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THE DOUBLE SHUFFLE RELATIONS FOR
MULTIPLE EISENSTEIN SERIES

HENRIK BACHMANN anD KOJI TASAKA

Abstract. We study the multiple Eisenstein series introduced by Gang]l,
Kaneko and Zagier. We give a proof of (restricted) finite double shuffle relations
for multiple Eisenstein series by revealing an explicit connection between the
Fourier expansion of multiple Eisenstein series and the Goncharov co-product
on Hopf algebras of iterated integrals.

81. Introduction

The purpose of this paper is to study the multiple Eisenstein series,
which are holomorphic functions on the upper half-plane {7 € C | Im(7) > 0}
and which can be viewed as a multivariate generalization of the classical
Eisenstein series, defined as an iterated multiple sum

(1)

1
Gny,oono (T) = Z N (N1, ..., Np1 € Lz, ny € L>3),
AT
0=<A1 << Ap
Alyeers \r ELTHZL

where the positivity {7 +m > 0 of a lattice point is defined to be either
[>00rl=0,m>0,and T +m = U't +m' means (I — ') + (m —m/) > 0.
These functions were first introduced and studied by Gangl, Kaneko and
Zagier [7, Section 7], where they investigated the double shuffle relation
satisfied by double zeta values for the double Eisenstein series Gy, n, (7).
Here the double zeta value is the special case of multiple zeta values defined
by

(2) ,

C(nl,...,n,«): Z T (nl,...,n,_lEZ;l,nTEZgg).

ni
m “ e m
O<my<--<my 1 "
mi,....mprEZL
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Their results were extended to the double Eisenstein series for higher level
(congruence subgroup of level N) in [12] (N =2) and in [16] (N : general),
and have interesting applications to the theory of modular forms (see [15])
as well as the study of double zeta values of level N. Our aim of this paper
is to give a framework of and a proof of double shuffie relations for multiple
Fisenstein series.

The double shuffle relation, or rather, the finite double shuffle relation
(cf. e.g. [10]) describes a collection of Q-linear relations among multiple
zeta values arising from two ways of expressing multiple zeta values as
iterated sums (2) and as iterated integrals (12). Each expression produces
an algebraic structure on the QQ-vector space spanned by all multiple zeta
values. The product associated to (2) (resp. (12)) is called the harmonic
product (resp. shuffle product). For example, using the harmonic product,
we have

¢(3)¢(3) =2¢(3, 3) + ¢(6),

and by the shuffle product formulas one obtains
(3) ¢(3)¢(3) =12¢(1,5) +6¢(2, 4) +2¢(3, 3).
Combining these equations gives the relation

12¢(1,5) +6¢(2,4) — ¢((6) = 0.

For the multiple Eisenstein series (1), it is easily seen that the harmonic
product formulas hold when the series defining Gy, . (7) converges
absolutely, that is, ny, ..., n,—1 € Z>2 and n, € Zx3, but the shuffle product
is not the case—the shuffle product formula (3) replacing ¢ with G does
not make sense because an undefined multiple Eisenstein series G 5(7) is
involved. This paper develops the shuffle product of multiple Eisenstein
series by revealing an explicit connection between the multiple Eisenstein
series and the Goncharov coproduct, and as a consequence the validity of a
restricted version of the finite double shuffle relations for multiple Eisenstein
series is obtained.

This paper begins by computing the Fourier expansion of G, n, (1) for
ni, ..., ny =2 (the case n, =2 will be treated by a certain limit argument
in Definition 2.1) in Section 2. The Fourier expansion is intimately related
with the Goncharov coproduct A (see (15)) on Hopf algebras of iterated
integrals introduced by Goncharov [8, Section 2], which was first observed by
Kaneko in several cases and studied by Belcher [6]. His Hopf algebra Z,(.S) is
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reviewed in Section 3.2, and we observe a relationship between the Fourier
expansion and the Goncharov coproduct A in the quotient Hopf algebra
T :=T7,/1(0;0; 1)Zs (Ze :=TZs ({0,1}), which cannot be seen in Z, itself.
The space Z} has a linear basis (Proposition 3.5)

{I(ni,...,n.)|r>0,n1,...,n. €Zso},

and we express the Goncharov coproduct A(I(ni,...,n,)) as a certain
algebraic combination of the above basis (Propositions 3.8 and 3.12). As
an example of this expression (see (21)), one has

A(I(2,3))=1(2,3) ©1+3I(3) @ I[(2) +2I(2) ® I(3) + 1 ® I(2, 3).

The relationship is then obtained by comparing the formula for

A(I(ny,...,n,)) with the Fourier expansion of Gy, n,.(7), which in the
case of 7 =2 can be found by (21) and (11). More precisely, let us define
the Q-linear maps 3™ : Z! — R and g: T} — C|[¢]] given by I(ny, ..., n,) >
¢™(n1,...,ny) and I(ny,...,np) = gn,...n,(q), where (™ (nq,...,n,) is

the regularized multiple zeta value with respect to the shuffle product
(Definition 3.1) and gp,.. n,(q) is the generating series of the multiple
divisor sum appearing in the Fourier expansion of multiple Eisenstein series
(see (7)). For instance, by (11) we have

Ga3(1) = ((2,3) + 3¢(3)g2(q) + 2¢(2)g3(q) + g2,3(q),

and hence (3™ ® g) o A(I(2, 3)) = Ga,3(7). In general, we have the following
theorem which is the first main result of this paper (proved in Section 3.5).

THEOREM 1.1. For integers ny, ..., n, =2 we have
(3”1 ® g) oA(I(n1,...,n))=GCGny. . (7) (¢= 6277\/?17.).

