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Abstract We construct examples of quasi-isometric embeddings of word hyperbolic groups into SL(d,R)
for d > 4 which are not limits of Anosov representations into SL(d,R). As a consequence, we conclude
that an analogue of the density theorem for PSL(2,C) does not hold for SL(d,R) when d > 4.
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1. Introduction

Let g > 1 and I'y be the word hyperbolic group with presentation

r — <a1,b17...,a29,b29, [abbl]"'[azg,bzg],[cl,dﬂ"'[0297d29],>
g c1,di,. .. Cog,dag | [a1,b1] - [ag,bg] - [c1,di] - [cg,dg] /)

The group I'y is the fundamental group of a book of I-bundles, and by Thurston’s
geometrization theorem [19] it admits a convex co-compact representation into PSL(2,C)
and thus Anosov representations into SL(d,R) for every d > 4. In this paper, we construct
the first examples of quasi-isometric embeddings of word hyperbolic groups into SL(d,R)
for d > 5 which are not limits of Anosov representations into SL(d,R). More precisely, we
prove the following:

Theorem 1.1. Let g > 1 and I'y be the word hyperbolic group already defined.

(i) For every d > 5 there exists a quasi-isometric embedding p:T'g — SL(d,R) such that
p is not a limit of Anosov representations of 'y into SL(d,R).

(ii) For g >4, there exists a strongly irreducible quasi-isometric embedding ¢ : Ty —
SL(12,R) such that ¢ is not a limit of Anosov representations of T' into SL(12,R).

We remark that for d > 6 in Theorem 1.1(i), we may replace I'y with any one-ended
word hyperbolic convex co-compact Kleinian group which admits a retraction to a free
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subgroup of rank at least 8 and is not virtually a free group or a surface group (see
Theorem 3.1). The density conjecture for Kleinian groups established by the work of
Brock and Bromberg [5], Brock, Canary, and Minsky [6], Namazi and Souto [20], and
Ohshika [21] implies that every discrete and faithful representation of a word hyperbolic
group into PSL(2,C) is an algebraic limit of Anosov representations. The representations
constructed in Theorem 1.1 demonstrate the failure of the density conjecture for the
higher-rank Lie group SL(d,R) for d > 5.

In infinitely many dimensions, Theorem 4.1 produces examples similar to those in
Theorem 1.1(ii) whose elements are all semiproximal (i.e., admit a real eigenvalue of
maximum modulus). Moreover, in Proposition 4.4 we also provide examples of quasi-
isometric embeddings of surface groups and of free groups into SL(4,R) and SL(6,R)
which are not in the closure of the space of Anosov representations. In particular, the
density conjecture fails for SL(d,R) when d > 4.

An example of a quasi-isometric embedding of the free group of rank 2 which
is not Anosov was constructed by Guichard in [12] (see also [11, Proposition A.1,
p. 67]. Moreover, Guichard’s example is unstable — that is, it is a limit of nondiscrete
representations but also a limit of Py-Anosov representations (see Definition 2.1) of the
free group of rank 2 into SL(4,R).

For our constructions we shall use the following fact: For a P;-Anosov subgroup I'
of SL(d,R), d > 4, every quasiconvex infinite-index subgroup A of I' with connected
Gromov boundary contains a finite-index subgroup whose infinite-order elements are all
positively proximal (see Corollary 2.4). It follows that if p:I" — SL(d,R) is a limit of P;-
Anosov representations, then Alp: T — SL (/\iRd) is a limit of P;-Anosov representations
and the group Ap(A) contains a finite-index subgroup consisting entirely of positively
semiproximal elements.

It is unknown to us whether there exist nearby deformations of the examples in Theorem
1.1 which are discrete, faithful, and Zariski dense in SL(d,R). In particular, we ask the
following:

Question. Does there exist an open neighbourhood U in Hom(Fg,SL(d,R)) of the
examples in Theorem 1.1 consisting entirely of discrete and faithful representations?

The paper is organized as follows. In §2 we provide the necessary background on
Anosov representations and prove Lemma 2.3, which is essential for our construction. In
83 we prove Theorem 1.1, and in §4 we prove Theorem 4.1, providing strongly irreducible
examples in infinitely many dimensions.

2. Background

In this section, we define Anosov representations and prove two lemmas required for our

construction.
Let d > 2 and denote by (ei,...,eq) the canonical basis of R? and by (.-) the
inner product on R? so that the basis (ey,...,eq) is orthonormal. For a transformation

g € SL(d,R) we denote by ¢1(g) > --- > ¢4(g) and o1(g) > --- > 04(g) the moduli of the
eigenvalues and the singular values of ¢ in nonincreasing order, respectively. We recall
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that o;(g) = /i (gg?) for 1 <i <d, where g* denotes the transpose matrix of g. For
1 <4i<d—1, the matrix g € SL(d,R) is called P;-prozimal if £;(g) > €;11(g). If i =1, we
will say that g is prozimal. If g is proximal, we denote by A;(g) the unique eigenvalue of
¢ of maximum modulus in which case A1 (g) = £¢1(g). A matrix g is called semiprozimal
if either £1(g) or —¢1(g) is an eigenvalue of g. Obviously, if ¢ is proximal then it is also
semiproximal. A matrix g is called positively semiprozimal if ¢1(g) is an eigenvalue of g,
and positively proximal if g is proximal and A\ (g) = ¢1(g).

2.1. Amalgamated products

Let {T';}ier be a family of groups and H be a group, and suppose that there exists a
family of monomorphisms ¢; : H < T';. The amalgamated product of {T';};crwith respect
to {¢i}tier is the group with presentation

*xgl; = <Fl, 1€ I’rel(l"l), (pl(h)ilgﬁj(h), Z,j S I, he H> .

For every i € I, the natural map ¢; : I'; — *y['; is a monomorphism. For more details on
amalgamated products, we refer the reader to [22].

