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Branching Rules for Principal Series
Representations of SL(2) over a p-adic Field

Monica Nevins

Abstract. 'We explicitly describe the decomposition into irreducibles of the restriction of the principal
series representations of SL(2, k), for k a p-adic field, to each of its two maximal compact subgroups
(up to conjugacy). We identify these irreducible subrepresentations in the Kirillov-type classification of
Shalika. We go on to explicitly describe the decomposition of the reducible principal series of SL(2, k)
in terms of the restrictions of its irreducible constituents to a maximal compact subgroup.

1 Introduction

Let G be (the k-points of) a reductive group defined over a p-adic field k of character-
istic zero, and odd residual characteristic, and K a maximal compact subgroup. We
are interested in the decomposition of admissible representations of G upon restric-
tion to K, in analogy with the case of k = R. In this paper, we consider the group
G = SL(2, k) and its two nonconjugate maximal compact subgroups K and K. Here
K denotes the subgroup SL(2, ), where O is the integer ring of k, and K denotes the
subgroup wKw™!, where w = [PE é] € GL(2, k), for w a uniformizing element of k.

We have three main results. The first is contained in Propositions 4.4 and 4.5, and
is valid also with K replaced by K (Corollary 4.6).

Theorem 1  Let x be a primitive character mod p™. Then V, = Indg X decomposes
into a direct sum of K-representations as

Resg V, = Vi & @(w;n DW,,)

n>m

where Vf is irreducible of degree g™ + q" ' if X* # 1, and for alln > m, the Wf,, are
irreducible, pairwise inequivalent, representations of degree %q”’Z(q2 — 1). Moreover,
for n > 2m, the representations W;n depend only on the central character of V.

Our next result (Theorems 7.2 and 7.4) is the explicit matching of the irreducible
K-representations arising in Theorem 1 with representations constructed by Shalika
using induction from compact open subgroups to K. This construction is reviewed
in Section 5; see particularly (5.3) and (5.9). It is an orbit method construction, in
the sense of [H, LP], although effectively it is a construction for finite groups.

Our matching theorem may be summarized for K as follows. Here, g denotes the
maximal parahoric subalgebra sl(2, O) of the Lie algebra of G.

Received by the editors August 4, 2003; revised February 5, 2004.

This research supported by grants from NSERC and the Faculty of Science of the University of Ottawa.
AMS subject classification: Primary: 20G25; secondary: 22E35, 20H25.

Keywords: representations of p-adic groups, p-adic integers, orbit method, K-types.

(©Canadian Mathematical Society 2005.

648

https://doi.org/10.4153/CJM-2005-026-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-026-1

Branching Rules in SL(2, k) 649

Theorem 2 Suppose X is primitive mod p™. Then if m > 1, Vf'" ~ D,,(x, X), where
X € g\pg represents a split K-orbit. For alln > m, Wi, @& W, = Dulpo,xo) &
D.(p1,x1), where the characters p; and the elements x; € g\pg (representing ramified
K-orbits) are determined explicitly in terms of the character x.

Theorems 7.2 and 7.4 also give an explicit description of the K-representations
occuring in Ind§ x, using a generalization of Shalika’s construction presented in Sec-
tion 6. For n > 2m, the orbits arising in Theorem 2 are nilpotent ones, as explained
in Remark 7.5, and are no longer dependent on even the choice of additive character
7 used in Shalika’s construction.

Theorem 2 fits in well in the theory of types. This theory asserts that the irre-
ducible admissible representations are classified by the types they contain. A typeisa
pair (J, p) of a compact open subgroup ] and a representation p of J; 7 contains (J, p)
if Res j(7) contains p as a summand. Alan Roche has computed types of the principal
series representations and in [R, Example 3.5] explicitly describes a type (J,, py) for
Ind$ x. This type is exactly the inducing datum for Shalika’s constructions of the
“primary” irreducible VX»; that is, D,,,(x, X) = Indlfx Py

Most principal series representations are irreducible. With our normalizations
(Section 3), the reducible ones are Ind§ sgn_ for 7 € {e,w,ew}. Each of these
decomposes into two irreducible constituents, which we denote H* (depending on
a choice of additive character). Our third result, an application of Theorem 2, is the
identification of the irreducible K-representations occuring in each constituent.

The following is a summary of the results obtained for Ind$ sgn o> from Theo-
rems 9.1 and 9.2 and Corollary 9.3 (with some extra notation suppressed for read-
ability).

Theorem 3 Consider V = Indg sgn_. Setx; = [8 6}, and let 1x and Stx denote the
trivial and Steinberg representations of K, respectively. Then

Resi(V) = 1x & St & @) {Da(1,%1) © Dy(1,x.)}

n>1

with Stx, Doge1(1, %) € HY and 1x, Do(1,x,) C H-, fort € {1,&}. Similarly,

Resg(V) = 1 @ Stz & P{ Du(1,x5-1) & Dy(1,x.0-1)}

n>1
with 1%, "I)zk(l,xmfl) C H* and Stg, ®2k+1(17xtw71) CH ,fort € {1,e}.

The results for Ind§j sgn_, 7 = @, £ are similar in flavour.

Theorems 2 and 3 tie in well with the “orbit method” interpretation of the clas-
sification of irreducible constituents of principal series, as follows. In [K], Wentang
Kuo establishes an explicit connection between irreducible constituents of principal
series representations of split reductive p-adic groups G and (classes of) principal
nilpotent orbits. Specifically, he constructs, up to certain choices, a map p from the
set of principal nilpotent orbits to the set of (generic) irreducible constituents of uni-
tary principal series 7, = Indg X [K, 4.1.7]. This map p has the property that for O,

https://doi.org/10.4153/CJM-2005-026-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-026-1

650 M. Nevins

a principal nilpotent orbit, the set of principal nilpotent orbits arising with nonzero
coefficient in the Harish—-Chandra—Howe local character expansion of p(0) is exactly
Qy - O [K, Thm 4.2.5]. Here Q, can be viewed as a subgroup of the maximal split
torus of the (algebraic) adjoint group of G [K, 5.2.5].

For G = SL(2, k), we can identify Q, with a subgroup of k* which acts by scaling
on the nilpotent orbits. When 7, is irreducible, Q,, = k*, so all orbits occur; whereas
when x = sgn_, Qygn = {u € k* | sgn_(u) = 1}.

In our case, we have produced a list of representations of K and K occuring in
Ty, such that each representation is constructed via an orbit method (in the sense of
Kirillov) and is associated to an adjoint orbit of K or K. The nilpotent adjoint orbits
of K which occur are represented by X;, t € 0%, whereas those of K which occur
are represented by X, t € w~'0*. Taking their G-saturations gives the four prin-
cipal nilpotent orbits of G, and thus one would wish to say that 7, is associated to
the nilpotent orbits occuring in its K and K decompositions. A glance at Theorem 3,
however, reveals this is far too naive. Nonetheless, one can see from Theorem 9.2 and
Corollary 9.3 that the collection of nilpotent orbits which occur among the primi-
tive modulo p" representations of K and K for fixed n > 1 in a given irreducible
constituent of 7, is invariant under Q,. It seems quite reasonable to expect that this
relationship can be made more precise, a problem the author hopes to address in a
subsequent paper.

