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Abstract We establish sharp bounds for the second moment of symmetric-square L-functions attached
to Hecke Maass cusp forms u; with spectral parameter ¢;, where the second moment is a sum over t;
in a short interval. At the central point s = 1/2 of the L-function, our interval is smaller than previous
known results. More specifically, for |t;| of size T, our interval is of size T1/5, whereas the previous
best was T1/3, from work of Lam. A little higher up on the critical line, our second moment yields
a subconvexity bound for the symmetric-square L-function. More specifically, we get subconvexity at
s =1/2+7it provided |tj\6/7'~"s < |t] £ (2—190)]tj| for any fixed § > 0. Since |t| can be taken significantly
smaller than |t;|, this may be viewed as an approximation to the notorious subconvexity problem for the
symmetric-square L-function in the spectral aspect at s =1/2.
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1. Introduction

1.1. Background

The widely studied subconvexity problem for automorphic L-functions is completely
resolved for degree < 2. For uniform bounds, over arbitrary number fields, this is due
to Michel and Venkatesh [25]; for superior-quality bounds in various special cases, this is
due to many authors (e.g., [17, 6, 9, 7, 29]. The next frontier is degree 3, but here the
subconvexity problem remains a great challenge, save for a few spectacular successes.
The first breakthrough is due to Xiaoging Li [23], who established subconvexity for
L(f,1/2+7it) on the critical line (¢-aspect), where f is a fixed self-dual Hecke-Maass cusp
form for SL3(Z). This result was generalized by Munshi [26], by a very different method,
to forms f that are not necessarily self-dual. Munshi [27] also established subconvexity
for twists L(f x x,1/2) in the p-aspect, where x is a primitive Dirichlet character of prime
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modulus p. Subconvexity in the spectral aspect of f itself is much harder, and even more
so when f is self-dual due to a conductor-dropping phenomenon. Blomer and Buttcane
[5], Kumar, Mallesham, and Singh [21], and Sharma [30] have established subconvexity
for L(1/2, f) in the spectral aspect of f in many cases, but excluding the self-dual forms.

A self-dual GL3 Hecke-Maass cusp form is known to be a symmetric-square lift from
GL; [31]. Let u; be a Hecke-Maass cusp form for the full modular group SLs(Z), with
Laplace eigenvalue 1 /4+t?. It is an outstanding open problem to prove subconvexity
for the associated symmetric-square L-function L (sym2uj,1 / 2) in the t;-aspect. Such a
bound would represent major progress in the problem of obtaining a power-saving rate
of decay in the quantum unique ergodicity problem [15]. A related problem is that of
establishing the Lindeléf-on-average bound

Z |L(sy1112uj,1/2—|—it)|2 < AT, (1.1)
T<t;<T+A

where we assume throughout that 7¢ < A < T'~¢, and we generally aim to take A as
small as possible. Such an estimate is interesting in its own right, and also yields by
positivity a bound for each L-value in the sum. At the central point (¢t = 0), if formula
(1.1) can be established for A =T, it would give the convexity bound for L (sym?u;,1/2);
the hope would then be to insert an amplifier in order to prove subconvexity. While a
second moment bound which implies convexity at the central point is known in the level
aspect by the work of Iwaniec and Michel [14], in the spectral aspect the problem is much
more difficult. The best known result until now for formula (1.1) was A = T'Y/3+¢ by Lam
[22]. (Lam’s work actually involves symmetric-square L-functions attached to holomorphic
Hecke eigenforms, but his method should apply equally well to Hecke-Maass forms.) Other
works involving moments of symmetric square L-functions include [3, 18, 16, 19, 2, 1, 28].

1.2. Main results

One of the main results of this paper is an approximate version of the subconvexity bound
for L (smeuj, 1/2). Namely, we establish subconvexity for L (symzuj, 1/2+ it) for ¢ small,
but not too small, compared to 2¢;. This hybrid bound (stated precisely later) seems to
be the first subconvexity bound for symmetric-square L-functions in which the dominant
aspect is the spectral parameter ¢;. For comparison, note that bookkeeping the proofs of Li
[23] or Munshi [26] would yield hybrid subconvexity bounds for ¢; (very) small compared
to t. Our method also yields a hybrid subconvexity bound for L (symzuj,l / 2—|—it) when
t is larger (but not too much larger) than 2¢;, but for simplicity we refrain from making
precise statements. We do not prove anything when ¢ is close to 2¢;, for in this case the
analytic conductor of the L-function drops. In fact, it is then the same size as the analytic
conductor at t =0, where the subconvexity problem is the hardest.

Our approach is to establish a sharp estimate for the second moment as in formula
(1.1), which is strong enough to yield subconvexity in certain ranges.

Theorem 1.1. Let 0 < <2 be fized, and let U, T,A > 1 be such that
T3/2+6
A3/2

<U<(2-0T. (1.2)
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We have

ST L (symPuy,1/2+iU) | < AT (1.3)
T<tj<T+A

Corollary 1.2. Let 0 < § <2 be fized. For |t;|5/7 <U < (2—06)|t;|, we have the hybrid
subconvezity bound

L (sym®uj,1/2+iU) < |t;|" T U153, (1.4)

Proof. The bound follows by taking A = T'*{/=2/3 in Theorem 1.1 with § chosen small
enough. When U > T%/7+9  this bound is subconvex. O

Note that in Theorem 1.1, we are able to take A as small as T"/3 at best. This requires
T < U < (2—0)T and for instance yields the subconvexity bound L (sym?u;,1/2+it;) <
IR

We might also speculate that the lower bound in formula (1.2) could plausibly be relaxed
to AU > T+ (possibly with an additional term on the right-hand side of formula (1.3),
as in formula (12.10)) which would give subconvexity in the wider range T%/3+% < U <
(2—9)T. For some reasoning on this, see the remarks following formula (9.16).

For the central values we do not get subconvexity, but we are able to improve the state
of the art for the second moment. This is the other main result of this paper: We establish
a Lindel6f-on-average estimate for the second moment with A as small as T'1/5F¢:

Theorem 1.3. For A >TY5"¢ qnd 0 <U < T*¢, we have

S |L (sym?uy1/244U) | < AT (1.5)
T<t; <T+A

It is a standing challenge to prove a Lindeléf-on-average bound in formula (1.5) with
A=1.

Theorem 1.3 also has implications for the quantum variance problem. To explain this,
recall that quantum unique ergodicity [24, 32] says that for any smooth, bounded function
¢ on T\H, we have that (|u;|?¢) — %(1,@/}) as t; — co. By spectrally decomposing 1,
this is equivalent to demonstrating the decay of (Ju;j|?,¢) and (|u;|% Ey), where ¢ is a
fixed Hecke—Maass cusp form and Ey = F (,% +1U ) is the standard Eisenstein series with
U fixed. The quantum variance problem is the problem of understanding the variance of
these crucial quantitites. More precisely, the quantum variance problem asks for nontrivial

bounds on
> Kb
T<t_7' <T+A

2

: (1.6)

as well as the Eisenstein contribution

S Wk B (1.7)

T<t;<T+A

Our Theorem 1.3 gives, by classical Rankin—Selberg theory, a sharp bound on expression
(1.7) for A > T/5%¢, In turn, by Watson’s formula [33], a sharp estimate for expression

https://doi.org/10.1017/51474748021000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000566

2032 R. Khan and M. Young

(1.6) boils down to establishing

> L(sym’u; ®¢,1/2) < AT (1.8)
T<t;<T+A

It is plausible that the methods used to prove Theorem 1.3 should also generalize to show
formula (1.8) for A > T/5+¢ which would improve on [16], but this requires a rigorous
proof. For quantum variance in the level aspect, see [28].

1.3. Overview

We now give a rough sketch of our ideas for Theorems 1.1 and 1.3, both of which consider
the second moment of the symmetric-square L-function. Let h(t) be a smooth function
supported essentially on T < [t| < T+ A, such as the one given in equation (6.2). For
0<U < (2- )T, the analytic conductor of L (sym?u;,1/2+iU) is of size T?(U +1), so
using an approximate functional equation, we have roughly

A (m2) X\ (n?
Z|L(sym2uj,1/2+iU)|2h(tj)ZZ Z Wh(tj),

i>1 G21 m,n<Ti+e(U41)1/2

which we need to show is bounded by T'*¢A. Applying the Kuznetsov formula, the
diagonal contribution is of size O (THEA), while the off-diagonal contribution is roughly

1 S (m%n?.c) _(4mmn
> ml/2+iUp1/2—iU > c H< . )

m,n<Ti+e(U+1)1/2 c>1

for some transform H of h, given in equation (6.6). By developing equation (6.12),
we have that H(z) is essentially supported on x > T'~¢A and roughly has the shape

H(z)= Tl/A ¢'(*=T°/*) Thus in the generic ranges m,n ~ T(U +1)'/? and ¢ ~ Tx» writing

(n/m)lU = e(Ulog(n/m)/2m) and not being very careful about factors of 7 and such, the
off-diagonal is

A3/ 2 9 2mn T?c
TR > S(m,n,c)e(C)e(—mwlog(n/m)).

m,n~T(U+1)1/2c~T(U+1)/A
(1.9)

The oscillatory factor e (f F;’;:rf +Ulog(n/ m)) behaves differently according to whether U

is large or small. When U is large, the dominant phase is Ulog(n/m), whereas when U
is small, the dominant phase is meC ~ f%

Consider one extreme end of our problem: the case U =T (covered by Theorem 1.1),
so that the convexity bound is 7/, Since the diagonal after Kuznetsov is O (T 1+6A),

the largest we can take A to establish subconvexity is A = T/27% for some § > 0.
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Thus for the off-diagonal, what we need to prove is roughly (specializing expression (1.9)
to U =T,A =T"2, and retaining only the dominant phase)

1 2
i D D, S(minte) ( e ) e(Tlog(n/m)) < T*". (1.10)
T m,n~T3/2 c~T3/2 ¢

We split the n and m sums into residue classes modulo ¢ and apply Poisson summation
to each. The off-diagonal then equals

1 1
Fori O O 3 T(hbeI(kLe),

e~T3/2 kLEL

—kx— Ly
I(k,l,c) = // < +Tlog:v—Tlogy)w(TB/Z,Tsﬂ)d:cdy

for some smooth weight function w which restricts support to @ ~ T3/2,y ~ T3/2 and

T(kt,c) = Z Sab2 (W)

c

where

a,b mod ¢

We compute this arithmetic sum in §5 and roughly get T'(k,l,c) = ¢3/2 () e (SE£). The
integral is computed using stationary phase (see §4 and §8). We see that it is negligibly
small unless k,¢ ~ T', in which case we get roughly I(k,(,c) =T%e (%) (k/¢)'" (see Lemma
9.3 for the rigorous statement). Thus we need to show

2 2 (1) () ()=

k~T c~nT3/2

At this point we go beyond previous approaches to the second moment problem [14, 22] by
finding cancellation in the ¢ sum. We split the ¢ sum into arithmetic progresssions modulo
k¢ by quadratic reciprocity and apply Poisson summation, getting that the off-diagonal
equals

RGN CRCIVEE R

a mod k

This Poisson summation step may be viewed as the key new ingredient in our paper. It
leads to a simpler expression in two ways. First, an integration-by-parts argument shows
that the ¢ sum can be restricted to g ~ T, which is significantly shorter than the earlier
¢ sum of length 73/2. A more elaborate stationary-phase analysis of the integral shows
that the integral is essentially independent of k£ and ¢, which can be seen in rough form
by the substitution & — xkf¢ in expression (1.11). The reader will not actually find an
expression like (1.11) in the paper, because we execute Poisson summation in ¢ in the
language of Dirichlet series and functional equations. This allows us to more effectively
deal with some of the more delicate features of this step (see, e.g., Remark 11.5).
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Evaluating the arithmetic sum and using stationary phase to compute the integral in
expression (1.11), we get that the off-diagonal equals

A X e (L) (5) - 7R oW

k~T g~T

2

(e

k~T

(1.12)

Finally, applying Heath-Brown’s [12] large sieve for quadratic characters, we get that the
off-diagonal is O (T5/ 4+€), which is better than the required bound in expresion (1.10).
Now consider Theorem 1.3, which deals with the other extreme end of our problem,
where U is small. The treatment of this follows the same plan as just sketched for large
values of U, but the details are changed a bit, because the oscillatory factor in expression
(1.9) behaves differently. Consider the case U = 0 (the central point) and A = T*/5 which
is the best we can do in Theorem 1.3. In the end, instead of equation (1.12), one arrives
roughly at an expression of the form
(@
q

3 e(T1/2q1/4) 3 ) . (1.13)

q~T6/5 k~T?3/5

S

Again, Heath-Brown’s quadratic large sieve is the endgame, giving a bound of AT*¢ =
T6/5+¢ Tt is a curious difference that the ¢ sum in expression (1.13) is now actually
longer than the ¢ sum from which it arose via Poisson summation, in contrast to the
situation with U =T presented earlier. However, the gain is that the variables ¢ and &
become separated in the exponential-phase factor (indeed, k is completely removed from
the phase in expression (1.13)).