The maps A : I} = Tl ® T} and 3™ : T} — R are algebra homomorphisms
(Propositions 3.4 and 3.7) but the map g:Z}! — C][¢]] is not an algebra
homomorphism (see Remark 4.7). Thus we cannot expect a validity of
the shuffle product formulas for the g-series (3™ @ g) o A(I(n4, ..., ny))
(n1,...,n, € Z>1) which can be naturally regarded as an extension of
G, ....n, (T) to the indices with n; = 1.

We shall construct in Section 4.1 an algebra homomorphism g™ : 7} —
C[lq]] (Definition 4.5) using certain g-series, and in Section 4.2 we define a
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regularized multiple Eisenstein series (Definition 4.8)

Gy, (@) = (3" ® @) 0 A(I(n1, ..., 1)) € C[[q]

(TLl, N (S Z}l).

It follows from the definition that the g-series G, (q) (n1,...,ny € Z>1)
satisfy the shuffle product formulas. We prove that G3 , (q) coincides
with the Fourier expansion of G, . . (7) when ny,...,n,>2 and ¢ =
2™/ =17 (Theorem 4.10). Then, combining the shuffle product of G*’s and
the harmonic product of G’s yields the double shuffle relation for multiple
Eisenstein series, which is the second main result of this paper (proved in
Section 4.2).

THEOREM 1.2. The restricted finite double shuffle relations hold for
Ggl,..‘,nr (Q) (n17 sy Ny € Z}l)

The organization of this paper is as follows. In Section 2, the Fourier
expansion of the multiple Eisenstein series Gy, .. p, (7) is considered. In Sec-
tion 3, we first recall the regularized multiple zeta value and Hopf algebras
of iterated integrals introduced by Goncharov. Then we define the map 3™
that assigns regularized multiple zeta value to formal iterated integrals. We
also present the formula expressing A(I(nq,...,n,)) as a certain algebraic
combination of I(ki,...,k;)’s, and finally proves Theorem 1.1. Section 4
gives the definition of the algebra homomorphism g™ and proves double
shuffle relations for multiple Eisenstein series. A future problem with the
dimension of the space of G™’s will be discussed in the end of this section.

§2. The Fourier expansion of multiple Eisenstein series

2.1 Multiple Eisenstein series

In this subsection, we define the multiple Eisenstein series and compute
its Fourier expansion.

Recall the computation of the Fourier expansion of Gy, (7), which is well-
known (see also [7, Section 7]):

1 1 1
Gnl(T): Z mzzmn1+zzm

0<Ilt+m m>0 >0 meZ
(—2my/—1)™
= C(nl) + (7’L _ 1)| Z O-nlfl(n)qnv
1 ’ n>0
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where o3(n) =34, d¥ is the divisor function and ¢ = 2™V =17 Here for the
last equality we have used the Lipschitz formula

D S e IF S e

n — |
meZ (T - TTL) ' (nl 1)' 0<cy

When n; = 2, the above computation (the second equality) can be justified
by using a limit argument which in general is treated in Definition 2.1 below.
We remark that the function G, (7) is a modular form of weight n; for
SL2(Z) when n; is even (>2) (G2(7) is called the quasimodular form) and
a nontrivial holomorphic function even if n; is odd.

The following definition enables us to compute the Fourier expansion
of Gy,,...n.(7) for integers nq,...,n, >2 and coincides with the iterated
multiple sum (1) when the series defining (1) converges absolutely, that is,
niy,...,nr_1 =2 and n, > 3.

DEFINITION 2.1. For integers ny, ..., n, > 2, we define the holomorphic
function Gy, .., (7) on the upper half-plane called the multiple Eisenstein
series by

1
G 7):= lim lim E —_
nl,...,nr( ) L—o00 M—00 )\7111 cee )\77?7
0=\ <= Ar

N €L, T+ Ly

1
= lim lim Z ,
ny ... nr
L3500 M—00 0<(la -4 e -20) (b +mq)™ (L, +my)
_Lgllz---vlrgL
—M<my,...mp<M
where we set Zpy ={-M,-M+1,...,-1,0,1,...,M —1, M} for an
integer M > 0.

The Fourier expansion of Gy, . n.(7) for integers ni,...,n, >2 is
obtained by splitting up the sum into 2" terms, which was first done in
[7] for the case r =2 and in [1] for the general case (they use the opposite
convention, so that the A;’s are ordered by A; > --- > A, > 0). To describe
each term we introduce the holomorphic function G, ..., (wy -+ wyp;T) ON
the upper half-plane below. For convenience, we express the set P of positive
elements in the lattice Z7 + Z as the disjoint union of two sets

Po:={lr+meZr+Z|l=0Am>0},
Py:={lr+meZr+Z|1>0},
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that is, Px are the lattice points on the positive real axis, Py are the
lattice points in the upper half-plane and P = Px U P,. We notice that
A1 < A2 is equivalent to Ay — A\; € P. Let us denote by {x,y}* the set of
all words comnsisting of letters x and y. For integers ni,...,n, > 2 and a
word wy - - - wy € {x,y}* (w; € {x,y}) we define

Gnh...,nT(wl ce wr) = Gnl,...,nT (wl s Wy T)
I I Z 1
= 1m 11m —
L—00 M—o0 )\?1 D
)\1—)\0€Pw1
)\rf)\r—'lepwr

Alyee s \e EZ L THZ 0

where A\g := 0. Note that in the above sum, adjoining elements \; — \;_1 =

(li — lifl)T + (ml — mz;l), ceey )\j — )\j,1 = (lj — lj71)7' + (mj — mjfl) are
in Py (ie., w;=---=wj=x with ¢ < j) if and only if they satisfy m;_1 <
m; <---<m; with l;_1=0;=---=1; (since (I =1")7+ (m—m') € P if

and only if [ =1" and m >m'), and hence the function Gy, n, (w1 - - - wy)
is expressible in terms of the following function:

\I/nl,...,nr (T) = Z !