The organization of this paper is as follows. We establish our notation in Section 2.
In Section 3, we define the class of principal series representations V', and recall some
useful results about induced representations. The decomposition of Resg V, into
irreducible subrepresentations is given in Section 4. In Section 5 we recall pertinent
results of [ShII], in which Shalika constructs irreducible representations of K starting
from adjoint orbits of K on its O-Lie algebra. Section 6 is devoted to describing how
conjugation by w gives equivalent constructions of representations of K, with some
small modifications. In Section 7 we match the irreducible representations of K (and
K ) occuring in V,, with those presented in Sections 5 and 6. In Section 8, we recall
a description of the irreducible constituents of reducible principal series of SL(2, k)
given in [GGPS]. We conclude in Section 9 with the identification of the irreducible
representations of K and K ocurring in each of these irreducible constituents.

Principal series representations of PGL(2, k) were decomposed by Silberger rela-
tive to K = PGL(2, O) in [Si] and relative to the other nonconjugate maximal com-
pact K in [Si2]. Casselman considered related questions for all irreducible admissible
representations of the group GL(2,k) in [C]. In Section 4, we are inspired by Sil-
berger’s approach in [Si].

2 Notation

Let k be a p-adic field (of characteristic 0) of residual characteristic p # 2. Denote
its integer ring by O and its prime ideal p. The order of the residue field x = O/p
is denoted ¢ = p/. Let @ be a uniformizing element of p, and normalize the p-adic
valuation so that val(zw) = 1. Fix a nonsquare element e € 0>\ 02, Let sgn denote
the sign character on £*: sgn(a?) = 1 and sgn(ea?) = —1 foralla € x*. Extend
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this to a character on O* by sgn(l + p) = 1.

On k*, the sign characters are defined by sgn_(a) = (a/7), for 7 € k*/k*?,
7 # 1, where (-/-) denotes the (2-)Hilbert symbol. Thus since p # 2, sgns(mwk) =
(=1)kforallm € O* and k € 7Z, and for 7 € {w, cw}, sgn_ coincides with sgn on
0x.

Let G = SL(2,k), the group of 2 x 2 unimodular matrices over the field k. Let
K = SL(2,0), the subgroup of matrices of G, all of whose entries lie in O, and

K—{{i Z] ta,d€ O, cep, bep !, ad—bc—l}.

These are representatives of the two conjugacy classes of maximal compact subgroups

of G. If we set
L_fo1
w0’

representing an element of the affine Weyl group, then K = wKw ™' = K¥.
We make use of the standard filtration of K by normal subgroups:

K=Ky2Ki2K, 2 ---

where Kj, i > 1, consists of those matrices in K which are congruent to the identity
matrix I mod p'. Let K; = K¢’; this defines a filtration of K.

Let K be either K or K. Let (m, V) be an admissible smooth representation of G,
and denote by Vi the set of K;-fixed vectors in V. Then we have

(2.1) V= U vk

i>0

and each subspace VX is finite dimensional. Moreover, by normality of the K; in
K, each VX is K-invariant. Hence, to decompose the restriction to K of (m, V) into
irreducibles, it suffices to do so for each VXi,

Let '’ be a continuous multiplicative character of k* and consider its restriction
X to a character of O%. If | - | denotes the norm on k, we have x'(reo*) = |*[*x(r)
(for some s € C) whenever r € O*. The character x' is called unramified if y = 1,
the trivial character, and ramified otherwise. Let m be the least positive integer such
that 1 + p™ C ker(x); then we say x is primitive mod p™.

3 Principal Series Representations of SL(2, k)

Let B be the Borel subgroup of upper triangular matrices in G. Write B = TU, where
T is the maximal split torus, consisting of diagonal matrices, and U is the unipotent
radical, consisting of those matrices u in G such that u — I is strictly upper triangular.
Since the commutator of B lies in U, a character of B is defined by its restriction to
T (and any character of T defines one of B). These characters may be identified with

characters of k* via )
a
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Then a principal series representation of G is a (normalized) induced representation
denoted m,/ = Ind$ x/, on the vector space

(3.1) Ve ={f:G—C]| f(bg) =x'(b)|b|f(g) Vg € G,b € B, and f € C*}.

The action of G on V- is given by right translations: m,/(g)f(h) = f(hg) for all
g, h € G. The normalization by |b| in (3.1) ensures that unitarity is preserved and that
Indg x' = Indg x'~" (that is, invariance under the action of the Weyl group). The
principal series representation (7, V, /) is called unramified (respectively, ramified)
if x’ is an unramified (respectively, ramified) character of T.

Since both K and K are good maximal compact subgroups, G admits the Iwasawa
decompositions G = BK = BK. If follows that for K denoting either K or E,

Resg Ind§ x’ = Indjyx X

where Y = Respnx x’. (In particular, the normalization factor in the induction from
BN K is identically 1 and may be omitted.) In the sequel, we assume without loss of
generality that y’ = x.

The following easy lemma implies that it suffices to consider the restriction to K.

Lemma 3.1 Let K, K be as above. There exists a vector space automorphism Y of
Ind§ x such that 7, (k)(f) = Y~ 'mr, (wkw ™) (Y f) forall k € K, f € Indy, x. Thus

Resg Ind§j x ~ Resg Ind§ x
(with the group isomorphism implicit).

Proof Lets= [ 7']. Foreach f € Ind§ ¥, define Y f(g) = f(sw~'gw). Since

SQJ_I a Cc wS_l_ a —Ccw
0 a! o at

it follows that T f(bg) = f(sw 'bgw) = f(sw bws lsw™'gw) = x (b)Y f(g) for
all b € B, g € G. Hence T is an automorphism. It is an intertwining operator
between the usual action m, of G and the twisted action 7} (g) = my (wgw™1), since

forallg,h € Gand f € Ind§ ¥,

T (my (@) ) (h) = 7 (¢) f(sw ™ hw) = f(sw™  hwg)
and
T @Y f)(h) = T f(hwgw™") = f(sw™ (hwgw™w) = f(sw™" hwg)
are equal. The conclusions follow. n

Finally, let us recall the Intertwining Number Theorem for finite groups, which
will be used extensively in the following sections.
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Proposition 3.2 Let G be a finite group and H, L two subgroups of G. Suppose x and
p are characters of H and L, respectively. Define H = H(H\G/L, x, p) to be the vector
space

H={F:G— C|F(hgl) = x(W)F(g)p(l) Vhe H,g € G,leL}.

Then the intertwining operators from Ind? p to Ind¥; x are given by convolution with
the functions in . This is a Hecke algebra when H = L and x = p.

Proof Given F € T, itis clear that the map T from Indf pto Indfl X given by

(3.2) Tf(g) =Y Fhfk'g)

keG

is an intertwining operator. Hence it suffices to prove that
dim H = dim HomG(Indfl X, Indf 0)-

By Frobenius reciprocity, one has Homg(Indg X, IndLG p) ~ Homp(x, Resy IndLG 0).
By [S, Prop. 22], one has

Resy IndLG p @ Indi Ps,
sES

where S is a system of representatives for the double cosets H\G/L, the group L; is
the intersection sLs~' N H, and p,(x) = p(s~'xs) for x € L,. Hence

Hompy(x, Resy Indf p) ~ @ Hompy (x, Indg 0s)-
seS

This latter term is isomorphic to B, Homy (X, ps), again by Frobenius reciprocity.
Since these are characters, we conclude that for a given s € S, the dimension of
Hom;y (x, ps) is at most 1. It is nonzero if and only if x(h) = ps(h) for all h € L;,
that is, if and only if x(h) = p(I) whenever h = sls~! (forh € Hand [ € L).
This is precisely the condition under which there exists a non-zero function I €
H supported on the double coset HsL. Such functions form a basis for J, which
completes the proof. ]

4 Branching Rules for (r,,V,) under K and K

Let x be as in Section 3 and write V,, for Resg V,, ~ Indﬁm,{ X (or simply V where
there can be no confusion). Write B = (BN K)/(BNK,) and K" = K/K,,. Suppose
X is primitive mod p™. Then, for x # 1, x factors through B" if and only if n > m,
in which case we denote the corresponding character of B” by .