2.2. Anosov representations

For a finitely generated group I" we fix a left invariant word metric dr induced by a finite
generating subset of T'; and for v € ', |y|r denotes the distance of v from the identity
element e € I'. If T" is word hyperbolic, 01" denotes the Gromov boundary of I'. Every
infinite-order element ~y € I has exactly two distinct fixed points v* and 7~ in 04T, called
the attracting and repelling fixed points of «y, respectively. If I is furthermore not virtually
cyclic, DT is perfect, and for every = € 0o\ {7+,7~}, we have lim,,_, o vz =+,

Let p: T — SL(d,R) be a representation. Since I' is finitely generated, there exist
constants A,a > 0 such that

maxi<o o -1 M 6a|’Y|F
{o1(p(7)),0a(p(7)) }Sgd(p(’Y)) <A

for every v € I'. The representation p is called a quasi-isometric embedding if there exist
constants J, K > 0 such that

a1(p(7)) eJIr
salpn) =

for every v € T'. Equivalently, if we equip the symmetric space X; = SL(d,R)/K 4, where
K4, =50(d), with the distance function

1
d 3
_ 2
d(chthd) = (Z (IOgO'i (g lh)) ) ) gah € SL(d7R)7
i=1

then p is a quasi-isometric embedding if and only if the orbit map of p, 7, : (I',dr) — (Xg,d),
To(7) = p(v)Kq for v €T, is a quasi-isometric embedding.

For a representation of a finitely generated group, a much stronger property than being
a quasi-isometric embedding is being Anosov. Anosov representations were introduced by

https://doi.org/10.1017/51474748021000645 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000645

2500 K. Tsouvalas

Labourie [17] in his study of Hitchin representations and further developed by Guichard
and Wienhard in [13]. We define Anosov representations by using a characterization in
terms of gaps between singular values of elements, established by Kapovich, Leeb, and
Porti in [15] and Bochi, Potrie, and Sambarino in [4].

Definition 2.1. Let T' be a finitely generated group and p:I' — SL(d,R) be a
representation. For 1 <i < d— 1, the representation p is called P;-Anosov if there exist
constants C,a > 0 with the property

Uz(p(r}/)) >Cea|fy|p
oir1(p(7)) ~

for every vy €T.

In addition, it was proved in [15] and [4] that a finitely generated group which admits
an Anosov representation into SL(d,R) is necessarily word hyperbolic. We shall (a little
abusively) call a representation p: I' — SL(d,R) Anosov into SL(d,R) if it is P;-Anosov
for some 1 <3 < d— 1. Note that p is P;-Anosov if and only if the exterior power A’p
is Pi-Anosov. Moreover, since 0 (¢7%) = 04—;4+1(g) " for g € SL(d,R) and j € {i,i+1},
the representation p is P;-Anosov if and only if p is Py—;-Anosov. The property of being
Anosov is stable — that is, for every P;-Anosov representation p there exists an open
neighbourhood U of p in Hom(I',SL(d,R)) consisting entirely of P;-Anosov representations
(see [17] and [13, Theorem 5.14]). Examples of Anosov representations include quasi-
isometrically embedded subgroups of simple real rank 1 Lie groups and their small
deformations into higher-rank Lie groups, Hitchin representations, and holonomies of
strictly convex projective structures on closed manifolds.

For 1 <m <d—1, denote by Gr,, (Rd) the Grassmannian of m-planes in R%. Every P;-
Anosov representation p: T' — SL(d,R) admits a unique pair of continuous, p-equivariant
maps £, : Oool' = Gr; (R?) and €777 : 9T — Grg—; (R?) called the Anosov limit maps. We
refer the reader to [13] and [11] for a careful discussion of Anosov limit maps and their
properties. We mention here some of their main properties:

(i) The maps £, and €477 are compatible — that is, & () C €477 (x) for every x € OsoI.

(ii) For every v € T' of infinite order, p(vy) is P;- and P,_;-proximal where 5;')(7'*‘)

and £47/(y1) are the attracting fixed points of p(y) in Gr; (R?) and Grg_; (RY),
respectively.

(iii) The maps E; and §g_i are transverse — that is, for every x,y € 0,,I' with x #£ vy,

R =& (z) @€ (y)-

For a finitely generated group I', we denote by I'(2) the intersection of all finite-index
subgroups of I' of index at most 2. Note that since I" is finitely generated, it has finitely
many subgroups of index at most 2, and hence I'(2) is a finite-index subgroup of T

An open subset Q of P (Rd) is called properly convez if it is bounded and convex in an

affine chart of P (]Rd).
We shall use the following observation:
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Observation 2.2. Suppose that T' is a finitely generated subgroup of GL(d,R) which
preserves a properly conver domain 2 of ]P’(Rd). Then the finite-index subgroup T'(2)
of T preserves a properly convex open cone C in R?.

Proof. Let 7: R\ {(0,...,0)} =P (]Rd) be the natural projection. There exists a properly
convex open cone C' C R? such that 771(Q) = CU(—C) and CN(—C) is empty. Note that
H:={geTl:gC=C1}is asubgroup of I". If H is a proper subgroup of I, given w € '\ H
we have wC' = —C and hence I' = H UwH. It follows that H is a finite-index subgroup
of T' of index at most 2. In particular, I'(2) is a subgroup of H. O

The key property of Anosov representations that we use for our construction is
that when I is neither a free group nor a surface group, then for every Pj-Anosov
representation p: I' — SL(d,R), the image p(I') contains a quasiconvex subgroup with
connected Gromov boundary, whose elements are all positively proximal. Given a
representation ¢ : I' = GL(d,R) of a word hyperbolic group T, a continuous t-equivariant
map £ : Oso' = Gr; (Rd) (if it exists) is called dynamics-preserving if for every infinite-
order element v € T, 9(7) is Pi-proximal and £(y") is the attracting fixed point of ¥(7)
in Gr, (RY).

