k) (T) )F( 22y @7,k (277) )
* F(eZ”iY(9h,k)(9T) )3

_ 1) eZnnpe—Zﬂin(png

=: T] + Tz.
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By (2.9) and (2.10), we have

F(eZﬂiY(h,k)(T) )F(527Ti)'<z7h,k)(27T))
e 2k ( 27z : -1
F(62”17(9h,k)(97))3

< ere(d) (fk5) 1),

where
. e—ZH%Re(%) ﬂ2e—2nﬁRe(%) 3”26—271917Re(%)
f(k Z) = 1 oot 1 ST 1 N
( e—2n;Re(;)) 6(1 _ e*2ﬂﬂRe(;)) 6(1 _ e—ZnﬁRe(;))
Let
X = e_%Re(%)_
Then,

eﬁ(%) F(eZ”iY(h,k)(T))F(ezﬂi7(27h,k)(277)) 1
F(ehi)'(sh,k)(9f))3

1 mx ix 3m2x
S(exp( o+ =+ = )—1) = Wi (x).
X 6(1-x1v) 6(1-xv) 6(1-xv)

By Lemma 2.2 and (2.5), we get

e ™ 7_[26—7:/27

197 197 3p2e /0
Wi(x) < Wi(e o) = eoss (eXP(6(1 e + 6(1— e-/27) + 6(1— e—n/9)) - 1)
<9.819 x 10,
Then, by (2.6),

|T2| < [ 1.890 x 10106—12kRe(Z)|Z| 1/2 —Zmnpng
1<k<N 0<h<k
(k,27)=1 (h,k)=1

< Z Z 1.890 ><1010 2n(n-1/24)p <

1<k<N 0<h<k
(k,27)=1 (h,k)=1

< Y 1890 x 10102 (n1/24p 2

1<k<N
(k,27)=1

<7.560 x 101027 (n=1/20)p N1/2,

ks/z

k1/2

Similarly, we use (3.6) to derive that

Sl(B) =Ry + Ry,

where
1 4 19 :
Ry := Z Z —2711(11 2)h/k (2) euk(m—z) lempe—Zmn(pd(P,
(h k) £, 9\/—\/—
<k<N 0<h<k h.k
(k27)t (k=1
and

|R,| < 1.435 x 101327/ (n-1/24)p N1/2,
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@ ._ i (s(hk)+s(9h,k) =5 (3h,k)~25(27h,k))
(h,k) * )

Using the software Mathematica, we find that?

Here, w

(3.10) 4s5(9h, k) — s(3h, k) — 3s(27h, k) + % =0 (mod?2),
where 0 < h < k <17, (k,3) =1, and (h, k) = 1. From this, we have

—2minh/k (1)  _ —2mi(n=-2)h/k  (2)
>, e / Dipry = >, e T2 O k)
0<h<k 0<h<k

(h,k)=1 (h,k)=1

with k <17 and gcd(k, 27) = 1. Then,
Z Z e—Zﬂinh/kw(l) 1

1<k<N 0<h<k (h.k) Enk 3\/3\/2
(6,27)=1 (h,k)=1

(1 _27i
|Tl _3Rl| = elzk(z7z z)eZH"Pe 27'”"¢'d¢

—2mi(n-2)h/k, (2)
e 22k, ()

1<k<N 0<h<k
(k,27)=1 (h,k)=1

1 n (19 :
(3=-2) ,2nnp ,—2ming
e2k\27z7%) o e d
[Eh,k 3\/5\/2 (P‘

—2mi 1 1 (1 —2mi
Z Z g~ 2minh/k (1) e i (3-2) g2mnp Zmn(pd(P

w
19<k<N 0<h<k k) Jg, 33z
(k,27)=1 (h,k)=1

—2mi(n-2)h/k , (2)
> e milnh @ k)

19<k<N 0<h<k
(k,27)=1(h,k)=1

<

+

e&(z%_z) lempe—erin(png“

ffh,k 3\/;\/2

By Lemma 2.3, we have

)3

19<k<N 0<h<k
(k,27)=1 (h,k)=1

/ 2 (19)1/4 n [19 2( 1 )
< —= (=) cosh|=\/=xZ(n-—
19szksN Oszh;k k(n-1/24) \27 kV27 3 24

(k»27)=1 (h,k)=1

elz"k(;;z—z)eZane—Znin(pdgo‘

/;h,k 3\/;\/2

N Z Z \/zﬂ—le19ﬂ/81 eZn(n—l/24)pN1/2
19<k<N 0<h<k n-1/24
(k:27)=1 (h,k)=1

2k 2 1
< Z cosh T/ (n - —)
wiin Von-1/24 18V 3 24

(k,27)=1

ZWe conjecture here that the congruence (3.10) holds for 0 < h < k, (k,3) =1, and (h, k) =1
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16 B. He, L. Li, and J. Cao

eZn(n—1/24)p kNl/Z

+ ) 12828——————
19<k<N n- 1/24
(k,27)=1

P 1 eZn(n—1/24)pN5/2
7(’1_7) +1.2828 —M8M—.
3\ 2 n-1/24

So we have

2 2 1 27r(n71/24)pN5/2
Ty - 3R,| < 2N*?\ [ —=——cosh | = 7(n——) +2.56565
(n-1/24) 18V 3\" 24 n-1/24