Definition 4.1 A representation 7 of K" which does not factor through K"~} is
called primitive.
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(One often adds the condition that a primitive representation must be irreducible
(see, for example, [ShII]), but it is convenient for us not to.)

Lemma 4.2 Suppose x # 1 is primitive mod p". If0 < n < m, then V» = {0}.
Foranyn > m,
V)If" ~ Indy, X

where both sides are primitive representations of K".

Proof Letn > 0. f BNK, ¢ ker(x), then Vf((" = {0}; this happens exactly for
n < m (unless x = 1). The indicated isomorphism of K"-representations for n > m
is immediate. This implies in particular that V)If "t C Vi forall n > m, whence the
primitivity of V)If". ]

Note that Lemma 4.2, together with (2.1), implies that in order to decompose V',
into irreducibles under K, it suffices to decompose principal series representations
of the finite groups K”. We begin with the group K', which may be identified with
SL(2, k), a finite group of Lie type. Its representation theory is well understood, and
we deduce the following result from [DM, §15.9].

Lemma 4.3  Suppose x is primitive mod p. If x = 1 is the trivial character, then
VK = 1@ St, where St denotes the q-dimensional Steinberg representation of SL(2, k).
If x = sgn, then ngh decomposes into two inequivalent irreducible representations with

characters E;En, each of degree (q + 1) /2. For any other x, V)Ifl is irreducible.

The last statement of Lemma 4.3 is a special case of the following Proposition.

Proposition 4.4 Let x be a primitive character mod p™, and V.= V,. If x> #
1, then VX is an irreducible representation of degree g™ + q™~'. For all n > m,
W, = V& VK1 decomposes into two inequivalent irreducible representations of de-
greeq"*(q* — 1)/2.

Proof The dimensions of VX and W, can be computed directly (for instance by
counting left cosets of B" in K"). One can show the irreducibility of VX» using the
Mackey irreducibility criterion, but let us instead deduce both assertions by applying
Proposition 3.2, with H = FH(B"\K"/B", x).

A basis for H consists of functions with support on a double coset of B” in K”. Let
e € 0%\ 0*? be a fixed nonsquare (as in Section 2). Then a set of representatives for
these double cosets is

(4.1) {Ll) ﬂ,s:ﬁ _Ol],szz[t;k ?]:te{l,s},1§k<n}

(or, more accurately, their corresponding cosets in K" = K/K,,).

For each k € K", a nonzero function J;, € I with support on B"kB" exists if
and only if, whenever bkb’ = k (with b, b’ € B") we have x(b)x(b’) = 1. Thus
the identity double coset supports a nonzero function (namely, F;|p» = x), but a
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nonzero F5 € H supported on the double coset B"sB" exists if and only if x> = 1.
It also follows from direct calculation that the double cosets B"s, B" support nonzero
functions if and only if 1 + p is contained in the kernel of X, that is, for k > m.

Hence dimH = 1+ 2(n — m) if x> # 1; otherwise, dimH = 2 + 2(n — m).
The irreducibility of VX» (for x? # 1), and the decomposition of each W, into two
inequivalent irreducible subrepresentations, follows.

Let us write this decomposition for each n > mas W,, = W, & W,~. We would
like to deduce that W& have the same degree. Note that W, is the restriction to
SL(2,0) of a representation of GL(2, O) — namely, consider the principal series rep-
resentation corresponding to the character x ® 1 on diagonal subgroup of GL(2, O)
(identified with k* x k™). By the same method as above, we deduce that this sub-
space is irreducible under GL(2, O). Hence there must exist an elementg € GL(2,0),
¢ ¢ SL(2,0) mapping W, bijectively onto W,,". [ |

We thus have

V= me ® (W;,mﬂ ® W)Zm+1) ® (W;,m+2 ® W);m+2) N2

and this is an orthogonal decomposition of V', into pairwise inequivalent irreducible
(when x? # 1) subrepresentations of K.

The following proposition shows that the “tail end” of V,, depends only on the
central character of the representation. More precisely, let ¥} be a character of k*
satisfying 9(—1) = —1. (For example, take ¥ = sgn if —1 ¢ 0*2.)

Proposition 4.5  Let x be primitive modulo ™. The orthogonal complement of Vf et
in V. is equivalent to the orthogonal complement ofoz”“] inVyif x(=1) = 1l and to
the orthogonal complement ofVll;z”"1 inVyifx(—=1) = —1.

Proof Let n > m. We apply Proposition 3.2. Let 5 = H(B"\K"/B", x,1) if
x(—=1) = 1 and H = H(B"\K"/B", x, ) if x(—1) = —1. The condition on y is
clearly necessary for JH to be nontrivial.

Assume without loss of generality that x ¢ {1,9,97'} (since Vy >~ Vy-1). Then
neither B” nor B"sB" (notation of (4.1) ) support a nonzero function in J. For the
remaining double cosets, a nonzero function ¥ € H supported on B"s; B" exists if
and only if whenever bs;b’ = s/, the diagonal elements of b and b’ either all lie in
1+p™ orin —1+p™. This occurs exactly for those s; such that neither the parameter
k nor the difference n — k are less than m. It follows that dim H = 2(n + 1 — 2m) for
n > 2m, and is zero otherwise, as required. ]

Corollary 4.6  The statements of Lemma 4.2, Lemma 4.3, Proposition 4.4 and Propo-
sition 4.5 are also true with K replaced by K.

This follows from Lemma 3.1.
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5 Shalika’s Classification of Irreducible Representations of K

Propositions 4.4 and 4.5 give a description of the decomposition of Resg V' into ir-
reducible representations. It is of interest to further identify these subrepresentations
in an explicit way, using the classification of irreducible representations of K given by
Shalika in [ShI, ShII]. In this Section, we recall the pertinent results from [ShII].

Let k > 1 and fix 7 a primitive additive character of O/ p* (that is, a character of O
satisfying p*—! SZ ker(n)). Note that this primitivity implies that the set of additive
characters of O/p* is exactly {n® | a € O/p*} where (b) = n(ab) forall b € O/p*.

Let g = sl(2, O) be the Lie algebra (over O) of traceless 2 x 2 matrices with co-
efficients in O. Denote by g; the quotient space g/p*g; this is a Lie algebra over
0/ p*. The trace defines a nondegenerate K-invariant bilinear form on g (or on gx)
via B(X,Y) = tr(XY).

An element X € g is called primitive if X ¢ pg. Fix a nonsquare ¢ € O*. Repre-
sentatives of the K-orbits of primitive elements of g are:

split orbits: [6\ f/\] , where A € O (taken modulo £1);
ramified orbits: [ ], wheret € {1,c} anda € O;

unramified orbits: [622 (1)], wherea € 0%,

The centralizer Tx of a split element X is the diagonal split torus; whereas if X =

[Og]then
70
a bl . > 2 _—1
TX_{|:Z7’7’O'1 a:|.ﬂ—b7'0' —1}

Denote by Ty, the image of each of these in K"; they coincide with the centralizers
in K” of the image of X in g,,.

Shalika constructs irreducible primitive representations of K" for n > 2 (that is,
representations which do not factor through K"~!) using the following result from
Clifford theory (see [ShIL, Thm 1.3], for example): Given an irreducible representation
T of a normal subgroup N of a finite group G, and an extension of T to an irreducible rep-
resentation 0 of the stabilizer S of T under G, then Ind§ @ is irreducible and its restriction
to N contains T.

