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On the Dichotomy of the Evolution
Families: A Discrete-Argument Approach

Ciprian Preda and Ciprian Sipos

Abstract. 'We establish a discrete-time criteria guaranteeing the existence of an exponential dichotomy
in the continuous-time behavior of an abstract evolution family. We prove that an evolution family
U = {U(t,5) };>s>0 acting on a Banach space X is uniformly exponentially dichotomic (with respect
to its continuous-time behavior) if and only if the corresponding difference equation with the inho-
mogeneous term from a vector-valued Orlicz sequence space I® (I, X) admits a solution in the same
I2(N, X). The technique of proof effectively eliminates the continuity hypothesis on the evolution fam-
ily (i.e., we do not assume that U( -, s)x or U(¢, - )x is continuous on [s, 00), and respectively [0, ¢]).
Thus, some known results given by Coffman and Schaffer, Perron, and Ta Li are extended.

1 Introduction

The approach proposed by O. Perron in 1930 to characterize the asymptotic behavior
of the solutions of differential systems has come into widespread usage. More pre-
cisely, we refer the reader to the classical work of Perron entitled “Die Stabilitatsfrage
bei Differentialgeighungen” [13], where he characterizes the exponential stability of
the solutions of the linear systems

& — A(t)x, t€0,00),x€R"

(A(-) is here a continuous and bounded matrix-valued function) in terms of the
existence of bounded solutions of the equation % = A(t)x + f(t), where f is a
continuous and bounded function on R;. Relevant results concerning the exten-
sion of Perron’s method in the more general context of infinite-dimensional Banach
space were obtained by J. L. Daleckij and M. G. Krein in [4], and J. L. Massera and
J. J. Schaffer in [9]. The subject was extensively analyzed for the general case of an
abstract (strongly continuous, exponentially bounded) evolution family, by Y. La-
tushkin [2,7,8], N. van Minh [11,12], S. Montgomery-Smith [7], P. Preda [10, 16],
P. Randolph [8], and R. Schnaubelt [11,19].

For the case of discrete-time systems analogous results were obtained first by Ta Li
(a former student of Perron) in 1934 (see [20]). Following Perron’s work, Ta Li es-
tablishes a connection between the condition that the inhomogeneous equation has
some bounded solution for every bounded “second member”, on the one hand, and a
certain form of stability for the solutions of the homogeneous equation, on the other.
This concept was called “admissibility” and it was extended to the the case of discrete-
time systems in infinite dimensional Banach spaces, by C. V. Coffman and J. J. Scha-
ffer in 1967 (for details, we refer the reader to [3]). In the same line of research,
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D. Henry analyzes in his excellent monograph from 1981 (see [5]) the existence of the
exponential dichotomy of the linear differential equations x + A(#)x = 0, where A is
sectorial in a Banach space X, and the mapping t — A(t) — A is bounded and locally
Holder continuous. In that context, the discrete dichotomy of a sequence { T, },c7 of
bounded linear operators has been studied in terms of the existence and uniqueness
of bounded solutions for x,,41 = Tyx, + f,, for every bounded sequence { f, } ,c7 in X.
Thus, he emphasized the relation between the discrete dichotomy and the exponen-
tial dichotomy of an evolution family. More recently, other interesting results on the
discrete-time systems were pointed out by A. Ben-Artzi and I. Gohberg [1], ]. P. La
Salle [6], M. Pinto [14], C. Preda [15], and A. L. Sasu and B. Sasu [18]. Also, appli-
cations of this “discrete-time theory” in the study of the continuous-time behavior
for the solutions of the linear infinite-dimensional differential equations have been
presented by C. Preda in [15] and Przyluski and Rolewicz in [17].