Setting N := \/2m(n —1/24), we obtain
Ty - 3Ry| < 2(27)**V/2(n - 1/24)(1/4)((3%\/@ +1)
+2.5656¢(27)°/* (n — 1/24) /D
<1.225(n — 1/24) VD ¢ 5V30=3) | 80.601(n - 1/24) W/,

For S3 (B)’ set Q(h,k) = eni(S(h,9lz)+s(h,lz)—s(h,3ll)—2$(3h,lz)). We apply (3.1) to con-
clude that

. ) F(eZTIiT)F(eZTri(9T)) .
_ 2minh/k 2mi(21) 2nnp —2ming
$3(B) Z Z € f € F(62ni(31))F(62ni(271))2e € dg

1<k<N 0<h<k En ke
(5,27)=9 (h,k)=1

. 1 n(1
— E : 2 : —2mi(n-2)h/k f (1-2)
= e Q ek \z
(h)k) Eh,k 3\/2

1<k<N 0<h<k
(k,27)=9 (h,k)=1

F(ezni)’(h,wz)('f) )F(EZHiY(h,Iz)(9T))
F(ezni)’(h,slz)(37) )F(ezni)’(sh,lz)(277) )2

2nnp —2ming
e do

i ]. ™ 1 .
_ —2mi(n-2)h/k f I (1-z) 2nanp -2ming
= E E e Q enzkiz “e e d
(h:k) Enk 3\/2 4

1<k<N 0<h<k
(k,27)=9 (h,k)=1

i 1 g 1
—2mi(n-2)h/k Z(1-2)
+ e Q hk f enk\z
lséN 0§hzz<k (5 &k 3V
(k,27)=9 (h,k)=1

E(e2™ 0o (DY R (27 iV 1) (O7))
F(eZTTiY(h,slz)(3T) )F(eZHiY(Sh,IZ)(27T) )2

_ 1) lernpe—eringong

= P] + p2
with k = 91,.
For P, by (2.10), we have

< emrRe(2) (e5b2) _1),

.1 F(eZ”iY(h,le)(T))F(eZ”iy(h,lz)(gT))
et (z) - - -1
F(EZﬂ’V(h,SIZ)(3T) )F(ezﬂ’)’(sh,tz)(ﬂf) )2
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where

1 1 9 1 3 1
ﬂ26—2nERe(;) HZE—ZHERE(;) 3n2e—2ﬂIRe(;)

k,z) = — + — .
g( Z) 6(1—672”1{6(;)) 6(1_6727:%1&(;)) 6(1_67271;115(;))

Let

1
X = e_ﬁRe(E)‘

Then,

Y F(elﬂi}'(h,wz)(f))F(e2ﬂiy<h,12>(9f))
et (z) - - -1
F(eznl)’(h,Slz)(37))F(62”1)’(3h,12)(277) )2

1 7T2X24 7.[2x216 37_[2x72
<—le + + —-1] = Wia(x).
x(Xp(6(1—x24) 6(1— x216) 6(1—x72)) ) 3(x)

By Lemma 2.2 and (2.5), we have

. . 7'[26_” 7T2€_97T 7.[26—371
W; < Ws(e 2¢)=ex + + -1
3(x) < Wa(es) = e (eXp(6(1—e‘”) 6(1—eom) 21— e37)

<0.089.

Hence,

Py <0.0297 % / 2 e HERe) 270 g
1<k<N  0<h<k B,k
(k,27)=9 (h,k)=1

<0.0297 Z Z ff k—%NEZn(n-l/u)pd(P
sk

1<k<N 0<h<k h
(k,27)=9 (h,k)=1

<0.0594 Z Z 3 2n(n=1/24)p
1<k<N 0<h<k
(k»27)=9 (h,k)=1

<0.0594 Y kTiedn(n1/24p

1<k<N
(k,27)=9

< 0.119¢2™(1/20)p N 3

For Py, applying Lemma 2.3 with b = 1, we establish

P = 1 Z Z e*2ﬂi(ﬂ—2)h/k0(h P f eﬁ(%fz)z—%ehmpe—zmmpd(l)
3 1<kEN o<hek Enk
(5,27)=9 (h.k)=1

