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DISPERSED FACTORIZATION STRUCTURES
H. HERRLICH, G. SALICRUP AND R. VAZQUEZ

0. Introduction. Factorization structures on a category ¢ form a useful
categorical tool. As is known, any J¢, satisfying suitable completeness—and
smallness—conditions, has a sufficient supply of factorization structures; in
fact, there is a bijection between the class of all epireflective (full and isomor-
phism-closed) subcategories of %" and the class of all so called perfect factoriza-
tion structures on. 4 . In this paper, for an arbitrary category ¢ supplied with
a fixed factorization structure (E, M), a similar bijection between the class of
all E-reflective (full and isomorphism-closed) subcategories of " and the class
of all (E, M)-dispersed factorization structures on.# , introduced in this paper,
will be established. Moreover (E, M)-dispersed factorization structures (C, D)
will be characterized by several sets of conditions, the simplest being that
(1) C CEand (2)gof € Candf € Eimpliesf € C. For these results it is of
crucial importance to consider factorizations for arbitrary sources and not for
single morphisms only.

In case E is the class of 4/ -epimorphisms, our results extend and simplify
corresponding results about perfect factorizations (for which there exists an
excellent survey by G. E. Strecker [24]) and free the latter from their some-
what unnatural completeness—and smallness—restrictions. In case £ is the class
of extremal 2 -epimorphisms, the corresponding so called dissonant factoriza-
tion structures have been recently discovered and investigated independently
by G. Salicrup and R. Vazquez [20] and by G. Preuss [16] in the more restricted
setting of topological categories 2¢". At least in this more specialized setting
they have a definite topological flavour and a close relation to connectedness
properties in.2¢. In particular they contain as special cases the (concordant
quotient, dissonant)—factorization of P. Collins [2] and the (submonotone
quotient, superlight)—factorization of G. E. Strecker [23].

In this paper a number of further examples will be provided. In particular it
will be shown that the topological category Rere of reflexive relations has a
proper class of perfect factorization structures and a proper class of dissonant
factorization structures, but only one factorization structure, which is simul-
taneously dissonant and perfect.

In all that follows, 2#" will denote a category and every subcategory of a
category will be assumed to be full and isomorphism-closed.

1. Factorization structures.
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1.1 Definitions. (1) A source in ¥ with domain X is a pair (X, f;) ;, where
X is a2 -object and (f,) ; is a family of #-morphisms f;: X — ¥, indexed hy
a class I which can be proper, improper or empty. Alternative notations for
(X, f) rare (X, fi: X = V) ;and (X, %).

(2) (E, M) is said to be a factorization structure on 24 if and only if E is a
class of 2 -morphisms closed under composition with isomorphisms, M is a
conglomerate of sources in 2 closed under composition with isomorphisms,
each source inJ# has an (E, M)-factorization and ¢ has the (E, M)-diagonal-
ization property, i.e. whenever f and ¢ are morphisms and (¥, m;) ;and (Z, f;) ;
are sources in ¥ such thate € E, (Y, m;); € M and f;0e = m, o f for each
i € I, then there exists a unique morphism ¢ in ) such that goe = f and
m;0g¢ = f;foreach sz € I.

In the following we assemble without proof some properties of factorization
structures. For details see e.g. [10], [17], [20], or [24].

1.2 Prorosition. If (E, M) is a factorization structure on 4 then the following
hold:

(1) (E, M)-factorizations are unique (up to isomorphisms).

(2) E M M 1is the class of isomorphisms in 4 .

(3) E 1s a class of epimorphisms in 24 ([11], [25]).

(4) Every extremal monosource, in particular all limits and all sections, belongs
to M.

(5) If f, g, h are A -morphisms such that h = g o f then the following hold:

(@) If h belongs to E and f is an epimorphism then g belongs to E.

(b) If f and g belong to E then h belongs to E.

(6) If (X, fi) 1 1s a source in X and (X, g,) 5, ((Z;, kji) 1) 5) is a factoriza-
tion of (X, fi) 1, t.e. UjesI; =1 and for each j € J and euch 1 ¢ I, f; =
k;; 0 g;, then the following hold:

@) If (X, fi) risin M then (X, g;) ;15 in M.

(b) If (X, g;) s is in M and for each j € J (Z;, kji) 1, is in M then (X, i) ;
isin M.