Shalika’s construction proceeds as follows. First suppose n = 2k is even. Define
the normal subgroup Ny of K** = K /Ky; as

k k
(5.1) Ny = {n: [1+ckw dw k] ic,d,ec€ O/pk}.

ew 1l—cw

In particular, an element n € Nj can be written as n = 1 + zewk, with z € g;. Then
for each x € gy, define a character 7, of Nj via

(5.2) ne(1 + zeo¥) = n(tr(zx)).

As x runs over the K-orbits in gy, 7, gives all (classes of ) characters of the abelian nor-
mal subgroup Ny of K% Choose any X € g, whose reduction modulo p* equals x;
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then Shalika shows that the stabilizer S of 7, under K?* is Tx 2kNk. Hence if p is a
character of Tx » coinciding with 7, on Tx »x N N, then

2k
(5.3) Dak(p,x) = Indry ,n, p © 1

defines a primitive irreducible representation of K** (where p ® 7, denotes the char-
acter of Tx 5 Ni given by p ® 1, (tn) = p(t)n,(n)).

The construction for odd n, n = 2k + 1, is more complex; we describe it only for
split and ramified orbits. One defines for x € g characters 7, of the abelian normal
subgroup Ni4; of K21 via ny(1 + ze**!) = 7(tr(zx)) as before. Now, however, the
stabilizer of 1, in K21 is Tx 2k+11r, where X € gk is any lift of x, and the subgroup
I is defined to be

1+ cw
4 I, = =
G4 L {n [ el 1 — ok +Fw

k dwk

wl e, de /P ec O/pk}.

Choose a character £ of pk / p2kl

satisfying
(5.5) EQT) =n(\) YA e O/pf
and define an extension 7, ¢ of 7, to I via

(5.6) Nee(1+ zak) = E(w* tr(2X)),

where we have written n = 1 + zw® as in (5.4). This expression can be simplified
somewhat, as follows.

When x € g is a split element of the form x = [3 B/\] with X € g4 covering x,
(5.6) becomes

(5.7) Nee(1+za%) = EQAcw® — AP w™).

When x € gy is a ramified element of the form x = [a(,;, 6} (witht € {1,e},a € 0),
then (5.6) becomes

(5.8) Nee(1 +2e0%) = nlad + te) = n(w ™" tr(2X)).

In these two cases, Shalika deduces that the representations

2k+1
(5.9) Does1 (%, &) = Indf, 1 p®1xe

for p any character of Tx k41 agreeing with 7, ¢ on Tx sks1 N I, are irreducible and
primitive. Note that since (5.8) is independent of the choice of &, for x ramified we
may abbreviate Doi11(p, x, &) to Dors1(p, x) where convenient.

Remark 5.1 This method for the case of n odd and x unramified is also discussed
in [ShII]. In contrast with the above, it does not produce a complete list of primitive
irreducible representations of K associated to unramified elements; to do this, Shalika
uses a more geometric construction in [ShI]. We omit this case and will have no need
for those representations here.
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The representations (5.3) and (5.9) are primitive, irreducible and equivalent only
if their parameters x are in the same K-orbit [ShII, Theorems 2.1 and 2.5]. Their
dimensions are as follows:
split case: g g+ 1),
ramified case: 14" (q* — 1),
unramified case: q"~'(q — 1),
and they, together with the unramified representations constructed in [ShI], exhaust
all irreducible primitive (mod K},) representations of K, n > 2.

6 Representations of K

We would now like to carry out the same Kirillov-type construction to explicitly pro-
duce representations of K. These representations would then be associated to primi-
tive orbits, not in g, but in the O-Lie algebra

~ fla b -1 o
g_{[c _a].aeo,bep ,cep}_g.

There is essentially no work to be done; one simply conjugates all the components in
Shalika’s construction by w and this produces the required Kirillov-type construction
of representations of K.

More specifically, the primitive orbits in g are:

split orbits: [6\ BA]W = [_OA f’\} , A € O (taken modulo £1);
ramified orbits: [ g]w =[2¢],witht € {l,e},a € O;and

0 1]w

unramified orbits: [ > |

[o fﬂzg’l] witha € O%.

Let Txﬁn denote the stabilizer of X € §in K". Define the normal subgroup f\l\; of K*
via Ny = {1+zw® | z € §i} and the subgroup I of K***! via (5.4), with the necessary
modification thatd € O/p* and e € O/pk*L.

Choose x € gk as above, and X € g, lifting x. Then the corresponding character
7x of Ny is given by 7, (1 + zzw¥) = n(tr(zx)). For n = 2k + 1, choose ¢ asin (5.5) and
define 7 ¢ (1 + zwk) = E(w® tr(zX)).

Then, for p a character of fxﬁn agreeing with 7y, 7). ¢ as appropriate, we define:

~ Kk o~ o~
Do(p,x) = Indf_ g P & T

2k+1

52k+1 (ﬁa X, g) = IndK

Tx k1 1k

PO Mg
Proposition 6.1  The representations above are irreducible and primitive, and under
the isomorphism K ~ K = K¥ = wKw™!, we have

®2k(pwa xw) = DZk(p7 x)

and

Dia1 (07,8, €) ~ Day1(p, x, )

where p*(t) = p(w™tw) and x* = wxw ™.
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Proof First note that for any subgroup H C K, and character ¢ of H, Indﬁ ¢ ~
Indgi ¢¥ via the map f — f¥, where f“(g) = f(w !'gw). This map satisfies
(k- f)* = k¥ - f*, which is the statement that the representations of the two iso-
morphic groups are equivalent.

Since Txe, = T¢, Nk = N&, It = 9, T = (10)° and T = (1¢)°, the
indicated isomorphisms, and thus the first statement of the proposition, follow from
(5.3), (5.9) and the definitions preceding the proposition. [ |

The representatives for the primitive orbits of K given above are in some sense not
the most natural. For instance, when x represents a split orbit, both x* = —x and x
itself represent the same K orbit.

Corollary 6.2 Letx = [y °\ ], with A € O*. Then

Dir(p, x) =~ Dar(p, x)

and
DZk+l (07 X, g) =~ D2k+l (pv X, g)

(with the group isomorphism implicit).

Proof For any subgroup H C K, s € K and character ¢ of H, Ind}; ¢ ~ Ind};. ¢°
via the map f — f; where f,(k) = f(s7'k). Let s = [ ' ]. Then since (Tx ,Ni)* =
T_x.Ni, and p° @ i = p~' ® n_x, we have Dyr(p,x) ~ Dylp~ !, —x). Since
p* = p~tand x¥¥ = —x, we are done by Proposition 6.1. (This part also follows from
[ShII, Theorem 2.1].)

When # = 2k+1, the subgroup I} is not normal, and in fact I} = IkT, the transpose.
We wish to prove that the two representations,

Du(p” 2, €) =Dy(p™!,—x,6) =Ind¥ | p7 @1y

(from Proposition 6.1) and D, (p, x, £) ~ Ind?ix.,,li p~' @n3 ¢ (from Corollary 6.2),
are isomorphic. We use Proposition 3.2. Since T_x Iy N T_x,I; = It N I, one
sees that the two characters 77— ¢ and 7; ; agree on the intersection. Consequently
there exists a nonzero intertwining operator (supported on the identity double coset)
between these two irreducible representations of K”. ]

For nilpotent x, x* represents also a nilpotent orbit of K. An upper triangular
representative of this orbit, which compares more directly with x, is preferable. Let
X=X = [8 6] € Gox+1 and x = x;, its image in g;. Set

{0 a_lr] : r=v-1,a=1 if-1€k’,
r = ,Wlth .
r 0 r=+/—€, x=¢ lf—l¢k2
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(An obvious choice for the nonsquare element ¢ in the latter case would be e = —1,
giving v = s.) Then for 7, ¢ defined by (5.6) and any character p agreeing with 7, ¢
on the intersection, define

2k+1
®2k+1 (P7 xtv 5) = IndI’I{XT_ZkHIk 14 & Tl ¢-
Note that in this case, the expression for 7, ¢ does not simplify as it did in (5.8).