—co<m < <My <00 (T + ml)m C. (7— + m,ﬂ)”r’

which was studied thoroughly in [3]. In fact, as is easily seen that the series
defining W,,, . (7) converges absolutely when nq,...,n, > 2, we obtain
the following expression:

Gons,oonp (W1 -+ - wy)

(5) = C(nla ceey nt1*1) Z \Ijntlw-,ntg—l(llT) o \Ilnthy"'7n’7‘ (lhT)a
0<ly<—<lp

where 0 <ty <---<tp <r41 describe the positions of y’s in the word
wy - - - Wy, that is,
wl...wT:X...XyX...XyX...y X...X yX...X,
t1—1 to—t1—1 th—tp_1—1 r—tp
and ¢(ni,...,ny—1)=1 when t; = 1.
We remark that the above expression of words gives a one-to-one
correspondence between words of length r in {x, y }* and the ordered subsets
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of {1,2,...,r}. As we use later, this correspondence is written as the map

p: {X’ y}: SN 2{1,2,.,.,7"}
w1 - - Wy —> {tl,...,th},

(6)

where {x, y}: is the set of words of length r and 2{1:2--7} is the set of all

subsets of {1,2,...,r}. For instance, we have p(xyxyx"~*)={2,4} and
p(x") ={0}.
PROPOSITION 2.2. For integers nq, . ..,n, = 2, we have
Gnlw-ynr (T) = Z Gn17"'7n7‘ ('LUl e w"”)‘

wl,...,wre{X,y}

Proof. For \i,..., A\ € Z1T + Zyy, the condition 0 < A\ < --- < A, is by
definition equivalent to A; — \j_1 € P=Px U P, for all 1 <i<r —1 (recall
Ao =0). Since A\; — A\j—1 can be either in Py or in P, we complete the
proof. U

EXAMPLE 2.3. In the case of r =2, one has for n; > 2, no >3

Gm,nz (7_) _ Z )\Im )\;ng — Z )\;n1 )\;n2

0<A1=<A2 A1—AoEP
A A EZTHZ Ao—MN EP
A, ELTHZ

:(AIZ + O+ Y+ Y ))\1‘"1)\2‘”2

—Xo€EPx A1—Xo€Px A1—XoEPy A1—Xo€EPy
A2—A1EPx Ao—XA1E€Py Ao—X1EPx A2—AEPy
A, 2 E€ELTHZ A, A2 ELTHT AL, 2 EZTHZ AL, 2 EZTHZ

= Gm,nz (XX) + Gm,nz (XY) + Gn1,n2 (yx) + Gmmz (YY)’

2.2 Computing the Fourier expansion

In this subsection, we give a Fourier expansion of Gy, . n, (w1 - - - wy).
Let us define the g-series gp, .. n,(q) for integers ni,...,n, >1 by
(7)
_ (_27TV _1)n1+"‘+nr ni—1 ny—1 _cidi+-+crdy
gn17~~-7n7‘(Q) - (n — 1)' . (Tl/ — 1)' Z Cq s G q y
! ) " T 0<dy < <dy
c1,...,cr€N
dy,...,drEN

which divided by (—2my/—1)"1F" 1" was studied in [2]. We remark that
since gp, (¢q) is the generating series of the divisor function o,,_1(n) up to
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a scalar factor, the coefficient of ¢ in the g-series gn, .. n,(q) is called the
multiple divisor sum in [2] with the opposite convention:

O-’n1,..,,nr (TL) = Z C?lil e C:}r_l’

c1di+-+crdr=n

0<d <+ <dyr
Cl,..,crEN
di,...,dr€N

which is regarded as a multiple version of the divisor sum (we do not discuss
their properties in this paper). We investigate an algebraic structure related
to the g-series gn,,..n,(¢) in a subsequent paper.

To give the Fourier expansion of Gy, . (wi,...,w,), we need the
following lemma.

LEMMA 2.4. For integers ny, ...,n, = 2, we have
' T ]{ . 1
S (Capeen (M
. ng — 1
q=1 ky+thkp=n1+-+n, j=1
kizn;kq=1 J#q

X Clkgots hgos -« k1)C kgt kgras - m)) 0,

where {(nq,...,n,) =1 when r=0.

Proof. This was shown by using an iterated integral expression of
multiple zeta values in [3, Section 5.5] (his notations 7e" ™ (z) and
ZeMr™ correspond to our Uy, o, (z) and ((ni,...,n,), respectively).
We remark that he proved the identities in Lemma 2.4 for ny,...,n, >1
with ni, n, > 2. [

PROPOSITION 2.5. For integers ni,...,n, =2 and a word wy - - - w, €
{x,¥y}*, we set Ny, =ny, +---+mny,,,—1 for me{l,... h} where
{t1,.. ..t} =p(w; - - - wy) given by (6) and tp41 =r + 1. Then the function
Gny,..n, (W1 - - - wyp; T) has the following Fourier expansion:

Gy, (W1 -+ - wp) = (1, -0y Mgy 1)

X E E (_1)22@:1(Ntm+nQ7n+kQ'm,+1+kQTn+2+”.+kqm+1*1)

t1<qu<ta—1 key + Ak, —1=Nt,
ta<g2<tz—1 key+-thkig—1=Ny,

thSAnST Ry, oAk =Ny,
kty okt 41,00 kr 22
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><< 1_'[ (n _1>)(H< dm—Ts s m)g(kqmﬂ,...,ktmﬂl))

where q = 6277\/le, C(nq, ...