The following lemma is essential for the construction of our examples:

Lemma 2.3. Let I' be a word hyperbolic group and A be a quasiconvex and infinite-
index subgroup of T' such that Os,A is connected. Let d >4 and p: T — SL(d,R)
be a representation. Suppose that there exists a sequence {p, : I' = SL(d,R)}nen of
representations such that the following hold:

(i) For everyn €N, p, admits a continuous, p,-equivariant, dynamics-preserving map
&pn 10l =P (Rd).

(i) lim, p,, = p.
Then for every § € A(2), p(d) is positively semiprozimal.

Proof. We first show that for every n € N and § € A(2), p,.(9) is positively proximal. Let
us fix n € N. Since in I'; A has infinite index and is quasiconvex, we may find w € I" such
that wt and w™ are not in d,,A. By definition, p,(w) is proximal with attracting fixed
point in P (Rd) the line &, (w™). Let Vp;(w) C R? be the repelling hyperplane of p,, (w).
We claim that the connected compact set C,, (a) := &y, (0cA) is contained in the affine

chart A, =P (R?) \P (Vp;(w)). If not, there exists x € 05 A with §, (z) €P (Vp;(w)> and

hence p,(w™)&,, (x) =&,, (w™x) is contained in P (Vp:’(w)> for every m € N. However,

lim,, &, (w™x) =&,, (lim, w™x) =&, (w"), and &, (w') is not in P (Vp;(w)). The claim
follows, and £, (0cA) C Ay,.

Let V,, = (u:[u] €C, (a)). The connected set C, a) also lies in the affine chart
A NP(V,,) of P(V,,), and the convex hull Conv 4, ~p(v;,) (Cp, (a)) is preserved by py|v, (A).
By definition, C,, (a) spans V;,, so the interior Int (COHVAnm[p(Vn) (C,,H(A))) of the convex
hull of C, (ay in A, NP(V,) is a well-defined properly convex subset of A, NP(V,).
In particular, the properly convex subset Int (Conv AnAP(Vi) (Cpn(A))) is preserved by
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pnlv, (A). By Observation 2.2, there exists a properly convex open cone C,, C V;, such
that pn|v, (0)C,, = Cy, for every § € A(2). Note that for every § € A(2), the attracting
fixed point &,, (61) of p,(d) is always in V,,, and pn|v, (6) is proximal. Thus, A (p,(d)) =
A1 (pnlv, (0)) for every 6 € A(2). By [2, Lemma 3.2], we have A\ (p,(d)) > 0 and hence
pn(0) is positively proximal for every 6 € A(2).

Now set § € A(2). By the previous arguments, for every n € N, we have A\ (p,()) >0
and there exists a unit vector u,, € R? such that p,(8)u, = A1(pn(8))u,. Up to passing
to a subsequence, we may assume that A :=lim, A1 (p,(8)) exists. The number A > 0 has
to be an eigenvalue (not necessarily of multiplicity 1) of lim, p,(d) = p(d) of maximum
modulus. The conclusion follows. O

We immediately deduce the following corollary:

Corollary 2.4. Let ' be a word hyperbolic group and A be a quasiconvex and infinite-
index subgroup of I' such that 0o/ is connected. Let d >4 and p:T' — SL(d,R) be a
representation. Suppose that there exists a sequence of P;-Anosov representations {py :
' — SL(d,R)}nen such that lim,, p, = p. Then for every 6 € A(2), A'p(8) is positively
semiprozimal.

On the other hand, the images of Anosov representations might contain elements which
are not positively proximal. In fact, this is the case for all Fuchsian representations into
SL(2,R).

For a group H, denote by H® = ({ghg=*h~':g,h € H}) the commutator subgroup
of H.

Lemma 2.5. Let Fy, denote the free group on k > 2 generators. Let j: Fj, — SL(2,R) be
a quasi-isometric embedding and H be a free subgroup of Fy of rank at least 2. Then for
every a € Fy \ H, there exists w € H® such that \;(j(wa)) < 0.

Proof. Note that j (H?) is discrete in SL(2,R); hence by [9, Lemma 2] (see also [,
Theorem 1.6]), there exists wg € H®) such that A;(j(wp)) < 0. Then there exists h €
GL(2,R) such that

) A(g(w 0 _

o= MO0,

A1(5(wo))

Since {w(‘)|r R } N{a™,a”} is empty and j is Pi-Anosov, by transversality we have
that the line j(wo)& (a®) = & (woa®) is different from & (at) and &/ (a~) and hence
(h™*j(a)hey,e1) is not zero. Then we notice that

i LU (wga)

nroe g (j (wh) = (h™"j(a)her,e1)

and hence we have

. 2n+1
i LU (w0 a))

2n

W T G (wiha) (j(wo)) <0.
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For large enough n € N, the numbers )\ (j (w%"a)) and \; (j (w%”“a)) have opposite
signs, and the conclusion follows. O

We also need the following observation:

Observation 2.6. Let Fy be the free group on {a,b} and p: F» — SL(2,R) be a quasi-
isometric embedding. Set k € N and let ¢y : Fo — Fy be the monomorphism defined by
dr(a) = bFab® and ¢i(b) = aFba*. Note that |¢r(Y)|r, > (2k+1)|v|r, for every v € Fy.
Therefore, there exists a constant C' > 0 depending only on p, such that

0 (p(o(7)) = 61 (p(7)) "
for every v € Fy and k € N.

We end this section with the following remark showing the necessity of the connected-
ness of the Gromov boundary do.A in Lemma 2.3.
We denote by S, the closed orientable hyperbolic surface of genus g > 2.

Remark 2.7. Let 724 : SL(2,R) — SL(2d,R), d > 1, be the unique (up to conjugation)
irreducible representation, and fix j : m1 (S;) — SL(2,R) a quasi-isometric embedding. For
every deformation p of 75407 and every noncyclic free subgroup F' of 7y (Sy), p(F') contains
an element whose eigenvalues are all negative. Indeed, by [9, Lemma 2], we may find
w € F with Ay (j(w)) <0. Suppose that {p; }+c[o,1] is a continuous path of representations
with pg = m2q0j and p; = p. It follows by Labourie’s work [17] that p; is P;-Anosov for
every 0 <t <1 and 1 <i<d-1. In particular, for every 4, the map t — Ay (Alp,(w)) is
continuous and nonzero, and hence Ay (A'py(w)) Ay (A*724(ji(w))) > 0. Note that

A1 (A 72a(j(w))) = Ay (ji(w))* P+

for every 1 <i<d, and hence Ay (A"p(j(w))) > 0 if and only if i is even. We deduce that
pt(w) has all of its eigenvalues negative for every 0 <t < 1.