1.4. Notational conventions

Throughout, we will follow the epsilon convention, in which e always denotes an arbitrarily
small positive constant, but not necessarily the same one from one occurrence to another.
As usual, we will write e(z) = e2™* and e.(x) = e(z/c). For n a positive odd integer,
we let xn(m) = (%) denote the Jacobi symbol. If s is complex, an expression of the
form O(p~*) should be interpreted to mean O (p_Re(S)). This abuse of notation will only
be used on occasion with Euler products. We may also write O (p~™"(=%) in place of
O (pi min(Re(s),Re(u))).

Upper bounds in terms of the size of U are usually expressed, since U may be 0, in
terms of 1+ U. However, to save clutter, such upper bounds will be written in terms of
U only. This is justified at the start of §6.

2. Automorphic forms

2.1. Symmetric-square L-functions

Let u; be a Hecke-Maass cusp form for the modular group S L, (Z) with Laplace eigenvalue
1/ 4+t§ and nth Hecke eigenvalue \;j(n). It has an associated symmetric-square L-function

defined by L (sym?uj,s) = D1 Asymza, (M), With Agmew, (n) = 3,252, Aj (b?).
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Let I'p(s) = 7=%/?I'(s/2) and v (sym?u;,s) = I'r(s)I'r (s+2it;)[r (s—2it;). Then
L(Sym2uj7s) has an analytic continuation to C and satisfies the functional equation
7(sym2uj,s)L(sym2uj,s) = ’y(SmeUj71—S)L(SmeUj,l—S), where the notation
for ~v(f,s) agrees with [13, Chapter 5]. In particular, the analytic conductor of
L (sym?u;,1/2+1it) equals

(T4t (X + e +2t5]) (1+1]2t5; — ). (2.1)

2.2. The Kuznetsov formula

Let h(z) be an even, holomorphic function on [3(2)| < & +4, with decay |h(z)| < (14
|2])27°, for some & > 0. Let {u; : j > 1} denote an orthonormal basis of Maass cusp forms
of level ¢ with Laplace eigenvalue %—i—t? and Fourier expansion

)=y > pi(n) Ky, (2n|n]y)e(na),
n#0

where z = 2 +iy and Kj;, is the K-Bessel function. At each inequivalent cusp a of I'g(q),
let £, (-, % +it) be the associated Eisenstein series with Fourier expansion

E, (z,% —H't) = 5a:ooy%+” + ©q (% —l—it) y%_it —l—y% ZTa(n7t)Kit(27r|n\y)e(n:E),
n#0

where ¢q4(s) is meromorphic on C. These expansions may be found in [13, equations
(16.19) and (16.22)].

Lemma 2.1 (Kuznetsov’s formula[lS, Theorem 16.3]). For any n,m > 0, we have

> #3 g [_renmatm) S
(n, AVl
paln cosh ﬂ't 4 JTalm cosh(rt)

j>1

dt
= 5(n=m) [ h(t)ttanh(mt)— 2

s 3 S(”vmc)/z J <4ﬂ\£%,t> h(t)t tanh(rt)dt,

c

71'
c¢=0 mod ¢q

Joit(x) — 25 (x)
sinh(7rt)

where J(x,t) =

Later we will need to use the Kuznetsov formula for level 2¢. We will choose our
orthonormal basis to include the level 1 Hecke-Maass forms, for which we may write

h(t)) h(t;) p; (VI

cosh (7t ;) cosh (wt;)

pj(n)p;(m) =i (n)A;(m)

and note that ;¢ < CLPSJh((Ql y < 15 by [11, equation (30)] together with the fact that

L2-normalization in Iy (24) and FO( ) is the same up to a constant factor.
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3. The quadratic large sieve

We will have need of Heath-Brown’s large sieve inequality for quadratic characters:

Theorem 3.1 (Heath-Brown [12]). Set M,N > 1. Then

2

S w (B)] < M+ NOINE S o, (3.1)

m<M In<N n<N

where the sums are restricted to odd square-free integers.

We will need a corollary of Heath-Brown’s result, namely

> L2+ itoxm) P < (M + /M) ) (M(1+ 1)) (3.2)

m<M

This follows from an approximate functional equation and a simple observation that the
square parts of the inner and outer variables are harmless. Similarly, we obtain

> m AL 2 4 it P < (M2 (L)) (M) (33)

4. Oscillatory integrals

Throughout this paper we will make extensive use of estimates for oscillatory integrals.
We will largely rely on the results of [20] (built on [8]), which use the language of families
of inert functions. This language gives a concise way to track bounds on derivatives of
weight functions. It also has the pleasant property that, loosely speaking, the class of
inert functions is closed under application of the stationary-phase method (the precise
statement is in Lemma 4.3). We refer the reader to [20] for a more thorough discussion,
including examples of applying stationary phase using this language.
Let F be an index set and X = X7 : F — R>; be a function of T' € F.

Definition 4.1. A family {wr }rex of smooth functions supported on a product of dyadic

intervals in Rio is called X -inert if for each j = (j1,...,74) € Z%o we have
Cr(j1,---,jd) := sup sup X;jl*m*jd ) ~~x§dw§31""’“)(zl,...,xd) < 00.

Te‘}-(zla-“vxd)eRio
(4.1)

As an abuse, we might say that a single function is 1-inert (or simply inert), by which
we should mean that it is a member of a family of 1-inert functions.

Lemma 4.2 (Integration-by-parts bound [8]). Suppose that w =wr(t) is a family of X-
inert functions, with compact support on [Z,2Z], so that for all § =0,1,... we have the
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bound w9 (t) <« (Z/X)~7. Also suppose that ¢ is smooth and satisfies, for j = 2,3,...,
p (1) < % for some R>1 with Y/X > R and all t in the support of w. Let

0 .
I:/ w(t)e?® dt.

If |9/ ()] > % for all t in the support of w, then I <4 ZR™* for A arbitrarily large.

Lemma 4.3 (stationary phase [8, 20]). Suppose wr is X-inert in ti,...,tq, supported on
t1 <7 and t; < X; fori=2,...,d. Suppose that on the support of wr, ¢ = ¢ satisfies

oatazt-taq Y 1

————(t1,t0,...,t —_—— 4.2
gr g it ta) Kor o s 42

for all ay,...,aq € N with a; > 1. Suppose ¢ (t1,ta,...,tq) > % (here and later, ¢’ and ¢"
denote the derivative with respect to t1), for all t1,ts,... tq in the support of wr, and for
each ta,...,tq in the support of ¢ there exists to < Z such that ¢’ (to,ts,...,tq) =0. Suppose
that Y/X? > R for some R>1. Then

= / ez¢(t1,...7td)wT(t1, L atd)dtl — 7€l¢(t07t2’“.7td)WT(t2, o atd) +0a4 (ZR_A) 7 (43)
R VY

for some X-inert family of functions W, and where A >0 may be taken to be arbitrarily
large. The implied constant in equation (4.3) depends only on A and on Cx defined in
formula (4.1).

The fact that Wr is inert with respect to the same variables as wr (with the exception
of t1, of course) is highly convenient. In practice, we may often temporarily suppress
certain variables from the notation. This is justified, provided that the functions satisfy
the inertness condition in terms of these variables. We also remark that if d =1, then
Wr(ta,...,tq) is a constant.

The following remark will be helpful for using Lemma 4.3 in an iterative fashion. First
note that to is the unique function of #,,...,t4 which solves ¢'(¢1,...,tq) =0 when viewed
as an equation in ¢;. In other words, % is defined implicitly by ¢’ (to,...,tq) = 0. In practice
it might be an unwelcome task to explicitly solve for ¢y, and the following discussion will
aid in avoiding this issue. Let

D(ta,...,tq) = P(to,ta,. .- tq), (4.4)
so by the chain rule,
0 Oto 0 0
—®(ty,...,tq) = ¢' (to,to, ..., ta) =— + = (to,....t;) = =—d (to,...,t; 4.
8tj (27 ) d) ¢(0; 2 ) d)atj +6tj (07 7]) BtJ (07 7])7 ( 5)

and so on for higher derivatives. Hence the derivatives of ® have the same bounds as
those on ¢ (supposing uniformity with respect to the first variable ¢).
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As a simple yet useful consequence of this, if ¢ satisfies formula (4.2) (with Z replaced
by X1, say) as well as %gb(tl,...,td) > % > R>1 for j=1,2,...,k, uniformly for all
t1,...,tq in the support of wr, then ’

/ew(tl"”’td)wT(tl,...,td)dt1-~~dtk
Rk

KX eOMVoititr LDV (L tg) + O ( (4.6)

X1 Xp
Yk/2 ’

RA

where vo € R” is the solution to V¢(vo;tri1,..-,tq) =0, with the derivative being with
respect to the first k variables only (i.e., the first k entries of V¢ are zero). Here we
have trivially integrated each error term over any remaining variables of integration; the
arbitrarily large power of R savings nicely allows for this crude treatment of the error
terms.

The following is an Archimedean analogue of the well-known change-of-basis formula
from additive to multiplicative characters (compare with [13, equation (3.11)]):

Lemma 4.4. Suppose that wr is 1-inert, supported on x < X where X > 1. Then
e Twp(z) = X‘l/Q/ v(t)z"dt+0 (X1, (4.7
—t=<X

where v(t) = vx(t) is some smooth function satisfying v(t) < 1. Moreover, v(t) =
e toe(tl/V (t) for some 1-inert function W supported on —t < X.

Proof. Let f(z) =e “wr(z). By Mellin inversion,

f(@) = /(U)

Take 0 =0, so s = it. Lemma 4.2 implies that f(—it) is very small outside of the interval
—t=< X. For —t < X, Lemma 4.3 gives

F(—it) = X "1 2emitlos(tl/ Oy (1) 4 O (X ~200), (4.9)

(_K,S)xsds, where f(—s):/ e‘”x_sz(x)d—x. (4.8)
2mi 0 T

where W is a l-inert function supported on —t < X. O

For later use, we record some simple consequences of the previous lemmas.

Lemma 4.5. Let v(t) = e~/ W (1) for some 1-inert function W supported on —t =<
X with X > 1. Let y(s) = n~*/?T' (535) for k € {0,1}. Let D(s) =Y o janyn™° be a
Dirichlet series absolutely convergent for Re(s) =0 with maxyecr|D(it)] < A for some
A>0. Let c1,c9,c3 be some real numbers (which may vary with X) with 0 <c¢; < 1 and
lea] X3 4 |cs] < X170 for some 6 > 0. For any Y >0, we have

)
X_1/2/ v(t)e—clitlog|t|+c2it3YitD(it)dt <ypal (4_10)
—o0
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and

° ; ; 1/2—14(t ;
X*I/Q/ o(tyeerittostebrenit W2 HEH o)) yrinpy gy . (4.11)
—oo V(1/2+i(t+e3)) ’

The bounds depend only on v and A.

Proof. Expanding out the Dirichlet series, and exchanging summation and integration,
it suffices to prove the result with D(s) = 1. We first consider formula (4.10), which is an
oscillatory integral with phase

d(t) = —(1+c1)tlog |t| +tlog(eY) + ot

Note that the leading phase points in the direction —tlog|t|. For |t| < X we have
¢'(t) = —(1+c1)log|t| +log(Y) —c1 + O (X °). Lemma 4.2 shows that the left-hand
side of formula (4.10) is very small unless logY = (14 ¢1)log X + O(1), for a sufficiently
large implied constant. On the other hand, if logY = (14 ¢1)log X + O(1), then ¢'(t) =
—(1+c1)log(|t]/X) — (14 ¢1)]log X +1og(Y) 4+ O(1) = O(1). We may then use Lemma 4.3
to show the claimed bound (4.10).