HT Jj=t1

(k?j—l
. n;—1
J#q1se5qn

1,....r}={q, ...
Proof. Put N=n;+---

tm41—qm—1

qm—tm

s Np) = gny,..n. (@) =1 whenever r=0 and

): 1 when the product is empty, that is, when {t1,t1 +

7Qh}'

+ n,.. Using the partial fraction decomposition

1

(7 +mq)™
=>. >

=1 ky+-+k,=N

X

we obtain

nly T
q=

(8)

"-3

(T + mr)”r
— k 71)

H "”
J

J'=1

(—1)NHna
(T + mg)ka

kiyeeykr>1
r (=DM (D)

j=q+1 (mj - mq)kj

Z <(1)N+nq+kq+1+-"+kr H (kj - 1)
. nj —1

1 ki++kr=N 7=1
k1,....kr>1 i#q
X C(kq—b kq—?a ceey kl)\Ijkq (T)C(kq+17 kq+27 ceey kT)):
q—1 r—q

where the implied interchange of order of summation is justified because the

binomial coefficient (fL’
7

j) vanishes if k1 =1 or k. =1 and by Lemma 2.4

the coefficient of Wy (7) is zero. Using the Lipschitz formula (4) we easily

find that
(9) Ina e (@) = Z Uy (da7) .. W, (drT)
0<dy <+ <d,
for integers n1, ..., n, > 2. Thus, combining the above formulas (8) and (9)
with (5), we have the desired formula. [

https://doi.org/10.1017/nmj.2017.9 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.9

THE DOUBLE SHUFFLE RELATIONS FOR MULTIPLE EISENSTEIN SERIES 189

We remark that the formula (8), which in the case of r =2 was done in
[7, Proof of Theorem 6], is found in [3, Theorem 3] and holds when n, . . .,
ny > 1 with n1, n, > 2, but we use only the formula (8) for ny,...,n, >2
in this paper.

Let us illustrate a few examples.

EXAMPLE 2.6. When r =1, we have for ny > 1

Gnl (X’ T) = C(nl) and TL1 y) Z \Ij’nl lT gnl( )
0<l

and hence
Gnl (T) = C(nl) + 9ny (Q)

EXAMPLE 2.7. We compute the case r = 2, which was carried out in [7].
From (5) and (9), it follows

Gm,nz (XX> = C(nla n2)

nl,m = C n Z \Ijnz ZT n1>gn2 (Q)a
o<l
Gnl,n2 (YY) = Z \Ijnl (llT)\Ilnz (127_) = 9ni,n2 (Q)7
0<li<la

and using (8), we have

Gy ns (¥%) Z Wi ng (IT) = Z bﬁﬁ 126 (k1)gky (0),

0<l ki+ka=ni+n2
k1,k2>2

where for integers n, n/, k > 0 we set

(10) b =0T ) o (57

n—1 n —1

Thus the Fourier expansion of Gy, n,(7) is given by
(11)

Gm,m (T) = C(nh nQ) + Z (5n1,k‘1 + blel ng)C(kl)gkz (q) + 9nq,no (q)v

k1+ko=n1+no
k1,k2>2

where 6, is the Kronecker delta.

https://doi.org/10.1017/nmj.2017.9 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.9

190 H. BACHMANN AND K. TASAKA

ExXAMPLE 2.8. For the future literature, we present the Fourier expan-
sion of G, ng.ns(T) With ny, ng, nz > 2:

Gy nans (1)
= ((n1, n2,n3) + ((n1, n2)gn3 (q) + C(nl)gnz,m (q) + 9ni,na,n3 (9)
k k
+ Z {(5n3,k3bn11,n2 + 5n1,k2bn12,n3)g(k1)gk2,k3 (q)
k1+ko+ks=ni+n2+ng
k1,k2,k3>2

# (s (2 ) 4 a1

X (kl - 1>C(k17 k2)grs ()

ng — 1

ny+ns-ko k1 —1 ko —1
# (e (T ()
i 5k1,mb’;z,n3) <<k1><<k2>gk3<q>}-

83. A relationship between multiple Eisenstein series and the
Goncharov coproduct

3.1 Regularized multiple zeta values

In this subsection, we recall the regularized multiple zeta value with
respect to the shuffle product defined in [10]. We first review an iterated
integral expression of the multiple zeta value due to Kontsevich and
Drinfel’d, and then recall the algebraic setup of multiple zeta values given

by Hoffman.

We denote by wq(t) = % and wi(t) = % holomorphic 1-forms on the
smooth manifold IP)(%:\{O, 1, 00}. For integers ni,...,ny,—1 >1 and n, >2
with N =nq + - - - + n,, the multiple zeta value {(nq, ..., n,) is expressible

as an iterated integral on the smooth manifold P&\{0, 1, co}:

(12) Clnn,... )= // iy (1) A way (F2) A+ - A wan (),

0<t1 <to<--<tny<1

where a; =1 if ie{l,ni+1,n1+na+1,...,n1+---+n—1+1} and
a; = 0 otherwise.

Let $ = Q(ep, e1) be the noncommutative polynomial algebra in two
indeterminates eg and e;, and H':=Q+e1H and H?:=Q + e Hey its
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subalgebras. Set
-1
Yn i =e€1€y  =e€1€y- "€
~——

n—1

for each positive integer n > 0. It is easily seen that the subalgebra $' is
freely generated by y,’s (n > 1) as a noncommutative polynomial algebra:

57)1 - Q<y17 Y2,Ys3, .. >

We define the shuffle product, a Q-bilinear product on $, inductively by
vw m vw' = u(w o vw') + v(uw o w'),

with the initial condition w m 1=1 m w=w (1€ Q), where w,w’ € H
and u, v € {ep, e1 }. This provides the structures of commutative Q-algebras
for spaces §, 9! and H° (see [14]), which we denote by $, HL and H2,
respectively. By taking the iterated integral (12), with the identification
w;(t) <> e; (i € {0, 1}), one can define an algebra homomorphism

Z:90 —R
yn1"'ynr'_>€(n1w-wnr) (nr>1)

with Z(1) =1, since it is shown by Chen [5] that the iterated integral (12)
satisfies the shuffle product formulas. By [10, Proposition 1], there is a
Q-algebra homomorphism

7™ 9l = R[T]

which is uniquely determined by the properties that Zm‘ 50 =7 and

Z"(e1) = T. We note that the image of the word y,, - - - yp, in L under the
map Z™ is a polynomial in T" whose coefficients are expressed as QQ-linear
combinations of multiple zeta values.