3. The construction

By using Lemmas 2.3 and 2.5, we construct representations of the fundamental group I'y,
of a book of I-bundles of Theorem 1.1, which are not limits of Anosov representations
of 'y in SL(d,R) for d > 5. We recall that given a group K and a subgroup H of K, a
homomorphism 7 : K — H is called a retraction if r(h) = h for every h € H.

Proof of Theorem 1.1. The subgroup A = (ay,b1,...,a24,b24) of I'y is isomorphic to
the fundamental group m; (Sag):

<a1ab17- . ~aa2g7b29‘[a17b1] e [a2g’b29]> .

The subgroup F = (a1,b1,...,a4,bg) of A is free on 2g generators. Note that there exists
a retraction of I'y onto the surface subgroup A. Moreover, there is a retraction 7: A — F
which sends a; — a;, by = b, agyi = bg_iy1, and bgy; — ag_;11 for 1 <i < g. Note that
the retraction r is induced by the topological retraction of Ss4 onto a compact subsurface
homeomorphic to S, minus an open disk. We finally obtain a retraction R:I'g — F.
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We first construct reducible examples in all dimensions greater than or equal to 5. By
[8, §4, p. 26], there exists a convex co-compact representation ¢ : I'y < SL(2,C) such that
i(A) is a subgroup of SL(2,R). Let S : SL(2,C) — SO¢(3,1) be the covering epimorphism
whose kernel is {£I5} so that S(diag (a%)) is conjugate to diag (a2,1,1,a—12) for every

a € R*. We consider the following representations:

(a) po:=So0i:Ty— SL(4R) is Pi-Anosov, and for every v € A, the matrix po(7) is
positively proximal.
(b) Let 75 : SL(2,C) — SL(4,R) be the irreducible representation

Re(h) —Im(h)

o (h) = [Im(h) Re(h) } ., heSL(20),

and define p; := 1907 : ' — SL(4,R). Note that p; is P,-Anosov.

(i) Suppose that d = 5. Note that p;(A) is a subgroup of 73(SL(2,R)). By Lemma
2.5, we can find w € F(® C A(2) such that \; (i (wa?)) < 0. Now we consider a group
homomorphism ¢ : FF — R* such that e (wa%) =c (a%) =z with 24 > 4, (z (wa%)) =
4 (p1 (wa%)). We consider the representation p:I'y — SL(5,R) defined as follows:

=107
ply) = | VEER) . yel.
0 e(R(v))
Notice that the eigenvalues of p (wa%) in decreasing order are
1 1

x, x Vi (p1 (wal)), a1 (p1 (wal)),

D7 (o1 (wad)) @A (pr (wad))

The matrix A?p (wa?) is not positively semiproximal. Since wa? € A(2), by Corollary 2.4
the representation p cannot be a limit of Ps-Anosov representations of T into SL(5,R).
Note also that ker(e) NA(2) contains a free subgroup and i(ker(e) NA(2)) is a discrete
subgroup of SL(2,R). Hence, by Lemma 2.5, there exists h € A(2) with ¢(h) =1 and
A (p(h)) = A1(p1(h)) = A1(i(h)) < 0. Therefore, by Corollary 2.4, p is not a limit of P;-
Anosov representations of I' into SL(5,R).

We now assume that d = 6. By Observation 2.6 we can find a quasi-isometric embedding
j: F — SL(2,R) such that

0(i(7) = £1(po(7))?
for every v € F. Now we consider the representation p: I'y — SL(6,R), defined as follows:
po(7) 0 }
= . , erl,.
p(V) |: 0 j (R(’y)) Y g

By Lemma 2.5, we can find w € FNA(2) such that A (j(w)) < 0. Since ¢4 (j(w)) >
(1(po(w)), we have Ay (p(w)) = A (j(w)) and

A (A?p(w)) = X (5(w)) A (S(i(w))) = Ax (i (w)) A (i(w))* < 0.
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Moreover, the matrix A?p(w) has the number Ay (j(w))¢1(po(w)) < 0 as an eigenvalue of
maximum modulus and multiplicity 2. It follows by Corollary 2.4 that p, A% p, and Ap
cannot be limits of P;-Anosov representations. This completes the proof of this case.

Now suppose d > 7. Again, by Observation 2.6, there exists a quasi-isometric embedding
Jjo: F'— SL(2,R) with the property

G(jo (7)) = Li(po())?

for every v € (a1,b1). There exists w € (a1,b1)(® such that Ay (jo (wa?)) < 0. We consider
group homomorphisms €1,...,e4_¢ : {a1,b1) — RT such that ¢; (jo (wa%)) > e (a%) > >
a6 (a?) > €1 (po (wa?)). Then the representation p: I'y — GL(d,R) defined by the blocks

p(v) = diag(po(7),do(R(7)):e1(R(7)); - - ea—6(R(7)))

has the property that Ap (wa%) is proximal but not positively proximal for every 1 <i¢ <
d—4. Corollary 2.4 shows that for every 1 < < g, the representation

1
H(7) = —F/———== , el,,
py) =~ o (pm)p(v) v€eTy
is not a limit of P;-Anosov representations into SL(d,R).

(ii) Now we construct a strongly irreducible quasi-isometric embedding of T'y into
SL(12,R) which is not a limit of P;-Anosov representations for 1 <i < 6. We assume
that g > 4. By Observation 2.6, we can find quasi-isometric embeddings ¢; : (a1,b1,a2) —
SL(2,R) and ¢z : (be,as,b3) — SL(2,R) such that

G(1(h)) 2 i(po(R1))®  and  1(ea(ha)) > €1 (po(h2))®

for every hy € {ay,b1,a2) and hg € (b2,a3,b3). By Lemma 2.5, we can find an element w €

I'y(2)N{a,by) such that A := Xy (11 (wa3)) < 0. Let =Xy (po (wa3)) > 0. Now consider
a homomorphism ¢ : (a1,b1,a2) — RT such that £(as) = z with

Al I

Asats Moo i

SR

and the representation ¢ : (a1,b1,a2) — SL(3,R) defined as follows:

()= [\/;?”m ’

0 5(7)] ;7 € ({a1,b1,a9).