-1 > eI, ) 2 _osh g(n—i)
3 o<nek "V 9(n-1/24) 9V 3 24

(h,k)=1

1 —2mi(n-2)h/k 2 2 1
*3 e Qi) —amcosh| v/ (n— o=
3 IS;kSN oszh;k () k(n—-1/24) kV3 24

(k.27)=9 (h,k)=1
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1 .
Lz Z Z e—2m(n—2)h/kQ(h’k)E(l) (I)

1<k<N 0<h<k
(k,27)=9 (h,k)=1

1 H m
:3( Z e—2m(n—2)h/90(h’9)) s /Z(n—ﬂ

0<h<9 9(n - 1/24)
(h,9)=1
1 Z —2m(n 2)h/9Q %y/z(n—ﬂ
i (h-9) —1/24)
0<h<9
(h,9)=1

1 ~2mi(n-2)h/k 2 /2 ( 1 )
3 € Qi ————=—=cosh| =1/ - (n-—
3 mSZkSN oghzdc BN k(n -1/24) kV3 24

(k,27)=9 (h,k)=1

1 —2mi(n—
+g Z Z e 2mi( Z)h/kQ(h,k)E(l)(I)

1<k<N 0<h<k

(k,27)=9 (h,k)=1

=P(n)+Q
with
1 ; x /2

P(H) _ (3 Z eZm(nZ)h/9Q(h’9)) e $(n-37)

0<h<9 9(” —1/24)
(h,9)=1

1 ; / 2
|Q| < ( e—an(n—Z)h/kQ Bk )
18;ksN 3 ogzh;k (0 k(n—1/24)

(k27)=9  (h.k)=1

( V3030 +e*%\/W) V2o 563(n —1/24) /9
\/271(71 1/24)/9]
> \/_ (eﬁv (=30 +1)

2<L<N 3 - 1/24

22

+ I 1L563(n - 1/24)14)

s(vzﬂ(n—l/Z‘l))z\/T(e& %(n—i)+1)
9 n—1/24

22

+ T 1L563(n - 1/24)14

and

<0.208(n — 1/24) Vw5V 330 4 11.771(n - 1/24) /D +0.943.
Similarly, applying (3.9), we deduce that

S4(A) = U] + U2,
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with
U, = Z Z e*2ﬂinh/kw§-;’l)k Z*%eﬁ(ifz) eZTmpe—Znimpd(P’
1<k<N  0<h<k *) S,
(k,27)=27 (hk)=1
and
U, | < 0.3536¢2™(n1/20)P N1/2,
(3) mi(s(h,2713)+s(h,l3)-3s(h.313))

(k) =€
For Uj, we have

|U1| _ Z Z e—Zni(n)h/ka)k) ﬁ Z—%eﬁ(%—z) lernpe—erinq)dgo
<k<N 0<h<k h.k
(k1,<27§:27 (hia1

Here, w

19

; 2 T2 1
< —2mi(n)h/k, (3) = coshl ® /2 ( B 7)
- 1<;N O<Zh:<k ¢ o\ kn-124) Nk V 3" 24
(k,27)=27 (h,k)=1
+ Z Z e_Zﬂi(n)h/kwEil?k)E(l)(I)‘

1<k<N 0<h<k
(k,27)=27 (h,k)=1

2 . ;
< Y (B VIO 1) 4 34.698(n — 1/24) /Y
1N oshek V k(n—1/24)

(k,27)=27 (h,k)=1

|\/27(n-1/24) /27| 1 .7 -
< 3 > 11/324(618\/ 3(1730) 1 1) 4+ 34.698(n — 1/24)V/Y)
\/

I3=1

2n H—L : x /2 1
V2 5i) 2 (eEVIOE) 1) 4 34.698(n — 1/24) VY

27 n—1/24
<0.208(n —1/24) B V3730 4 34.897(n — 1/24) VD),
3.4 Signs of the Fourier coefficients of g(q) - 3h(q)

It follows from (3.1) and (3.2) that
§(q) -3h(q) = Zl(a(n) -3b(n))q".

From (3.3), (3.4) and the results in Subsections 3.2 and 3.3, we derive that

a(n) =3b(n) = S1(A) + S2(A) + S3(A) + S4(A) = 3(S1(B) + S2(B) + S3(B) + S4(B))

= Tl - 3R, + T2 - 3R, + Sz(A) + S3(A) - 352(3)
—3P(n) - 3P, -3Q + Uy + U, — 38,(B)
=: -3P(n) + E(n)
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. 2 x /2 1
—3P(n) - _( e—2ﬂz(n—2)h/9Q ’ ) S g(nfﬂ).
OShZ@ w9 J\/ 9(n - 1/24)

