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ON THE CANONICAL MODULE
OF A 0-DIMENSIONAL SCHEME

MARTIN KREUZER

ABSTRACT.  The main topic of this paper is to give characterizations of geometric
properties of 0-dimensional subschemes X C P¢ in terms of the algebraic structure
of the canonical module of their projective coordinate ring. We characterize Cayley-
Bacharach, (higher order) uniform position, linearly and higher order general position
properties, and derive inequalities for the Hilbert functions of such schemes. Finally we
relate the structure of the canonical module to properties of the minimal free resolution
of X.

Introduction. In the study of O-dimensional schemes X embedded in some projec-
tive space P4 over an algebraically closed field k one oftentimes considers the homoge-
neous ideal Iy and the projective coordinate ring R = k[Xy, ... , Xy] / Ix of the embedding
X C P. Here we want to pursue a “dual” point of view and try to characterize geometric
properties of that embedding in terms of algebraic properties of the canonical module wg
of R.

- The canonical module can be described by wg = Homy, (R, k[xo])(—1), where Hom
means graded homomorphisms and x is the image in R of a linear form which does not
pass through any point in the support of X. This module is a finitely generated graded
R-module which starts in degree —oy, where ox = max{n € 7 : Hy(n) < degX}.
The multiplication maps of this module will be used to describe geometrical properties
of X like the Cayley-Bacharach property, uniform position property, general position
property, etc. The starting point of our investigations is the following theorem whose
reduced version was shown in [GKR] and whose nonreduced version can be found in
[K1].

THEOREM 1. The scheme X is locally Gorenstein and a Cayley-Bacharach scheme
if and only if there exists an element ¢ € (wr)—q, which satisfies Anng(y) = (0).

Here we say that X is a Cayley-Bacharach scheme, if every hypersurface of degree
ox which contains a subscheme of degree deg X — 1 of X automatically contains X. In
Section 2 we shall give a new proof of Theorem 1 which is based on a detailed study of
R and wg in Section 1. It was already pointed out in [GKR] that structural results like
Theorem 1 tend to have implications for the growth behaviour of the Hilbert function
of X.
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COROLLARY. If X is locally Gorenstein and a Cayley-Bacharach scheme, then
Hx(n) + Hx(ox —n) < deg X foralln € Z.

If we drop the assumption “X is locally Gorenstein” in Theorem 1, we obtain the
following characterization.

THEOREM 2. The scheme X is a Cayley-Bacharach scheme if and only if the multi-
plication map Ry, @ (Wr)—s, — (wr)o is nondegenerate.

Equivalently, we could have defined Cayley-Bacharach schemes as the ones for which
all subschemes Y C X of degree deg X — 1 have Hilbert function Hy(n) = min{Hyx(n),
deg X — 1}. This approach is used in Section 3 where we discuss higher uniformities.
We say that X is n-uniform, if every subscheme ¥ C X withdegX —n < deg? < degX
has the Hilbert function Hy(m) = min{Hy(m),deg Y} for m € Z. Then X is in uniform
positionif and only if X is (deg X— I)-uniform. We prove the following characterizations.

THEOREM 3. Let Ay := degX — Hx(ox). Then X is Ax-uniform if and only if the
multiplication map R,, @ (wr)—q, — (wg)o Is biinjective.

COROLLARY. If X is Ax-uniform, then Hx(n) + Hx(ox — n) < degX — Ax + 1 forall
ne {0,...,0’)(}.

THEOREM 4. The scheme X is in uniform position if and only if for every n €
{0,...,0x} the multiplication map R, ® (wgr)—n — (wr)o is biinjective.

Here “biinjective” means that r € R,, ¢ € (wg)—p, and r- ¢ = 0 imply r = O or
¢ = 0. Of course, many intermediate uniformities can be characterized in an analogous
way.

Recently another kind of uniformity has received some attention. We say that X is in
linearly general position, if deg(X N L) < 1 + dimL for every proper linear subspace
L C P?. In Section 4 we characterize schemes in linearly general position as follows.

THEOREM 5. A nondegenerate subscheme X C P? is in linearly general position if
and only if the multiplication map Ry @ (wg)_1 — (wg)o is biinjective.

COROLLARY. [If X is nondegenerate and in linearly general position, then we have
AHy(n) > d foralln € {1,...,0x}.
In particular, Hx(n) > min{1 + nd, deg X} for alln > 0.

The second inequality of this corollary has been obtained in [EH] with a different
method. Theorem 5 is also generalized for schemes in quadratically or higher order gen-
eral position. We go on to describe the relation of those notions with the classical termi-
nology “X imposes independent conditions on forms of degree n”.

Our last section deals with characterizations of properties of the minimal projective
resolution of R as a k[Xp, ..., X;]-module using the multiplication maps of wg. For ex-
ample, we show the following theorem.
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THEOREM 6. Ifthe projective resolution of X is almost linear, then the multiplication
map Roy_ayv2 @ (WR)—5y — (WR)—ay+2 IS injective.

Moreover, we give characterizations of schemes with almost linear or higher order
resolutions in terms of the algebraic structure of wg.

1. The projective coordinate ring and its canonical module. This section con-
sists of a series of definitions and easy lemmas which will prove useful later on. The
canonical module is defined and some of its most elementary properties are noted.

First of all we want to fix the notations which will be used throughout the paper. We
work over an algebraically closed field k of arbitrary characteristic. By P we denote the
d-dimensional projective space over k. We want to study O-dimensional subschemes X
of P. Since we always consider X together with a fixed embedding X C P¢, we shall say
“X has property P’ when we really mean “the embedding X C P? has property P”.

The coordinates {Xo, . . . , X; } of P4 are always chosen such that no point of the support
of X lies on the hyperplane V/(Xy). By Ix we denote the homogeneous saturated ideal of
X in k[Xy, . .., X4]. The projective (or homogeneous) coordinate ring of X is then given
by R := k[Xp,... ,Xd]/lx. It is a standard graded k-algebra R = @, R,, i.e. we have
Ry = k, dimy R) is finite, and R = k[R;]. We let m := @, R, be the homogeneous
maximal ideal of R. The image of X; in R is denoted by x; fori = 0, ..., d. By the choice
of coordinates, xo € R; is not a zero divisor of R. Hence R is a 1-dimensional Cohen-
Macaulay ring and R := R/(x) is a O-dimensional ring.

The Hilbert function of X is denoted by Hx: Z — N (n +— dim; R,). We have
Hy(n) = 0 forn < 0, Hx(0) = 1, and Hx(n) = deg X for n > 0. The invariant

oy :=max{n € 7 : Hy(n) < deg X}

will play an important role throughout this paper. By AHy: Z — N (n —— Hy(n) —
Hx(n — 1)) we denote the first difference function of Hy. Because of the exact sequence

of graded R-modules
0—R—-1)—5R—R—0

we have AHy(n) = dimy R, for all n € Z. Here R(—1) denotes the shift of R, i.e. the
graded R-module with R(—1),, = R,_; for all n € Z. Since R is also a standard graded
k-algebra, we have AHx(n) # O ifand only if n € {0,...,0x+1}, and therefore Hy(0) <
.-+ < Hyx(ox + 1) = degX. The number Ay := Hx(ox + 1) — Hx(ox) denotes the
last nonzero difference of Hy. It is clear that R, = (xy), for every n > ox + 1, hence
R, = )/(’)‘”""RUXH forevery n > oy + 1.

Now we shall examine subschemes ¥ C X of degree deg X — 1. Let Iy x be the ideal
of Yin R, and let ay )y := min{n € N : (Iy/x), # O} be its initial degree. Then Iy x
is a saturated ideal of R and Qy/x is well-defined, because dimk(R/Iy/X),, = Hy(n) =
deg Y < deg X = dimy R, forn > 0.

The projective coordinate ring of Yis S = R/Iy/x. As Y C X, the element xo is not a
zero divisor of S. Consequently, S := §/(xo) has Hilbert function dim; S, = AHy(n) =
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Hy(n) — Hy(n — 1) forn € Z. From Y C X and degY = degX — 1 we get AHy(n) <
AHx(n) forn € Z and ¥,z AHy(n) = Y_,c7 AHx(n) — 1. By definition of Qy/x, We have
My(ay/x) < Mx(ay/x).