For the second bound (4.11), we first observe that by Stirling’s formula we have

V(1/2—i(t+c3))
v(1/2+1i(t+c3))
for some 1-inert function W and some ¢ € R. With the phase of this gamma ratio pointing

in the same direction as —tlog|t|, we can repeat the same argument as before to show
square-root cancellation. O

— W(t)e—i(t-l-cS)log\t—f—c'g\-i-cit +0 (X—QOO)

We end this section with some heuristic motivation for the bound in formula (4.11),
and how it is related to expression (1.11) from the sketch. Let w be a fixed inert function,
C>1, and P:= A/C > 1. By Poisson summation, we have

s;=§e<—f> w(c/C) :;/_o;e<—?—qt) w(t/C)dt. (4.12)

Integration by parts and stationary phase tells us that the sum is essentially supported on
q= %, in which case the integral is bounded by %. An alternative (and admittedly more

roundabout!) way to accomplish this same goal is to use Lemma 4.4 with « = QW% and
the functional equation of the Riemann zeta function (shifting contours appropriately).
The dual sum will have a test function of the form on the left-hand side of formula (4.11)
(with ¢3 =0, in fact), and the bound in formula (4.11) is consistent with the simpler
Fourier analysis just presented. The reader may wonder, then, why we have proceeded
in this more complicated fashion if the Fourier approach is simpler. The answer is that
the actual sums we encounter in this paper are arithmetically much more intricate than
the simplified one presented in formula (4.12). The Mellin-transform approach is better
suited to handling the more complicated arithmetical features that are present in our
problem, so on the whole, taking into account both the analytic and arithmetic aspects
of the problem, it is simpler.
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5. Character sum evaluations

We need the following elementary character sum calculations. Define the Gauss sum
a
G (f) = (az?). 5.1
p (z;i )e (ax?) (5.1)

We need to evaluate G(a/c). It is well known (see, e.g., [13, equations (3.22) and (3.38)])
that

ORI O LGRS b b =

provided (2a,c) = 1. The case with ¢ even is treated as follows. Let § € {0,1} indicate the
parity of the highest power of 2 dividing ¢, as follows: If 2V2||c then let

0 =vy (mod 2). (5.3)

From the context, this should not be confused with usages where § is a small positive
constant or the §(P) function, which equals 1 when a statement P is true and 0 otherwise.

Lemma 5.1. Suppose c =2%c, with k > 2, ¢, odd, and § is as in equation (5.3). Suppose
also (a,c) =1. Then

6 (%) = ((125) {1-1—64((100), §=0, 5.0

c Co 212¢5(ac,), 6=1.

Proof. First we note that if ¢ = c¢yco with (¢q,¢2) =1, then

() -o(=)e(s)

Suppose that ¢ = 2% with k > 2. Let j be an integer so that 2j > k, and write z = u+2/v
with « running modulo 2/ and v running modulo 2¥=7. Then

G (;ik) = Z eqr (au?) Z egr—j—1(auv). (5.6)

u(mod 27) v(mod 2+k—7)

The inner sum over v vanishes unless u =0 (mod 2*~7~1), so we change variables u =
2k=i=1pr with r now running modulo 2% ~k+1 This gives

G (%) = Z eg2i—rta (ar?). (5.7)

r(mod 22i—k+1)

In the case that k is even, we make the choice j = k/2, giving

G (i> —9k/2 Z es (ar?) = 2£/2(1 4 e4(a)). (5.8)

2k
r(mod 2)
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If £ is odd, we take j = k42-17 giving now

G (%) =o' Z egs (ar?) = 2%68(0,). (5.9)

r(mod 22)

Assembling these facts and using equation (5.2) completes the proof. O

Lemma 5.2. Let x be a Dirichlet character modulo g, and suppose d | q and (a,d) = 1.
Let

Sy (a,d,q) = Z x(n). (5.10)
n(mod q)
n=a(mod d)

Suppose that x is induced by the primitive character x* modulo ¢*, and write x = x*xo

where X s trivial modulo qo, with (go,q*) =1. Then Sy (a,d,q) =0 unless ¢* | d, in which
case

Sx(aadaq) =

x“(a) I (1;>- (5.11)

plgo

ptd

ISHES

Proof. Suppose ¢ = q1g2 with (¢1,92) = 1 and correspondingly factor d = dy1ds and
X = xix2 with x; modulo ¢;. The Chinese remainder theorem gives S, (a,d,q) =
Sy, (a,d1,q1)Sy, (a,d2,q2). Writing d = d*dy where d* | ¢* and do | o, we apply this with
=9 ¢2=q0, X1 = X", X2 = X0, d1 =d*, and dy = dyp. By the multiplicativity of the
right-hand side of equation (5.11), it suffices to prove it for x* and xo.

By [13, equation (3.9)], Sy-(a,d*,¢*) =0 unless ¢* | d*, in which case it is given by
equation (5.11), so this case is done.

For the xo part, we simply use Mobius inversion, giving

Svo(ado,go) => p@) > 1 (5.12)

£lqo n(mod qo/¢)
¢n=a(mod do)

Since (a,dp) =1 by assumption, this means that we may assume (¢,dg) =1, and then n
is uniquely determined modulo dy, which divides go/¢, giving

_ % u(l)  qo 1
Sxo(a,do,qo)—% ; T4 | <1p . (5.13)
(6.do)=1 pido
O

For a,b,c € Z with ¢ > 1, define

T(a,b;c) = Z S (2%,y%;¢) ec(2zy + azx + by). (5.14)

z,y(mod c)
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For ¢, odd, write its prime factorization as c, = Hp p [ ‘ ¢%¢, where each a, is odd and
each by is even. Let ¢* = ][ p and ¢g=]], ¢. Then ¢* is the conductor of the Jacobi

symbol (Z) .

Lemma 5.3. Set a,b,c € Z, with ¢ > 1. Suppose c = 2c, with j >4 and c, odd, with §
defined as in equation (5.3). Define o’ = b = bbc). Then T(a,b;c) =0 unless 4 | (a,b)
and (a,c) = (b,c), in which case

T(a,b;c) = (a,22i5)c3/260(—ab/4)( C’b’)gé(a V.co)o (c | . CO)> I a-»,

plen, Pl

(a,c)’

(5.15)

where gs is some function depending on a’,b,c, modulo 2°%° that additionally depends on

((a 27),22+5> In particular, we have T(0,b;c) < ¢®/25(c* =1)d(c|b).

Proof. We have

T(a,b;c) = Z Z €c (t(x+fy)2+ax+by>. (5.16)

t(mod ¢) z,y(mod c)

Changing variables x — x — ty and evaluating the resulting y sum by orthogonality, we

deduce
T(a,b;c) =c¢ Z Z o (tz* +ax). (5.17)

t(mod ¢) z(mod c)
bt=a(mod c)

The congruence in the sum implies that T'(a,b;c) = 0 unless (a,c¢) = (b,¢), a condition that
we henceforth assume. Changing variables x — x +¢/2 also shows that T'(a,b;c) = 0 unless
2 | a, so we assume this condition also.

Write ¢ uniquely as ¢ = cica, where ¢ | ¢?, o | c1, and ¢ /cy is square-free (another way
to see this factorization is by writing ¢ uniquely as AB? with A square-free; then ¢; = AB
and cy = B). Observe that 22 | ¢y from 24| c. Let x = 1 +c112, and let Q(x) = ta® +ax.

Note that
Qa1 +erz) = Q) + Q' (w)enma + T el = Q(an) + Q' (w1)erws (mod c). (5.18)
Thus
Yooe@@)= Y e@@)) D en(@(x1)rs)
z(mod c) 21 (mod c¢1) z2(mod c2)
= ¢y > ec(Q(x1)). (5.19)
z1(mod ¢1)
Q' (z1)=0(mod c2)
In our case, Q'(x1) = 2txy + a, so the congruence means 221 = —ta (mod c3). Since 2 | a
and 2| ¢y, this is equivalent to x; = —1§ (mod c/2). Writing 21 = —1§ + %v, with v

https://doi.org/10.1017/51474748021000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000566

Moments and Hybrid Subconvexity for Symmetric-Square L-Functions 2043

running modulo 2%, we obtain

'1)2
S Q@) = caee (—Ta2/1) Y e<4§1/c2> (5.20)

z(mod c) v(mod 2%)

While the exponential in the inner sum has modulus 4¢; /cg, the sum is only over 0 <
v <2(c1/c2) — 1. However, observe that the exponential has the same values at 1 < —v <
2(c1/c2), so that the inner sum is half of a Gauss sum. Thus

T(a,b;c) = 0%2 Z* ec (—ta®/4) G( t ) . (5.21)

4er/c
t(mod c) 1/ 2
bt=a(mod c)

By Lemma 5.1, we deduce

T'(a,b;c) = 03/2600 Z* €c (_%a2/4) (t26) {1 Sy (5.22)

t(mod c) Co 21/268 (tco)a 0=1
bt=a(mod c)

This formulation contains a few additional observations. We have used the fact that the
Jacobi symbol m agrees with é for ¢ coprime to ¢, where n, is the odd part of
an integer n. We have also used the fact that (¢1/¢2), and ¢, have the same values modulo
8. Thus we can replace €(, /c,) , €a(t(c1/c2)o), and es(t(c1/c2),) With €, ea(tc,), and
es(tc,), respectively. These observations can easily be checked by using multiplicativity
to reduce to the case when c is a power of an odd prime. If ¢ = p!, then ¢; /¢y = 1 when [
is even and ¢ /ce = p when [ is odd.
a

Next we turn to the ¢ sum in equation (5.22). Suppose first that 2||a. Let o’ = ooy and

b = (Tbc) The congruence bt = a (mod c¢) uniquely determines ¢ modulo ¢/(a,c), since it
is equivalent to t =b'a’ (mod c¢/(a,c)). Now in the ¢ sum, one can pair up ¢ with £ +c/2
and observe that the corresponding values of the exponential e, (—fa2 /4) will cancel

out, since e, (—(c/2)a?/4) = —1. Also, the values of (é) = (g), ea(tco) = eq (Tco), and
es(tc,) = es (fc,) remain the same under ¢ — £+ ¢/2, since by assumption 2* | c. Therefore,
T(a,b,c) vanishes unless 4 | a (and hence 4 | b), which we now assume to be the case. This
allows the convenient simplification e (—ta?/4) = e.(—ab/4).

Breaking up the ¢ sum into congruence classes modulo 2219, to uniquely determine
e92+5 (tc,), we obtain

" 14 e4(vey,) * 29
T(abic) = e ec(—abj/4) Y {21/2 > (C> . (5.23)
v(mod 22+9) €s (’UCO) t(mod c) ©
t=b'a’ (mod ch))
t=v(mod 2%279)

For the congruence t = b’a’ (mod ﬁ) to be consistent with ¢t = v (mod 22%9), it is

(a,e)?

necessary and sufficient that v = b’a’ (mod ( = 22+5)).
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Recall that ¢ = 2/¢,, where j > 4. Factoring the moduli in the sum, we have

5 (;) _ S C) ST (5.24)
t(mod c) ° t(mod c,) ° t(mod 27) v

t=b'a’ (mod ) t=b’a’ (mod wsy) t=b'a’ (mod
t=v(mod 2%1?)

2J
w27
t=v(mod 227?)

The sum modulo 27, by the Chinese remainder theorem and the fact that the condition
(t,2) =1 is automatic because (v,2) = 1, equals

. 2J ( ’22-1—6)
2/ _ (a,27) = (a,277279),

j 21 924§
|:(a,22j) 722%} (a,27) 2

provided of course that v = b'a’ (mod ((az;), )) Therefore, we have that T'(a,b;c)

equals

) o * 14 e4(vey) % 29
e, ec(—ab/4) (a,297279) Z {21/2@:(1)00)} Z | (C())

v(mod 2219) t(mod c,

v=Fa’ (mod <( 27))22+5)) t=b'a’(mod ;%)
(5.25)
By Lemma 5.2, with ¢ =¢,, d = W a=bd, ¢ =c*, and gy = ¢, we have
* t a't’ 1 Co .
S (o ()er) o o
__t(mod c,) pleg
t=b’a’ (mod (afzo)) p*(a co)

Inserting equation (5.26) into expression (5.25) and simplifying a bit using
(a,¢0) (2,27727%) = (a,55%5 ), we deduce that T'(a,b;c) equals

22+
a't'2? _ * 14 eq(vey)
e, ec(—ab/4) (a, 755) ( - ) H (1—p~") Z {21/268(%0)
pleg v(mod 2217) °
M(a co) véva/(mod (( 2]),22+5))
(5.27)

times the delta function that ¢* divides (acg 5 The inner sum over v is a function of

22"’5) In addition, (?) is a

a'\b,c, modulo 221 that additionally depends on ((a 57>

function of ¢, modulo 2219.
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6. Start of proof

Set 0 <U < (2—0)T. By an approximate functional equation, dyadic decomposition of
unity, and Cauchy’s inequality, we have

Z )\jn(;’] )’LUN (n)

n

TE
M= L (sym®u;,1/2+4U) P < max  —
T<tjz<:T+A 7 1<« N<Nmax N T<tjz<:T+A

)

(6.1)

where wy (x) is supported on z < N and satisfies w(])( ) <; N77 and Nyax = (U +
1)Y/2T+¢. To save some clutter in the notation, we want to simply write U instead of
U +1 in all estimates involving U. The reader may accept this as a convention or, when
0<U <1, we can write n="Vwy(n) = n~U+Dniwy(n) and absorb n' into wy(n) by
redefining the weight function. Thus we can henceforth assume that U > 1.