Notice that (waZ) =22, and by the choice of z > 0, the matrix ¢} (wa%) is proximal with

eigenvalues (in decreasing order) %,12, ﬁ By Lemma 2.5 we can also find z € (by,a3)(®
such that s := A (z2 (203)) < 0. We consider the representations ¢} : (bs,as,b3) — SL(3,R),

defined as

L;(a)_{”é‘s) ﬂ 5 € (basas,bs),
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and A: F — SL(3,R), defined as

A(’Y) = L/l (7)7 Y S <a17b17a2>7
A((S) = Ll2(5), 5 € <b2,(13,bg>7
A({a4,by,...,a4,by)) is chosen to be Zariski dense in SL(3,R).

We obtain a Zariski dense representation Ao R :I'y — SL(3,R).

We first observe that py ® (Ao R) is strongly irreducible and a quasi-isometric
embedding. For every finite-index subgroup H of I'y, the restriction of the product
po X (AoR): H—SO(3,1) x SL(3,R) is Zariski dense (see, e.g., [10]). Note that the tensor
product representation ® : SO(3,1) x SL(3,R) — SL(12,R), (o, 3) — a® j, is irreducible.
Hence any proper (po® (Ao R))(H)-invariant subspace V of R!?2 = R* @z R? has to be
invariant under a® § for every « € SO(3,1) and 8 € SL(3,R). Therefore, V is trivial and
po ® (Ao R) is strongly irreducible. Moreover, since pg is Pi-Anosov, there exist C,a > 0
such that U CH > CeIr and hence o (po (7)) = ZHECH ZHELR GG > Coetir
for every v € I'y. Note that

71(po(7) ® A(R(7))) = 01(po(7))o1(A(R(7))) = 01(po(7)) > Caethlr

for every v € I'y. Tt follows that po® (Ao R) is a quasi-isometric embedding.

We claim that the tensor product representation py® (Ao R) :T'y — SL(12,R) is not
a limit of Anosov representations. We consider the element wa3 € I'y(2). We have
A(R(wa3)) = A(wa3) = ¢} (wa3) and the matrix po (wa3) ® A (wa3) is conjugate to
the matrix

. 1 . A 1
c = diag (uz,l,l,’ug> ® diag (m,:zzZ, )\a:> . A=A (¢) (wa3)) <.

By the choice of z > 0, since |\| > 23 > % > 1, the first seven eigenvalues, in decreasing
order of their moduli, are

A AA A

7,“27 Iz:u'za ~ ™ 1'23 1'23 o

x ' x Tl
The matrix Afc is proximal for i = 1,2,4,6 but not positively proximal. Thus, by Corollary
2.4, po® (Ao R) is not a limit of P;-Anosov representations for ¢ = 1,2,4,6. The matrix
ASc has the number A3utz < 0 as an eigenvalue of maximum modulus and multiplicity
2. Therefore, A°c is not positively semiproximal and py® (Ao R) cannot be a limit of
Ps-Anosov representations (again by Corollary 2.4). Now we consider the element 2b3 €
I'(2). Note that A (R (z2b3)) = A (2b3) = ¢ (2b3) and po (2b3) ® A (2b3) is conjugate to the

matrix
h = diag (1/2,1,1, u12> ®diag (5,1,2) , S=M\ (L2 (zb%)) <0, v=»X\ (po (zbg)) .

Since |s| > v*, the first five eigenvalues of h, in decreasing order of their moduli, are
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We notice that A3k is proximal, with first eigenvalue s3v2 < 0. It follows that py® (Ao R)
is not a limit of P3-Anosov representations.
We obtain the following generalization of Theorem 1.1 for d > 6:

Theorem 3.1. Let I' be an one-ended word hyperbolic group which admits a convex co-
compact representation into SO(3,1) and is not virtually isomorphic to a free group or a
surface group. Suppose that T retracts onto a free subgroup of rank at least 8. Then for
every d > 6, there exists a quasi-isometric embedding v : T — SL(d,R) which is not a limit
of Anosov representations of T' into SL(d,R). Moreover, if d =12, ¥ can be chosen to be
strongly irreducible.

The proof of this theorem is similar to the proof of Theorem 1.1 for d > 6.

4. Additional examples

By following similar arguments as in Theorem 1.1(ii) and increasing the number of
surface groups of the fundamental group of the I-bundle, it is possible to obtain strongly
irreducible quasi-isometric embeddings for infinitely many odd dimensions such that every
nontrivial element is semiproximal.

Theorem 4.1. Let >3 and n>5. For 0 <i <2773, [et

.= <a1i7b1’ia I 7a(2g)i7b(29)ia
7 C1iydis - -+, C(29)ird(2g)i

[ambu] s [a(Qg)ivb(Zg)i] ,[Cu,du] s [C(Qg)ivd(Zg)i] a>
[a1i7b1i] T [agiabgi] : [Cliadli} cee [Cgiadgi}

be a copy of the word hyperbolic group I'y from Theorem 1.1, and consider the word
hyperbolic group

An == <F90,Fgl, con 7F9271—3

rel (Tg;), [a10.b10] *+ [ago,bgo] - ([arj,brs] -+ [agsbgs]) ™
j=0,1,...,2n3 '

For every odd n > 5, there exists a strongly irreducible quasi-isometric embedding 7, :
A, — SL(3n,R) which is not a limit of Anosov representations of A,, into SL(3n,R), and
for every v € A, To(y) has all of its eigenvalues of mazimum modulus real.