Altogether, the Hilbert function of Y is given by

Hx(n) fOI‘n<O(y/x,

By =\ Hy(my— 1 forn > ay)y.

We shall call ary x the degree of Y in X. From the above discussion it follows that ary / x <
ox + 1.
A nonzero element fy € (Iy/x)a, , is called a minimal separator of Y. Since xy is nota

zero divisor on R, the element xjfy is a k-basis of (I / X)ay/x*’" for each n > 0. A nonzero

1=y x o -
element fy € k - xg” “VXps s called a separator of Y. For any r € R, n > 0, we get

rfy € Ly /x)ay+1+n> hence rfy = Axjfy for some X € k.

Next we want to derive a local description of separators which will be useful later
on. The coordinate ring I of X in the affine space A~ D,(Xy))is T = R/(xo —1).
The canonical epimorphism R —» I is given by dehomogenization. If we equip T’
with the ascending filtration ¥ induced by the degree filtration of k[X,...,X,] via
I 2 k[X),...,Xal/Ix, where Iy = Ix/Ix N (Xo — 1), we can form the homogenization
= xgrdf'ff(xl /xo, ... ,xd/xo) of any element f € T'. For details on those procedures
the reader may consult [KK].

LEMMA 1.1. [fwe restrict dehomogenization to elements of degree ox+ 1, we obtain
an isomorphism Ry, .| ST

PROOF. Because of dimy R;,+1 = degX = dim, I, it suffices to show that every
element of I" is the dehomogenization of an element of R,,.;. For f € I" we have
ordg f < ox + 1, because no element of grgr(l") ~ R has a degree larger than that.
Now xgxﬂford? Tpe ¢ R,,+1 has dehomogenization f. .

Combining the isomorphism of the lemma with the canonical isomorphism I' ——
I[Tpex Ox,p, we obtain an isomorphism 1: Ryy+1 = Ipex Ox.p which maps each homoge-
neous element r € R,, 4 to the tuple (rp)pex of its germs at the points of X. In particular,
we have 1(x**") = (1)pex.

The ideal of Y in [Ipecx Ox p is of the form k- (0,...,0,sp,0,...,0), where P € X and
sp € B(Ox p) is an element of the socle &(Oxp) = {rp € Oxp : mxp - rp = 0} of Oxp.
Clearly, 1(fy) = (0,...,0,sp,0,...,0) for some separator fy € R,, of Y, and the image
of any other separator of Y is a nonzero scalar multiple of this element. In particular, for
two subschemes Y, Y’ C X with deg ¥ = deg ¥’ = deg X — 1 we obtain

k-x3*'fy ifdimg Oxp=land Y =Y = X\ {P},
0) otherwise.

frofv €

When dealing with ideals of R defining subschemes of X, it is necessary to keep the
following lemma in mind.
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LEMMA 1.2. IfJ C R is a homogeneous ideal, then its saturation J*' := {r € R :

m”r C J for some n > 0} is already given by
S ={reR:xjreJforsomen>0}.

In particular, J is saturated if and only if xor € J implies r € J.

PROOF. As noted earlier, R, = x{;_‘”_'R{,X“ forn > ox + 1. Thus xr € J implies
moxHHn e = moxtl ity C J, and the claims of the lemma follow. n

In order to define the canonical module of R, we need some basic properties of the
category of graded R-modules. Its homomorphisms are homogeneous R-linear maps
@p:M — N. We also let Homp(M, N) be the graded R-module whose homogeneous
components are the sets of homogeneous R-linear maps ¢: M — N(n) forn € Z. The
functor H) (M) := {x € M : m"x = 0 for some n > 0} is a left-exact covariant functor
on that category. We can form its right derived functors H' (—), i > 0. The modules
H' (M) are graded R-modules whose underlying R-modules agree with the usual local
cohomology modules. We equip k with the trivial grading and let M* := Hom, (M, k) for
every graded R-module M.

DEFINITION.  The graded R-module wg := H. (R)* is called the canonical module
of R.
The following properties of wg are proven in [GW].

LEMMA 1.3. a) The graded R-module wg is finitely generated.
b) There is a canonical isomorphism of graded R-modules

wr = Homy, (R, k[xo[)(—1).

In particular, xy is not a zero divisor on wg.
c) There is an exact sequence of graded R-modules

0—R—T,0x — H.,(R) — 0.
In particular, the Hilbert function of wg satisfies
H,,(n) = degX — Hx(—n) foralln € Z.

d) If Y C X is a subscheme and S = R/Iy /x lts projective coordinate ring, then
there is a canonical isomorphism of graded R-modules

ws = {p €wr: Iy =0}

Notice that Lemma 1.3.c implies —ox = min{n € Z : (wg), # 0} and
H,(—ox) = Ax < -+ <H,(0) =degX — 1 <H,,(1) = degX.

From now on, we shall always use Lemma 1.3.b to think of elements of wg as k[x(]-linear
forms on R, and we shall use 1.3.d to identify wg with a submodule of wg. Comparing
Hilbert functions then yields oy < oy for every subscheme Y C X.

Our final three lemmas of this section will help us deal with those linear forms.
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LEMMA 1.4. For ¢ € wg, the following conditions are equivalent.
a) o =0
b) ¢ |RUX” ‘R, 1 — klxo] is the zero linear transformation.

PROOF. It suffices to show that b) implies a). If r € R,, n < oy, then

0= w(xg"“*"r) = xg“'*"gp(r), so o(r) = 0. And if r € R,, n > ox + 1, then we
can write r = A’(;*"X‘lr’ with 7/ € Ry, 41, and p(r) = x’é‘“r'@(r’) = 0 again. .

LEMMA 1.5. There is a 1-1 correspondence between elements ¢ of (wg)—q, and
k-linear maps ¢: Ry 41 — k with p(xoR,,) = 0.

PROOF. If ¢ € (wp)—o, = Homyy (R, k[xo])—5,—1, then its restriction ¢ :=
¢ | Rax+|3Rax+l —— k vanishes on xoR,,, because we have p(xoR,,) = xop(Ry,) C
Xoklxo]-1 = (0).
Conversely, if @: R,,+1 — k is a k-linear map, we define a homogeneous k-linear
map p: R — k[xg] of degree —ox — 1 as follows:
1) Forr € R,, n <oy, welet o(r) := 0.
2) Forr € R,,n > ox+ 1, we write r = xﬁ“’x—lr’ with ¥ € R, and let ¢(r) :=
5B,
Now @(xoR,,) = 0 is exactly the right condition to make ¢ even k[xy]-linear, so that
 defines an element of (wgr)—s,. Obviously those two constructions are inverses of each
other and define the desired bijection. n

LEMMA 1.6. For ¢ € wgandY C X withdegY = degX — 1, the following condi-
tions are equivalent.

a) fr-¢=0

b) ¢(fy) = 0.
PROOF. If p(fy) = Oand r € R,, n > 0, then fyp(r) = ¢(rfy) € k- x5o(fy) = (0),
because rfy € k - xfy, as noted earlier. »

2. Cayley-Bacharach schemes. In this section we want to study the canonical
module of O-dimensional schemes having the Cayley-Bacharach property with respect to
hypersurfaces of degree oy, the maximum possible degree (cf. [K2]). In particular, The-
orems 1 and 2 of the introduction will follow from Theorems 2.4 and 2.6, respectively.

DEFINITION. A O-dimensional scheme X C P is called a Cayley-Bacharach scheme,
if every hypersurface of degree ox which contains a subscheme ¥ C X of degree deg ¥ =
deg X — 1 automatically contains X.

PROPOSITION 2.1.  The following conditions are equivalent.
a) X is a Cayley-Bacharach scheme.
b) IfY C XanddegY = degX — 1, then ay)x = ox + 1.
¢) Each subscheme Y C X of degree deg X — | has Hilbert function Hy(n) =
min{Hyx(n),deg X — 1} foralln € 7.
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PROOF. a)=b): By definition, ary x is the least degree of a hypersurface contain-
ing ¥, but not X. Our assumption implies ay/x > ox + 1. The other inequality holds
always.

b) = ¢): This follows from the description of Hy in Section 1.

c) = a): Since Hx(ox) < degX — 1, we have Hy(ox) = Hx(ox), and this means
that every hypersurface of degree ox which contains Y also contains X. n

In order to be able to characterize Cayley-Bacharach schemes in terms of their canon-
ical modules, we need two lemmas.