Next we insert a weight

h(t) = t?f {exp <(tA?2> +exp <<HA?2>} , 6.2)

write A; (n?) = p; (n?) /p;(1), and overextend (by positivity) the spectral sum to an
orthonormal basis of all cusp forms of level 2% embedding the level 1 forms. This
embedding trick, introduced for the purpose of simplifying the 2-part of the exponential
sum in Lemma 5.3, is motivated from [4, p. 4]. We also form the obvious Eisenstein series
variant on the sum. This leads to the following inequality (see the remarks following
Lemma 2.1):

pj (n?)

il WN (n)

M«  max T— Z h(t;)

1< N<Nmax N cosh (7t;)

u; level 24

1 o h(t) Tait (ng)
4r — dt | . 6.3
Jrzu: 4w /;oo cosh(7t) Z iU wy (n) (6.3)
Opening the square and applying the Kuznetsov formula, we obtain
M<AT™ e+ max  T[S(H)|, (6.4)
1<« N <K Nimax
where
. m n € drmn
S= N o ; cmiUn—iU wN(m)wN(n)H< - ), (6.5)

H(x)= z'/oo J(x,t)ttanh(mt)h(t)dt, (6.6)

— 00

and J(z,t) is as defined in Lemma 2.1.
By [17, equation (3.10)], we get H(z) < S22 for x < 1. Using this with z = 4mmn/c,
we can truncate ¢ at some large power of T, say ¢ < 7190, with an acceptable error term.
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Using [10, section 8.411 equation 11] and the fact that the integrand in equation (6.6) is
an even function of ¢, one can derive as in [17, eqaution (3.13)] that H(x)
where

oo

x :%Rewo'(x)ﬁ,
Ho(e) — /°° /°° -

e ™t tanh(rt)h(t)dtdv
The inner ¢-integral is

(6.7)
/_O; e~ 2!t tanh(rt) t2T+2 i <eXp (— ( _A?)Q ) +exp (_ ! 25)2 ) ) at

_ AT( _2“)T+€2iUT)g(A’U), (68)
where g(y) = ga,r(y) behaves like a fixed (even) Schwartz-class function; namely, it
satisfies the derivative bounds g\ (y) <, a (1+ |y|)~4, for any j, A € Z>(. Hence

Hy(z) = 2AT/OO

ei:r coshv672ing(A,U)
—00

—0o0

(6.9)
From this, we can write the real part of Hy(z) as a linear combination of Hy (x), where
H:t (:c) = AT/ /

+ix coshv—2ivT (A’U)d'U:ATeiix/

:i:zz(cosh'ufl)fm’ng(Av)d,U
Then formula (6.4) becomes

(6.10)
M < AT e

max

T°|S(Hy)l.
1<<N<§Nmax | ( i)‘

(6.11)
It suffices to bound S (H, ), as the argument for S(H_) is similar. For convenience, let
us write this as Hy (z) = i

ATe™ K (), where

o0
K+ (ZL') _ / eia:(coshvfl)fmng(Av) (612)
—00
Finally, we apply a dyadic partition of unity to the ¢ sum. To summarize, we have
shown

SO

(m2,n%c) ec(2mn)
C ¢=0(mod 24)m,n

4mmn _100
iU iU w(m,n,c)K+< ) +0O(T~),
w(z1,T2,23)

(6.13)
where the first sum is a sum over integers C equal to 2//2 for 0 < j < 300logT and
wy,c(x1,22,23) is 1-inert and supported on 21 <z < N and ¢ < C
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We may approximate H, (z) quite well by truncating the integral at [v| < A='T¢, and
then use an integration-by-parts argument to see that H, (z) is very small unless

x> AT E. (6.14)

For more details of an alternative approach, see [17, pp. 76-77]. In our situation, where
r = %2, we conclude that we may assume

N2 UrT
Tl «Te I 1
C T o < T 1 (6.15)

For our purposes it is inconvenient to develop the v-integral further at this early stage.
However, we do record the following slight refinement that is useful for large values of x:

Lemma 6.1. Suppose that
I (6.16)

Then

K, (CE) _ / eiw(cosh(v)—1)—2iTvg(Av)n(v)dv +0 ((:CT)_IOO) 7 (6.17)
|v|<z—1/2T=

where 1 is supported on |v| < x=V/2T= and satisfies property (4.1) for a 1-inert function.

Proof. This follows from the integration-by-parts lemma 4.2. O

7. Double Poisson summation

Next we apply Poisson summation to the m and n sums in equation (6.13), giving

ATZ v S EERED 1 ey o (1), (7.1)

C ¢=0(mod 24) k,£

where
I(k,t,c) = / / e UyUe, (kax —ty) K, ( 7rcxy> w(z,y,c)dzdy. (7.2)
o Jo
By Lemma 5.3, T'(—k,¢;¢) = 0 unless (k,c) = (¢,c) and 4 | (k,£), in which case
T(—k,l,c)
=32 (k27270 k()4 i K0 e)d (e | =22 1—p !
=cC ( ) C)ec( / ) = gé( ) aco) c | (I{/’,CO) HC ( —-Pp )7
pleo, Pt sy
(7.3)
where k' = (kkc), = ﬁ, 0 was defined in equation (5.3), and other notation is carried

over from Lemma 5.3 (here the function gs has the same properties as the one appearing
in Lemma 5.3, but may not agree with it).
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Write
c=2%c,,  k=2k, =274, (7.4)

with (koloCo,2) = 1. The condition (k,c) = (¢,¢) now becomes min(A,v) = min(A,v), and
(ko,co) = (£o,¢o). The condition 4 | (k,£) now means v,y > 2. We also write

Co = qriTs, (7.5)
where ¢ is square-free, r1 | ¢°°, and (g,r2) = 1. With this notation, ¢* = ¢ and ¢ shares the
same prime factors as 5. Note that (kfzo) = (chjrf) (k:%g) Thus the condition ¢* | (ku0>
means ¢ | (koqu?)’ which is equivalent to (ko,qr?) | r7. Then

SUBED 3 - DECE AL BD DED DD
c vy>2, A>4 (rir2,2)=1q:71]q%®°  (kolo,2)=1

min(A, v)=min(X,7) (q,272)=1 (ko,c0)=({0,Co)
(kosar?)Irt

H (1—p™") (kc/f/) (KoyCo)ec(kl/4)gs (K, co)I(k,l,c)+ O (T7'), (7.6)

-2
;U|T27PJ((IVTZ%)

where in places to simplify the notation we have not displayed the substituted values,
such as ¢, = qrirs. We remark that the statement that gs(k’,¢’,c,) depends additionally

on <(a‘?c)722+5) means it depends on (2’\*‘“1“()"”),22”). In particular, g; depends

additionally on A,v, but only lightly, in the sense that it falls into the four following
cases:

i) A<y, i) A=v+1, i) A=v+2, iv) A\>v+3. (7.7

Next we want to give a variable name to (ko,c,), etc. We have (ko,co) = (ko,qr}) (Ko,73),
and similarly (¢,,c,) = (lo,qr?) (ko,73). Let

(ko,qrf) = (éo,qrf) =¢g; and (k;o,rg) = (Eo,rg) =gs. (7.8)
Here g; runs over divisors of 7% and go runs over divisors of r3. Let

ko= g1g2kl, and £, = g1g2l., (7.9)

070 gg

where (k‘é@ﬁ,,q;—i) =1and (k:’ l ﬁ) = 1. In our context, the presence of the Jacobi symbol

19t 2
(%) means that we may automatically assume (k. ¢/ q) =1, which implies (kg@g,q;—i) =

1. Note that &' = k/ 2v~ (") and ¢/ = ¢/ 29~mn(%A) 'We also apply quadratic reciprocity,
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1 gt

giving (%) = (ﬁ) times a function depending on k.,£/ ¢’ modulo 8 (which alters

only the definition of g). Making these substitutions, we obtain

SH)=Y s Y @) Y Y [ (0

¢ v,7>2,A>4 (T1T2,2):1gl‘r2 r%
min(A,v)=min(\,~) 92‘T§ plra, P*E

Z* > (k,qg,> ec(kl/0)gx,v.6 (kb 00, q) I(K,,c) +O (T~17),
arile™ - (kLe,,2)=1 oto
(g,2r2)=1 (

2
k;e’o,%>:1

(7.10)
where gy, ,,~,5 is some new function modulo 8.

Finally, we decompose ¢ into Dirichlet characters modulo 8 and break up the sum
according to the four cases in formula (7.7), leading to a formula of the form

SHOI<  max [S,(Hy)) (7.11)
cases in (7.7)
where
Sy (Hy) = AT 2v, 227270 1-p~!
WHO) =D vmm 2 (@ ) X e [ (-p7)
C v,y>2,A>4 (rir2,2)=1g,|r? I fﬁ
min(\,v)=min(}A,7) galr2 PIT2, PTg5

one of (7.7) holds

Y ) m) (que/ ) o (/)T (k,b,c) + O (T19%)
arila™  (kle,,2)=1 o
(g,2r2)=1 (k/[/ ﬁ)*l

070’ go

(7.12)

8. The behavior of I(k,/,c)

The purpose of this section is to develop the analytic properties of I(k,¢,c). We begin
with a few reduction steps. Inserting equation (6.12) into equation (7.2), we have

I(k,l,c) :/ g(Av)e*Qi”T/ / = Vye (kx — by + 2zy(coshv — 1))w(x,y,c)drdydv.
o Jo

—0o0

(8.1)
Let A,B >0, ¢ >0 be real numbers and N and U as before, and consider the integral
I(A7Ba U,G,N) = / ei(ﬁ(x’y)w]\/'(xvyv')dxdya (82)

R2

where wy is 1-inert, supported on x <y < N with N > 1, and

¢(x,y) = —Ulogx +Ulogy+ Az — By + exy. (8.3)
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In our case,

2 2 sho — 1
A= Lk, B= ﬂ, e=¢(v) = 471-%7 (8.4)
C C C
and then
I(k,l,c) = / g(Av)e 2T [(A B,U,e(v),N)dv. (8.5)

Note that in our study of I(A4,B,U,e,N), we may assume throughout that ¢ > 0, because
e(v) =0 if and only if v =0, a set of measure 0 for the v-integral of I(k,/,c).

Moreover, we may wish to assume that wy(z,y) = wy(z,y,-) depends on some
unspecified finite list of additional variables that are held suppressed in the notation.
In this situation we will assume that wy is 1-inert in terms of all the variables, not just
z and .

Lemma 8.1. Suppose that eN? = o(U), with U — co.
1. Then I(A,B,U,e,N) <c NU~C with C >0 arbitrarily large, unless

U
AxBx—. 8.6
v (5.
2. In the range (8.6), we have
N? .
= 7ez<25(I(J,yo)VV(,)_i_O(]\72(]—0)7 (87)

where (xo,y0) is the unique solution to Vo(xg,yo) =0 and W is 1-inert in terms of
any suppressed variables on which wy may depend.

3. Supposing formula (8.6) holds, ¢(xo,yo) has the asymptotic expansion

J 1425 3+2J
$(zo,y0) = Ulog(A/B)+Y _c;U (jgg) +0 (U (fg) > , (8.8)
j=0

for some absolute constants c;.