Let us recall some useful facts. The Lie algebra of SO(m+1,1) is

so(m+1,1) :{[ﬁ g} A+ A =0,41, ueRm+1}.

The subalgebra so(m,1) C so(m+ 1,1) contains all matrices in so(m + 1,1) having zeros
in the first row and column. For 1 <i,j <m+2, let EY be the (m+2) x (m+2) matrix
having 1 in the (4,j)-entry and 0 in the remaining entries. For an (m+2) X (m+2) matrix
Y, Y;; denotes the (¢,5)-entry of Y. For two square matrices X and Y, their commutator
is defined as (X,Y)=XY -YX.

We shall use the following fact:

Fact 4.2. For m > 3, so(m,1) is a self-normalizing mazimal subalgebra of so(m+1,1).
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Proof. Suppose that X € so(m + 1,1) such that (X,s0(m,1)) C so(m,1). Note that
EXmHD) 4 pnAD2 € so(m,1) and (X, E2(mF2) 4 BOE22) = X, 10, Tt follows
that Xi(my2) = X(ms2)1 = 0. Moreover, we have (X,E*—-E?) = —Xj;; and
(X,E% *Eﬂ)u‘ = X9 for every 3 <i < m+41. We conclude that Xi; = X;; =0 for
2<i<m+1 and hence X € so(m,1).

Set Y € so(m+1,1)\s0(m,1) and let g be the subalgebra generated by Y and so(m,1).
Looking at the commutators (Y,Z) and (Y,E‘™+2) 4 EM+2)) for Z € s0(m) C s0(m,1)
and 2 <i<m+1, it is not hard to deduce that g has to contain all matrices in so(m—+1,1)
with nonzero first row. The conclusion follows. O

For our construction we shall use the following lemma, which follows from work of
Johnson and Millson [14]:

Lemma 4.3. Let A =Gy %g,=g, G2 be the amalgamated product of two torsion-free word
hyperbolic groups Gy and Go along the mazimal cyclic subgroups (g1) and {(g2) of G1 and Go,
respectively. Suppose that p: A — SO(m,1) is a convex co-compact representation such that
p(G;) is Zariski dense in SO(m,1) fori=1,2 and p(g1) = p(g2) lies in a copy of SOu(2,1) C
SO(m,1). Then there exists a Zariski dense and convex co-compact representation p’: A —
SO(m+1,1).

Proof. The representation p’ is obtained by applying a Johnson—-Millson deformation
[14] for the representation diag(1,p). We briefly explain the construction (see also [16,
Lemma 6.3]): Let X be a vector in so(m+ 1,1)\ so(m,1) such that p(g1)Xp(g1)~! =
p(92) X p(g2)~1 = X. Then consider the family of representations p; : A — SO(m +1,1)
where

pe(v) =p(7), vEG,
pi(v) = exp(tX)p(v)exp(—tX), 7€ Gs.

For small enough ¢ > 0, the Lie algebra of the Zariski closure of p;, g¢, strictly contains
s0(m,1), and hence Fact 4.2 shows that g, = so(m+1,1). It follows that p; is Zariski dense
in SO(m+1,1). By the stability of convex co-compact representations into SO(m+ 1,1),
established by Thurston [23, Proposition 8.3.3] (see also [7, Theorem 2.5.1]), p; is convex
co-compact for ¢ > 0 small enough. O

Proof of Theorem 4.1. The group A,, is isomorphic to the amalgamated product of
{ng}?:;s with respect to the monomorphisms ¢; : (t) = I'gs, ©i(t) = [a14,b14] - - [agi,bgi)-
For every i, ¢;(t) is a maximal cyclic subgroup of I'g;, and hence A, is word
hyperbolic by the Bestvina—Feighn combination theorem [3]. For the rest of the proof we
identify T'y; with the subgroup ({a;i,bji,cji,dji : 1 <j <2g}) of A,. We set b= po(t) =
[alo,blo] cee [ago,bgo] S Fi for every 1.

For our construction of 7,,, we will first exhibit a strongly irreducible representation of
A, into SL(n,R) and then consider the tensor product with a representation of A,, into
SL(3,R).

Notice that Ay = <a10,b107 ... ,a(gg)o,b(gg)0> C I'yo is isomorphic to m; (S24). By [8], there
exists a convex co-compact representation p; : A, — SO(3,1) such that p1|a, is Fuchsian
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— that is, p1|a, = Sopo for some convex co-compact representation pg: Ag — SL(2,R),
and S : SL(2,C) — SO¢(3,1) is the covering epimorphism. Notice that since I'y is not a
surface group, p; (I'y;) is a Zariski dense subgroup of SO(3,1) for every 0 <i < 2773,
By Lemma 4.3 we can find a convex co-compact representation ps : A, — SO(4,1) such
that for every 0 <i <274 -1, p, (<1"g(2i+1)71"g(2i+2)>) is a Zariski dense subgroup
of SO(4,1) and pa(v) = diag(1,p1(7y)) for all v € Ay. Now we may view A, as the
amalgamated product of I'yo with (I'g1,T'g2),..., <Fg(2n73_1),F92n73> (each of which is
isomorphic to I'y x4y Iy along (b)). Since po (<Fg(2i+1),Fg(2i+2)>) is Zariski dense for
every i, by Lemma 4.3 we can find a convex co-compact representation ps : A, — SO(5,1)
such that ps (<Fg(4i+1),Fg(4i+2),Fg(4i+3),I‘g(4i+4)>) is Zariski dense in SO(5,1) for 0 <
i <2"° —1 and p3(y) = diag(1,1,p1(7)) for all v € Ag. By continuing similarly, we
obtain a Zariski dense convex co-compact representation p,_3: A, — SO(n —1,1) with
pn—3(v) = diag(In—_4,p1(7)) for all v € A.