LEMMA 2.2. a)Letn > 0andr € R, \ {0}. Then there exists an element ' € R,,.,,
a subscheme Y C X withdegY = deg X — 1, and a separator fy € R+ of Y such that
rr’ = xfy.

b)If Y C X is a subscheme and deg Y < n < deg X, then there exists a subscheme Z
of X such thatdegZ =nandY CZ C X.

PROOE. a): Since r # 0, there is a point P € X such that (rg)gex = z(xg"”‘"r)
satisfies rp # 0. Then we can find an element r, € Oxp such that sp := rprp €
&(Ox.p) is in the socle of Oxp. Now we use ¥/ := 1"((0,...,0,rf,,, 0,...,0)) and
fr:==1"((0,...,0,5p,0...,0)) and obtain the desired equality rr’ = xify.

b): By induction, it suffices to do the case n = deg X — 1. Let Iy /x C R be the ideal
of ¥, and let r € (Iy/x)m \ {0} for some m > 0. Using a) we find a subscheme Z C X
with degZ = deg X — 1 and a separator f; € R,,+1 of Z such that r/’ = x{fz for some
¥ € Roy1. Hence Iy = (f)™ C (0% C Iyy, and thus ¥ C Z C X. .

LEMMA 2.3. A homogeneous element ¢ € wg satisfies Anng(p) = (0) if and only if
o(fy) # 0 for any separator of a subscheme Y C X of degree deg Y = deg X — 1.

PROOF. If Anng(p) = (0), then fy - ¢ # 0, and thus ¢(fy) # 0 by Lemma 1.6.
Conversely, if r - p = 0 for some r € R, \ {0}, n > 0, then we can use Lemma 2.2.a to
conclude that xfy = 0 for some separator fy of a subscheme ¥ C X of degree deg X—1.
By Lemma 1.3, we then have fy - ¢ = 0 and ¢(fy) = 0, a contradiction. n

THEOREM 2.4. The following conditions are equivalent.
a) X is a Cayley-Bacharach scheme and locally Gorenstein.
b) There exists an element ¢ € (wr)—-g, such that o(fy) # 0 for all separators
fr € Roy+1 of subschemes Y C X of degree degY = deg X — 1.
¢) There exists an element ¢ € (WR)-q, such that Anng(p) = (0).
d) A generic element ¢ € (wg)—_q, satisfies Anng(p) = (0).

PROOF. a) = d): Since X is locally Gorenstein, there is for each point P € X a
unique subscheme Y C X with deg Y = deg X — | corresponding to a socle element of
Oy p. Since X is a Cayley-Bacharach scheme, a separator fy € R,,+ satisfies fy ¢ XoRo, .
Thus a generic k-linear map @: Ry,+1 — k with @(xoR,,) = 0 satisfies @(fy) # 0 for
those finitely many subschemes ¥ C X. Now Lemma 1.5 and Lemma 2.3 together imply
the claim.
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“d) = ¢)” is clear and “b)<>c)” follows from Lemma 2.3.
b) = a): From R(ox) = Ry C wg and dimy R, = deg X = dimy(wg), for n > 0 we
conclude that wy p & Oy p forall P € X, i.e. that X is locally Gorenstein. Since ¢(fy) # 0

and p(xoR,,) C k[xo]-1 = (0), we must have fy ¢ xoRs,, and therefore Qy;x = 0x + 1,
for all subschemes Y C X of degree deg X — 1. Hence X is a Cayley-Bacharach scheme
by Proposition 2.1. .

The corollary of Theorem 1 stated in the introduction follows now by simply compar-
ing Hilbert functions for the inclusion R(ox) = Ry C wg. If we have equality here, wg
is a graded free R-module of rank one. It is well-known that this is the case if and only
if R is a Gorenstein ring or, in other words, if X is arithmetically Gorenstein.

COROLLARY 2.5. a) If X is a Cayley-Bacharach scheme and Ay = 1, then X is
locally Gorenstein.

b) A O-dimensional scheme X is arithmetically Gorenstein if and only if X is a Cayley-
Bacharach scheme and Hy(n) + Hx(cx — n) = deg X foralln € 7.

PROOF. In view of what we explained above, it only remains to show “a)”. Suppose
there is a point P € X such that dim; &(Oyx p) > 2. Let fy,fy» € R,,4+1 be separators of
subschemes Y, Y’ C X withdeg Y = deg Y = deg X — 1 such that «(fy) and (fy) are k-
linearly independent elements of G(Oy p). Since Ay = dimy R,,41 = 1, there are scalars
A, A € ksuch that My +\'fy: € xoR,,. But then the subscheme Y = V(\fy+\fy) C X
satisfies deg Y = deg X — 1 and ays )y < oy, a contradiction. -

EXAMPLE. Let X C P2 be concentrated at two points P; and P, with Oxp, =
qu‘pi/méz’,), for i = 1,2. Then X is not locally Gorenstein, and from its Hilbert func-
tion Hy: 13566 - - - we read off Ay = 1. Therefore we know immediately that X is not a
Cayley-Bacharach scheme.

Our next theorem contains Theorem 2 of the introduction.

THEOREM 2.6. The following conditions are equivalent.
a) X is a Cayley-Bacharach scheme.
b) The multiplication map Ry, .1 @ (Wr)—o, — (wp)1 is nondegenerate.
¢) The multiplication map R,, @ (wg)—s, — (wr)o is nondegenerate.
d) For all m,n > 0, the multiplication map Ry, @ (WR)—gyin — (WR)—gy+men IS
nondegenerate.

PROOF. If ¢ € (wr) gy and R, = 0 for some m,n > 0, then xg = 0, and
therefore ¢ = 0. Thus the multiplication maps appearing in the theorem are always
nondegenerate in the second argument.

a) = b): Suppose that r € R,,+ \ {0} and r(wg)-q, = 0. Then Lemma 2.2.a shows
that fy(wg)—, = O for some separator fy € R,, .1 of a subscheme ¥ C X of degree
degX —1. Letfy be the image of fy in RJXH . Since X is a Cayley-Bacharach scheme, we
have fy # 0. Choose a complement V of k - fy in R, 41, and let 7 Ry,11 — k be the
projection to fy along V. Then 7 lifts to a k-linear map @: R,,+; — k with PxoR,,) =0
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and @(fy) = 1. Using Lemma 1.5 we obtain an element ¢ € (wg)—o, such that p(fy) = 1.
In view of Lemma 1.6 this is a contradiction.

b) = d): Let r € R, such that (wg)—s+n = 0. In particular, this implies
rxg(wr)—o, = 0, and therefore r(wg)—_q, = 0.If m < ox+1, we conclude from rxg"”"" €
Ry, 41 and rxg“'"m(wk)_ﬂx =O0thatr =0.If m > ox + 1, we write r = xﬁ"”’(—'r’ with
¥ € R,y+1 and conclude from #(wg)_,, = 0 that r = 0.

Since “d) = c¢)” is clear, it remains to show “c) = a)”. Suppose that X is not a Cayley-
Bacharach scheme, i.e. that there is a subscheme Y C X of degree deg X — 1 such that
fr € xoR,, for some separator fy of Y. Write fy = xogy with gy € R,,. For ¢ € (wg)_s,
we have o(fy) = xoe(gy) € xok[xo]-1 = (0), hence fro = 0 by Lemma 1.6. Thus
X08y(WR) =0y = fr(Wr)-0o, = 0, implying gy(wr)—,, = 0, a contradiction. n

COROLLARY 2.7. IfX is a Cayley-Bacharach scheme, then

Hx(n) < Ax(deg X — Hx(ox —n)) foralln > 0.

PROOF.  Since R, ® (Wgr)-¢, — (WR)—oy+n 1S nondegenerate for every n > 0, we
get injections R, — Homk((wR),(,x, (wR)_UX+,,). Now compare dimensions. ]

Of course, if Ay = 1, the inequalities of Corollary 2.7 and the corollary of Theorem 1
are equivalent. We do not know whether the stronger inequalities of the latter corollary
hold for arbitrary Cayley-Bacharach schemes. The following example shows that, at any
rate, Theorems 2.4 and 2.6 are not equivalent, if Ay > 1.