() If (X, fo) 1 is a source in K and there exists J C I such that (X, fi)
belongs to M then (X, f;) ; belongs to M.

(8) E and M determine each other through the diagonalization property.

(9) Every subcategory o/ of KX has an E-reflective hull #. X belongs to &
if and only if there exists a source (X, my: X — A,) ;in M with A, in A for
eacht € I.

(10) In particular, the subcategory € of 4 whose objects are those X such that
(X, @) belongs to M is the smallest E-reflective subcategory of # . The objects of
can also be described as those X which are E-injective.

1.3 Remarks. (1) Factorization structures can be defined with respect to a
certain conglomerate .S of sources by requiring the existence of (£, M)-factor-
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izations only for sources in S. In particular, S can be the conglomerate of set
indexed sources or that of single morphisms (considered as singleton sources).

(2) If A has products then every factorization structure (E, M) on¢ for
single morphisms can be uniquely extended to a factorization structure (E, M")
for set indexed sources (M’ consists of compositions of M-morphisms with
products).

(3) If A4 is cowell powered and has a factorization structure (E, M) for set
indexed sources then the following are equivalent:

(a) (E, M) can be (uniquely) extended to a factorization structure (£, M")
onA .

(b) E is a class of epimorphisms in 7.

(c) If (X, m) belongs to M then (X, (m, m)) belongs to M.

(d) If (X, %) belongs to M, # C % and 9 is set indexed then (X, ¥9)
belongs to M.

(e) Every S -section belongs to M.

The above conditions are not automatically satisfied as the factorization
structure (maps, products) for set indexed sources in Sef demonstrates.

(4) If A has a factorization structure (E, M) then every factorization
structure (C, D) for single morphisms with C C E can be uniquely extended
to a factorization structure (C, D’) on2#". (D’ consists of all compositions of
D-morphisms with M-sources).

2. Dispersed factorization structures. From now on let.#” be a category
supplied with a factorization structure (E, M). The concepts defined in this
section will depend on this factorization structure, without making it always
explicit in terminology and notation.

2.1 Definitions and notation. Let .o be a subcategory of 7.

(1) For any object X of ¥ (X, # (X,.9/)) denotes the source of all /¥ -
morphisms with domain X and codomain in.%.

(2) A -morphism f:X — Vis called.o/-concentrated if and only if f belongs
to E and is .%/-extendable; i.e. the source (X, % (X, .%)) can be factorized
through f. The class of all.%/-concentrated morphisms will be denoted by C.%7.

(3) A source (X, %) in A is called & -dispersed if and only if (X, F U
F (X,57)) belongs to M. The conglomerate of all.&/-dispersed sources will be
denoted by D&/

2.2 Remark. 1f o/ is a reflective subcategory of #', X is a . -object and
r: X — X' is an ./ -reflection then a ¢ -source (X, F) belongs to D.o7 if and
only if (X, % U {r}) belongs to M and an E-morphism f: X — V belongs to
C&/ if and only if there exists a ¢ ~morphism g such that g o f = 7.
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2.3 THEOREM. If.%/ is a subcategory of A then (C8/, DS/) is a factorization
structure on K.

Proof. (1) Obviously C/ and Do/ are closed under compositions with iso-
morphisms.

(2) If (X, f:) risasource in¥, (X, % (X,o)) = (X, f:) ,and
fi e my
X>Y)rur=X—>Z->Y)ry,s
is an (E, M)-factorization of (X, f;) ;y s, then

is the desired (C.9/, D&/ )-factorization of (X, f;) ;.
(3) Let the diagram

X—>z
f fi (@€

Y — X,
my

commute with e in C.9/ and (Y, m,) ;in D&/, If (V, F(V, o)) = (V, m,),,
the fact that e belongs to C.2/ implies that for each i € J there exists a ¢ -
morphism f;: Z — X, such that f;0e = m; of. Hence, since (Y, m;);y s
belongs to M, there exists a ¢ -morphism % such that the diagram

fl h, li GecIUJ)
K’ .

2.4 PROPOSITION. If./ is a subcategory of X and X is the E-reflective hull of o/
then C&/ = C# and DS/ = DX.

commutes.