Note that formula (8.6) implies <% < d[\][z =o0(1), so that equation (8.8) is an asymptotic
expansion. We also remark that the assumption eN? = o(U) means that the dominant
part of ¢ comes from —Ulogx + Ulogy, and exy is a smaller perturbation.

Proof. The integration-by-parts lemma (Lemma 4.2) shows that the integral is small
unless formula (8.6) holds. Assuming it does hold, Lemma 4.3 may be iteratively applied
(using the remarks following Lemma 4.3), which gives the form (8.7), with a Il-inert
function W.

It only remains to derive the Taylor expansion for ¢(xg,y9). We have

o(Uz/A,Uy/B) =Ulog(A/B)+U®(z,y), (8.9)

where
eU

= =olL). (8.10)

O(z,y) = —logx+logy+x—y+dzy and o=
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By a simple calculation, we have V®(zq,y0) = 0 if and only if xg = 1 — dzoyo and yo =
1+ dzoyo. Thus

To+1yo=2 and yo—xg=20x0yo. (8.11)

Letting ro = zoyo, we see that it satisfies the relation ro = (1 —drg)(1+drg) = 1 — 6.
Solving this explicitly, we see that r( is an even function of §, analytic for |§| < 1/2. Note
that ro=1—624+0 (64). Then we have

O (20,90) = log(yo/x0) + 20 — Yo + dxoyo = log <1 jg:g) —0rg, (8.12)
which is an odd function of §, with power series expansion of the form ®(zg,y0) =0 —
%(53 + . Translating back to the original notation gives equation (8.8). O
Lemma 8.2. Suppose that 6%2 =o(1).

1. Then I(A,B,U,e,N) <c N~C with C > 0 arbitrarily large, unless
|A| < |B|=<eN, A<0, B>0. (8.13)

2. Assuming formula (8.13), then
1 .
I == ?@ovw () 4+ 0 (N?UY), (8.14)
€
where (xg,yo) is the unique solution to V(xo,yo) =0 and W is 1-inert in terms of

any suppressed variables on which wy may depend.

3. Finally, ¢(zo,y0) has the following Taylor expansion:

J

AB Ue \¥ Ue \*'*? —A
§=0

with certain absolute constants c;.

The condition U = o(eN?) means that the dominant phase in ¢ is exy, and the phase
—Ulogx+ Ulogy is a perturbation.

Proof. Considering the z-integral, Lemma 4.2 shows that I < N~ unless

‘ ALy
eN N
Since 1 <« % < 1 (with certain absolute implied constants), this means that |A[ < |e|N,
with A having the opposite sign of € (i.e., A <0). Similarly, considering the y-integral
shows that I is small unless |B| < eN, with B having the same sign as € (i.e., B > 0).
Next we wish to apply Lemma 4.3 to I. There is a minor technical issue from the fact
that the second derivative with respect to = (or y) of exy vanishes, even though this
should be viewed as the dominant phase. This issue may be circumvented by a simple
change of variable to diagonalize this quadratic form. Precisely, if we let * =u+v and

< — =o(1). (8.16)
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y =u—v, then
o(u,v) == d(u+v,u—v) = eu® + au—ev? + Bv + Ulog <u;v> , (8.17)
u+wv

for certain a, whose values are immaterial. Then a simple calculation gives

0° -1 1
—o(u,v) =2e+U =2 (1+0 (e *N2U ) 8.18
8u24p(uv) €+ ((u—v)2+(u—|—v)2> 6( + (6 )) > |e| ( )
A similar calculation shows ’aa—;go(u,v)’ > |e|. Once we know that stationary phase can

be applied after this linear change of variables, we can then revert back to the original
variables z,y, giving

1 .
I = =@l +0 (N9, (8.19)

€

where Vo(x0,y0) = 0. We have

—AB —-A
o(Bufe, - Ay/e) = “2B&(z,y) + Ulog (B) | (8.20)
€
where
Ue U
O(z,y) =axy—x—y+dlog(y/x) and §= BN o(1). (8.21)
A simple calculation shows V®(xg,y0) = 0 if and only if
) )
Yo Zo

Solving these explicitly, we obtain

12641146

1420+ V14462

2
Zo 5 Yo 5 (8.23)
and thus
14++/1+462 1426 ++v1+462 > .
D(x0,50) = S —dlog TIOEVIT = chch, (8.24)
2 1—264v1+402 =
which is analytic in ¢ for |0] < 1/2, and also even with respect to ¢. O

Remark. Lemmas 8.1 and 8.2 have some close similarities. In both cases, the stationary-
phase method may be applied, and the stationary point can be explicitly found by solving
a quadratic equation. In each case, only one of the two roots is relevant, and the other
is outside the support of the test function. We expect, but did not confirm rigorously,
that when U < eN2, which is a range that is not needed in this paper, then both roots of
the quadratic equation are relevant. This situation is more complicated because the two
roots may approach each other, in which case a cubic Taylor approximation to the phase
function is more applicable (as with the Airy function, for instance).
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9. Cleaning up some terms

In this section we take the opportunity to deal with some ranges of parameters for which
relatively easy methods suffice. This will simplify our exposition for the more difficult
cases.

With the aid of the analysis from §8 we can now treat some ranges of c.

Lemma 9.1. The contribution to S(Hy) from C < ]}’—;TE is bounded by AT1*¢.

Proof. Let S be the contribution to S (Hy) from C <« %TE. Since x < %2, the assumed
upper bound on C means x> T27¢, so that the conditions to apply Lemma 6.1 are in
effect. Applying equation (6.17) to equation (7.2), we deduce

I(k,l,c) = / e 2T g(Av)n(v)I(A,B,U,e(v),N)dv+O (T~), (9.1)
|'u|<<x_1/2T5

with parameters as given in equation (8.4). Under the present assumptions, we have
€K % < % = TN—f Therefore, in the notation of equation (8.4), we have eN? < T2,

First consider the case where U > T3°. In this case, eN? = 0o(U), and so Lemma 8.1
implies that I(A,B,U,e,N) < U"'N? and is very small unless A < B < % Translating
notation, we may assume |k| =< |[¢| < %, and in particular k and £ are nonzero. Integrating
trivially over v, we deduce

NC/2TE kN 1 [N 1
I(k,2, 1 1+ —— . 9.2
(o< S (148 (1 ) (9.2
Inserting this bound into equation (7.10), we obtain
ATT* v oA—2-6
Sl< =& > (27,2 )
v, y>2,A>4

min(A\,v)=min(X,~)

Ko N\ 100 oo A\ 100
S X San ¥ (SRR (1 BN
ki, €, #071,72 g, |12 ¢°°=0(mod r1)

2 ~__C
g2|r I=3x,2,2
| 2 2 {75

(9.3)

Estimating the sum trivially, and simplifying using C' < %Ta and N < Npax <
U271+ we deduce
AT C?*U AUN? U?
— T¢ T° < AT—T*¢ A4
S| < N N < T3 < 7215 (9.4)
which is acceptable, since U < T

Next we indicate the changes needed to handle the case U < T3¢. Irétegration by parts
(Lemma 4.2) shows that I(A,B,U,¢,N) is very small unless A, B < TTS, or equivalently,

k|, |4 <« Cp3e, Using C' <« N—QQTE and N < Npax < T113¢ this means that we only need
N T
to consider k= £ = 0. A trivial bound implies 1(0,0,c) < NC/2T=.
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Using the final sentence of Lemma 5.3, we see that the contribution to S from k=/¢=0
is bounded by
AT NCY2T¢
NC3/2 U

AT AN
C< 7T501/2 << AT e, (9.5)

TzXCl/Q
In light of Lemma 9.1, for the rest of the paper we can assume that
N2
C> —T°. (9.6)

T2

Lemma 9.2. Suppose formula (9.6) holds, and let

TC
Then with © = 4”% = %2, we have
K (x)= / y eim(COSh(”)_l)_QiT“g(Av)n(v)dv—|—O ((xT)_wO), (9.8)
v=XVo

where 1 is a 1-inert function supported on v < Vj.

Before proving the lemma, we record a simple consequence of it which follows from
inserting equation (9.8) into equation (7.2) (valid under the assumption (9.6), which is
in effect):

(ko) = / (€)= )=2T o Ay () T(A, B,U,e(v),N)do+ O (T~%).  (9.9)
’UXV()

Proof. In the definition of Ky (x) given by equation (6.12), we first apply a smooth
dyadic partition of unity to the region 100V, < |v| < A™1T¢ = o(1). Consider a piece of
this partition, with, say, Z < |v| < 2Z. We may apply Lemma 4.2 with both Y and R
taking the value 272 (and z = %2) Note that xZ2 > % > T*¢, so any such dyadic
piece is very small.

Next we consider the portion of the integral with |v] < (%&. The version of the
integration-by-parts bound stated in Lemma 4.2 is a simplified variant of [8, Lemma
8.1] (localized to a dyadic interval, etc.) which does not directly apply. However, the
more general [8, Lemma 8.1] can be used to show that this portion of the integral is also
small. The statement of [8, Lemma 8.1] contains a list of parameters (X,U,R,Y,Q) — not
to be confused with the notation from this paper — which in our present context take
the values (1,VO,T7N2/C,1). It suffices to use [8, Lemma 8.1] to show that the integral is

very small, provided % — o0 and RU — oo. Here QR/\/}7 takes the form % > Te/2,

and RU = VT > T*°, using the assumption (9.6). The remaining part of the integral is
displayed in equation (9.8). O
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Lemma 9.3. Suppose that the conditions of Theorem 1.1 hold, along with formula (6.15).

Then
N 1/2 iU 2mi T2
I(k,t,c) = ¢ <k> exp <—7”M> W(-) 40 (T, (9.10)

U 14 U2c
where W is 1-inert (in k, £, and ¢, as well as all suppressed variables), and supported on

CcU
E=f=—. A1
- (9.11)
Proof. We begin by making some simple deductions from the conditions of Theorem 1.1.
First we note that formula (1.2) directly implies UA > T1'*9. Since formula (6.15) holds,

we additionally deduce

C< UI{ZQ T, (9.12)
for some ¢ > 0. Another consequence of formula (1.2) is that
3
Tans T (9.13)
From the fact that U < T, we also deduce that (for some § > 0)
A T3S, (9.14)

Now we pick up with equation (9.9). Using equation (9.7), the condition (9.12) means
that 6][\]72 = Vggz = 5;[6; ~?, so that the conditions of Lemma 8.1 are met. This
gives an asymptotic formula for the inner integral I(A4,B,U,e(v),N) for all v < V. In
particular, we deduce that I(k,/,c) is very small unless formula (9.11) holds, a condition

that we henceforth assume is in place. Note that by formula (8.6),

- 2 UC(TC/N*)? 1?2
U _ (coshv—1)Uc _UCV§ _UC(TC/N?)" T°C <<iT6 (9.15)
AB kil Kl (CU/N)?  ~ UN2? ~UA

U v=xVy, and C < £ N A7 ¢ (recalling formula (6.15)). Therefore,

N7
3 3
eU T . ™
U(AB) <U(UA) T <<U2A3T <T7° (9.16)

for some §’ > 0. This calculation shows that in equation (8.8), the terms with j > 1 can
be absorbed into the inert weight function. This is where we use the condition (1.2),
which can likely be relaxed to UA > T1+9 since this condition is sufficient to show that
equation (8.8) is a good asymptotic expansion. Therefore,

N2 (k\"Y 2¢(coshv —1
I(k,t,c) = F / exp | —2iTv +iM W (v,-)dv, (9.17)
U\’ Vo mkl

since k < /¢ =<

plus a small error term, where W(v,-) is l-inert with respect to k,f,c, and all other
suppressed variables. Next we can apply cosh(v) —1=10v2?/24+0 (v4) and absorb the v*
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terms into the inert weight function, using formulas (6.15) and (9.14) as follows:

vcvg o3 1t T /
7 0 — o < ETgE <77, (9.18)

Finally, by stationary phase we obtain the desired estimate. O

Next we simplify our expression for I(k,¢,c) under the conditions of Theorem 1.3, when
U is small.

Lemma 9.4. Suppose that the conditions of Theorem 1.3 hold, as well as formula (9.6).
Then I(k,l,c) is very small unless

C*1?
k== o, (9.19)
i which case
N4 . . 27
I(k,t,0) = oy (=K /0) ec(—kt/12) / 2T R Y (4 Yy 0 (T71),(9.20)
(4 %)

for some function W (v,-) that is 1-inert with respect to k, £, ¢, and all other suppressed
variables.