EXAMPLE. Let X C P? be the subscheme defined by Ix = (X3, X1 X, X3). It is con-
centrated at the point P = (1 : 0 : 0) and has Hilbert function Hy: 133 ---and ox = 0.
Since Oxp = Opep/ mﬁz,,z‘,,, we see that X is not locally Gorenstein. In particular, X has
infinitely many subschemes of degree two. But each subscheme ¥ C X of degree two
has Hilbert function Hy: 122 - - -, so X is a Cayley-Bacharach scheme.

Let us also check what happens in the canonical module in this example. For an ele-
ment ¢ € (wr)o, let a := p(x1) and b := @(x;). We claim that (bx; — ax;)¢ = 0. This
follows from Lemma 1.4, since ((bx| — axz)np)(xo) = xpbp(x1) — xpap(xz) = 0, and
((bxl — axz)ap)(x,-) = bp(x1x;) — ap(xx;)) = (b — a)p(0) = 0 fori = 1,2. Hence no
element ¢ € (wg)p has Anng(y) = 0, while the multiplication map Ry @ (wg)o — (wr)o
is clearly nondegenerate.

The final proposition of this section applies Theorem 2.6 to give a generalization of
the well-known fact that if one removes a point from a 0-dimensional reduced complete
intersection, one is still left with a Cayley-Bacharach scheme.

PROPOSITION 2.8.  Suppose that X is a Cayley-Bacharach scheme with Ay = 1, and
Y C X is a subscheme of degree degY = degX — 1. Then Y is a Cayley-Bacharach
scheme.
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In particular, if X is arithmetically Gorenstein, every subscheme of degree degX — 1
is a Cayley-Bacharach scheme.

PROOF. Let fy € R,,+1 be a separator of Y. As explained in Section 1, the projective
coordinate ring of Yis § = R/(fy), and its canonical module is given by wg = {¢) € wg :
Sfrir = 0}. Since Ax = 1, the Hilbert function of Y is Hy(n) = Hx(n) forn < ox and
Hy(n) = degY forn > ox. Thus oy = ox — 1 and S;, = Ry, 1.

Suppose that r € R,, | annihilates (ws) -,+1. By Corollary 2.5.a and Theorem 2.4,
there is an element ¢ € (wg)—g, such that Anng(y) = (0). So, (ws)—s,+1 cONtains {lyp:
{ € Ry, fylp = 0}, and therefore r¢ = 0 forall £ € R, such thatfy{ = 0.

We let u(x3r) =: (rg)oex, 1xJ* £) =: (£g)oex, and u(fy) =: (0,...,0, sp,0,...,0) with
P € X, sp € &(Oxp). If { € Ry defines a hyperplane V/(¢) which passes through P,
but through no other point of X, we have fy/ = 1! ((O, ...,0,5p0p,0,..., 0)> = 0. Thus
rf = 0and rplp = 0 for such /. Since the various germs /p generate the maximal ideal
of O p, it follows that rp is an element of the socle of Oy p. Then the hypothesis that X
is locally Gorenstein implies that rp is a multiple of sp.

On the other hand, for Q € X, O # P, the germ { is a unit of Oxp, and r{ = 0
implies ryp = 0. Altogether this shows that x}r is a scalar multiple of fy. But fy ¢ xoRo,,
because X is a Cayley-Bacharach scheme, so the only possibility left is » = 0. Hence the
multiplication S,, ® (ws)—s, — (ws)o is nondegenerate, and therefore Y is a Cayley-
Bacharach scheme by Theorem 2.6. ]

EXAMPLE. If X C P?is reduced and concentrated at the points (1 : 0:0),(1:1:0),
(1:2:0,(1:0:0D,(1:1:1),(1:0:2),(1:2:2),then its Hilbert function is
Hy : 13677 - - -, and X is a Cayley-Bacharach scheme because of [GKR], 4.9. From the
proposition it follows that any subset of six points of X is a Cayley-Bacharach scheme,
too.

3. Higher uniformities. In Proposition 2.1 we have characterized Cayley-Bacha-
rach schemes X as those 0-dimensional schemes for which every subscheme Y of degree
deg X — 1 has the same Hilbert function Hy(n) = min{Hx(n),degX — 1} foralln € Z.
This can be interpreted as a weak uniformity of X and invites the following generaliza-
tion.

DEFINITION. Let n > 1. We say that X is n-uniform, if every subscheme Y C X of
degree deg X — n < deg Y < deg X has Hilbert function Hy(m) = min{Hx(m),deg Y}
forallm € 7.

We say that X is in uniform position, if X is (deg X — 1)-uniform.

EXAMPLES. a) By definition, X is 1-uniform if and only if X is a Cayley-Bacharach
scheme.

b) Proposition 2.8 says that every Cayley-Bacharach scheme X with Ay = 1 is 2-
uniform. In particular, every arithmetically Gorenstein scheme is 2-uniform.
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c) J. Harris has shown in [H] that if char k = 0 and X is the general hyperplane section
of an integral curve C C P**!, then X is in uniform position. For most cases, this has been
extended to char k > 0 by J. Rathmann in [R].

d) The 0-dimensional reduced complete intersection scheme X = {(1:0:0),(1:1:
0),(1:2:0,(1:0:1),1:1:1,(1:2:1}C P? is 2-uniform by Proposition 2.8,
but not 3-uniform, because ¥ := {(1 : 0: 0),(1 : 1 : 0),(1 : 2: 0)} has Hy(l) =2 <
3 = min{Hx(1),deg Y}. Therefore Proposition 2.8 cannot be improved for complete
intersections.

The next theorem contains Theorem 3 of the introduction. In the sequel we shall say
that a k-linear map p: U @ V — W of finite dimensional k-vector spaces is biinjective,
if Wu @v) =0impliesu =0orv=_0forallu € U,v e V.

THEOREM 3.1.  The following conditions are equivalent.
a) X is Ax-uniform.
b) The multiplication map R,, @ (Wg)—s, — (WR)o Is biinjective.
c) Foreachn € {0,...,0x}, the multiplication map R, @ (wg)—oy — (WR)—gyin
is biinjective.

PROOF. a) = b): Letr € R,, \ {0}, and let ¥ := V(r) C X. Then r € (Iy/x)o,
implies Hy(ox) < Hx(oy). Since X is Ax-uniform, this yieldsdeg ¥ < Hy(oy) = deg X—
Ayx.By applying Lemma 2.2.b, we find a subscheme Y’ C X such thatdeg Y’ = deg X—Ay
and Y C Y. Byassumption, oy < oy = ox—1.1fS := R/[y/x, it follows that no nonzero
element of (wg)_,, liesinws = {p € wg : Iyx ¢ = 0}. By Lemma 1.2, this means
that no element of (wg)_, \ {0} is annihilated by r.

by=c): Lety € (wg)—p,and r € R,, n <oy, such that rp = 0. Then rx)* " € R,,
and rxJ* "¢ = 0 imply rxj* " = 0 or ¢ = 0. Hence we have r = 0 or ¢ = 0.

c) = a): Let Y C X be a subscheme of degree degX — Ay < degl < degX. It
suffices to show Hy(ox) = Hx(oy), because Hy(n) = degY forn > ox + 1 follows
already from oy < ox. Suppose that Hy(ox) < Hx(ox) < degVY. Then there exists a
nonzero element r € (Iy/x)o-x, and we can also conclude that oy = oy. Therefore there
is a nonzero element ¢ € (wg)-, Which is annihilated by Iy x. In particular, rp = 0, a
contradiction. [

REMARK. Itis useful to be able to check computationally whether the multiplication
map R,, ® (wgr)—s, — (wg)o is biinjective. Otherwise we would have to compute the
Hilbert functions of all subschemes ¥ C X of degree deg ¥ > deg X — Ay in order to
check Ax-uniformity. We start by computing a minimal homogeneous presentation

Ba Ba ‘
D Ry 1i—d—1) > PRy —d— 1)~ wg — 0
i=1 i=1

as explained in Section 5. Let ej,...,ex € :ﬁ] R(ay; — d — 1) be those standard basis
vectors which have degree —oy. Their images p; = €(e;) form a k-basis of (wg)—q,.
Compute monomials (or polynomials) my,...,ms_s € k[Xop, ..., X4],, whose images in

R, form a k-basis of that vector space (s = deg X).
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Using elimination, we can find the variety V. C A; of all solutions (ay,...,da,
by,....bs_p) € K° of

(ajey +---+apep)bymy + -+ - +b_smg_5) € iImo.