DEerFINITION 3.1. The regularized multiple zeta value, denoted by
¢™(n1,...,ny), is defined as the constant term of Z™ (yy, - - - Yn,.) in 1"

Cm(nh sy nr) = Zm(yn1 to ym«)

For example, we have ("™(2,1) = —2¢(1, 2) and

T=0"

(13) ¢"(niy..oyne)=C(n1,...,np)  (ng =2).
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3.2 Hopf algebras of iterated integrals

In this subsection, we recall Hopf algebras of formal iterated integrals
introduced by Goncharov.

In his paper [8, Section 2], Goncharov considered a formal version of the
iterated integrals

aAN+1 dt AN+1 dtn_ AN+1 dt
ay [ T el e (o)
a t t

0 1 —a1 Ny IN—1—an-1 Jiy , IN—an

He proved that the space Z,(S) generated by such formal iterated integrals
carries a Hopf algebra structure. Let us recall the definition of the space
Zo(S).

DEFINITION 3.2. Let S be a set. Let us denote by Z,(.S) the commutative
graded algebra over Q generated by the elements

I(ao; a1, . .., an;any1), N =0, a; €8

with degree N which are subject to the following relations.

(I1) For any a, b€ S, the unit is given by I(a; b) :=1I(a; 0; b) = 1.
(I2) The product is given by the shuffle product: for all integers N, N’ >0
and a; € .5, one has

H(ao; a1, ...,aN; GN+N/+1)H((10; AN+15+ -5 ANLN'; aN+N’+1)

= E I(ao; Ag=1(1)5 + - +» Ag=1(N4+N'); ANN'+1),
gES(N,N)

where X(N, N') is the set of ¢ in the symmetric group &y s such
that o(1) <---<o(N)and o(N +1)<---<o(N + N').

(I3) The path composition formula holds: for any N > 0 and a;, x € S, one
has

[(ag; a1, . .., an; an+1)
N

= [(ag; a1, - - ., a; ©)I(x5 agy1, - - -, ans any1)-
k=0

(I4) For N >1 and a;,a € S, I(a; a1, ...,an;a)=0.
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We remark that the element I(ag; a1, . . ., any; an+1) is an analogue of the
iterated integral (14), since by Chen [5] iterated integrals satisfy (I1) to (I14)
when the integral converges.

The Goncharov coproduct A : Ze(S) — Ze(S) @ Ze(S) is defined by

A(]I(ag; ai, ..., aN; aN+1))
k

= E H [(ai,; @ipr1y - s Qipy—15 @iy y)

0<k<N p=0
10=0<1 <-- <t <ipr1=N+1

(15) ®H(CLO; iy v v vy aik; aN+1),

for any N >0 and a; € S, and then extending by Q-linearity. The formula
(15) can be found in [4] (see Equation (2.18)), originally given by Goncharov
(see [8, Equation (27)]) with the factors interchanged.

PRrROPOSITION 3.3. [8, Proposition 2.2]  The Goncharov coproduct A
gives Lo(S) the structure of a commutative graded Hopf algebra, where the
counit € is determined by the condition that it kills T~o(S).

We remark that the antipode S of the above Hopf algebra is uniquely
and inductively determined by the definition (see [8, Lemma A.1]). For
example, since A(I(ag; a1; a2)) =1(ap; a1;a2) ® 1 + 1 @ I(ap; ar; az) for any
ag, a1, as € .S, we have

S(I(ao; a1; a2)) + L(ap; a1; a2) =0 =wu o e(I(ap; a1; az)),

where u: Q — Z4(S) is the unit. In general, the formula is obtained from
the fact that

S(I(ao; a1, - - ., an; any1)) +Lag; a1, - . ., an; any1)

= a Z-linear combination of products of I’s of degree < N,

which we do not develop the precise formula in this paper.

3.3 Formal iterated integrals and regularized multiple zeta
values
In this subsection, we define the map 3™ described in the introduction.
Hereafter, we restrict only the Hopf algebra Z, :=Z,(S) to the case with
S={0,1}.
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Consider the quotient algebra
Tl =17, /1(0; 0; 1)Z,.

It is easy to verify that I(0;0; 1) is primitive, that is, A(I(0;0;1)) =1®
I(0;0;1) +1(0; 0; 1) ® 1. Thus the ideal I(0;0; 1)Z, generated by I(0;0; 1)
in the Q-algebra Z, becomes a Hopf ideal, and hence the quotient map
T, — I} induces a Hopf algebra structure on the quotient algebra T}. Let
us denote by

I(ao; at,...,aN; CLN_H) EI.l

an image of I(ag; a1, ...,an;any1) in Z} and by the same symbol A the
induced coproduct on Z} given by the same formula as (15) replacing I with
1. As a result, we have the following proposition which we use later.

PROPOSITION 3.4. The coproduct A : T} — I} @ I} is an algebra homo-
morphism, where the product on I ® T} is defined in the standard way by
(w1 ® we)(wh ® wh) = wiw) ® wewh and the product on each summand I}
is given by the shuffle product (12).