Remark. Although it is possible to also evaluate the asymptotic of the v-integral in
equation (9.20), we prefer to save this step for later (§10).

Proof. We again pick up with equation (9.9) (recall also the definition (8.2)), which takes
the form

I(k,?,c) :/ n(v)g(Av)e 2T <27rk’27r€ U,e,N> dv, (9.21)
’UXVD

)
C C

2
with € = ¢(v) = 4W% = ‘%0 = %2, for all v < Vj. Since formula (9.6) holds, this
means that % = %TN; < T7¢, so that the conditions of Lemma 8.2 are met. This directly

implies that I(k,¢,c) is very small unless formula (9.19) holds. Note that
Ue\*_|UZe| _ U2N®
AB) |AB|~ CT?
The latter calculation shows that the terms with j > 1 in equation (8.15) may be absorbed
into the inert weight function. We thus conclude that

AB wkl

¢ c¢(coshv—1)

AB

€

<T. (9.22)

N4 X . i
I(kt,c) = (—k/0)Y / ¢ 2T TS W (v, )dv 4+ O (T719). (9.23)
CT2 vxVp
Finally we observe the Taylor/Laurent approximation
1 2 1
— == 40 9.24
coshv—1 o2 6+ (v), (9.24)
and that
k¢ , C5TS T _s

https://doi.org/10.1017/51474748021000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000566

Moments and Hybrid Subconvexity for Symmetric-Square L-Functions 2057

for some ¢’ > 0, where we have used C < & TE from formula (6.15). This lets us absorb
the lower-order terms in the Taylor expansmn into the inert weight function. Therefore,
equation (9.20) holds. O

10. Mellin inversion

We recall that we have the expression (7.10), which contains a smooth (yet oscillatory)
weight function of the form

f(klc)=ec(kt/4)I(k, L c). (10.1)

In the conditions of Theorem 1.1, I is given by Lemma 9.3, whereas in the conditions
of Theorem 1.3, I is given by Lemma 9.4. In both cases, the function f is very small
except when k and ¢ are fixed into dyadic intervals. We may therefore freely insert an
inert weight function that enforces this condition.

First consider the setting relevant for Theorem 1.1. The function f has phase as given
in Lemma 9.3, modified to include e.(k¢/4), which is strictly smaller in size due to the
assumption U < (2—§)T. We apply Lemma 4.4 to the phase function and Mellin inversion
to the inert part. We therefore obtain

& 27k \"Y P2k \° Uz\®
- S(E8)" [ ]| (BE) (1-) cotnsn

K us
duy duzduzd 10.2
X (q7‘17‘22)\> (k/glg22y> (€,919227> Uujaugausds, ( )

plus a small error term, where s =it and

NVC CT? cuU
o= 7 P= N K= N (10.3)
By standard Mellin inversion of an inert function, the function w is entire and has rapid
decay on any vertical line. However, we do not specify the vertical contour in this integral
(or in several instances to follow). Also, we have absorbed constants such as 2— and the
like into the weight functions. We recall that k = 2" g1 gok., £ = 27g1g2¢., and ¢ = 2*qrir3.
We recall from Lemma 4.4 that v(¢) is supported on —t =< P, is O(1), and has phase
efitlog(|t|/e).
We can also apply these steps to I given by Lemma 9.4, which will have a similar
structure but with an extra v-integral. We obtain

o —2ivT _2,%:) lU/ /// 9192|k/|€l °
flkbe) = \F UAV(Je ( 27, t=P q7’17"22)‘ v

X (1 + 1) S ()@ (g, uz,us)

v2 6

O U1 K Uo K us3
10.4
X <q7“17‘22/\) (|k£g1922”> <£, 919227> duidusduszdsdv, (10.4)
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plus a small error term, where this time

N4 CT? C?1? cT
by = —, P=—— K= , VWo=—.
T or? N2 N3 e
Here, w(uq,us,us) is implicitly an inert function of v. It is the Mellin transform (in
the suppressed variables, but not in v) of the function W(v,-) which was introduced
in Lemma 9.4.
At this point, we finally asymptotically evaluate the v-integral. We are considering

. 02
/ 6—217;T—2510gv-‘rs108:(H‘T)I/V(U’,)dv7 (10.6)
’U,\Vo

(10.5)

where we recall s =14t and —t < P. We first observe that slog (1 + %) =sv2/6+0 (sv4),
and note that

T1+
|svt| = PV§' < —+ G <779, (10.7)

by the assumption A > T/5+¢. Therefore, the term with sv* can be absorbed into the
inert weight function at no cost. We are therefore considering an oscillatory integral with
phase ¢(v) = —2vT — 2tlogv +tv?/6. It is easy to see that |¢”(v)| < &= throughout the
0
support of the test function, and that there exists a stationary point at vy satisfying
—2T——+—=0. 10.8
w3 (10.8)

We explicitly calculate

T 2T,/1+3T27;t+ T P5 00
v 2t/3 B RRE '

for some constant a’. We observe that £ T4 L < Ao =« T—%, so quantities of this size (or

smaller) may be safely discarded. For later use, we note in passing that 5—2 < % < T9.
We conclude

é(vo) = —2tlog (| \/T)+2t—|—a +0<P5> (10.10)

for some new constant a. Therefore,

. . . w2 . t A
/ G_QZUT_QZthgU+Zthg(1+T)U}(U,‘)dv _ &eletlog(%)ewfzw(.) (1011)
’UAVQ \/F

for some inert function W and constant a. We deduce a formula for f in the form

fkbe) = ; (_ )ZU/tv ///(;57’9222“;/ f/v>5”(t) 20108 () Gy g, )

K “s
duydusdusdsd 10.12
. <QT1T22A) <|ké91922”> (5’919227> AR GlsEsan, ( )
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where now

N* N3 T2 272 T
po NV _ op S T T
CT2p1/2 Ccl/272 N2 N3 N2
This expression for f(k,¢,c) is similar enough to equation (10.2) that we can proceed in
parallel. We mainly focus on the proof of Theorem 1.1.

Inserting equation (10.2) into equation (7.12), we obtain

Sy (Hy) = NACS/Q ;L/tvp///( )S (t)w(uy,uz,us)

(10.13)

C*" K21 7 (s,uy,u2,u3)du; dusdusds, (10.14)
where Z = Z,, is defined by
(2u)2)\—2—5)
Z(S,UhUQ,Ug) = Z 2)\(u1+s)+l/(u2—iU—S)+’Y(U3+iU_S) Z Z
v, y>2, A>4 (r172,2)=1g,|r?
min(\,v)=min(}\,~) galr2

one of (7.7) holds

% k/ El c 1_ -1

(kogo)m( o)1 ( o)ns(Q)lermg( pY)
us—iU—s ug+iU—s 4.1 1+s wotus—25—1

P (i ZZ :) (=0 ()T s (1203) 0 (g gg)vaee 2

(g,2r2)=1 <

(10.15)

1 T3
kL2, 92> 1

We initially suppose that Re(s) = 0 and Re(u;) = 2 for each i, securing absolute
convergence of the sum. An obvious modification, using equation (10.12) in place of
equation (10.4), gives the corresponding formula for U small, namely

AT @ -
SW(H+) 03/2 \/>/fv /// 72lt10g +ZaT2 (t)’UJ(’U,]_,UQ,’U,g)

C"t K24 7 (5,11, u9,u3 ) dut dusduszds, (10.16)

where the parameters correspond with equation (10.13) and the formula for Z is slightly
different (multiplied by 7, (—1) to account for changing variables k/, — —k, with k > 1).

11. Properties of the Dirichlet series Z
In this section, we pause the development of S, (H, ) and entirely focus on the Dirichlet

series Z.

11.1. Initial factorization

Throughout this section we assume that Re(s) = 0. For simplicity of notation only, we
also take n = (n1,m2,m3) to be trivial, as the same proof works in the general case.

Definition 11.1. Let Dy be the set of (s,uq,us,u3) € C* with Re(s) =0, and
Re(ug) > 1, Re(ugz) > 1, Re(ug) > 1. (11.1)
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It is easy to see that the multiple sum (10.15) defining Z converges absolutely on Djy.
We will work initially in Dy, and progressively develop analytic properties (meromorphic
continuation, bounds, etc.) to larger regions. The largest domain in which we work is the
following:

Definition 11.2. Let D, be the set of (s,u1,us,u3) € C* with Re(s) =0, and
Re(ug) > 1/2, Re(uz) > 1/2, Re(u1) + min(Re(us),Re(us)) > 1. (11.2)

Obviously, Dy C Dy,

The following notation will be useful throughout this section. Suppose that D is a subset
of (s,u1,us,u3) € C* defined by Re(s) =0 and by finitely many equations of the form
L(Re(uq),Re(ug),Re(us)) > ¢, where ¢ € R and L is linear with nonnegative coefficients.
For o > 0, define D7 by replacing each such equation by L(Re(u1),Re(uz),Re(us)) > c+o.
The nonnegativity condition means D? C D for any ¢ > 0.

As a notational convenience, we write k and ¢ instead of k{, and ¢} in equation (10.15)
(since there should be no danger of confusion with the original k and ¢ variables). In the
domain Dy, we may take the sums over k and ¢ to the outside, giving

Z(s,u1,u2,us) = A (s,u1,u2,u3) kf:i(;iilé;fi:?,)sa
(k£,2)=1

(11.3)

where

( )lerz,p’f (1 P 1)
Zy,0(8,u1,u2,u3) = Z Z Zw e, 22)“1+6(glg2)“2+“3—25—1 (11.4)

(rir2,2)=1  g|r?  qrilg
92|7’2 (‘LZ""Z) 1

2
(J ,u):1
g2

and
v 2/\7276)
@ _ (2%,
Z (S,U]_,U/Q,'U{),) - Z M (u1+8)+v(uz—iU—s)+v(uz+iU—s)
v,y>2, A>4

min(\,v)=min(\,~)
one of (7.7) holds

(11.5)

We first focus on properties of Zj, ;, and then turn to ASN

11.2. Continuation of Z; ,
Note that Zj ¢ has an Euler product, say Zj , = Hp;é? Z,gf’l?. It is convenient to define
a=1us+us3—2s—1, B =uy+s. (11.6)

Note that formula (11.1) implies Re(«) > 1 and Re(8) > 1. It is also convenient to observe
that

(s,u1,u2,u3) € Do => Re(20+28) >1 and Re(a+28) > 1. (11.7)

We evaluate Z ,(f ,? explicitly as follows.
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Lemma 11.3. Suppose that Re(8) >0 and Re(a+ ) > 0. For pt2kl, we have

1+p—a—2ﬂ_p—1—2a—2,8 +X(p)p—1—2a—3,8

(p) —
e T [ I
where x(n) = xpe(n) = (). For p| kl, we have
1 —p-1-20-28
ZkZz(S,U]_,UQ,Ug) = W (119)

Proof. For (p,2kf) =1, we have, using the convention co-0 =0,

1y bgp—ar x ()
Z(P)(avﬂ) = Z Z (1—p 1) g2=2r3>0 Z pﬁ(q+2r1+2r2)+a(91+92) .

min(r1,r2)=00<g1 <27 0<¢<1
0<g2<2r> 00-q>T1
min(g,r2)=0

(11.10)

We write this as ), _q+>_, 5, where the latter terms force ¢ =r; = 0. We have

S
Z _ Z p—Qﬁrg Z p—agg + (1 _p—l)p—Qarg

ro>1 ro=1 0<g2<2ra—1
- —287r l_p—20¢7‘2 — —2ar
=5 252(1_ —— +(1-pY)p? 2>. (11.11)
7‘2:1 p
This evaluates as
—2p —28—2« —2a—-2p3
—ay—1 p p -1\ _P
(1 -p a) <1 28 1 p2a2ﬁ) + (1 -p ) 1—p—20-28 (11.12)
which simplifies as
p—2[3 14+p@ . (1 _p—l) p72a72ﬁ (]_ _p725) (11 13)
(1—=p=2P) (1 —p222F) (1—p=22=20)(1—p=2F) '
In turn, this becomes
p~ 2’ —a ~1\, —2a —28
(1—p—20-28) (1 p—28) [1+p + (1 -p )p (1 -p )] . (11.14)

Likewise, we compute

oY Y Y AWy Y A )
- pBlat2ri)tag - pB+2r1)+ag:’ )
ro=0 r1=00<g1<2r; 0<¢<1 r1=00<g1<2r

00-q>T1

by separating out the cases ¢ =0 and ¢ = 1. We calculate this as

a(2r;+1)

B oo s 17p,
+x(pp > p 2 —————

111
L (11.16)

1 =0
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which can be expressed as
xop? (1 p N X P (e
l—p= \1-p=2 1-p-2-2 (1—p=2f) (1 —p~2e—20)
Putting the two calculations together, we obtain
Z®) (e, )
_ (1 717_25) (1 7p—2a—2ﬂ) +X(p)p—ﬂ (1 +p—o¢—25) +p—25 (1 er—a + (1 777_1) (p—2a 7p—2a—2ﬂ))
a (1-p=28) (1 —p=20725) '
Distributing out the numerator and canceling like terms, we obtain

(1+x(p)p~?) (14p=@2F) —p~ 1720726 (1 — p=2F)
(1—p=2P) (1 —p—20-28) .