Let L C A2 be the linear subspace of all solutions (b, ..., by ) € kK *of bym +- - -+
by_ams_a € (Ix)sy. Now check whether V equals {0} x Aj AUAR X Lin A} = A2 x Ay 4.
More generally, it is clear that the described method can be applied to check biinjec-
tivity of any bilinear map of vector spaces whose matrix we know. Another method can
be derived from [E], Lemma 1.1.
Like Theorem 2.4, Theorem 3.1 also has implications for the growth behaviour of Hy.
The key here is the following lemma.

BIINJECTIVE MAP LEMMA. Let 1: U @ V. —— W be a k-linear, biinjective map of
finite dimensional k-vector spaces. Then

dlmkWZdlmk U+d1mkV~ 1.

For a nice, elementary proof of this lemma see [G]. In the situation of Theorem 3.1
we can apply it and obtain the corollary stated in the introduction. This corollary was
obtained earlier in [HE] under the stronger hypothesis that X is reduced and in uniform
position.

Next we want to characterize 0-dimensional schemes with even higher uniformities.

THEOREM 3.2. Leti € {0,...,0x}. The following conditions are equivalent.
a) X is (deg X — Hy(i))-uniform.
b) For each n € {i,...,ox}, the multiplication map R, ® (wg)—n —— (WR)o IS
biinjective.
c) Ifn € {0,...,0x —i} andm € {0,...,0x — n}, the multiplication map R,, @
(WR)—oy4n — (WR)—oy+mn IS biinjective.

PROOF. a)=>b): We proceed by downward induction on i. The case i = oy is han-
dled by Theorem 3.1. By induction hypothesis, we only have to show that R, @ (wg)—; —
(wg)o is biinjective. Suppose r € R; \ {0} and ¢ € (wg)_; are such that ro = 0. Let
Y := V(r) C X. Then the ideal Iy;x of Y in R satisfies re (Iy/x)i # (0). Since X is
(degX— Hx(i))-uniform, this implies deg ¥ < Hx(i). Using Lemma 2.2.b we find a sub-
scheme Y’ C X such that deg Y’ = Hx(i) and Y C Y’. By assumption, oy < oy =i — 1.
Let S := R/[y/x. From ry = 0 and Lemma 1.2 we conclude Iy x - ¢ = (r™y = 0.
Hence ¢ € (ws)—;. Now —i < —oy yields ¢ = 0, as was to be shown.

b) = c¢): Suppose that r € R,, and ¢ € (Wr)_gy4n satisfy r¢o = 0. Then rx* "™ €
Ry —pand rx(*™" "o = 0imply rxg* "™ = 0 or ¢ = 0 by b). Hence r = 0 or ¢ = 0.

Since “c) = b)” is clear, it remains to show “b) = a)”. Again we proceed by downward
induction on i, the case i = oy being the corresponding statement in 3.1. Suppose that
Y C Xis asubscheme of degree Hx(i) < degY < degX.IfdegY > Hx(i+1), we get the
claim from the induction hypothesis. Thus we can assume that Hx(i) < deg Y < Hx(i+1).

https://doi.org/10.4153/CJM-1994-018-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-018-5

THE CANONICAL MODULE 369

We find a subscheme Y’ C X such thatdeg Y’ = Hx(i+1)and Y C Y’. From the induction
hypothesis we know Hy.. Hence oy < oy = i, and therefore we have Hy(n) = degY
for n > i + 1. It remains to show Hy(i) = Hx(i). Suppose Hy(i) < Hx(i). Then there is
an element r € (Iy/x)i \ {0}, and Hy(i) < degY implies oy < i. Thus we also find an
element ¢ € (ws)—; \ {0}. Now rp = 0 contradicts b). "

Notice that in order to obtain Theorem 4 of the introduction, we only have to apply
Theorem 3.2 with i = 0.

EXAMPLE. Consider the O-dimensional reduced subscheme X C P?* concentrated at
theeleven points Py = (1:2:1),P, =(1:1:2),P3=(1:2:—1),P4=(1:1:-2),
Ps =0:-2:1),Po=(0:-2:-=1),Pr=(1:3:2),Pg=(1:3:3),
Py=(:4:0),Pp=({:5:0),and P;; = (1 : 0 : 6). Its Hilbert function is
Hyx:13610 11 11---,s0 Ax = 1, and using the procedure given in [GKR] it is easy to
check that X is a Cayley-Bacharach scheme.

Since Y; := {P,,...,P(,} has Hilbert function Hy,:1 3 5 6 6---and Y, :=
{P1, P2, P, ..., Py }has Hilbert function Hy,: 1 3 6 6 - - -, we see that X is not 5-uniform,
where 5 = deg X — Hx(ox — 1). Therefore there exist nonzero elements ¥ € (wg)—» and
r € R, such that iy = 0. After calculating a presentation of wg as in Section 5, it is a
straightforward exercise to compute those elements explicitly.

COROLLARY 3.3. IfX is locally Gorenstein and in uniform position, the multiplica-
tion maps Ry, @ R, — Ry are biinjective for all m,n > 0 such that m + n < oy.

PROOF.  Since X is a locally Gorenstein Cayley-Bacharach scheme, we find an ele-
ment ¢ € (wr)_q, such that Anng(¢) = 0. Now restrict the multiplication maps from
part c¢) of the theorem to Ry C wyg and identify R(ox) = Rep. =

Of course, unlike Theorem 4, the above corollary is not a characterization of
0-dimensional schemes in uniform position, since the inclusion Ry C wg is a strict
one as long as X is not arithmetically Gorenstein.

Finally, we also want to give a characterization of n-uniform schemes for those values
of n which lie between two consecutive values of deg X — Hx(i). Here we restrict our-
selves to the case of reduced schemes. Also, we only formulate the case n € {1,...,Ax}
explicitly, and leave appropriate generalizations to the reader.

In the case of reduced 0-dimensional subschemes X C P¢ we shall use the following
notations. We let s := deg X and write X = {Py,...,P;}. Foreach i € {1,...,s}, we let
fi € Ryy+1 be a separator corresponding to the subscheme X \ {P;} C X. As shown in
[GKR], the set {fi,...,f;} is a k-basis of R,,+1. Therefore the images {fi,...,f;} in Ry +1
are a set of generators of that vector space. The relations among those images determine
the structure of the multiplication map R,, ® (wgr)-s, — (wg)o in a natural way.

PROPOSITION 3.4. Letn € {1,...,Ax}. The following conditions are equivalent.
a) X is n-uniform.
b) Every subset of n elements from {fl, e, f;} is linearly independent in Rox+;.
PROOF. a) = b): Letvy,...,v, € {1,...,s} be pairwise distinct elements, and
let Y := X\ {P,,,..., Py, }. Then Hy(i) = Hx(i) for i < ox and Hy(i) = s — n for
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i > ox + 1. Also note that (f,,,...,f,) C Iy/x. If we compare Hilbert functions, we see
that in fact we must have Iy x = (f,,,....f,)- Thus (f,,,....f,,) is a saturated ideal of R,
i.e. A\ify, + -+ Afi, € X0R,, with \; € kimplies A} = --- = X, = 0. This is clearly
equivalent to what we claimed in b).

b)=a): Letm < n,letv,...,v, € {1,...,s} be pairwise distinct, and let Y :=
X\{P.,,,..., P, }. We have to show Hy(i) = min{Hx(i), s —m} forall i € Z. Since the
ideal (f,,...,fy,) defines Y in X scheme-theoretically, and since R/(f,,, . ...f,,) has the
correct Hilbert function, the claim is equivalent to showing that the ideal (f,,....f,, ) is
saturated.