We remark that dividing Z, by 1(0;0;1)Z, can be viewed as a regu-
larization for “fol dt/t = —1og(0)” which plays a role as 1(0;0;1) in the
evaluation of iterated integrals. For example, one can write 1(0;0,1,0;1) =
—21(0;1,0,0; 1) in Z} since it follows 1(0; 0, 1, 0; 1) = 1(0; 0; 1)I(0; 1, 0; 1) —
2[(0;1,0,0; 1), and this computation corresponds to taking the constant
term of f; % ;1 ﬂ_% f;g % as a polynomial of log(¢) and letting € — 0.

By the standard calculation about the shuffle product formulas, we obtain
more identities in the space Z{ (see [4, p. 955]).

(1) Forn>1and a,be {0,1}, we have

(16) I(a;0,...,0;b)=0.
——
n
(2) For integers n >0, ny, , Ny > 1, we have

(17) = (=1)" 3 (H (Z_D)I(kl, R,

ki+-+kr=ni+--+nr+n Jj=1

1yees 'r/l
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where we set

I(n1,... ) =10;1,0,...,0,...,1,0,...,0;1).
72’1 Ny

In order to define the map 3™ as a Q-linear map, we give a linear basis
of the space Z} first.

PROPOSITION 3.5. The set of elements {I(ni,...,n,)|r>=0,n; >1} is
a linear basis of the space T}.

Proof. Recall the result of Goncharov [8, Proposition 2.1]: for each integer
N >0 and ag, ...,an+1 € {0, 1} one has
(18) I(ag; at, - - - an; an+1) = (=1)VI(ant1; an, - - ., a1; ag),
which essentially follows from (I3) and (I4). Then, we find that the collection

{H(O;ala-'-aaN;l)’N>07ai€{071}}

forms a linear basis of the linear space Z,, since none of the relations (I1)
to (I4) yield Q-linear relations among them. Combining this with (17), we
obtain the desired basis. [

DEFINITION 3.6. Let 3™ : Z! — R be the Q-linear map given by
T —R
I(ny,...,n.) — " (ny,...,ny)
and 3™ (1) =1.
PROPOSITION 3.7. The map 3™ : I} — R is an algebra homomorphism.

Proof. By Proposition 3.5, we find that the Q-linear map $., — Z} given
by €q, - - - €ay = 1(0;a1,...,an; 1) is an isomorphism between Q-algebras.
Then the result follows from the standard fact that the map Z™ ‘T:O 9L —
R given by yn, - - - Yn, — ("™ (n1, ..., n,) is an algebra homomorphism. []

3.4 Computing the Goncharov coproduct

In this subsection, we rewrite the Goncharov coproduct A for
I(ny,...,n,) in terms of I(ki,...,k;)’s. Although one can compute the
formula by using Propositions 3.8 and 3.12, we do not give explicit formulas
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for A(I(ny,...,n,)) in general. We present an explicit formula for only
A(I(ny,n2,n3)) in the end of this subsection.

To describe the formula, it is convenient to use the algebraic setup.
Let ' := (eo, €1, €, €]) be the noncommutative polynomial algebra in four
indeterminates e, e1, e, and €]. For integers 0 < iy <ip <---<ip <N +1
(0 <k < N), we define

€ir,..i, (a1, ..., aN)
k—1
e DY / . .. / ..
= Cay €a; 1 €a;, €aiy 11 €ai,, -1 | €a;y Caip 41 €an
p=1

with each a; =0 or 1, where the product ng;% means the concatenation

product. Let
0: 5 — I.l ® I.l

be the Q-linear map that assigns to each word €;, _;, (a1, ..., an) the factor
of the right-hand side of the equation (15) with ap =0 and ay41 = 1:

plei..ic(ars . - an))
k

= H I(aip§ Qi1 -+ o5 Qg —15 aierl) ®I(0, iy - vvy Ay’ 1),
p=0

where we set a;, =0 and a;, ., = 1. For example, we have

SO(eal 6512 6513 €ay )

plezs(ar, ..., aq)) =
= 1(0; ay; az)I(ag; a3)l(as; ag; 1) ® 1(0; ag, as; 1).

In the rest of this subsection, for integers ny,...,n, > 1 with N =n; +
<o+ ny, we set

ai,...,ay}=11,0,...,0,1,0,...,0,...,1,0,...,0},
{a N} =A{ }

——— ———
ni—1 no—1 ny—1
and write e;,_j, (n1,...,n) =€, 4. (a1,...,an). We note that a; =1 if

J lies in the set
Poon,={Lnmi+1,....n14+ - +n,—; +1},

and a; = 0 otherwise.
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Using the above notations, one has

N
(19)  AU(n1,....n)) =Y. > p(eiy,..i, (N1, - .., nr)).
k

=0 0<i1 < <ip<N+1

To compute (19), we split the right-hand side of (19) into 2" sums of
Yny....m, (W1 - - - wy) defined below.
Define the map

Ln17~~~,nr : 2{1727---77"} — 2Pn1 AAAAA nr

given by 1—1and i—n;+---+n;_1+1 (2<i<r), where for a set X
the set of all subsets of X is denoted by 2%. It follows that the map lny,...ny
is bijective. Let

where p is defined in (6). The map p is also bijective. For instance, we have
P (YXYX3) = {1, 4 mg + 1} and 5,,,_, (x7) = {0}. With the map
Pry...n,» for integers ny, ..., n, > 1 and a word wy - - - w, (w; € {X,y}) we
define

d)nl,...,nr (wl ce wr)

(200 =) > p(€iy,. i, (N1, .y 1)),

k=h 0<iy < <ip<N+1
{ilw--’ik}mp’ﬂl »»»»» nr:pnl ,,,,, n’,«(wl"'w’f)

where h is the number of y’s in the word wi---w, (ie., h=
degy (w; - w,).
PROPOSITION 3.8. For integers ni,...,n, =1, we have

A, on)) = S g (w1 - wy).

w1,...,wr€{x,y}

Proof. For the word €;,,.. 4, (n1,...,n,), we denote by h the number of

/94 3 : / / :
e1’s in the prime symbols Cayr o Cay that is,

h = dege’l (eily-n:ik (n17 cee ’nT))'
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Since a; = 1 if and only if j € P, . p,, we have

h= ﬁ({il, Cee Zk} N Pm,-..,nr)'

We notice that h can be chosen from {0, 1, ..., min{r, k}} for each k. With
this, the formula (19) can be written in the form

N min{r,k}

— Z Z Z o€, iy (n1, ..., n))
k=0 h=0

0<iy < <ip<N-+1
§({i1,-eesik 1N Py oo )=

N
Z Z oleiy, ip(n, ..., ny)).