1+

(11.17)

Z(p)(a,ﬂ) —

(11.18)

Simplifying gives equation (11.8).
Next we need to consider the primes p | k€. At such a prime we must have (¢,p) =1 (or

else (%) =0), which implies 7; =1 and g = r3. Thus

5,
1— 71) r2>0 1—p—1-2a-28
(») o (-p _1-p
ZP)(s,u1,ug,uz) = Y PZE= R (11.19)
7’220
O
Define the Dirichlet series
1(b)xre(c)

D)= Y. & na+2/3 eyt (11.20)

(n,2)=1 abc=n

which is absolutely convergent for Re(a+25) > 1 and Re(a+ ) > 0 (observe that these
conditions hold on Dy, by formula (11.7)). Note the Euler product formula

D(evBxne) =[] @47 (1=p "+ xue(p)p™ 7)) . (11.21)
p#2
Putting together equations (11.8) and (11.9), we deduce (initially) in the region Dy

C(2a+2p)

WD(OMXM) (1=xee(2277) [ apr (11.22)

Zi,o(s,u1,u2,u3) = L(B, Xke)

plke
where
l_p—1—2a—2B
R e e Tk (11.23)
Note that in D, we have
ap=1+0(p7"). (11.24)

Lemma 11.4. The series Zy ¢(s,u1,u2,u3) has meromorphic continuation to the domain
Doo. In this region, Zy ¢ has a polar line only at B =1 which occurs if and only if xxe s
trivial.
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Proof. This follows from equation (11.22), using formula (11.7). O

Remark 11.5. Observe the nice simplification in the passage from equation (11.18)
to equation (11.8), in which a factor of (1 —p~28 ) is canceled from the numerator and
denominator. This reveals that there is no ¢(23)~!-type factor in equation (11.22), which
would have infinitely many poles in the domain D

11.3. Evaluation of Z(®

Recall that Z(?) has four cases, corresponding to formula (7.7).

Lemma 11.6. In cases (i)-(iii) of formula (7.7), the function Z® initially defined by
equation (11.5) in the region (11.1) extends to a bounded analytic function on Dy

Proof. This follows from brute-force computation with geometric series. For case (i), we
have

(1 _ 2—(u2—iU—s))71 (1 _ 2—(u3+iU—s))71

7(2) —
22+624(a+5) (1 _ 2—a—[3) ’

(11.25)

which satisfies the claimed properties by inspection. Cases (ii) and (iii) are easier, and give
Z®) =p-1-0-3a—45 (1 2_‘"_5)_1 and Z(2) = 27920745 (1 — 2_0‘_5)_1, respectively. In
case (ii), to see the boundedness on Dg,, note 273048 = 2-20=269—a=28 " and recall
formula (11.7). O

When Z(? is given by case (iv) — which, recall, restricts the summation to A > v +3 —
it is convenient to split the sum into two pieces according to the size of A —v. For any
integer L > 3, write Z(?) = Z(<2£ + Z(>2£, where Z(<22 restricts to A—v < L and Z(>2£ restricts
toA—v> L. - -

Lemma 11.7. In case (i), Z(;g extends to an analytic function on D, wherein it
satisfies the bound

|28)| < L (274 +1). (11.26)
The tail Z(>2£ is analytic on Dy, wherein it satisfies the bound
’2(2)’ <97, (11.27)

Proof. Since A > v+ 3, then min(\,v) = v, and the condition min(A,~) = min(\,7v) means
~v = v. Therefore,

22a 283

2v
Z(S?:Z Z AB+v(atl) Z Z 2(u+u)5+ua - (1—2-a=h) Z 277,

v2>2v4+3<A<v+L v>23<u< 3<[L<L
(11.28)
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From this representation we easily read off its analytic continuation and the bound
(11.26). For the tail, we may modify the previous calculation to give

272a72ﬁ 27204725 275(L+1)
70 =S N 2 , (11.29)
(1—2‘“‘6) (1—2_0‘_5) (1—2_5)
p>L+1
from which we immediately read off the desired properties. O

Remark. Note that Z(>22 does not analytically continue to Dy, since equation (11.29)
has poles on the line Re(f) = 0. This explains the reason for splitting Z () into these two
pieces.

To unify the notation, in cases (i)—(iii) we define Z(>22 =0and Z (;}J = 7). Correspond-
ing to this decomposition of Z(?), we likewise write

Z=Z§L+Z>L. (1130)

With this definition, the statement of Lemma 11.7 holds in cases (i)—(iii) as well. In this
way we may henceforth unify the exposition for all four cases.

11.4. Continuation of Z<,

It is now useful to define another domain.

Definition 11.8. Let D; be the set of (s,u1,us,uz) € C* with Re(s) =0, Re(ug) > 1, and
Re(us) > 1, and satisfying

{Re(ul) + min(Re(uz),Re(us)) > 3/2

) (11.31)
Re(u1) 4+ 2min(Re(usz),Re(us))) > 3.

Note that Dy C D1 C Dyo.

Lemma 11.9. The series (11.3) converges absolutely on DyN{B # 1} (and uniformly on
compact subsets), which furnishes meromorphic continuation of the function Z<y, to this
domain. Moreoever, the residue at =1 of Z<y, is bounded for Re(uz),Re(us) > 1.

Proof. We return to equation (11.3) and use the representation (11.22), valid in Dy. The
results from §11.3 give the analytic continuation of Z (<21)J to Dy (and hence, D;). Since
L(B,xx¢) has a pole at 3 =1 when Yy}, is trivial, we suppose |3 —1| > ¢ > 0, and will claim
bounds with an implied constant that may depend on o. For 0 < Re(8) = Re(u1) <1, we
have the convexity bound |L(8,xk¢)| <im(g),0,= (kl) e (with an implied constant
depending at most polynomially on 3). One easily checks that equation (11.3) converges
absolutely for min(Re(uz),Re(us)) + RGT(B) > 3, which is one of the inequalities stated
in formula (11.31). Similarly, for Re(3) < 0 we use the convexity bound |L(8,xk¢)| <
(k0)z—Re(B)F< to see the absolute convergence for Re(u;) + min(Re(uz),Re(us)) > 3/2.
The uniform convergence on compact subsets is immediate, and so the meromorphic
continuation follows.

Finally, to see the size of the residue, we simply note from equation (11.22) that

Resp=1Zk,¢ < (k€)° for Re(usz),Re(us) > 1. In addition, the pole exists only if k¢ is a
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square. Moreover, Z(<22 is bounded at this point. From equation (11.3) we may then

easily see the absolute convergence of the sum of these residues over k,/. O

11.5. Functional equation

Next we investigate how Zj, and Z<; behave after an application of the functional
equation of L(f,xke). Suppose that ygs is induced by the primitive character x* of
conductor (k¢)*. We have

A(s,x") = (K0 P(s) L(s.x") = A(L = 5,X7), (11.32)

where (s) = 7~*/2T (£££), with & € {0,1} reflecting the parity of . We therefore deduce
the asymmetric form of the functional equation:

_ 3 =8) 0 (I—x"(p)p~?)
L(s,xke) = ((k0)")2 ) L(1 ’Xke)pll_[]d(l_x*(p)psl)~ (11.33)
Lemma 11.10. In D N{Re(B) < 0}, we have
Zio= ((kf)*)éﬁwD(a,ﬂ,Xke)% (1 —2%sz(2))
o~ (%) 7 (=" (p~
;ql—ﬁ T (I— " (p)pP? p1|_k[£ p- (11.34)

Proof. Lemma 11.4 implies that the expression (11.22) for Zj ¢ is analytic on D N
{B # 1}. With the assumption Re(8) < 0, we may apply the functional equation and
express L(1 — fB,xke¢) in terms of its absolutely convergent Dirichlet series, which is
equation (11.34). O

Having applied the functional equation to Zj ¢, the plan of action is to now insert this
expression into the definition of Z<; and reverse the orders of summation, bringing &
and ¢ to the inside. The outcome of this step is recorded with the following:

Lemma 11.11. On Di1N{Re(B) <0}, Z<y. is a finite linear combination of absolutely
convergent expressions of the form

@101-8) ((a+28) (1£277)
) (1—2-20-28)" 1i2ﬂ 1 (Z ¢ (@) Ay, (11.35)
4,2
with Ay = Aq(s,u1,u2,us,U,va,...,15) defined by
Z w2 (abc)va(e)  u(b)
(abeT=1 abc a+28 b1+acl+a+5
> (w)”3<’“)”4“)(<’“)*)5_6 Cab (GO y PR
ug—iU—s puzg+iU—s /3 1 Qp, .
ke K ¢ p\ké(l Xp((k0)*v6(p))p p|ke

and where the v; run over Dirichlet characters modulo 8.

Observe that equation (11.36) converges absolutely on Dj.
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Proof. Applying Lemma 11.10 into equation (11.3), which is valid on D1 N{Re(8) < 0} by
Lemma 11.9, and applying the Dirichlet series expansion of D(«,[3,Xxke) given in equation
(11.20), we deduce

¢(20:+2p) (k)27 A(1-5)
ZSL(S’uLuQ’u?)) = Z(<21),—_1 ug—iU —s puz+ilU —s
< (1 _2—204—25) (kD1 ku2—iU—spuz+iU ,}/(ﬂ)
2 o0 qc % -8B
- p*(abe) 1(b) (k/) (1 X" (p)p )
(1_ka(2)2 B) Z o o o — * — Hap’
(abagi=1 (abc)a+2p pltacltats = gt=» i (1—x*(p)psp~—1) i
(11.37)

where recall a, =140 (p_l) on Do, and x* = X}, is the primitive character induced by
o) = (8 oo )= () )

We next wish to focus on the sums over k£ and ¢. One small issue is that the parity
of the character xx¢ (and hence the formula for 7(s)) may vary. However, the parity

depends only on & and ¢ modulo 8. Also, ¢ may be even, but we can factor out the 2-part

of ¢ and directly evaluate its summation. Likewise, we can apply quadratic reciprocity

(again!) to give that (%) equals (%) times a function that depends only on ¢,c,k,¢

modulo 4. Similarly, we have that x,(p) equals x,((k¢)*) up to a function modulo 4. We
can then use multiplicative Fourier/Mellin decomposition modulo 8 to express Z<j, as a
finite linear combination, with bounded coefficients, of sums of the form claimed in the
statement of the lemma. O

Next we develop some of the analytic properties of A,. For notational convenience, we
consider the case with all v; =1, as the general case is no more difficult. We expand the
Euler product over p | k¢ involving x* into its Dirichlet series and reverse the orders of
summation (taking k,¢ to the inside), giving

2
_ p1*(abe) () p(d)
A= Z (abc)at2BpltacltatBifel—F Agc.d,e; (11.38)
(abcde,2)=1

where

() (4) o2

Aq,c,d,e = g kuz—iU—sgu‘o,-‘riU—s I | Qp. (1139)
k£=0(mod d) pl|k¢
(k£)°°=0(mod e€)
(ke,2)=1

Lemma 11.12. The function Ag c 4, has meromorphic continuation to Do, in the form
Agede=1L (u1 +ug — U — %7xche) L (u1 +ug — iU — %,qude) c(-), (11.40)

where C = Cy(c,d,e,s,u1,us,u3,U) is a Dirichlet series analytic on Doo and satisfying the
bound C < ((de)/)72minRe(u2,u3)+a on Do .

https://doi.org/10.1017/51474748021000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000566

Moments and Hybrid Subconvexity for Symmetric-Square L-Functions 2067

Proof. We initially work on D;, where the sum defining A, 4. converges absolutely.
Now Ag,c,d,c has an Euler product, taking the form Ag c.a.e =[], 21 Ar(;g,d&’ say, where

() () (o)

(p) _
q,cde Z pF(uz—iU =) +€(us +iU—s) Apk-+e,
k+>v,(d)
oo-(k-+£) v, (e)

(11.41)

where v, is the p-adic valuation and where we set a, =1 and a,; = a, for j > 1.