Proof. By 1.2(8) and 2.3, all one has to show is C.&/ = C#. Since s/ C %,
C#H C CH. Letf: X — Y bein C& and suppose g: X — B is a ¥ -morphism
with B in &Z. By 1.2(9), there exists an M-source (B, m;; B — A;) ; with all
A4,in./ and, since f is.%/-extendable, for each 7 € I there exists a.# -morphism
g¢: YV — A4, such that m;0¢ = g, 0f. Hence there exists a ¢ -morphism &

https://doi.org/10.4153/CJM-1979-097-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-097-7

FACTORIZATION STRUCTURES 1063

such that the diagram

x—Ly

’
’

£ If'/ gi

v,
.
v

BYX— >4,
m;

commutes, and this implies that f belongs to C#.

2.5 PROPOSITION. If.%7 is a subcategory of A then for each K -object X the follow-
ing are equivalent:

(a) X belongs to the E-reflective hull of </ .

(b) (X, 0) € DL

(c) X is C/ -injective.

Proof. Since (a) is equivalent to (X, % (X, &/)) € M the equivalence
(a) < (b) follows immediately from the definition of D.2/. The equivalence
(b) & (c) follows immediately from 1.2(10), since (C.o/, D&/) is a factoriza-
tion structure on ¢ .

2.6 COROLLARY. If.%7 is a subcategory of A then the following subcategories of 4
coincide:

(a) The E-reflective hull of .7 .

(b) The C/ -reflective hull of .

(c) The smallest Co -reflective subcategory.

(d) The subcategory of Co/ -injective objects.

2.7 Definition. A factorization structure (C, D) on.¢ is called dispersed, or
more precisely (E, M)-dispersed, if and only if there exists a subcategory % of
A such that C = C&/ and D = D«

2.8 Remark. 2.3 and 2.4 imply that there exists a bijection between the class
of E-reflective subcategories of ¢ and the class of dispersed factorization
structures on J¢. In particular the factorization structure (E, M) itself is
dispersed and corresponds to the smallest Z-reflective subcategory of 7.

2.9 TueoreM. If (C, D) 1s a factorization structure on % and C C E then
the following are equivalent:

(@) (C, D) is dispersed.

(b) If g o f belongs to C and f belongs to E then f belongs to C.

(c) If (X, f:) 1 1s a source in A which contains « C-morphism then (E, M)-
and (C, D)-factorizations of (X, f;) ; coincide.

(d) If f: X = Y is a A -morphism such that there exists a A -morphism
g: Y — Z and a K-source (Y, g;) ; with (X, g;0 f);in D and g o f in C, then
f belongs to M.
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(e) If (X,f:) risa D-sourceand fo: X — Yoisa C-morphism then (X, f:) 1y 0
belongs to M.

Proof. (a) = (b) follows immediately from the definition of .%/-concentrated
morphism.
(b) = (c). Let

fi e my
X=YV),=X—>Z->Y),
be an (E, M)-factorization of (X, f;) ;. Since for some j € [ f; belongs to C,
(b) implies that e belongs to C.
(¢) = (). If.¥ = {g;of} ;U {gof} then, by 1.2(7), (X,#) belongs to D.
Hence, by (c), (X, %) belongs to M and therefore, according to 1.2(6), f
belongs to M.

(d) = (e). Let

f e g
(X = Ydipg = X — 75 Yo
be an (E, M)-factorization of (X, f;) ; 0. By (d) e belongs to M and hence
is af -isomorphism. Consequently (X, f;) ; u 0 belongs to M.

(e) = (a). Let &/ be the C-reflective subcategory of C-injective objects.
Obviously each morphism in C is.%-concentrated. If f: X — ¥ belongs to C.<7

f c d
X>V)V=X—-2-7)
is a (C, D)-factorization of f and s: Z — Z’ is an.%/-reflection then, by (e),
(Z, (d, s)) belongs to M. Hence (Z, d) belongs to Do/ but, since by 1.2(5) d
belongs to C.%7, d is a 4 -isomorphism and therefore f belongs to C. Hence
C = C% and, by 1.2(8) and 2.3, D = D¢/

2.10 Remark. If a factorization structure (C, D) is dispersed then C C E.
The converse does not hold (See 2.12 and 3.1).

2.11 THEOREM. If C1s a class of E-morphisms then the following are equivalent:

(1) C = CA for some subcategory.o/ of A .