Leti > 0 and r € R; such that xor € (f,,,,....f,, ). We consider three cases.

13If i > oy + 1, we can write xor = A1xj “f,, + - - - + Awx() 7f;, with ); € k, and we
getr=\xy U A N (S

2) If i = oy, we can write xor = \ify,, + - - + Aufy,, With A; € k, and using b) we get
Al == An =0,and thus r = 0.

3 Ifi <oy, wehavexor € (f,,,....f,.)i+s1 = (0), hence r = 0.

In any case, xor € (f,,,....f,,) implies r € (f,,,....f,,). By Lemma 1.2, this yields
the desired conclusion. n

m

EXAMPLE. Suppose chark = p > 0 and X C P is a reduced 0-dimensional sub-
scheme consisting of s := deg X > p + 2 [ ,-rational points and having Ay = 2. Then X
is not 2-uniform.

Suppose that X was 2-uniform. Since X is defined over [ p, its separators f; and their
residue classesf,- are elements of [ [xo, ..., x4] resp. Fplxi,...,x4] fori = 1,...,s. By
the proposition, we have f; # 0 and f; ¢ k- f; for all i,j = 1,...,s such that i # j.
W.l.o.g. let {fi,f>} be a k-basis of R,,+1. Fori = 1,...,s write fi = \fi + pf> with
i, i € Fp. Then {1 s my)see (g 1 )} is aset of s > p + 2 distinct points in fP'-I’, a
contradiction.

4. Schemes in general position. In this section let X again be an arbitrary
0-dimensional subscheme of P¢. We want to study O-dimensional schemes which exhibit
the following kind of uniformity.

DEFINITION.  We say that X is in linearly general position, if deg(LNX) < 1+dim L
for every proper linear subspace L C P¢.

f
It is useful to rephrase this condition in terms of Hilbert functions of various sub-
schemes of X.

PROPOSITION 4.1.  The following conditions are equivalent.
a) X is in linearly general position..

b) If Y C X is a subscheme of degree degY < d + 1, then Hy(n) = degV for all
n>1.

c) Each subscheme Y C X of degree degY < d + 1 satisfies oy < 0.
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d) If degX > d + 1, then Hy(1) = d + 1 for every subscheme Y C X of degree
degY =d+1,andif 1 <degX <d, then Hx(1) = deg X.

PROOE. a) = b): Let (X) be the linear span of X, i.e. the linear subspace (X) :=
V((Ix)1) C P Then we have dim(X) = d — dimy(Ix); = Hy(1) — 1. If X does not
span P, i.e. if dim(X) < d, we can use L = (X) in the definition, and we obtain deg X <
Hx(1) < d. Therefore Hx(n) = deg X for all n > 1. Clearly, this must then also be true
for all subschemes of X. ‘

In case dim(X) > d, we have Hx(1) = d + 1 < degX. Choose a subscheme Z C X
such thatdegZ = d+ 1 and Y C Z. It suffices to show Hz(1) = d + 1. Then oy < 0y
yields the claim. Suppose there is a hyperplane L C P? such that Z C L. Then X C L

implies LN X C X. Thusd+1=degZ <deg(LNX) <1+dimL =d,a contradlctlon

Therefore Z is not contained in any hyperplane, i.e. Hz(l) =d+1.

“b)<=>c)” is clear by definition of gy, and “c) = d)” is also clear.

d) = a): First we consider the case degX > d + 1. Let Z = LN X for some proper
linear subspace L g P4. 1f deg Z > d + 1, we find a subscheme Y C Z of degree deg Y =

d + 1. Then Hy(1) = d + 1 follows from our assumption, but contradicts Y C Z C X.
Hence we must have deg Z < d. Then we find a subscheme ¥ C X such thatdeg ¥ = d+1
and Z C Y. By assumption we have oy = 0, hence o, < 0. Altogether we obtain

deg(LNX) =degZ = H;(1) <H; (1) =1+dimL.

Finally, we consider the case 1 < degX < d. By assumption we have ox < 0.
Therefore o7~ < 0 for every proper linear subspace L C P?. Thus we find deg(LNX) =
f

H;~x(1) < Hi (1) = 1+dim L, as desired. ]

EXAMPLE. Schemes in linearly general position are, for instance, obtained naturally
by taking general hyperplane sections of nondegenerate integral curves C C P4*! which
are not strange. This is the content of the General Position Lemma shown in [R].

A 0-dimensional scheme X C P is called nondegenerate, if it is not contained in any
hyperplane. Our next theorem characterizes nondegenerate schemes in linearly general
position and contains Theorem 5 of the introduction. The easy task of formulating a
similar theorem also in the degenerate case is left to the reader.

Notice thatif X isin linearly general positionand deg X > d+1, then X is automatically
nondegenerate. Conversely, if X is nondegenerate, we obviously must have deg X > d+1.

THEOREM 4.2. Let X C P be a nondegenerate 0-dimensional subscheme. The fol-
lowing conditions are equivalent.
a) X is in linearly general position.
b) The multiplication map Ry @ (wg)—1 — (wg)o is biinjective.
¢) Foreachn € {1,...,0x}, the multiplication map Ry ® (wg)—n — (WR)—n+1 IS
biinjective.
PROOE. a) = b): Let ! € R; \ {0} and ¢ € (wg)_ such that £ = 0. Since X
is in linearly general position, we have deg V({) < d. Using Lemma 2.2.b we find a
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subscheme Y C X such that deg¥Y = d + 1 and V(£) C Y. Then Iy)x, the ideal of Y
in R, is contained in (£)**, the ideal of 1V(¢) in R. By Lemma 1.2, this implies that for
every r € Iy x there exists a number n > 0 such that xgr € (£). In particular, we have
xjre = 0, and therefore ro = 0. Let S := R/ Iy /x- By assumption and Proposition 4.1,
we have Hy(1) = d + 1. Thus H,(—1) = degY — Hy(1) = 0. It follows that ¢ € {p €
(wr)-1: Iy)x - ¥ = 0} = (ws)-1 = (0), hence ¢ = 0, as was to be shown.

b)=c): If£ € R\ {0} and p € (wg)_, are such that £¢ = 0, then £x "' =0
implies x4~ ' = 0 by b), and hence ¢ = 0.

c)=>a): Suppose that X is not in linearly general position. By Proposition 4.1, there
is a subscheme Y C X such thatdegY = d+1 and Hy(1) < d. Since X is nondegenerate,
we find an element £ € R, \ {0} such that £ € Iy/y. Let S := R/Iyx. Since H,(—1) =
deg Y — Hy(1) > 1, we find an element ¢ € (ws)-1 \ {O}. But then Iy x - ¢ = 0 implies
{y = 0, a contradiction. u

As usual, also this theorem has implications for the Hilbert function of schemes in
linearly general position. In fact, an application of the Biinjective Map Lemma to b)
yields the corollary stated in the introduction. The second statement of that corollary
follows by simply adding up the inequalities obtained before.

EXAMPLE. If X is a nondegenerate O-dimensional subscheme of P3 and AHx(oy) =
2,ie ifHyisoftheformHyx:13 ---s—Ax—2,5s—Ax,s,s- -, wheres := deg X, then X
is not in linearly general position. This follows from the aforementioned corollary, since
AHx(Ux) =2<3= AHx(l).

Our next corollary is an immediate consequence of Theorem 3.2 and Theorem 4.2.

COROLLARY 4.3. IfX is nondegenerate and in uniform position, then X is in linearly
general position.

In view of Proposition4.1.b, we find it natural to extend the concept of linearly general
position as follows.

DEFINITION. Let i > 1. We say that X is in i-th-order general position, if every
subscheme Y C X of degree deg Y < Hp. (i) satisfies Hy(n) = min{Hps(n), deg Y} for all
n>0.

In other words, the Hilbert function of each subscheme ¥ C X of degree degY <
Hpa (i) agrees with Hp. as long as possible, and then immediately attains its maximum
value. By Proposition 4.1.b, X is in 1-st-order general position if and only if X is in
linearly general position. Also, X is in (ox + 1)-th-order general position if and only if X
is in uniform position and in generic position (i.e. Hx(n) = min{Hp«(n),deg X} for all
n>0).