Lemma 6.3 For X, p, £ as above, we have Dyii1(p, x°, &) = Do (p, x, £).

K2k K2k 3
Proof We have Dy (p,x,§) = Indp 1 p @ Nee = Inder.zkHI{' P ® 7];75. The
structure of T,k for this X implies that p* = p. As in the proof of Corollary 6.2, we
apply Proposition 3.2 to see that there is an intertwining operator between this last
representation and Dy (p, 17, €), supported on the identity double coset. Hence
Dokr1(p, x, &) occurs in Dygyq (p, x7, £); by dimension count, they are equivalent. B

One then defines, for t € {ew™!, e}, the analogous representations of K via
~ 7 2k+1
'DZkJrl(puxtug) = IndIS P& T &+

Tx, ake1 1k

Corollary 6.4 Lett € {1,e}, X, € Qp+1, X € Ok p, § and a € {1, ¢} be as above.
Then

Dok Xare1) = Dorlp, i) and  Dagr (9, Xso15€) = Do (9, %1, €).
Proof LetT =1t [T ”,];thenT € K conjugates X¥ to X,;—1. We have T% =
Ty, and o' = p = p¥. Since T € K", Ni = Ng, but I’ # Ir. As in the proof
of Corollary 6.2, the isomorphism @Zk(p'“’, X)) ~ @zk(p, Xarew—1) follows directly,

whereas the isomorphism Dyry1 (0¥, %, €) ~ Dapr1(p, Xorwo—1, &) 1s equivalent to
Lemma 6.3. ]

7 Identification of Irreducible Components and Adjoint Orbits

In this section, we identify explicitly, in the context of Shalika’s classification, the
irreducible representations occuring in the decomposition of V' = V, with respect to
both K and K.

Fix a nontrivial additive character v of k with kernel O. For any k > 0, the additive
characters of O/p* are given by a — 1(ta), for some t € p~k. Without loss of
generality, we may thus choose the family of primitive additive characters of O /pk,
for each k > 0, via

(7.1) m(x) = p(w*x) forallx € O/p

for use in Shalika’s construction. In particular, the characters & of p*/p**! (see
(5.5)) may then simply be defined by

(7.2) &(x) = (w *x)  forallx € pk/p**l.
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We have the decomposition Resy V. = V& @ @, (W} @& W,); let us write
Resz V = VK & @
it follows that the representation VEKn (respectively VE») corresponds to a split orbit,
and the W (respectively, W) correspond to ramified orbits. The following Lemma

is the key to defining these orbit representatives (as will become clear in the proof of
Theorem 7.2 below).

W} @ W,j ). By the dimension count in Proposition 4.4,

n>m

Lemma 7.1  Assume x is primitive mod p™. If m = 1, set A, = 0. Otherwise, if
m = 2k is even, choose \,, € O so that

(7.3) x(1+cw®) = pQw ™ e),) forallc € O/pk;

if m = 2k + 1 is odd, choose \,, € O* so that

(7.4) X1+ cw®) = (@ 1 2c - b)) forallc € O/,
In each of these cases, \, is uniquely defined modulo p™~*.

Proof One verifies directly that in each case, the map ¢ — x(1 + cww¥) gives a well-
defined primitive additive character of O/p* (respectively, of O/p*!). Consequently
A, is uniquely defined up to p* (respectively, p¥*!), and has valuation zero by primi-
tivity. ]

Theorem 7.2 Suppose m > 2. Then for m = 2k,

Kn ~ Ay 0 Kn ~ T Ay 0
\'% Dm<x,[0 Y and V' ~D, | x, 0 -/

Form =2k + 1,

Ku ro )\X 0 [}m -~ =~ AX 0
\%4 fDm <X|:0 _AX agx and 'V *Dm X5 0 _/\X agx .

Proof Write A = A, and letn = 7. Letx = [é _0/\] € gy. For any lift X of x to g,,,
Tx,m is the subgroup of diagonal matrices in K; thus x defines a character of T ,, by
restriction.

We claim that for m = 2k (respectively, m = 2k+1), x @1, (respectively, x @1 ¢)
coincides with x on the intersection of T ,Nj (respectively, Tx ,Ix) with B". Since
Tx,, C B™, this would prove the “coherence condition” of Shalika’s inducing char-
acter, and thus that D,,(x,x) (respectively, D,,(x,x,£)) is well-defined. It would
also prove the existence of a nonzero element in the corresponding intertwining al-
gebra H (namely, one supported on the identity double coset). The irreducibility of
the two representations would then imply their equivalence.

Suppose first that m = 2k. Then

k k
oo [ 92sca)
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thus for alln € Ny N B™, 1.(n) = n(2\c) = ¥(w ¥ 2\c) = x(n) by (7.1) and (7.3).
Next, suppose m = 2k + 1. Then we have

mo_ . 1+ cwk dw* . X
IkNB _{n—{ 0 | — ook 4 2ok ce,de 0/ ;.

Using now (5.7), (7.2) and (7.4), we deduce
Nee(n) = ERAcw* — APw™) = P H 7 2ca* — ™)) = x(1+cer*) = x(n),

as required. _
The analogous statements for K follow directly by Corollary 6.2. ]

Let us now turn to the remaining irreducible representations in Resx V' (respec-
tively, Resz V). We begin with a definition to help simplify our notation.

Definition 7.3  Let m, k = [m/2] and A\, be as in Lemma 7.1, and suppose n > m.
Setyy = A\ @" "and vy, = E_IAXW”_'”. When m = 1, 7; = 0 for each i; otherwise,

these elements of p"~™ are uniquely defined modulo p"~*. Now for i € {0, 1}, define
a subgroup of K" via

o _|a b, noo2 322
(7.5) T,,n—{t— {bw} [J ta,be 0/p", a” — by; _1}
and define the character p; of T, via p;(t) = x(a + by;).

Theorem 7.4  Use the notation of Definition 7.3. Then

. _ 0 1 0
o =0 ([0 ) en (]2 2).

~ ~ ~ 0 2, ——1 - 0 2 -1
WJGBWn—Dn(pB’,[ V@ D@@n(pﬁL_ View '

and

w 0 w 0

Proof Note that since the orbits are ramified, we have omitted the irrelevant char-
% 0
images in g. Then T, , = T, and p; is a well-defined character of T; ,.

DefineI'; = [, ] and let }{; denote the space of intertwining operators between
Vf" and D,,(p;, x;). We claim that there exists nonzero functions F; € H; such that
Fi(I';) = 1. Establishing this claim proves the theorem.