For the forthcoming estimates, we recall our convention from §1.4 that an expression of
the form O(p~*) should be interpreted to mean O (p_Re(S)). If ptde, then by separating
the cases with k+ ¢ odd and k4 ¢ even we obtain

(p) — b 1 1 ( —min(2u2,2u3))
Aqﬂcid’e =1+ (che) |:pu1+u2—iU—é +pu1+u3+iU—% ap+0 p

1+ (2 1 1
gede ) | pratua—iU=3 © puitug+iU—3
—1

ro ) o ()

: 1
pu1 +min(uz,uz)—35

1+0 (p, min(2u2,2u3)) +0 (pl> +0 (p72(u1+min(u2,u3)7%)>

: T
wq4min(ug,ug)
pUl 2,u3) =%

(1 - ande (p)p_ul_u2+iU+%) (1 - qude(p)p_ul_ug_iU—i_%)

Note that on D7, the O-term is of size O (]9_1_")7 and hence

[TAZ) 4= L (ur +u2 = iU — £ xgeae) L (w1 +us — iU — &, xgeae) B, (11.42)
ptde

where B = B(g,c,d, e, s,u1,us,us3,U) is an Euler product that is absolutely convergent and
bounded on DZ,.
(") ko) * .
If p | de, then ( ~——— ] =0 unless (p + ) =1, so we can assume that k+ /¢ is even
(and positive, hence > 2). From such primes we obtain Aépz 1.=0 <p— min(2uz,2u3))’ and
hence

[TAY) . < ((dey)-2minfetuzua)te, (11.43)
plde

where (de)’ =[], 4. p- Putting the estimates together, we deduce (initially in D) the

representation (11.40), where C is analytic on Do,. Thus A ¢ 4. inherits the meromorphic
continuation to D, as well. O
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Definition 11.13. Let Dy be the set of (s,u1,us,uz) € C* with Re(s) =0, Re(ug) > 1/2,
Re(us) > 1/2, and satisfying

Re(u1) +min(Re(us),Re(ug)) > 3/2. (11.44)
One easily checks that D1 C Dy C Do
Lemma 11.14. The function A, has meromorphic continuation to Do N{Re(u1) < 1/2}.

Proof. We (initially) work in the domain D;, where the absolute convergence is ensured.
Substituting equation (11.40) into equation (11.36) and letting cde = r, we obtain

Ay = Z L (u1 +ug —iU — %,er) L (u1 +ug +iU — %,er) D(q,r), (11.45)
(r,2)=1
where
2
_ p~(abe) p(b) p(d)
D(gr) = Z (abc)at2BplTacitatBBel—h Ca(). (11.46)
(ab,2)=1
cde=r

We claim that D(g,r) is analytic on Do, N{Re(u1) < 1/2} and therein satisfies the bound

D( )<< qa B— 1+6Hp72u172min(u2,u3)+1' (1147)
plr

We now prove this claim. Recall formula (11.7), which in particular immediately shows
the absolute convergence in Doo of the free sum over a,b in equation (11.46). Hence

de 2min(ug,us) rlc 2min(ug,us)
Dl < 3 R _§ PR ) |

1+2a+36 Bel—p 1-p
= c dPe " Cl+2a+35d5( d)

(11.48)

One may now check formula (11.47) by brute force, prime by prime (by multiplicativity).

A consequence of formula (11.47) is that on Do, N{Re(u1) < 1/2} we have the bound
D (q,p ) < pFep~ 1-5 , for p prime and k£ > 1, which extends multiplicatively. Therefore,
> D(g,r)| <ooon DOO N{Re(u1) <1/2}. The Dirichlet L-functions appearing in equation
(11.45) are at most O((gr)®) on Da. Therefore, equation (11.45) gives the meromorphic
continuation of A, as stated in the lemma. O

Lemma 11.15. On Dy N{Re(u1) < 0}, the function Z<y, extends to a meromorphic
function, on which it is a finite linear combination of absolutely convergent sums of the
form

ZZ

(7 )Kq2)1

u1 +ug —iU — %,ery) L(ul +uz —iU — %,eryl),

(11.49)

where v, V' are Dirichlet characters modulo 8 and Y." means that the sum runs only
over square-free integers. Here cq, is a Dirichlet series depending on s,u1,ug,us3,U that
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is analytic on Doo N{Re(u1) < 1/2}, wherein it satisfies the bound
Cqr K r*“ﬁzmi“(“?’u“")(qr)s. (11.50)

Proof. We work initially on the domain Dy N{Re(u;) < 0}, so that Lemma 11.11 may be
applied, giving expression (11.35). Now Lemma 11.14 may be invoked to give that Z<p
is a linear combination of terms of the form

,@101=8) (Ra+25) (1£277)
=Eoy(B)  (1—2-20-28)7t (122070

Z ¢’ Z L (uy +uz —iU = 3,Xgrv) L (ur +us +iU = 5,x¢7") D(g,r),  (11.51)
(g,2)=1 (r,2)=1

which converges absolutely on Dy N{Re(8) < 0}. This gives the claimed meromorphic
continuation of Z<,.

Next we show the claimed form (11.49), which closely resembles expression (11.51)
except that we need to restrict ¢ and r to be square-free. Toward this end, replace ¢

by qg3 and r by rr3, where the new ¢ and r are square-free. Note that L (&erqgrg)

agrees with L (s,x4r) up to finitely many Euler factors that are bounded by O((¢r))
for Re(s) > 1/2. These finite Euler products can be incorporated into the definition of
D(q,r), which still satisfies formula (11.47) on Do N{Re(u1) < 1/2}. Then we need to
check the convergence in the sums over g2 and ry. To this end, we first note simply that
2 (42,2)=1 a7 =¢(2-28) (1—2722F), which is analytic and bounded for Re(u;) <
1/2 —o. For rq, we have from formula (11.47) that

Z |D (q,rr§)| < qu (TT§)6_1+8 Hp—2u172min(u2,u;;)+1 < (qr)srfu172min(u2,u;g)'
T2 T2

plr

(11.52)

Finally, this gives the meromorphic continuation of Z<y to DaN{Re(u1) < 0} with the
coefficients ¢, , analytic on Do, N{Re(u1) < 1/2} and satisfying formula (11.50). O

12. Completion of the proof of Theorem 1.1

Recall that the off-diagonal of ZT<tj<T+A |L (smeuj, 1/2+ iU) |2 is a sum which we have
been studying in dyadic intervals n < m = N and ¢ < C. Recall that N < UY2T1*, C <
%7 and C' > %, originating from formulas (6.1), (6.15), and (9.6). We also defined
certain parameters ®, P, K which can be found in equation (10.3), but for convenience we
N‘T@, P= C;vqf, K= TU Aided by the properties of Z developed in the
previous section, we are now ready to finish the proof of Theorem 1.1. We pick up from
expression (10.14), where we begin with Re(u;) = Re(uz) = Re(us) = 2. Next we write
Z =Z<r+ Z>r, and choose L so that 2L = CT*. To bound the contribution from Zp,
we shift u; far to the right, and use the bound (11.27). In terms of uy, we get a bound of

size O ((C’/QL)RE(UI)> <« T—eRe(u1) which is negligible. Next we focus on Z<r.

We begin by shifting u; to the line —e, which is allowed by Lemma 11.9. There is a pole
of Z<y at B =uy+s =1, with bounded residue. However, since Im(s) < P and P> T*,

recall here ® =

https://doi.org/10.1017/51474748021000566 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000566

2070 R. Khan and M. Young

the weight function is very small at this height and the contribution from such poles are
negligible. Thus we obtain

N%S/Q\(}}/u ///( ) (t)w(ULuQ,ug)C"lK"?ﬂsm

Z(;z Z Z q“1+s_lcq’rL (u1 +ug —1U — %,er) L (u1 +uz —1U — %,er) duidusdusds,

T q

S(Hy)

(12.1)

plus a small error term, as well as additional terms with the characters twisted modulo
8. Since all our estimates hold verbatim for these additional twists, we suppress this from
the notation. Next we want to truncate the sums over ¢ and r. To do so, we move wu; far to
the left, keeping Re(usz) = Re(us) = —Re(u1) + 100. Note that this remains in the domain
D} and that Re(u1) < 0, so that the conditions of Lemma 11.15 remain in place to apply
expression (11.49). Also, note that the coefficients ¢, , are O (7“‘100) here. Moreover, we
observe by Stirling that

< Pz Re(w), (12.2)

In terms of the w;-variable, the integrand in equation (12.1) is bounded by some fixed
polynomial in 7" times
Re(u1)
Cq . (12.3)
PK?

Therefore, we may truncate ¢ at ¢ < @, where

PK?
C

Q= =, (12.4)
After enforcing this condition and reversing the orders of summation (taking r,q to the
outside of the integrals), we shift the contours of integration so that Re(u;) =1/2—¢ and
Re(uz) = Re(ug) = 1/2+¢; this is allowed by Lemma 11.15, as these contour shifts may
be done in such a way that we remain in the domain D N{Re(u1) < 1/2}, on which
¢q,r is analytic. Moreover, we observe from formula (11.26) that ZS @) 7 < L <T* on this
contour. We then bound everything with absolute values, obtamlng

- aY(I—uy —it
S(Hy)<T mCE}XNC3/2\F/// Ialclg%( /tvpztmv(t)cq7rdt

225 (1 +it)

|w(uy,ug,us)] CI/QKZ* ¢ \? |L (u1 +uz —iU — §,xq) |2du1dquu3. (12.5)
q<Q
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By Lemma 4.5, keeping in mind that ¢, , is given by a Dirichlet series uniformly bounded
in ¢t by formula (11.50), we have

2 Y(L—ug —it)
P*W/ e i) el <. 12.
) ‘ ~y(uq +it) vlt)eq < (12.6)
Applying formula (3.3), we then obtain
AT PK?
e 1/2 1/2 _ €
§(Hy) < T° max 5= K (Q +U ) Q=—5-1" (12.7)

Therefore, we obtain

AT P2K ATN CCU (TCU
S(Hy) < T max == ®K (+U1/2> < Tm Ve ( +U1/2).

NC Cc1/2 NC’ U N \ N2
(12.8)
Using C' <« IAV—;T €, this simplifies as
AT TCU U
e 24 1/2 N 1/2
S(H.) < T max = \F0< ~z U ) <T < <5+ (ATU) ) (12.9)
By formula (6.11) and the remark following it, this implies
2 T/2U
> L (sym®u;,1/244U) | < T° (AT+ R ) (12.10)

T<t;<T+A

We have AT > L Al /2 if and only if A > This 1nequahty holds because one of the

conditions of Theorem 1.1 requires A > U2/3, and U2/3 > T1/3 because T > U.

Tl/d

13. Proving Theorem 1.3

For the proof of Theorem 1.3, the parameters ®, P, K are given in equation (10.13), which
for convenience we recall take the form & = N732, P= CN—Q;z7 K= C;igz The bounds on
N and C are the same as recollected in §12. The overall idea is to follow the same steps
as in §12, but picking up with equation (10.16) instead of equation (10.14). The only

structural difference between the two formulas is the additional phase of the form

e—QZtlog( 1t )—Ha ) (131)

Here the cubic term is of size O (PT_‘S), as mentioned after equation (10.9). This affects
only the argument in bounding formula (12.6), but Lemma 4.5 is applicable (using the
previous remark that the cubic term is of lower order) and gives the same bound with
the additional phase from before. Referring to formula (12.7), we thus obtain

AT P2K AT N3 C?T? [(T3C?
S(H+)<<T5mcaxm¢>K( el 4—U/)<<T€nr1achcl/2T2 RE (N4 +1>.

(13.2)
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Using C' <« ]AL;TE, this simplifies as

3 AT 1/2 T3C2 € T3/2 1/2
SH) KT mngC/ <N4+1 <T AS/Q—I—(AT)/ : (13.3)

Thus in all, by formula (6.11) and the remark following it, we obtain

2 T3/2
T<t;+A}L(sym2uj,1/2)\ <T° (AT+A3/2>. (13.4)

The second term is smaller than the first term if and only if A > T/5.
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