Following the above line of results, we prove in this paper that an evolution fam-
ily W = {U(¢,5) }s>s>0 acting on a Banach space X is uniformly exponentially di-
chotomic (with respect to its continuous-time behavior) if and only if the corre-
sponding difference equation with the inhomogeneous term from a vector-valued
Orlicz sequence space I?(N, X) admits a solution in the same I®(N, X). It is worth
noting that the class of vector-valued Orlicz sequence spaces is very large, and thus
the present approach generalizes the above works and also allows the reader to choose
the “test functions” in various ways, accordingly to what is needed. Also, the tech-
nique of proof effectively eliminates the continuity hypothesis on the evolution fam-
ily (i.e., we do not assume that U(-,s)x or U(t, - )x is continuous on [s, 00), and
respectively [0, ¢]).

2 Preliminaries

Let B(X) be the Banach algebra of all linear and bounded operators acting on the
Banach space X. We will refer in the section next to the classic vector-valued sequence
spaces:

POX) = { fi N = XDl <oof, pell o0,

n=0

I°N,X)={f:N —>X:su§|\f(n)|| < oo}.
ne

It is well known that I?(N, X), [°°(N, X) are Banach spaces endowed with the respec-
tively norms:

o 1/p
||f||p=(2|f<n>||P) - Wl = sup 0l

n=0

For convenience, we have incorporated a very sketchy introduction about the scalar-
valued Orlicz sequence space into this section. Let ¢o: Ry — R, be a function that is
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non-decreasing, with ¢(t) > 0, for each t > 0. Define

the associated Young function. For f: N — R a scalar-valued sequence we define

m®(f) = _ (| (k).

k=0

The set I*(N, R) of all f for which there exists a scalar j > 0 such that m®(jf) <
o0 is clearly a vector space. Equipped with the Luxemburg norm

[fllo = inf{j >0:m®(1f) <1}

the space (I*(N, R), || - ||5) becomes a Banach space.

.....

Remark 2.1 Ttis easy to check that o

1
X{o,..., alle = =———— forallneN.
=

(As usual x4 denotes the characteristic function (indicator) of some set A.)

Example 2.2 Setting the above Young function ®(¢) = t?, we obtain that /”(NN, R)
is a scalar-valued Orlicz sequence space for all p € [1, c0).

Remark 2.3 IfI1®(N,R) = I’(N, R), then lim,_,o &8 = 1.

tP

Proof IfI®(N,R) = I?(N, R), then Ix10,...n1 l2 = X0,
Remark[2.1]we have that

1 1 \7
fbfl( ) :< )P forall n € N.
n+1 n+1

n}||p, forall n € N, and by

Letx € (0,1] and m = [;lc] € N*, where [a] denotes the greatest integer that is less
than or equal to a. Using the fact that ! is nondecreasing we have that

(mi—l); :@71(1%1“) §<I>*1(x)§<1>*1(%) _ (%)p

which implies that

[1]p - q)‘ll(x) S[ 1 ]p forall x € (0, 1].
x[:]

([5] +1)x x? !
Hence
(I)il X D(u 1
| 1():1 and lim ():lim - =1 ]
x=0  xp w0 ub u—0 [ 21217
(®(u) P
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Example 2.4 Consider ¢, ®: R, — R, given by

i t O g
(1) = ; e = /0 o(s)ds = ; e

We claim that [*(IN, R) # I?(N, R) no matter how we choose p € [1,00). Indeed,

lim% =0, and lim% = 00, foreach p € [1, 00),
t—0 t—0 tP

and using the above remark, our claim follows easily.
Let now [®(IN, R) be a scalar-valued Orlicz sequence space. We denote by
I*(N,X) = {f: N X :(||f(n)]])nen belongs to 1(N, R)}.
We will call I®(N, X) as a vector-valued Orlicz sequence space.

Remark 2.5 [*(N, X) is a Banach space endowed with the norm

1 flleovse = [H1LFCO e

Remark 2.6 For any scalar-valued Orlicz sequence space I® (NN, R), we have that:
i) PN, R) € I°(N, R);

.o l
(i) [[flle < Mgo; e [ fllo-

Lemma 2.7 If ® is the Young function of the scalar-valued Orlicz sequence space
I?(N, R), then the followings statements hold:

(i) Themap agp : N — R} given by ag(n) = (n+ 1)<I>’1(n—ll) is nondecreasing;
(1) Yo [f(B] < as(m)||flle, forallt >0, f € IP(N,R).