First suppose n = 2(k+r) is even, where k = [m/2] as in Lemma 7.1. What needs
to be shown is that whenever I';bI'; ' = tn, with b € B, t € T; , and n € Ni,,, then
x(b) = pi(t)ny, (n). Soletb = [ 1] € By, t € T;, asin (7.5) and n € Ny, as in

acter £ in the notation for n odd. Let X, = { y 1} and X; = {53’12 S} and xy, x; their
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(5.1) (with k replaced by k+r). Then )y, (n) = n(dv3 +e) and n,, (n) = n(c(dyi +e)),
where 17 = 14, in (7.1). With this notation,

P s —uy; u
Libly = (s=s Dvi—wyi s +uy]’

Setting this equal to tn lets one solve for u and for s~! = (a—by;)(1 — @ (c+d;)).
This yields the equalities s = (a + b;)(1 + @k (c + dv;)) and (from the equality of
(2, 1) entries) 2;(c+dv;) = dy? +e. Hence x(b) = x(a+by)x(1+ " (c+dy;)) =
pi(O)x(1 + wk(dfyiz + e)w’%_l/Z). Now apply (7.3), (7.4) and Definition 7.3; note
that since #n > m, the term containing ¢ (in case m is odd) lies in the kernel of the
character, and thus disappears.

Now suppose that n = 2(k + r) + 1 is odd. Then Shalika’s inducing subgroup is
T; wlk+r; write an element n € Ii,, as in (5.4) (with k replaced by k+r). The characters
Ny, ¢ are defined via (5.8) by 7y, ¢(n) = n(@w~'v3d +e) and 1y, ¢(n) = n(e(w'yid +
e)). Setting l"ibl"f1 = tn yields again that s = (a + by;)(1 + @ (c + dv;)), this
time with the relation ~;(2c — >w* + 2dv;) = dv} + ew. The necessary equality
X(b) = pi(t)n,, ¢(n) follows from careful calculation as before.

The statement for K now follows from Proposition 6.1. ]

Remark 7.5 While the extensions p; of the characters 7,, (Definition 7.3) depend
on the choice of 7; modulo p™, and are uniquely defined by A, only modulo p"~*, the
inducing data for the Shalika representations occuring in Theorem 7.4 depend only
on 7; modulo at most p¥*™*!. We deduce that the orbit parameters of the decom-
position into irreducibles are determined by Lemma 7.1. Further, note that when
n > 2m, one may without loss of generality choose 79 = y; = 0 in Definition 7.3
and in Theorem 7.4. This implies that the choice of additive character 1 does not
matter here and moreover that p; depends only on the value of x(—1), as expected
(Proposition 4.5). In this case, the orbit representatives X; (for K) are simply the
nilpotent elements [ § } | and [ § |, and it is the identity double coset which supports
the nonzero intertwining operator of the proof of the theorem. This simplification
will be used in the proof of Theorem 9.2.

Example 1
0 1 0 ¢
Resg V, = 1@St@@ [Dn (1, { D @D, (1, { D]
~ 0 0 0 0
and, applying Corollary 6.4,
- -1 - ~1
Resg Vi =16 St (P {Dn (1, {8 wo D oD, (1, {8 Ewo D] .
n>1

Similarly for V3, where the orbits are the same but the inducing character is ¥/ in place
of 1.
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8 The Reducible Principal Series

The principal series representations V,, = Ind§ x of G = SL(2, k), with normaliza-
tion as in (3.1), are reducible exactly when x = sgn_, for 7 nontrivial in k¥ /k*2. In
each of these cases, V, decomposes into two irreducible subrepresentations. In this
Section, we recall the results of [GGPS], in which the authors explicitly describe the
irreducible constituents of Ind$ sgn_ in the “x-realization” (hereafter refered to as
the F-realization, to avoid clash of notation) of the principal series.

We first begin by realizing the principal series V,, for x a unitary character of B, on
the space W of complex-valued L*-functions on k. In our original realization (3.1),
we consider Ind$ y as acting on the space

Vy,={f:G—C|feC™®and Vbe B, f(bg) = x(b)|b|f(g)}

by right translation. Given a function f € V,, define ¢ € W via

(8.1) W’—f(Llc ?D

(That this function is in L? follows from the unitarity of y and the decomposition
G = BK.) The corresponding action of g = [’Z Z] € G, defined a.e., is (c.f. [GGPS,
Ch. 2 §3.1])

ax+c
bx+d

(8.2) € 0)0) =6 (1o ) X(bx+ D) |bx+d 7,

since, whenever bx + d # 0, one has

1 0] a b] [x+d~' b 1 0
x 1| |c d| 0 bx+d| |(ax+o)(bx+d)~" 1|

Choose an additive character § of k and define the Fourier transform of a function
¢ € W via (c.f. [GGPS, Ch. 2 §3.2])

(8.3) ) = /k $()5(—ux) dx

for all u € k. The action of g € G on a function gg in this realization can be explicitly
expressed as integration with a kernel function. This defines the F-realization of
Indg X as a representation of G on a space of complex-valued L? functions of k.

Now suppose that x = sgn_, for 7 € {¢,w, cw}. Then Indj sgn_ is reducible
and in the F-realization its two invariant irreducible subspaces are H *, where H*
consists of all functions ¢ supported on the set {u € k* | sgn_(u) = 1}, and H™
of those supported on its complement [GGPS, Ch. 2 §3.5]. Where no confusion can
result, we use H* to denote the corresponding irreducible constituents in every other
realization.
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9 Representations of K Occuring in the Irreducible Constituents of
Ind sgn_

Our goal now is, starting with an irreducible representation of K occuring in
G
Resg Indj sgn_,
to compute the support of its elements in the F-realization (Section 8), and thus

deduce to which irreducible constituent of Ind§ sgn_ it belongs.
We first consider VX1, which, by Lemma 4.3, itself decomposes into two irre-

ducibles:
e whenrt = 5,VSI§1n ~ VS~ 1@ St

K ~ K ~ =t =—
e whenT € {w,ew}, Vg, =Vl ~ 5L @ Eg,.

The trivial and Steinberg representations of the first case are easy to distinguish and
identify; whereas to distinguish the two equidimensional irreducible constituents of
the latter case, we consult [DM, Ch. 15, Table 2]. They reveal that the characters E;gn
of these two irreducible representations of SL(2, ) are distinguished by their values
ong = [} 1], as follows. Let 1) be a fixed choice of additive character of x (nontrivial

onF, C ) and define

(9.1) o= Z n(a) and o. = Z n(ea).
a€k*? a€k*?
Then E;’gn (g) = —oy and E,(g) = —o. (where the characters Efg:n have been de-

fined relative to this choice o? 7 as well).

Extend 7 to a character of O by setting n(p) = 1. Let § be an additive character of
k satistying §(a) = n(a) for all a € O. Thus 0 is trivial on p, and nontrivial on O. We
will define the F-realization of our representation relative to this choice of § (both
here and in Theorem 9.2).

Theorem 9.1 Let V = Ind§ sgn_ and consider the decomposition of VX' into irre-
ducible K -representations identified with representations of K' ~ SL(2, k), as above.

e Fort =¢,wehavel C H™ and St C H".
o Fort#¢,and—1 ¢k’ wehave =}, C H" and=_, C H™.

sgn sgn

o Fort # ¢, and —1 € k2, we have B CH and =5, C H.

Proof Let us begin by making explicit the identification of principal series repre-
sentations of the finite group of Lie type SL(2, k) with subspaces of Vg, invariant
under K. Write B for the image of BN K in SL(2, k), and sgn_ (equal to either 1 or
sgn) for the corresponding character on B.

The space V. = Ind%(z’”’) sgn_ consists of functions from SL(2, ) to C trans-
forming on the left by sgn_ under B. A basis for V is as follows. For each n €
K, let f, be the function in V supported on the right coset B [} 9] and satisfying

nl
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fu (19) = 1. Similarly, let f; be the function in V supported on B [¢ '] and satis-

nl
fying £ (1 5') = 1.