By now, it should be clear to the reader how i-th-order general position is reflected
by the structure of the canonical module. Again we restrict ourselves to the case of suf-
ficiently many points and leave the degenerate cases as an exercise.

THEOREM 4.4. Leti > 0and let ax := min{n € N : (Ix), # 0} > i+ 1. The
following conditions are equivalent.
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a) X is in i-th-order general position.

b) Foreachn € {1,...,i}, the multiplication map R, & (wgr)_n — (wg)o is biin-
Jective.

¢) Forallm € {1,...,i} andn € {0,...,0x — m}, the multiplication map R, @
(WR)—gy4n = (WR)—ay+men IS biinjective.

PROOF. a) = b): We proceed by induction on i. The case i = 1-is contained in
Theorem 4.2. Using the induction hypothesis, we only have to show that R; ® (wg)_; —
(wg)o 1s biinjective. Let r € R; \ {0} and ¢ € (wg)-; such that rp = 0. Consider the
subscheme Z := V() C X. Since r € (Iz/x)i and X is in i-th-order general position, we
have deg Z < Hps(i). Choose a subscheme Y C X such that deg ¥ = Hp.(i)and Z C Y.
Then Iy/y is contained in Iy = (r)**. Thus, for every s € Iy)x, there exists n > 0
such that xgs € (r). This implies Iy - ¢ = 0. Let S = R/Iy/x. From H,,(—i) = 0 and
¢ € (ws)—; we conclude ¢ = 0.

“b) = ¢)” is standard by now, and “c) = b)” is clear, so we still have to prove
“b) = a)”. Again we proceed by induction on i, the case i = 1 being provided by 4.2. By
induction hypothesis, each subscheme Y C X of degree deg Y < Hp«(i— 1) has the desired
Hilbert function. So, let Y C X be a subscheme of degree Hps(i—1) < deg Y < Hp(i). By
choosing a subscheme of degree Hp.(i — 1) of Y and applying the induction hypothesis,
we see that Hy(i — 1) = Hpa(i — 1). Therefore it only remains to show oy =i — 1.

Find a subscheme Z C X such that degZ = Hp(i) and Y C Z. Since deg¥ >
Hpi(i — 1) implies i — 1 < oy < 0y, it suffices to show Hz(i) = Hp.(i). Suppose there is
a hypersurface of degree i containing Z. The image r € R; of its equation in R does not
vanish because of ay > i+ 1. Let S := R/IZ/X. Since H,,(—i) > 1, we find a nonzero
element ¢ € (ws)—;. Then Iy - ¢ = O implies r¢ = 0, a contradiction. L]

REMARK. More generally, if we drop the assumption ay > i+ 1 in Theorem 4.4,
condition4.4.b is equivalent to the statement “‘every subscheme ¥ C X of degreedeg Y <
Hy(i) has Hilbert function Hy(n) = min{Hx(n),deg Y} for all n > 0”. This can be shown
in a completely analogous manner and is left to the reader.

Let us return for a moment to the example of eleven points in P? considered in Sec-
tion 3.

EXAMPLE. LetX = {Py,..., P”} C P? be the scheme defined in the example after
Theorem 3.2. We have seen that the multiplication map Ry ® (wgr)—2 — (wg)o 1s not
biinjective. Since no three points of X are on a line, X is in linearly general position.
Therefore the multiplication map R} ®(wg)-1 — (wg)o is biinjective. Using the method
described after Theorem 3.1, it is posiible to check this directly.

Altogether we conclude that X is in linearly general position, but not in 2-nd-order
general position. The latter statement corresponds geometrically to the fact that the six
points {Pl ey P(,} of X are contained in a conic.

Theorem 4.4 has the following consequences for Hilbert functions of schemes in i-th-
order general position.
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COROLLARY 4.5. Leti > 0, let X be in i-th-order general position, let oy > i+ 1,
and let m € {1,...,i}. Then the sum of m consecutive terms of the sequence
{AHx(1),...,AHx(ox)} is at least (") — 1.

The proof of this corollary is obtained by applying the Biinjective Map Lemma to
Theorem 4.4.c.

EXAMPLE. If X C P? is a O-dimensional subscheme of degree deg X > 10, and if no
subscheme of degree 10 of X is contained in a quadric surface, then the Hilbert function
of X cannot satisfy AHx(ox — 1) = 4 and AHx(ox) < 4. This follows from the corollary,
because X is in 2-nd-order general position and AHx(ox — 1) + AHx(ox) < 8 < 9 =
-1

Finally, we want to explain the connection of our notion of “i-th-order general posi-
tion” with the notion “imposes independent conditions on forms of degree i”. The fol-
lowing definition is adapted from [EK].

DEFINITION. Let i > 1. We say that X imposes independent conditions on forms
of degree i, if deg X < Hpi(i) implies Hx(i) = degX, and if degX > Hp.(i) implies
Hy (i) = Hpa(i@) for all subschemes Y C X of degree deg Y = Hp.(i).

PROPOSITION 4.6. Let i > (. The following conditions are equivalent.
a) X is in i-th-order general position.

b) X imposes independent conditions on forms of degree j for every j € {1,...,i}.

PROOFE. a)=b): Letj € {l,...,i}. We consider two cases.

1) If deg X < Hpa(j), we choose Y = X in the definition of i-th-order general position
and get Hx(n) = min{Hp:(n),deg X} for n > 0. In particular, Hx(j) = deg X.

2) If deg X > Hpa(j), we choose a subscheme Y C X of degree Hp(j) in the definition
of i-th-order general position. We get Hy(j) = min{ Hp(j), deg Y} = Hp.(j).

Consequently, X imposes independent conditions on forms of degree j.

b)=>a): LetY C X be a subscheme of degree deg Y < Hpa(i). Since we can exclude
the trivial case degY = 1, we can findj € {1,...,i} such that Hpe(j — 1) < degY <
Hpa(j). Choose subschemes Z, Z' C X such thatdeg Z = Hpa(j—1),deg Z' = Hpa(j), and
ZCYCZzZ CX

Since X imposes independent conditions on forms of degree j, we have Hz(j) =
Hpi(j) = deg Z'. Hence oy < 0 = j— 1, and henceforth Hy(n) = deg Y = min{Hpi(n),
deg Y} for n > j. Since X imposes independent conditions on forms of degree j — 1, we
have Hz(j — 1) = Hp«(j — 1). Thus also Hy(j — 1) = Hp(j — 1), implying Hy(n) =
Hpa(n) = min{Hp.(n),deg Y} foralln € {0,...,j — 1}.

Altogether we see that X is in i-th-order general position. (]
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5. The projective resolution. The last topic of this paper is to exhibit some con-
nections between the canonical module wg and the minimal graded free resolution of R.
Here we consider R as a module over the polynomial ring A := k[Xy, ..., X4]. Since R is
a 1-dimensional Cohen-Macaulay ring, its resolution is of the form

Ba 8

Ba-1
0 — DAC-aw) 5 B A~y 1) — - — DA—a) ~A — R —0
i=1 i=1

i=1
where o;; € Nand 3y,...,34 € N are the Betti numbers of X.

W.l.0.g. we can assume that o;; < --- < ayg fori =1,...,d. Let N; be the matrix
of @, fori = 1,...,d. As the above resolution is minimal, no entry of any of the matrices
; is a nonzero element of k. Hence a; < - -+ < ay. Also notice that or;; = oy, where
ay := min{n € N : (Ix), # 0} denotes the least degree of a hypersurface containing X.

Now we dualize the above resolution and observe that Extﬁ‘(R,A) =0fori=0,...,
d—1and Extf{(R,A) = wg(d + 1), cf. [GW]. We obtain a homogeneous exact sequence

v B Ba-1 o’ Ba
0—A—-SPA) — - — D Alag-1) — PA(eg) — wrld +1) — 0.
i=1 i=1 i=1
Since also this resolution is minimal, we conclude that a5, < --- < ag4g,. Notice that
ox=—min{n € Z: (wg)y # 0} = agg, —d — 1.