Proof (i) First let us prove that the map b: R — R given by b(u) =
nondecreasing. If 0 < u; < uy, then

(0] 1 u1 1 2
(ul) _ 7/ (p(S)dS: 7/ (p(ﬂv)ﬂdv
Uy uy uy Jo U U
1

0 1
_ 7/ cp(ﬂv)dv < i/ o(v)dy = <I>(uz).
0 uz Uz Jo

u u

P(u)
u 1S

In order to prove that ag is nondecreasing, we will choose randomly #n € N, and we
observe that 0 < w, := ®~!(-15) < ®'(-15) = wy, and thus b(w,) < b(w,).
Having in mind that

b(w;) = o and b(wy) =

1
ap(n+1) ap(n)’

it results that ag is a nondecreasing function.
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(ii) Consider f € I*(N,R),n € N*, ¢ > 0 such that m‘b(%f) < 1. Then we have

that
1 " 1 n 1 1
® <c(n+ D g'f“)') < mg‘b (le(k)I) <—,

and so .,
(1
kz:; |f(k)| < (n+1)® (m) c

which implies that

- 1
SoU0] < 4087 () 1l = ol

k=0
foralln € N, f € I*(\, R). ]

Remark 2.8 Using a simple translation argument we may state that

no+n

Z |f(K)| < as(n)| flle

k=nyg
forall ng,n € N, f € L2(N, R).

Definition 2.9 A family of bounded linear operators acting on X and denoted by
U = {U(¢, ) }s>s>0 is called an evolution family if the following statements hold:

e U(t,t) = I (where I is the identity operator on X) for all t > 0;

e Ult,s) =U(t,r)U(r,s) forallt > r > s> 0;

e there exist M > 0,w > 0 such that

|U(t,9)| < Me*"™ forall t>s>0.

Definition 2.10 A family of bounded linear operators {P(¢)},>o acting on X is
called a family of projectors if

e P*(t) = P(t) forall t > 0;

e P(-)xisbounded forall x € X.

We also denote Q(t) = I — P(t),t > 0.

Definition 2.11 The evolution family U = {U(t,s)};>:>¢ is said to be uniformly
exponentially dichotomic (u.e.d) if there exist a family of projectors {P(¢)},> and
two constants N > 0, > 0 such that the following conditions hold:

e U(t,s)P(s) = P(t)U(t,s) forallt > s > 0;

e U(t,s): KerP(s) — Ker P(t) is an isomorphism for all ¢ > s > 0;

o ||U(t,s)x|| < Ne7""=9||x|| for all x € ImP(s), t > s > 0;

o U, 9)x] > He"=)||x|| for all x € Ker P(s), t >s > 0.
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If the first two conditions from the above definition hold, we will denote
Ui(t,s) = U(t,5)|impi), Ua(t,s) = U(t,s)|kerp(s)-

Remark 2.12 The evolution family is U is u.e.d. if and only if there exist the con-
stants Ny > 0, N, > 0,1 > 0,1, > 0 such that

[UL(t,s)]| < Niem™“™9 and  ||Uy(t,s)|| > Ny,
forallt > s> 0.

Definition 2.13 Let U = {U(t,s)},>s>0 be an evolution family and assume that
there exist a family of projectors {P(¢) };>¢ such that

e U(t,s)P(s) = P(t)U(t,s) forallt > s > 0;
e U(t,s): KerP(s) — Ker P(t) is an isomorphism for all > s > 0;

Then we say that a vector-valued Orlicz sequence space I[®(IN, X) is admissible to
U if the following statements hold:

o« >, U5 (k, n)Q(k) f(k)|| < oo forall for all f € I*(N, X);
* xp: N — X, defined by x;(n) = 321, Ui (n, k) f(k) — 352, Uy (k, m)Q(k) £ (k),
lies in I (N, X).