(2) Every (C-injective)-extendable E-morphism belongs to C.

(3) The following conditions hold:

(@) The subcategory of C-injective objects is C-reflective.

(b) If g o fbelongs to C and f belongs to E then f belongs to C.

(4) Thefollowing conditions hold:

(@’) For each 4 -object X there exists a C-morphism f: X — Y with Y C-injec-
twe.

(b) If g o f belongs to C and f belongs to E then f belongs to C.

Proof. (1) = (2).Since C = C</,1.2(10) and 2.6 imply that the subcategory
of C-injective objects is the E-reflective hull of .o&7. Hence, by 2.4, C coincides
with the class of (C-injective)-extendable E-morphisms.
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2)=@). It (X,m;:X — YV, isan M-source with all V; C-injective then,
by the (E, M)-diagonalization property of ¢, X is C-injective. Hence, by
1.2(9), the subcategory of C-injective objects is E-reflective and this, by (2),
implies that it is C-reflective.

(b) Follows from (2) and the fact that if g¢ o f belongs to C and f belongs to
then fisa (C-injective)-extendable £-morphism.

(3) = (4) is obvious.

(4) = (1). Let.®Z be the subcategory of C-injective objects. Then C C C.o7.
If f: X — Y belongs to C%7, by (a’) there exists a C-morphism g: X — 4 with
A C-injective. Hence there exists a ¥ -morphism k: ¥ — A such that ko f =
¢. Therefore, by (b), f belongs to C and this implies that C = CoZ.

2.12 Remark. Obviously (a) implies (a’). To show the independence of (a)
and (a’) from (1), consider Top supplied with the factorization structure
(epimorphisms, extremal monosources). The class C of all quotients satisfies
(a) but not (b) and the class C of all epimorphisms with a fixed domain X
satisfies (b) but not (a’).

2.13 Problem. Is there a nice characterization of those subclasses C of E for
which there exists a D such that (C, D) is a factorization structure on ¢ ?

2.14 THEOREM. If D is a conglomerate of sources and & is the subcategory of A
whose objects are those X tn A for which (X, @) belongs to D then the following are
equivalent:

(1) D = D for some subcategory o7 of A .

(2) A A -source (X, F) belongs to D if and only if (X, F UF (X, X))
belongs to M.

Proof. (1) = (2). By 1.2(9) and 2.3 & is the C.%7-reflective hull of .2/ which,
by 2.6, coincides with the E-reflective hull of .27. Hence, by 2.4, D = DZ.
(2) = (1) follows immediately from the definition of DZ.

3. Specializations. If ¢ is supplied with a factorization structure (epi-
morphisms, extremal monosources) then, for any subcategory &7 of ¢,
&/ -concentrated morphisms coincide with .27-extendable epimorphisms, .&7-
dispersed sources coincide with .97 -perfect sources and dispersed factorization
structures on 2 are called perfect. Perfect factorization structures have been
well investigated. See for example [4], (5], [6], [8], (9], [13], [14], [21], [22] and
in particular the survey paper by G. E. Strecker [24].

If ¢ is supplied with a factorization structure (extremal epimorphisms,
monosources) and.?/ is a subcategory of /" then .%/-concentrated morphisms
will be called .o7-concordant, o7 -dispersed sources will be called .o/ -dissonant
and dispersed factorization structures will be called dissonant. Dissonant
factorizations have been investigated previously by G. Salicrup and R. Vazquez
[20] and independently by G. Preuss [16] in topological categories and even
earlier by G. Salicrup and R. Vazquez [19] in Top. If2# is a topological category
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and.%Z is a quotient reflective subcategory of # then for each.# -object X, the
fibres of the.o-reflection r: X — X’ are called the &/ -quasicomponents of X.
In this case a quotient f: X — ¥ is.9/-concordant if and only if each fibre of f
is contained in an .97 -quasicomponent of X. G. Preuss [16], has shown that this
last statement holds if and only if for each .%/-quasicomponent ¥V’ of Y,
F~1(Y") is an %7 -quasicomponent of X. A map f: X — V¥ is .%/-dissonant if and
only if each fibre of f intersects each .%7-quasicomponent of X in at most one
point../-dissonant sources are all the compositions of %7 -dissonant morphisms
with monosources. In particular, if #* = Top and .o/ is the quotient reflective
hull of the discrete two point space then .2/-quasicomponents are precisely
quasicomponents and the factorization structure (2/-concordant, .o/-dis-
sonant) is the (concordant, dissonant)-factorization of P. Collins [2]. If .9/ is
the quotient reflective subcategory of Top whose objects are all the totally
disconnected spaces, then.o/-quasicomponents coincide with components and
the factorization structure (9/-concordant,.%/-dissonant) is the (submonotone
quotient, superlight) factorization of G. E. Strecker [23].