Let F be the free subgroup of Ay generated by the elements a19,b10,...,a40,b90 and let
R: A, — F be a retraction. We may choose a P;-Anosov representation A : F — SL(3,R)
such that A ({as0,b30, - -,a40,bg0)) is Zariski dense in SL(3,R) and A(y) = diag(po(7),1) for
v € {a10,b10,a20,b20). Let @ : (a20,b20) — (a20,b20) be the map defined as in Observation
2.6 and k € N be large enough that

C1(po(dr (7)) = La(pr (7)™

for every v € (ag0,b20). We modify A by considering Ay, : F' — SL(3,R) such that

Ag() = diag(po(ox (7)), 1),7 € {a20,b20)
A(v) = A7), 7 € (a10,b10,a30,b30,- - - ,ag0,bg0) -

The image Ai(F) is a Pi-Anosov subgroup of SL(3,R).
Now we consider the representation 7, : A,, — SL(3n,R) defined as follows:

Tn(Y) = pn-3(7) @ Ax(R(%)), for all y € A,.

Similarly as in the proof of Theorem 1.1(ii), 7, is strongly irreducible, since the Zariski
closures of p,,_3 and Ay o R are two nonlocally isomorphic simple Lie groups. Moreover, all
elements of the group 7,,(A,,) have all of their eigenvalues of maximum modulus real, since
Apg|r and p,_3 are Pi-Anosov into SL(3,R) and SL(n,R), respectively. To see that 7,, is not
a limit of Anosov representations, we may first find w € A,,(2) N {a10,b10) such that s:=
A1 (po(w)) <0. Then ¢:= p,—3(w) ® A (w) is conjugate to diag (s?,1,—2, é%) ®diag (s,1, %)
The first 2n — 1 eigenvalues of the matrix ¢, in decreasing order, are

Since n is odd and s < 0, we see that Alr,(w) is not positively semiproximal when i is
even and i <n+1 and when n+1 <4 < 2n—1. We may also find w’ € A, (2) N (az0,b20)
such that ¢ = A1 (po(ér(w')) < 0. Let p= A1 (p(w’)) and note that |¢| > p'°. The matrix

h:=pn_3(w')® A (w') is conjugate to the matrix diag (p2,In,27p%> ®diag (q,l,%). The

https://doi.org/10.1017/51474748021000645 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000645

2510 K. Tsouvalas
first n+ 1 eigenvalues of this matrix, in decreasing order, are

2 4 2
qap 7Q7Q7"'7Qa72ap .
N~——— D
n—2
Since n is odd and ¢ < 0, the matrix A’r,(w’) is not positively semiproximal when i is
odd and 7 < n+1. The conclusion follows by Corollary 2.4. (]
In contrast with the previous examples, in order to construct quasi-isometric embed-
dings of surface groups which are not limits of Anosov representations we need to find
elements whose eigenvalues are nonreal.

Proposition 4.4. For every g >4, there exist quasi-isometric embeddings v : w1 (Sg) —
SL(4,R) and p: m (Sy) = SL(6,R) which are not limits of Anosov representations of
71 (Sq) into SL(4,R) and SL(6,R), respectively. Moreover, p is strongly irreducible.

Proof. Let p; : m1(Sy) = SL(2,R) be a quasi-isometric embedding and consider = :
71 (Sg) = (a1,a2,a3,a4) a retraction of m (S,) onto the free subgroup (ai,as,as3,a4) of
rank 4. Define X := A1(p1(a1)) and p:= A1 (p1(az)) and fix 0 ¢ 7Q.

We consider x,y > 0 such that z2 > ||, |u| > y? > ﬁ7 and a homomorphism ¢ :
(a1,a2,a3,a4) — RT with €(a;) =z and e(az) =y. Let Ry : (a1,a2,a3,a4) — SL(2,R) be
a homomorphism such that Ry(a;) and Ry(az2) are conjugate to an irrational rotation of
angle #. We consider the representation v defined as follows:

1
_ sz () 0
Y(y) = | (“/)()) e(m(1)Ro(n(1)))" for every v € 1 (Sy).

By the choice of z > 0 and y > 0, the matrices ¥(a;) and A%¥(az) have the numbers
ze'® xe and pe®,ue, respectively, as their eigenvalues of maximum modulus.
Corollary 2.4 implies that 1 is not a limit of Anosov representations of 7 (S,) into
SL(4,R). Moreover, since p; is Pi-Anosov and Zig:ﬁm; > Z;E‘Pjim;
follows that 1 is a quasi-isometric embedding. The claim follows.

Now we construct the representation p. We consider s,t,0 € R satisfying s > |A
|| ~2/3 <t < 1, and a representation j, ;¢ : (a1,a2,a3,a4) — SL(3,R) such that

for every v € m1 (Sy), it

|2/3
)

scosf —ssinf 0 tcos —tsinfd O
Jsto(a1) = |ssinf® scosf 0|, Jsto(az) = |tsind tcosd 0|,
0 0 % 0 0 %

and js,10((as,a4)) is Zariski dense in SL(3,R). By arguing as in the proof of Theorem
1.1(i1), the tensor product p:= p1 ® (js,,e0m) is a strongly irreducible quasi-isometric
embedding of m (Sy) into SL(6,R). By the choice of s > 0, the eigenvalues of the matrix
g:=p1(a1) ®jst0(m(a1)), in decreasing order of their moduli, are
; - 5 s A 1
A 0 A —i0 2 10 2 _—if N .
se’, Ase™V, yet, Se™ 5 13
The matrices g and A%g have their eigenvalues of maximum modulus nonreal, hence p is
not a limit of Pi- or P3-Anosov representations of m (S,) into SL(6,R). The eigenvalues
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of the matrix h:= p1(a2) ® js,1,0(m(az)), in decreasing order of their moduli, are

I

w —e 1 t i bt _io
2’ '

:U’tewv /Jt@ s o —e, —€
pts p H

The matrix A?p(asz) has its eigenvalues of maximum modulus nonreal, and therefore A%p is

a1(p()) ~ o1(p1(7))
o6(p(7)) = o2(p1(7))
for every v € m1 (Sy), and hence p is a quasi-isometric embedding, since p; is. It follows

that p has the required properties. O

not a limit of P;-Anosov representations of 7 (Sy). Moreover, we have

Remark 4.5.