These can be lifted to functions in Ind’ - sgn_ by letting K; act trivially. To extend
these further to functions in Indg sgn_, define F,(bk) = sgn_(b)|b|f,(k) for b € B,
k € K,and n € kU {s}. The corresponding functions ¢, in the L*-realization (see
(8.1)) are ¢,(x) = F, ([}c ?]) for all x € k. Explicitly, for n € k,

¢n(x)={1 ifx €n+p,

0 otherwise,

whereas forn = s, ifx ¢ O, then [}c?] = [Xgl;] [?Bl] [(l)x?] € BsK|, so

bux) = {sgnT(x_l)x_1 ifx¢ O,

o otherwise.

For n € k, we have %(u) = fk Gn(x)0(—ux) dx = fnﬂ) 0(—ux)dx. If u € p, then

d(—ux) = 1and so the integral evaluates to the volume g~ '. If u ¢ p, write u = meo',

with I < 0, and make the change of variable —ux = —mnw! + Z?:lﬂ aw + 1,
with r € p and the coefficients a; varying over representatives of  in k (hereafter
abbreviated a; € «). Then we have

0
gn(”) =q Z /5(—mnwl + Z a0 +r)dr
p

L4100 €K i=I+1

0
=qo(—mnz') [] D d(aiw) / dr

i=l+1a;€x P

_Jo ifl < —1, (since_, .. d(ap) = 0)
g t6(—mn) ifl=o0.

Thus one has

(9.2) .
otherwise.

~ —15(— 1
Falut) = {g 0(—un) ifueO,

The computation of ¢ is a bit more involved. From this point, assume u = meo’

with m € O*. We compute using (8.3),
be(u) = / sgn_(x71)|x| 7' 0(—ux) dx
K\O

= qu sgnT(—Lfl)/koX sgnT(xfl)(S(x) dx.

k<l
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ForT =¢,sgn_(x7') = (—1)* on w*O*. Thus the summand for each k in the range
1 < k < Ibecomes g*(— 1) (=1)F(g™* — g7 1) = (= D1 — g7 ").

On the other hand, for 7 € {w, ew}, the character sgn_ takes each of the values
=+1 half of the time, and so the integral for k > 1 is zero.

For those terms with k < 0, we make the change of variables x = A+ - +ag+r,
with r € p, a; € K, and the first coefficient a; # 0. Then sgn_(x) = sgnT(akwk), and
5(x) = 1, 8(a;m).

If kK < —1, one has, as before, a factor equal to ZHQGK 6(ag) = 0, and the sum-
mand is identically zero. When k = 0, however, the corresponding summand is
sgn (—u=") >, c.x sgn (a0)d(ao) fp dr. If T = ¢, sgn_(ap) = 1, so the summand
equals (—1)/(—=1)g~! = (=1)*!'qg~'. When 7 € {w,ew}, the summand may be
rewritten as g~ ! sgn_(—u)(o; — 0.) (see (9.1)).

In summary (with u = mcw') we have for sgn_:

0 ifl<o,
(9.3) os(u) =< g7t ifl>1,10dd,
—1 ifl>1,leven.

For sgn_ with 7 # €, we have

B 0 if1 <0,
(9-4) ¢s(u) = {ql sgn_(—u)(oy —o.) ifl>1.

We are now ready to prove the theorem. Let 7 = ¢; then sgn_ = 1 on O*. The
trivial subrepresentation in Ind%(z’“) 1 has as basis the function ) f, + fi taking
value 1 everywhere. Set ¢; = >, ¢, + ¢s. By (9.2) and (9.3), we have ¢1(u) =
> E(u) + éi,(u) = 1+ g 'ifl > 1is odd and equals zero otherwise. Hence
¢ € H .

On the other hand, a basis for the Steinberg representation is given by {¢, =
¢n — &s | n € K}. Evaluating each 1//): at u € k> yields, by (9.2) and (9.3),

g '6(—un) ifue 0%,
Ya(u) =< g7t +1 ifuep1>1,
0 otherwise.

Hence St corresponds to a representation in H*.

Now suppose 7 is equal to either @ or eww. Then VSIEIHT = Vsléh, which decom-
poses into two inequivalent subrepresentations under SL(2, ). We construct explicit
bases for these subrepresentations of Resx Ind sgn_ and compute the values of their
characters on g = [} 1] to distinguish them.

Using (9.2) and (9.4), we construct bases for the K-invariant subspaces of VX! (in

the L? realization) by considering their intersections with the inverse images of H*
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under Fourier transform. For m € x*, define h™ = Zne,{ d0(mn)¢,. Define also
ht =c3, ¢, dn & ¢s, where (notation of (9.1))

(9.5) c=q" sgn_(—1)(oy — 02).

One can easily see that h* € H* and h" € H®"")_ These clearly form bases for

the corresponding irreducible subspaces of VX (or equivalently of Ind%u’”’) sgn_);

denote these subspaces H* and H™.
We need to determine the character of, say, H*, that is, the trace of g on this
subspace. Compute this as follows. First note, using (8.2), that

g (Zsl = ¢5>
g ¢s =sgn (—1)p_1,
g Pn= SgnT(l - 11)(25”(1,”)—1 forn # 1.

The “reverse” change of variables is given by

Gn=q"" Y S(—mm)h" + (2cq)" (h* + ")

merx

and ¢ = %(hJr — k™). This yields, with some effort, that the trace of g on H" is given
by

a=a > Y sgn (1—m)d(—mn*(1—n)7)

mer*2 ner\{1}

tr(g)

+2 7+ (2cq)*1 sgn_(—1).

We evaluate this in several stages. First note that since (o, — 0.)? = sgn(—1)g [DM,
Ch. 15.9], the sum of the last two terms simplifies to g+ sgn_(—1)(oy —0.) = c (see
(9.5) ). For the rest, let us compute the sum over m for each n.

Whenn = 0, wehaveq™' Y, -, .. 6(0) = (9+1)(2q)~". For the (g — 3)/2 values
of nsuch thatsgn _(1—n) = landn # 0,wehaveq ™' Y" ., 6(—mn*(1—n)"") =
g lo_i, whereo_| = o if sgn_(—1) = 1and 0_; = 0. otherwise. Similarly, for
the (9 —1)/2 values of n such that sgn_(1 —n) = —1, the sum evaluates to —q lo_..
Hence

_ i(9-1,49-3 9—1
tr(g)‘l%fq (T+TU,1— 3 J,5+sgnT(—1)(01—J€))‘

We simplify, using that oy + 0. = —1, to obtain

—0. =E,,(g) ifsgn (-1) =1,
tr(g)] . = o 877 %8
—01 = :Sgn(g) ifsgn_(—1) = —1,
as was required to show. The case of H™ is similar. ]
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The representations Resg Indg x decompose into a direct sum of their K;-fixed
vectors and pairs of irreducible K-representations by Proposition 4.4. These K-re-
presentations are explicitly determined in Theorem 7.4. Let x = sgn_; then m = 1.
As discussed in Remark 7.5, we may without loss of generality choose the parameters
; to equal zero. Then

Ty=Top=Tin= {t: {g ﬂ :aeil,beo/p"},

and the characters p; of T, are given simply by p;(t) = sgn_(a) (= sgn_(t), upon
identification of T, with a subgroup of B"). Let us write X; = [{ 1] and X. = [§§]
for representatives of these nilpotent K-orbits in gy, and x;, x. for the correspond-
ing elements in g;. It follows that the irreducible K-representations occuring in
Indg sgn_are for all n > 1, D,(sgn_, x;) and D, (sgn_, x.). As they are in fact in-
dependent of the choice of additive character 7 (primitive modulo p¥) defining 7,
and 7, ¢, we may without loss of generality define 1 via n(a) = ¢ (w~*1g) for all
ac€ 0/pk.