If C is a class of epimorphisms in Top, f: X — V is called hereditarily-C
if and only if for each open set B (C Y the restriction

fIBs1m: fU(B) = B

belongs to C. P. Collins and R. Dyckhoff [3] have shown that for each factoriza-
tion structure (C, D) in Top, there exists D’ such that (hereditarily-C, D') is
a factorization structure in Top.

3.1 THEOREM. Let ./ be a quotient reflective subcategory of Top such that .o/
s different from Top, from Ty and from the smallest quotient reflective subcategory.
Then the factorization structure (C, D) in Top, in which C is the class of heredi-
tarily o7 -extendable quotients, is neither perfect nor dissonant.

Proof. Since .7 is different from Top and from T, .7/ C T). Let X be the
space with three points a, 0, c and topology generated by {{«}, {c}},letf: X —» ¥V
be the quotient obtained by identifying a and ¢, and let ¢: ¥ — T be the unique
map from ¥ onto a singleton space 7". Then f is a quotient and gof is a
hereditarily .9/ -extendable quotient. Since .&/ is different from the smallest
quotient reflective subcategory of Top, the restriction f|%, 15, where B =
{f(a)}, is not.o7-extendable. Hence f is not hereditarily.o/-extendable. By 2.9
this implies that (C, D) is neither perfect nor dissonant.

3.2 THEOREM. In Top the following hold:

(1) There exists a proper class of perfect fuctorization structures and a proper
class of dissonant factorization structures.

(2) There exisis a nom-legitimate collection (in the sense of [1]) of perfect
factorization structures and a non-legitimate collection of dissonant factorization
structures.

(3) There exists a proper class of factorization structures which are neither
perfect nor dissonant.
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(4) There are exactly two factorization structures which are simultaneously dis-
sonant and perfect.

(a) The factorization structure (isomorphisms, sources).

(b) The factorization structure (T -extendable epimorphisms, To-perfect
sources) = (quotients with indiscrete fibres, sources whose multiple fibres are T).

Proof. (1) G. Salicrup and R. Vazquez [18] have shown that Top has a
proper class of right constant subcategories. Since every right constant sub-
category in Top is quotient reflective, by 2.8 this implies that there exists a
proper class of perfect and a proper class of dissonant factorization structures
in Top.

(2) V. Kannan and M. Rajagopalan [12] have shown that there exists a
a proper class K of compact T;-spaces such that the only non-constant con-
tinuous mappings between members of K are the identities (see also [26]).
Consequently, if for each S C K Q(S) denotes the quotient reflective hull of S,
{Q(S)|S C K} is a collection of quotient-reflective subcategories of Top that
is not even in one-to-one correspondence with any class; hence non-legitimate.
Hence, by 2.8, there exists a non-legitimate collection of perfect and a non-
legitimate collection of dissonant factorization structures in 7op.

(3) For every right constant subcategory . of Top let C(&/) be the class of
all hereditarily .27 -extendable quotients. By [3] there exists a conglomerate
D(%/) of sources such that (C(%/), D(%/)) is a factorization structure in Top.
By 2.13 of [19] every.o/ -reflection map belongs to C (%), which implies that the
correspondence &/ +— C(&7) is one to one. Since, by [18], there exists a proper
class of right constant subcategories of 70p, the result follows from 3.1.

(4) It is easy to verify that factorization structures given in (a) and (b) are
simultaneously perfect and dissonant. To show that they are the only ones with
this property, let &/ be a quotient reflective subcategory of 70p such that .o/
is different from 7'op and from 7. Hence &/ C 7). Let X be the Sierpinski
space, YV the two point indiscrete space and Z a one point space. If f: X — ¥V
is an epimorphism and g: ¥ — Z then g o f is .%/-concordant, but f is not a
quotient. Hence f is not.%/-concordant and consequently, by 2.9, the factoriza-
tion structure (&/-concordant,.%/-dissonant) is not perfect.