DEFINITION. Letn > 1.

a) We say that X has a resolution of order n, if a;s, < ax+i+n—2fori=1,...,d.

b) We say that X has a resolution almost of order n, if o3, < ax +i+n— 2 for
i=1,...,d— 1. :

In particular, if n» = 1 and a) (resp. b)) is satisfied, we say that X has a linear (resp.
almost linear) resolution.

Notice that if X has a resolution of order n (resp. almost of order n), then for i =
2,...,d (resp. for i = 2,...,d — 1) each matrix %; contains only homogeneous polyno-
mials of degree at most n.

The following proposition generalizes the analogous statement for linear resolutions
in [S] and follows also from [L].

PROPOSITION 5.1. Letn > 1.
a) X has a resolution of order n if and only if ox < ax+n — 3.

b) X has a resolution almost of order n if and only if ag_13, , < ax+n+d — 3.

PROOF. a): In view of the definition, it suffices to show “&<”. From a3, = ox +
d+1 <oax+d+n—2and ags, > o413, +1 > -+ > ajg, +d — 1 we obtain the
desired inequalities.

“b)” follows from a5, < -+ < gy <ay+n+d-—3. n

Ba

COROLLARY 5.2. The following conditions are equivalent.
a) X has a linear resolution.
b) Oxy = Oy — 2
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¢) Hx(n) = min{("zd), ((’“j_l)}for alln € N.

In particular, in this case we have deg X = ("‘X*j"') = (”X“de“).

PROOF. a)&b): Because of the proposition we only have to show oy > ay — 2.
This follows from oy = g3, —d—1 > ag—d—1 > ay_;)—d > -+ > a;—2 = ax—2.

a) = ¢): From the presentation A(—ay) — A — R — 0 we obtain that
Hy(n) = (")) for0 < n < ax—1. Since deg X = Hx(ox+1) = Hx(ax—1) = (%),
the conclusion follows.

“c) = b)” is clear from the definition of oy. n

Our next result contains Theorem 6 of the introduction. We characterize schemes with
almost linear resolutions using the algebraic structure of their canonical module. The
reader may consult [EG] and [L] for related results.

THEOREM 5.3.  Let {1,..., p3, } with ¢; € (WR)—a +a+1 be a minimal homogeneous
system of generators of wg. The following conditions are equivalent.
a) X has an almost linear resolution.

b) Iffori = 1,...,84 there are elements r; € Ry, —ay—a+1 SUch that rypy + -+ +
rg, 3, =0, thenry = ---=rz, = 0.
In particular, if X has an almost linear resolution, then the multiplication maps R, @
(WR) -0y — (WR)—gy+n are injective forn =0,...,0x — ax +2.

PROOF. a) = b): Consider the minimal homogeneous presentation of wg induced
by e: EB‘?;] A(agi —d — 1) — wg withe(e;)) = ¢; fori = 1,...,3,. Because of what we
know about the graded Betti numbers of X it has the shape

Ba- Ba

P Alax —3) — PA(ag —d— 1) —— wg — 0.
i=1 i=1

Let K be the kernel of . Then K_4,4» = Oimplies that any relation ry o+ - ~+r3, 03, = 0
of degree —ax + 2 (i.e. with r; € R_ 442 _degp; = Ray—ay—a+1) 1S trivial.
b) = a): Consider the minimal homogeneous presentation

Ba—1

Ba
DAy i—d—1) — PAs —d—1) —— wg — 0
i=1 =1

1
induced by e(e;) = p; fori = 1,..., 84. Let K be the kernel of €. The hypothesis implies
that K_4,+> = 0. Hence we have —ay_;+d+1 > —ay+2fori =1,...,5,.1.In
particular, we have ay_3, , < ax +d — 2, so that Proposition 5.1 shows that X has an
almost linear resolution.

Finally we prove the additional claim. Let A := Ay = dimy(wg)-4,. We conclude from
b)thatri g, _ari+ - +raps, = 0withry,...,ra € Ry, 42 impliesry = -+ = ry = 0.
Since {¢3,-a+1,- - -» Pg, } is a k-basis of (wg)_,. this means that Ry, a2 @ (WR) 5y —
(wWR)—ay+2 1s injective. The injectivity of the other multiplication maps follows now easily
from the fact that xy is not a zero divisor of R. .
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EXAMPLE. Let us return to the example of eleven points X = {Pl yens ,P“} in P?
given after Theorem 3.2 for one last time. The projective resolution of X is

0 — A%(—5) @ A(—6) — A*(—4) — A — R — 0.

Therefore X has an almost linear resolution, and Theorem 5.3 shows that the multipli-
cation map (wg)—3 ® Ry — (wg)_2 is injective. Of course, in the present example this
follows also from the fact that X is a Cayley-Bacharach scheme with Ay = 1.
By combining the various informations which we obtained in the last three sections,
we have now a clear picture of the multiplication maps of wg in degrees < 0:
1) Fori = 1,2,3 the multiplication maps (wg)-3 & R; — (wg)-3+; are injective.
2) For i = 1,2 the multiplications maps (wg)—; ® Ry — (wg)—iy1 are biinjective.
They cannot be injective because of dimension reasons.
3) The map (wg)_2» @ Ry — (wg)p is neither injective nor biinjective.
Of course, also the previous theorem admits a generalization for schemes with almost
quadratical or higher order resolutions. Since the proof of our final theorem is completely
analogous to the one given above, we leave it to the reader.

THEOREM 54. Letn € {1,...,0x — ax + 3}, and let {¢\,..., ¢3,} be a minimal
homogeneous system of generators of wg, where ¢; € (WR)—q +a+1 fori = 1,...,04.
Choose v € {1,...,034 — Ax + 1} such that {¢,, ..., ps,} are precisely those elements
in{@1,...,ps,} which have degree at most —ox — n + 3. (This is possible because of
n < ox — ax + 3.) The following conditions are equivalent.

a) X has a resolution almost of order n.
b) Iffori =1,...,8; —v+1 we have elements r; € Ry, —qy—d—n+2 SUch that ryp, +
st rg 0, = 0, thenry = =rg_, 4 =0

In particular, if X has a resolution almost of order n, then the multiplication maps
Ry @ (WR)—gy — (WR)—oyum are injective form = 1,...,0x —oax —n+3.

The injectivity claim in Theorem 5.4 implies strong inequalities for the Hilbert func-
tion of X.

COROLLARY 5.5. Letn € {l, ...,0x — 0x + 3}, and suppose that X has a resolution
almost of order n. Then we have

Ax - Hx(m)+ Hx(ox —m) < deg X

foreverym € {1,...,0x —ax —n+3}.

Clearly every O-dimensional scheme X C P¢ has a resolution almost of order ox —
oy + 3. The next lower case is somewhat more interesting.

COROLLARY 5.6. The following conditions are equivalent.
a) X has a resolution almost of order ox — oy + 2.
b) 418, <ox+d-—1
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¢) The multiplication map Ry @ (WR)—gy — (WR)—gy+1 IS injective.

PROOE. Inview of Proposition 5.1 and Theorem 5.4 we only have to show “c) = a)”.
Choose v € {1,...,0,} as in 5.4, and let r; € Ry, o, 4 be such that rip, +--- +
rg,—v+19s, = 0.Fori=1,...,Ax wehave r; € Ry = k. Since {¢1,...,¢3,} is minimal,

thisimpliesr; = ... =rp, =0.Fori = Ax+1,...,8;, —v + 1 we have r; € R;. Since
Ry ®(wRr)—gy — (WR)—0y+1 is injective, the relation ra . g, —ag1 ++ - +73,—103, = 0
implies rayy = - -+ = rg,_,+1 = 0. An application of the theorem now finishes the proof.

|

The following corollary is a special case of Corollary 5.5.

COROLLARY 5.7. If X C P4 is nondegenerate and has a resolution almost of order
ox — ax + 2, then AHx(Jx) >d- Ay.

REMARK. For subschemes X C P? the projective resolution is particularly short. In
this case “X has a resolution almost of order ox — ax + 2” easily translates into “Ix is
generated by elements of degree < ox+1”. Notice that I is always generated by elements
of degree < ox +2 because of what we explained at the beginning of this section. If Ix is
generated by elements of degree < oy + 1, Corollary 5.7 yields that the Hilbert function
of X satisfies AHy(ox) > 2Ax.
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