The following theorem identifies the irreducible component of Ind$ sgn_ in which
each of these irreducible K-representations lies.

Theorem 9.2 Given the decomposition Ind§ sgn. = H* @ H~ (Section 8) and the

decomposition of Ind§ sgn_ into irreducible representations of K as above, we have the
following:

o forT =¢, wehave Dy (sgn,,x,) € H™ and Dypi(sgn,, x) C H forallk > 1;

o for T # € such that sgn_(w) = 1, we have that D,(sgn_,x,) is in H" and that
D,(sgn, ,x.)isin H- foralln > 2; and

* fort # ¢ such that sgn_(w) = —1, we have that Dy (sgn ., x.) and Dyy1(sgn._, x1)
are in H*, whereas Dy (sgn_, x1) and Dojii (sgn _, x.) arein H™, for all k > 1.

Proof We first outline our proof. Let h be an element of D,(sgn_,x;) for some
n > 1,t € {1,e}. Thus h can be viewed as a function from K to C, trivial on K,,, and
transforming on the left by the character sgn_ ®n,, (respectively, sgn_®mn,, ¢) of the
subgroup ToxNi (as in (5.3) ) (respectively, Tors1lx (as in (5.9))). Let us write | = Ni
or I, as the case may be. (More precisely, it is T, JK,,, not T, J, which is the subgroup
of K; let us write T, J for both and abuse notation by writing 7,, for 7y, ¢, even though
the latter does depend on €.)

The proof of Theorem 7.4 (and Remark 7.5) gave an explicit intertwining operator
from D,(sgn_, x;) to Indf sgn . Specifically, set

FeH=HBNK\K/T,J,sgn_,sgn_®mn,)

to be a function with support on the identity double coset. Then the intertwining
operator L is given by Lh = J * h, where * denotes convolution. As in the proof
of Theorem 9.1, one can extend Lk to an element of Ind§ sgn_ and then identify it
with an element of the L? realization. Applying the Fourier transform then yields a
function which by invariance lies exactly in one of H* or H™.
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Let us begin. For h € D,(sgn_, X;), and F as above with F(} 9) = 1, Lh(k) =

(F*xh)(k) = fK F(g)h(g~'k) dg. Since F is supportedon BN K - T,] = (BNK)]J,
there exists some nonzero constants c, ¢’ such that

Lh(k) = c/ / F(bn)h(n~ b~ k) dn db
beBNK Jne]j
= c/ /sgnT(b)nx[(n)nxt(n_l)h(b_lk) dndb
BNk J
= c’/ sgn_(b)h(b~ k) db.
BNK

The function TLh: k — C in the L? realization of Indg sgn_ corresponding to Lh is
given by (cf. (8.1))

Lh(L9) ifx € O, and
sgn (x)|x|7ILh () ZV) ifx ¢ O.

1x™!

TLh(x) = {

Let us now fix a choice of h; namely, choose h € D, (sgn_, x,) such that h(§9) =1
and such that h is supported on the coset T, J. We wish to take the Fourier transform
(8.3) of TLh for this h.

Since, forx ¢ O,

_ al —c]fo -1 c  —a+cx!
SR VI | ] B R P

a a X

it follows that h(b~1k) = 0 for all b € BN K for this k. Hence TLh(x) = 0 forx ¢ O
and we have

TLh(u) = / TLh(x)5(—ux) dx
O

_ c'/ / sgn_(b)h (bl [1 OD §(—ux) db dx
o JBnK x 1

:c”/ / / sen_(a)h ([a_l _C} [1 0}) 0(—ux) dcdadx
x€0 Jac0x Jeeo 8- 0 allx 1

— /O /O ) /O sgn_(a)h <“_1a; * —;) §(—ux) de da dx.

By the choice of I, this last integrand is nonzero only ifa € +1+p* and x € p* (when
n = 2k) or x € p**! (when n = 2k + 1). Writing | = kifn = 2kand [l = k+ 1if
n =2k + 1, we evaluate (fora € a + p¥and x € pl/p”):

-1 — * %
h (“ & ac) =h ([g‘ ;‘J [x *D = sgn_(a)d(xtew "),
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Thus we have
TLh(u) = ¢’ / / / sgn_(a)26 (xtw M) 5(—ux) de da dx
pJE1+pk JO

=" | §(x(tw™ T — ) dx.
ol

This integral is nonzero if and only if u = tww'~'=F mod p'~". Thus TLh is sup-
ported on the set {u | sgn_(u) = sgn_(tew' ™~ 1)} (witht € {1,e} and ! € {k,k+ 1}
as fixed above). The theorem follows. [ |

Corollary 9.3  Given the decomposition Indg sgn_ = H* @ H™ and the decompo-
sition into K-irreducibles of Resg Ind§ sgn_ as in Theorems 7.2 and 7.4, we have the
following:

e forr=¢1CH,StCH, @Zk(sgngrxtw_‘) C H" and @ZkJrl(Sgng’xf‘W_]?g) c
H™ forallk > 1,t € {1,e};
o forT #e:ifsgn (w) = 1, then 2% C H,

@zk(sgnT,xw_l) and @2k+1(sgnT,xm_1,§)

arein H" and @zk(sgnT, Xew—1) and @2k+1(5gn77 Xe1,§) arein H, for allk > 1;
o forT #e:ifsgn (w) = —1, then

=t CHY and @zk(sgnT,xw_l) and 52k+1(sgnT,x5w_1,f)

are in H*, whereas @zk(sgnﬂxmfl) and @zkﬂ(sgnﬂqu ,€) are in H™, for all
k> 1.

Proof Recall from Lemma 3.1 the automorphism Y of Ind§ x, which intertwines
7\ and 75, Since the subspaces H" and H™ are invariant under both actions of G, to

determine the decomposition of H* and H~ under 1’%, it suffices by Lemma 3.1 and
Theorems 9.1 and 9.2 to determine when YH* = H* and when YH* = H~. Then
the explicit identification follows from Proposition 6.1 and Corollary 6.4.

We use the notation of the proof of Theorem 9.1. For n € x U {s}, we compute

Téu(x) = T, (}C j’) = F, ((1’ x;h)

_ {f"((l)_ol) ifx € p?,

sgn_(x"'@)x'w|fy (L)) ifx ¢ ph

Suppose first that 7 = €. Then ¢ = Zne,{u{s} ¢, € H™ and sgnT(mwk) =
(=D if m € 9%, Thus T¢y(x) = 1ifx € p? and for any x € mw* + pF*1 with
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k <1, Té(x) = (—1)*"'g*". Consequently,

T (u) = /kT¢1(x)5(—ux) dx

= / S(—ux)dx+ Y (~1)1g! / §(—ux) dx.
P2 k<1 wk© %
We evaluate this as before and see that m(u) is nonzero only for sgn_(u) = 1.

Hence T¢; € H*, and so necessarily YH™ = H* for 7 = e.
Now suppose that 7 # ¢. Then h* = ¢} . &, + ¢s € H'. A similar calculation

yields that ’If'\h/*(u) is nonzero only when sgn_(—uw) = 1. Thus YH* = H* when
sgn_(—w) = 1,and TH" = H™ otherwise. [ |
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