3.3 Remark. As opposed to the above, the category Set has only two factoriza-
tion structures at all [11].

4. The category of reflexive relations.

4.1 Definitions and notation. (1) Rere is the category whose objects are pairs
(X, p) with X a set and p a reflexive relation on X and whose morphisms
f: (X, p) — (Y, o) are relation preserving maps f: X — V.

(2) For each natural number n = 2, .S, denotes the object (X, p) in Rere
such that X = {1,..., n} and p is the reflexive relation generated by

t@, i+ DI =i =0 — 11U DY
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(3) Ann-cycle on an object (X, p) in Rere isa monomorphism m: S, — (X, p),
and will be usually denoted by its image (xi, ..., x,).

(4) Anobject (X, p) in Rere is cycle-free if and only if there are no n-cycles on
(X, p) forn = 2.

(5) B, denotes the subcategory of Rere whose objects are all those (X, p)
which are cycle-free. For each n = 3, B, denotes the subcategory of Rere
whose objects are all those (X, p) which have no m-cycles for 2 £ m < n.
In particular, B; consists of the antisymmetric reflexive relations.

4.2 Remarks. (1) Rere is a properly fibred topological category and hence is
endowed with a factorization structure (quotients, monosources).

(2) For any object (X, p) in Rere, p is discrete if and only if p is the diagonal
on X X X and p is indiscrete if and only if p = X X X.

4.3 Notation. For each natural number » = 3 and each cardinal & 2,

X, x denotes the set

1\

({ala ordinal, 0 < a < R} X {1,2}) U {1,...,n — 2},
par denotes the reflexive relation on X, ; generated by

{(a,1), (@, )|a <o or (@a=d and 1 <7)} U
(G i+ 1)1 <i=n—3U{(@?2), Da <k} U
{(n— 2, (a, 1))]e <k}
and 7', ; denotes the object (X, x, pp ) in Rere.

4.4 PROPOSITION. For any natural n = 3 and each cardinal kb = 2,1f f: Ty —
B 1s a morphism tn Rere und B belongs to B, then f is either injective or constant.

Proof. Consider first the case # > 3. Since any v € X, ; belongs to some

n-cycle ((o, 1), (@, 2), 1,...,n — 2), it suffices to prove that if f is not injective
then f|{1,...,n — 2} is constant. Let x, x” be two different points of X, ; such
that f(x) = f(x'). If {x, &'} = {(a, 2), (&, 2)} with @« < o' then fl|{(a, 2),
(&', 1), (¢, 2)} has to be constant, hence f|{(«’, 1), («/,2),1,...,n — 2} is
constant. If {x, '} = {(a, 1), (&, 1)} with a < &/, then analogously f|{ («, 1),
(@, 2), (o, 1)} and hence f|{ (a, 1), (a, 2), 1,...,n — 2} have to be constant.
If {x,x"} = {(a, 2), (&, 1)} witha < then f({(e, 2), (', 1),1,...,n — 2})

has to be a point because otherwise it would contain an m-cycle for some
2 =m < n I {x, '} has neither of the forms considered above, then {x, x’}
has to be contained in an n-cycle ((a, 1), (&’,2),1,...,n — 2), hence f|((a, 1),
(e, 2),1,...,n — 2)is constant. In any of the three cases, f|{1,...,n — 2}
is constant. The proof for n = 3 is similar.

4.5 Notation. (1) For any subcategory.o of Rere, (/) denotes the quotient
reflective hull of 7. If |&7| = {X} then Q(X) denotes Q(%7).

(2) (1, 2) denotes the object (X, p) in Rere with X = {1, 2} and p discrete.

(3) (1 — 2) denotes the object (X, p) in Rere with X = {1, 2} and p =
{1, 1),(2,2), (1,2)}.
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(4) Z denotes the subcategory of all discrete objects in Rere.

(5) . = {subterminal} denotes the subcategory of all those (X, p) in Rere
with [X]| £ 1.

(6) A quotient reflective subcategory of Rere is trivial if and only if it coin-
cides with &, 9 or Rere.