3 The Main Result

Lemma 3.1 LetU = {U(t,s)}i>5>0 be an evolution family and assume that there
exist a family of projectors {P(t) }¢>o such that

e U(t,s)P(s) = P(t)U(t,s) forallt > s > 0;
e U(t,s): KerP(s) — Ker P(t) is an isomorphism for allt > s > 0;

If there exists a vector-valued Orlicz sequence space I® (N, X) that is admissible to U,
then there exists K > 0 such that ||x¢[|pn x) < K|| fllmox)-

Proof We define the operator V,,: I*(N, X) — I'(N, X), given by

U, '(k, m)Qk) f(k), k> m,
07 k < m.

(Vi f)(k) = {

It is easy to see that V,, is a linear operator for each m € N. Now take m € N,
{futnen CIP(N,X), f € I*(N,X), g € I'(N, X) such that

1*(N.X) I'(N.X)
Y — f " ﬁ1 — g

)

By Remark[2.6] we have that

fulk) — f(k), Viufu)(k) — g(k)forallk € N,
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and hence V,,, f = g. Thus V,, is bounded, for all m € N. We now define the linear
operator W : I®(N, X) — I*(N, X) given by

(W) (m) = Ui(m, PR f(k) = > U5 (k, m)Q(k) £ (k).
k=0 k=m

We take {g, }nen C I°(N, X), g € I*(N, X), h € I*(N, X) such that

I*(N,X) 1% (N,X)
& — & Wg — h

Then we have
|(Wg,)(m) — (Wg)(m)||

< U (m, kPR (ga (k) — gk + D (U5 (k, m)QUk) (g (k) — g(K)) |
k=0

k=m

. 1
< U(m,k)P(k)> n = &lranx) + [[Vin(gn — 811,
(2 103 0m 90 ) el =gl + 1Vt~

for all m,n € N. It follows, again using Remark2.6] that Wg = h. Thus we obtain
that

Ixfllm o = IW fllras < IWIHTflleeux forall £ € 1PN, X). u
Lemma 3.2 Letg: {(t,tg) € R* : t >ty > 0} — R, be a function such that the
following properties hold:

(1) g(t, 1) < g(t,5)g(s, o) forallt > s >ty > 05

(i) Supy<y <i<syr1 8(F:10) < 003

(iii) there exists a sequence h: N — R, lim,_, o h(n) = 0 and g(m+n, n) < h(m) for
allm,n € \.

Then there exist two constants N, v > 0 such that
g(t,to) < Ne "= forall t >ty > 0.

Proof Let

1
a= sup g(t,t), my = min{m € N*: h(m) < ~}.
0<t)<t<tp+1 e

Conditions (i) and (ii) imply that sup,<, <,<;+2m, &> t0) < a*™.
Fixty > 0, t >ty +2my, m = [=], n = [;—"0], where [s] denotes the largest

myo
integer less than or equal to s € R. One can see that

mom <t < mog(m+1), mon <ty <mo(n+1), m>n+2,
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and thus

g(t, ty) < g(t, mom)g(mom, mo(n + 1))g(mo(n + 1), t)

<a*™ ] glmok,mo(k — 1)) < a*™ [ h(mo)

k=n+2 k=n+2
4 1 )
< g¥mog—(m—n=1) < g ;= T 42

Taking into account that

_i=tg
gt tg) < a*™ < a*™e*e ™ forall ty >0, t € [ty,to + 2mp],
we easily obtain that
g(t,to) < Ne "= forallt > t, > 0,

where
o 4mgy 2 2mg 2 _
N = max{a*"™e*,a"™e’}, v = 1/my.

Theorem 3.3 Let U = {U(t,s)}i>s>0 be an evolution family and assume that there

exists a family of projectors {P(t) };>¢ such that

e U(t,s)P(s) = P(t)U(t,s), forallt > s > 0;
e U(t,s): Ker P(s) — Ker P(t) is an isomorphism for allt > s > 0.

Then U is uniformly exponentially dichotomic if and only if there exists I*(N, X) a

vector-valued Orlicz sequence space that is admissible to U.

Proof Necessity. It follows easily from Definition 213l that I!(IN, X) is admissible to

Uu.