(i) The construction in Proposition 4.4 also works for finitely generated free groups of
rank at least 4.

(ii) We note that it is possible to describe the proximal limit set of the irreducible
examples we have constructed. For a proximal subgroup H of SL(n,R), the proximal
limit set AL, is defined to be the closure of the attracting fixed points of proximal
elements of H in P(R"). Let A be a nonelementary word hyperbolic group and
suppose that ¢1 : A — SL(n,R) and ¢ : A — SL(m,R) are two irreducible represen-
tations such that ¢1 ® ¢ is irreducible, ¢; is P-Anosov, and ¢ is either nonfaithful
or nondiscrete. We claim that AI(P¢1®¢2)(A) is homeomorphic to Ail(A) X AEZ(A).
We may assume that e; ®e; is in A]F¢1®¢z)(A) and [e;] € P(R™) is the attracting
eigenline of ¢ (w1). Let wg € A be a nontrivial element such that ¢o(wo) = I,,,. For
2,y € 0o A with {z,y} N {wg,wy ,wi,wy } empty, we may find a sequence (v, )nen of
elements of A with z =1lim,, 7y, and y = lim,, v, *. Then lim,, (v, w07, ') w{ =z, and
hence lim, (¢1 ® ¢2) (Yawoy, ') [e1 @ e1] = [y @ 1], where & (2) = [uy]. Tt follows

P
that Ay, g4,)

(p1 ®p2)(A) and ¢2(A) act minimally on AI(P¢>1®¢2)(A) and AEZ(A), respectively (see

(a) contains the set {[uz®el] 1€, (2) =u], z € GOCA}. Now since

[1, Lemma 2.5]), we conclude that AIF¢1®¢2)(A) = {[ul ®ug] : [u;] € Aii(A)’ i= 1,2}.

We work similarly when ¢- is nondiscrete. In particular, we deduce the following:

(a) In the construction of p in Theorem 1.1(ii), the representation A : F — SL(3,R)
can be chosen to be nondiscrete, and hence the proximal limit set of p(I') in
P (RH) is homeomorphic to O I' X P (R3).

(b) In Theorem 4.1, the proximal limit set of 7,(A,) in P (R*") is homeomorphic
t0 oAy, X C, where C' is a Cantor set.

(c) In Proposition 4.4, for s,t > 0 generic, the representation j, ;¢ is nondiscrete
with dense image in SL(3,R). The proximal limit set of p (7 (Sy)) in P (RS) is
homeomorphic to S x P (R?).

5. Concluding remarks

Let G and G’ be two semisimple real algebraic Lie groups of real rank at least 2 and ¢ :
G — G’ be an injective Lie group homomorphism. For an Anosov representation p:I' — G,
the composition ¢ o p need not be Anosov into G’ with respect to any pair of opposite
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parabolic subgroups of G’. The failure to be Anosov under composition with a Lie group
embedding has already been exhibited by Guichard and Wienhard [13, §4, p. 22]. Our
examples are not limits of Anosov representations of their domain group into the bigger
special linear group SL(d,R), but are Anosov (with respect to a suitable pair of opposite
parabolic subgroups) when considered as representations into their Zariski closure G.
Following the lines of the proof of Theorem 4.1, we construct examples of discrete
and faithful representations which are not quasi-isometric embeddings (and hence cannot
be Anosov into their Zariski closure) and are not a limit of Anosov representations of
their domain group into SL(15,R). Let M? be a closed orientable hyperbolic 3-manifold
which is a surface bundle over the circle (with fibers homeomorphic to S) and contains
a totally geodesic closed surface S’. By using the Klein combination theorem, we may
find a convex co-compact representation p : my (M 3) x Fy — SO(4,1) whose restriction to
the free factor F is Zariski dense and p|., a3y = diag(1,p0); here pg : m; (MS) —S0(3,1)
denotes the holonomy representation associated to M?3. Since the quotient of 7 (M 3) by
the normal subgroup 7 (S) is cyclic, the intersection H = 1 (S) N7y (S’) is a noncyclic,
normal free subgroup of w1 (S’). Let F = (ay,...,a,) be a free subgroup of H of rank r > 4.

We may find a finite cover S of S such that F C m (5’) and there exists a retraction
R:m (5’) — F [18, Theorem 1.6], which we extend to a retraction R : (5‘) x Iy — F.

Since S’ is totally geodesic in M3 and F is quasiconvex in 71(S’), there exists a convex
co-compact representation p; : F' — SL(2,R) such that pg|p = Sop;. As in Theorem 4.1,
we consider k very large and Ay : F' — SL(3,R) a Zariski dense representation, such that
Ag () = diag(1,p1(y)) for v € {ay,a2) and Ag(y) = diag(1,p1(px(7))) for v € (as,as). The
representation p’ : (S) * Fy — SL(15,R),

#(0) = (1) ® ARG, v Em () *F

is discrete and faithful (since p is) and not in the closure of Anosov representations of
! (S’) * Fy into SL(15,R). We note that since Ay o R is not faithful and 7 (S) is normal
and of infinite index in m; (M 3), the representations Aio R and p\m( g) are not quasi-
isometric embedings into SO(4,1) and SL(3,R), respectively. In particular, p x (Ax o R) is
not Anosov with respect to any pair of opposite parabolic subgroups of SO(4,1) x SL(3,R).
The Zariski closure of p’ is SO(4,1) @ SL(3,R) = {g1 ® g2 : g1 € SO(4,1), g2 € SL(3,R)} and
it follows (see, e.g., [13, Corollary 3.6]) that p® (Ao R) is not Anosov in its Zariski
closure in SL(15,R).
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