4.6 THEOREM. The following hold in Rere:

(1) Rere = Q(S2) 2 Q(Ss) 2 ... 2 NTQ(S) = B, = QU1 — 2)) 2
2 =Q((1,2)) 2.5 = Q).

(2) For each n = 3 B, is quotient reflective, Q(S,) C B, and {antisymmetric}
=332342-~-20?Bn23w~

(3) If # s a non-trivial quotient reflective subcategory of Rere then B, C &,
andif B, & % and n1s the least natural for which there exists an n-cyclem: S, — B
with B ¢ X, thenn = 3and Q(S,) C % C B,.

(4) If n = 3 then {Q(T,x)|k cardinal, B > 2} is a proper, linearly ordered

class such that, if & < k' then

Q(Sn> = Q(Tn,2) ; Q(Tnk) g Q(Tnk’) —fc— Bn-
(5) Foranyn = 3, B, = Q(B) foreach B € B,.

Proof. (1) Since Ss is indiscrete Q(S:) = Rere. For each n = 2 the map
f:S,1— S, X Sysuch thatf(z) = (4,2)forl ¢ =n—1,f(n) = (n,n — 1)
and f(n 4+ 1) = (n, n) is a monomorphism in Rere, which implies S,;1 € Q(S,)
and hence Q(S,11) C Q(S,). Since any morphism f: .S, — S, is constant,
Sn € Q(Sn)\Q<Sn+l) Hence Q(Sn) 2 Q(Sn+1) and m? Q(Sn) C Boo’ If (Xr P)
belongs to B, then there exists a monosource ((X, p), m: (X, p) — (1 = 2));
and for each n = 2 the inclusion (1 — 2) — S, is a morphism in Rere. Therefore
Mg Q(S,) = B, = Q((1 — 2)).

(2) If (X, p), ms (X, p) — (V4 B:)) 1 is a monosource with all (V;, 8;)
in B, then (X, p) belongs to B, hence B, is quotient reflective. For each n = 3,
S, belongs to B,\B,.1, therefore Q(S,) C B, =2 But1.

(3) If (X, p) € #\Z then there exists a monomorphism m: (1 — 2) —
(X, p). Therefore Q(1 — 2) = B, C %. If (X, p) belongs to # and m: S, —
(X, p) is a monomorphism then Q(S,) C & and, since & is not trivial, this
implies that # = 3. Obviously & C B,.

(4) S, is isomorphic to 7T, . and obviously 7, € B, for each n = 3. If
2 < k < k' then the inclusion X, ; — X, » defines a monomorphism m: T, , —
T, in Rere. Hence Q(71, ;) C Q(1, ). According to 4.4, each morphism
f: T, — T, is constant, hence

Tow € QUL )\Q(T 0 0).-

(5) If B € B, let k be a cardinal such that & > |B|. Hence, by 4.4, any
morphism f: T, , — B is constant and this implies that T, » € B,\Q(B).

The following diagram depicts the results of 4.6.
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O Rere = Q(S2)

../O B; = {antisymmetric]

osyo—

/OB4

0S)0—

O {cycle-free} = B, = Q((1 = 2)) = N Q(S,) = N B,

O {discrete} = Q((1, 2))

O {subterminal}

4.7 THEOREM. In Rere the following hold:

(1) Rere has a proper class of dissonant fuctorization striuctures.

(2) Rere has a proper class of perfect factorization structures.

(3) (isomorphisms, sources) is the only factorization structure on Rere which s
stmultaneously dissonant and perfect.

Proof. (1) and (2) follow immediately from 2.8 and 4.6 (4).

(3) Let.2Z be a quotient reflective subcategory of Rere different from Rere
itself. Then, by 4.6(1), .o/ C {antisymmetric}. If X is the three point set
{1, 2, 3}, pis the reflexive relation on X generated by (1, 2), (2, 1), (2, 3), (3, 2),
o is the indiscrete reflexive relation on X and (4, a) is a one point object in
Rere, then the composition

1
X ;
X, 0) 5 (X, 0) 5 (4,0)
is &/ -concordant but 1y is not a quotient. Hence, by 2.9, the factorization
structure (&7-concordant,.%/-dissonant) in Rere is not perfect.
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