0<i <<t <N—+1
$({i1, ik} Pry . onp )=h

T

By specifying the subset of P, ., with length h, the above third sum can
be split into the following sums:

r N
— Z Z Z Z olei,. (1, . ..,np))

h=0 k=h {j1,.jn}CPay cmy  O<i<<ip<N+1
J1<<jn i@k 30Pay s np ={d1 55 )

= Z Z Z Z (P(eil,..‘,ik (nla ) n"’))

h=0 {j1,..jn}CPoy ... 0<ir<-<ig<N+1
J1<--<Jjn {117"'77’k}mp’"«1 77777 nr:{]lv"'v.]h}

= Z Z wnh---,nr (wl e wT)

h=0 wi,..,wre{x,y}
degy w1 -wr=h

= Z wnl,...,nr (wl s ’LUT),

w1 ,...,wrE{X,y}
which completes the proof. 0

We express (20) as algebraic combinations of I(ky, ..., k;)’s. To do this,
we extract possible nonzero terms from the right-hand side of (20) by using
(I4). For a positive integer n, we define n9(n) as the sum of all words of
degree n — 1 consisting of ey and a consecutive ej:

mn) = > egleh) ey,
a+k+LB=n
«a,320
k>1
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PROPOSITION 3.9. For integers ni,...,n, =1 and a word wy - - - w, of
length r in {x,y}*, we have

Yrg,mg (w1 wp)

h -1
— rJMtm
= t1<q§t271 w(ynl Yng 1 mlll €1 eo Yng 41 Yng,, 1 €1 10(Mam ) ¥ng g y"tm+1*1)'
tog<go<tz—1

degree in e} =qm —tm

th'\:éhd

where {t1, ..., tn} = p(wy - - - wy) given by (6), thy1 =7+ 1 and the product
HQ%:I means the concatenation product of words.

Proof. It follows ¥, . n. (X") = @(Yn, - - Yn,), so we consider the case
h > 0 which means the number of y’s in w; - - - w, is greater than 0. We note
that the sum defining (20) runs over all words cq, - - - Cay (Ca; € {€a;» €}, })
with k£ (h < k < N) prime symbols whose positions of €/’s are placed on the

set {J1, - Jn} = Pnym, (W1 -+ - W)
N h
(20) = Z Z gp(’wo H (e’lwm)>.
k=h wo,w1,...,wpE{eq,e1,e(}* m=1

deg66 (wow1-wp)=k—h

deg(wo)=j1—1
deg(e&wm):j'rnw% —Jm (lgmgh)
Jh+1=N+1

We find by (I14) that ¢(e;, . i (n1,...,n,)) is 0 whenever a;, =0 (notice
that ap =0 and a; = 1). This implies that if the degree of the above wy in
the letter e is greater than 0, then ¢ (wyo H?nzl(e’lwm)) =0. For a word
w e H, we also find p(w) =0 if w contains a subword of the form ejvey
with v € $ (v#0), that is, w = wiejveyws for some wy, ws € §)’, because
the factor of the left-hand side of ¢(w) involves I(0; v; 0) which by (I4) is 0.
This implies that the above second sum regarding w,, (1 <m < h) of the
form w,, = wiefvejwy with v € {eq, e1}* (v#0) and w;, we € {ep, €1, € }*
can be excluded. Thus, the possible nonzero terms in (20), sieved out by
(I4), occur if wo = Yn, * -+ Yn,, , and wy, is written in the form

ne -1 e} '"\k B
60 m yntm+1 e yn‘Zm—lel €o (60) eoynqu e ynthFl*l’

~
degree in e1=g¢m—tm

where ¢, € {tm, tm + 1, ..., tm+1 — 1}, a, 8,k €Z>g with a+k+ 5=
ng,, — 1 and {t1,...,ty} = p(wy - - - w,). This completes the proof. [
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Before giving an explicit formula for )y, n.(wi---w,), we illustrate
examples for r =1 and 2.

EXAMPLE 3.10. By definition, for n; > 1 one has ¢, (x) = go(elegl_l) =

I(n1) ® 1. By (16), we obtain

U (y) = Y. pleles(eh) T le) = 1@ I(ny).

a+k+pB=n1
017/820
k>1
Thus, we get
A(I(n1))=1(n1)®1+1& I(n1).
EXAMPLE 3.11. It follows by, ny(xx) = p(eref teref? ™) =
I(ny,n2) ® 1. By (16) one can compute
Yima(xy) = D pleref T etef(en) leg) = I(n1) @ I(n),
a+k+LB=n2
a,3>0
k>1
Ui (YY) = Y Yo eleheht () T eg ehe (ep) T eg?)
a1+k1+B1=n1 az+ka+H2=n2
a1,8120 ag,B220
k121 ko>1
=1® I(ny,na),
and using (17) and (18) we have
Unima(y%) = Y p(ehef(eh) tefereqr ™)
a+k+B=n1
CV,B}O
k>1

r oni—1_  a/ r\k—1_p
+ Z plereg’ ereg(ep)” ep)
a+k+L=n2
a,320
k>1

= Z bfﬁ,ngl(kl) ® I(k2)7
k14+ko=n1+n2

k1,k22>1
where bfw, is defined in (10). Therefore, by Proposition 3.8 we have
A(I(n1,n2)) = I(n1,n2) ® 1
(21) + Y (Gne B8 I(k) @ I(Ra) + 1@ I(ny, na).