(h,9)=1

with

From Subsctions 3.2 and 3.3, we know that

Ty -3R)| < 11.225(n - 1/24)(1/4>e%m +80.601(n —1/24) /9,
T3 < 7.560 x 1010e27(-120P N = 3254 x 101 (1 — 1/24) VD)
IR, | < 1435 x 1022 (2P NE = 6,176 x 10 (n - 1/24) WD,
1S,(A)] < %e‘””e“("-i)w% =26.193(n —1/24) /9,
S5(A)] < 4/Be 20 2P NT = 3.850(n —1/24) (/)
1S,(B)| < f%e”l"e“("—ﬁ)w% =18.318(n — 1/24)(/4),
Py < 0.119e27(129P N3 = 0.513(n — 1/24) /Y,
Q| < 0.208(n —1/24) VD eHVIM=30) 4 11771(n - 1/24) D +0.943,
Ui < 0.208(n —1/24) /D) EV (730 4 34 897(n — 1/24) (14,
Uy < 0.3536e2" (2P N2 = 1.522(n — 1/24) V),
S4(B)| < 4 007727(n50P N3 = 0.040(n —1/24) /D,

so that

[E(n)| < |Th = 3Ri| + |T2| + 3[Ry| + [S2(A)| + [S3(A)] + 3|S2(B))|
+ 3|P2| + 3|Q| + |U1| + |U2| + 3|S4(B)|
<12.057(n - 1/24) WD 5 V3(=20) 4 3777
+(3.254 x 10" +3 x 6.176 x 10 + 26.193 + 3.850 + 3 x 18.318+

1 1
3x0.513 +3 x12.969 +12.969 +1.522 + 3 x 0.040)(1’! - 24)

1
4 1 4
<12.057(n - 1/24) D ewV3 (30 41857 1014(11 - 24) .

It is observed that the signs of the main term P(n) are determined by

Z e—Zni(n—Z)h/QQ(h,g)

0<h<9
(h,9)=1

with Qj,.9) = e (s(9h)+s(h1)=s(h,3h)=25Gh. 1)) - Afrer calculations, we have

25 s o

Ln R
Quoy=e=™, Q) =ex™,
u_; u_;

-Lmi i

Q(4’9) =e 5™ Q(S,Q) = g5
Bori

Qr0) =€ 5™, Qso) =€
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Therefore,

2co0s(23m/54) + 4cos(497/54) if n=0 (mod9)
2cos(357/54) + 4cos(377/54) if n=1(mod9)
2cos(257/54) + 4cos(1lm/54)  if n =2 (mod 9)
2co0s(497/54) + 4cos(137/54)  if n =3 (mod 9)
> e‘Z"i(”_z)h/gQ(h,g) ={2cos(37m/54) + 4cos(m/54) if n =4 (mod9)
X 2cos(117/54) + dcos(477/54)  if n =5 (mod 9)
2cos(137/54) + 4cos(237/54) if n=6 (mod9)
2cos(7/54) + 4cos(357/54) if n=7 (mod 9)
2cos(47m/54) + 4cos(257/54) if n =8 (mod 9).

It is easily computed that

Z e—2ni(n—2)h/9Q(h’9) >0.20142
0<h<9
(1,9)=1

for n € N. When n > 22472,

_omi(n— 2 x [2(_1
|~ 3P(m)| = ( > e 2>h/9o(h,9)) 2 __iVi
0<h<9 9(n —1/24)
(h,9)=1
2 n 2 1
>0.20142y [ ————¢5V5("m2s)
9(n—1/24)
x 21 1 i
>12.057(n —1/24) YV &5 V5 (1730) 11 857 x 1014(;1 - 24)
> |E(n)|.
From this, we obtain that
3.10) a(n)-3b(n)>0 ifn=0,1,58 (mod?9)
' a(n) -3b(n) <0 ifn=2,3,4,6,7 (mod9)

holds for n > 22472. Calculating the first 22471 coefficients of g(q) —3h(g) by using
the software Mathematica, we find that (3.11) is also true for 467 < n < 22471.

3.5 Proof of Theorem 1.1

It follows from the identities in [6, egs.(2.10) and (2.11)] that

S M(0,1,1;9; 1)g” = %(g(q)—%(q)),

n=1 B 3(‘1»‘])00

and

~Le(a) -3n(a)),

iM(z 3,4;9;n)q" .
P 3¢9 3
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so that

p(n) _2 3b(n
3~ = 3 (a(n) =3b(n)),

M(2,3, 4,9 n) - p(3”) _ —é(a(n)—3b(n)).

M(O,l,l;9;n) —

It is known from Subsection 3.4 that (3.11) holds for n > 467. Hence, when n > 467,

M(0,1,1;9n) > 22 if n=0,1,5,8 (mod 9),

N

M(0,1,,9n) < B if n=2,3,4,6,7 (mod 9),

M(2,3,49n) <22, if n=0,1,5,8 (mod9),
M(2,3,49%n) > 22, if n=2,3,4,6,7 (mod 9).

This finishes the proof of Theorem 1.1.
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