Sufficiency. Letm € N, x € Xand f: N — X, f = x (. Itis easy to verify that

fel? N, X)and || fllmevx = lIxopllollx[l and

k [e%s)
(xp)(k) =Y Uik, DPGF(G) = Y U5 (G, QU F(7)

j=0 j=k
B U, (k,m)P(m)x, k> m,
| =U Y m, QUm)x, k< m,

and thus we have

[Ur(k, m)P(m)x|| < [|xf]|oc <

7Hx HI‘I'NX
Ixgoplle /1O

<K
HX{O}H@
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Also,
1U5 ! (m, K)QUm)x|| < [lxflloo < 7———llfllevx)
X oy |l
1 .
S Ki”f”l‘l’(N,X) = KHxHa Whlle k < m.
HX{O}||<I>

It is now clear that
|Ui(m,n)|| <K, Uy (m,n)|| <K forall mneN, with m>n.
Let m,ny € N, x € ImP(ny), f: N — X given by
fn) = Ui(n,ng)x, ne {ng,...,ny+m},
0, n¢ {ng,...,ng+mj.

Then f € IP(N,X), || flleqvx < K 3= lx[l, and f(n) € ImP(n) forall n € N. It
m+1
follows that
07 n < ng

(xf)(n) = Z Ui(m, k) f(k) = (n—no + 1)U (n,n9)x, n € {ng,...,ng+m}
k=0 (m+ 1)U, (m, no)x, n>ny+m+1

Thus we have

MHUl(mjLno,no)xH

2
no+m
= Z(ﬂ — 1o+ D) ||U(m + ng, no)x||
n=ny
ny+m no+m
<K Z(n — 1o+ 1)||Uy(n, np)x|| = K Z llxp(m)|| < Kag(m)||x¢||mnx
n=ny n=ny

< Kag(m)||f s < Kl (m + 1).

We obtain that

3
U1 (m + ng, m)|| <

for all m,ny € N.
m+ 2

By Lemma[3.2]it results that there exist two constants Ni, v; > 0 such that
|UL(t, )| < Nye =) forall t >ty > 0.

Consider again m, ny € N, x € Ker P(m + ny), g: N — X given by

(n) Uy Y(m+ng,n)x, n € {ng,...,ng+m},
n) =
0, n ¢ {ny,...,ng+m}.
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Theng € I*(N, X), [|gllppvx) < Kg=ros ||xH and g(n) € Ker P(n), foralln € N. A
simple computation shows that
no+m no+m
() (n) = = > Uy 'k, m)Uy (m+ g, k)x = = > Uy (m+ng, n)x
k=n k=n
= —(ng+m—n+1)U; " (m+ng,n)x, foralln € {no,...,ng+m},
and hence
(m+1)(m+2), _
B |US ! (m+ ng, no)x||
no+m
=Y (g +m—n+1)||Us " (m+no,ny)x|
n=ng
no+m
<K Z(no +m—n+1)||U; " (m+ no, n)x||
n=ny
no+m
=K Y Ix(m)ll < Kag(m)||xglm s x)
n=nyq
1 2m+1)K3
< Kag(m)[g|lmonx) < KPag(m) ——— Il < — Il
P (m) ag (m)

=)
WEe can state that
2K3

ﬁﬂxﬂ forall m,ny € N.
l(mlﬂ

1U; ! (ng + m, ng) || <

In order to apply Lemma[3.2lagain, we observe that
Uy (8, t0) = Us(to, [t61)U; ' ([t0] + 2, [t])Ua([10] +2,1)
forall0 <ty <t <ty + 1. This implies that

sup ||U2_1(t,t0)|| < M?*K.
0<tr<t<tp+1

Hence we can find two constants N, v, > 0 such that
U5 (¢, t0)|| < Npe™2U=) forall t >t > 0.
By Remark[2.12] it follows that U is u.e.d. ]

Remark 3.4 By Example[2.2lwe obtain, in the conditions of the above theorem, that
U is uniformly exponentially dichotomic if and only if there exists p € [1, co] such
that IP(N, X) is admissible to U. Also, Example 2.4l shows that the present approach
can bring other interesting situations beside the classical I (IN, X)-admissibility.
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