ki1+ko=n1+no
k1,k2>1
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ProrosITION 3.12. For integers ni,...,n, =2 and a word wy - - - w, €
{x,y}*, we set

Ny, o =mng, +n,41+ -+ M1 —1
for each me{1,2,...,h}, where {t1,..., tp}=p(wi---w,) and tp11 =
r+ 1. Then we have

¢n1,...,nr(w1 co wr) = (I(’Nq, e ,’I’Ltl_l) ® 1)
X Z Z {(_1) et (Nt + 12, kg 41 +Kgy 424K, 4y —1)

t1<qu<ta—1 kg +Fkiy —1=Nt,;
22 <t3 =1 kyy+--+hoy—1=Ni,

thSAnST Ry, oAk =Ny,

ki>1
. kj—1 4
x < H <nJ. _1>> ( H I(kq,—15 - ke, ) (kg 11, - "7kt7n+1—1)>
.7‘75;'1:;?{1',(];1 ’ m=t qm—tm tmt1—Gm—1

®I(kq1,...,kq,b)},

where [" =4, (kjj)zl when {t1,t1 +1,...,r}={q, ..., @}

JAaean
Proof. This can be verified by applying the identities (16), (17) and (18)
to the formula in Proposition 3.9. [

ExAMPLE 3.13. For the future literature, we present an explicit formula
for A(I(n1, ne,n3)) obtained from Propositions 3.8 and 3.12:
A(I(nl, ng, ng))
=1(n1,n2,n3) ® 14 I(n1, n2) ® I(n3)
+I(n1) ® I(n2, n3) + 1 @ I(n1, na, n3)

+ Z (6n3,ksb211,n2 + 5n1,k2bﬁlg,n3)l(k1) ® I(k27 k3)

k1+ka+ks=n1+n2+ns
k1,k2,k3>1

+ ((—1)”1”“3 CZ - 1) +(—1)mte (fj : 1))

x (kl - 1>I(k1, ko) @ I(ks)

ng—l
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ki —1 ko — 1
-1 ni+ns+ko 1 2
+ <( ) <’I’L1 —1 ng — 1
T S b’f) T(k) (k) & I<k3>}-

3.5 Proof of Theorem 1.1
We now give a proof of Theorem 1.1. Recall the g-series gy, ... n,(q) defined
in (7). Let
9:Zy = Cllq])

be the Q-linear map given by g(I(ni,...,nr)) = gny,..m.(¢) and g(1) = 1.

Proof of Theorem 1.1. Taking 3™ ® g for the explicit formula in Propo-
sition 3.12 and comparing this with Proposition 2.5, we have

(5111 & 9) (wnl,...,nr (wl c wr)) - Gnl,...,nr (wl c wr)-

Here the second sum (relating to k;) of the formula in Proposition 3.12
differs from that of the formula in Proposition 2.5, but apparently it is
the same because binomial coeflicient terms allow us to take k; > n; for
t1 <i<r with i#¢q,...,qn, and by Lemma 2.4 it turns out that the
coefficient of gr, ...k, (q) becomes 0 if kg, =1 for some 1< j<h. With
this, the statement follows from Propositions 2.2 and 3.8. [

84. The algebra of multiple Eisenstein series

4.1 The shuffle algebra consisting of certain ¢-series

In this subsection, we define the map g™ : Z! — C[[¢]] described in the
introduction. We first introduce the power series H (51775") satisfying the
harmonic product formulas. Then, by using Hoffman’s results, the power
series h(x1,...,x,) (see (22)) satisfying the shuffle relation (24), which is
a variant of the shuffle relation (I2) (reformulated in (26)), is constructed.
Finally, we introduce the power series gy (21, ..., x,) (see (25)) and prove
in Theorem 4.6 that their coefficients, which are g-series, satisfy the shuffle
relations given in (12).

Consider the iterated multiple sum

d1 ni d LG
Ny, diz1 q drxr qr
H (m1,...,xr> T Z € (1 _ qd1> e <1 _ qdr> )

0<dy <-<dy
where ni,...,n, are positive integers and zi,...,x, are commutative
variables, that is, these are elements in the power series ring K|[z1, . . ., ]|,
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where I = Q[[¢]]. It is easily seen that the power series H (1’ satisfies

the harmonic product: for example, one has

ni,.. 7”7")

J qdl d qd2
H (9611) H (1‘12) = Z e 1— qd1 e 1— qdz
0<d1,d2

(T E B et
1_qd1 l_ng

0<di<d2 0<do<d; 0<di=

=H (931 932) +H (m xl) +H (m-&-m) .
N1 yeeey Ny

The power series H (3177zr) naturally appears in an expression of the
generating series of gn, . n,.(q).

LEMMA 4.1. For any r >0, let

Z gnl,...,nr(Q) ni—1 ny—1
(—=2my/—1)mrt-tns 1 T

g(x1, .. ) =

N, nr21

Then, we have

. 11,1
g(xla SR l‘r) =H (a:for_l,.,.,a:gfxl,xl) :

Proof. When r =2 this was computed in the proof of [7, Theorem 7]
with the opposite convention. Our claim is its generalization, which can be
easily shown. [

For r > 0, consider the power series
1 11,82,0-50m
(22) h(z1, ..., Z Z ﬁﬂ z x.xh )
’Ll.’LQ. - 11072 im
Mm=1 (i1,ig,...,i

where the second sum runs over all decompositions of the integer r as
a sum of m positive integers and the variables are given by xél =z +
/
-+ Tiyy Ty, = Tip+1 +- Lig4igs -« xim = T 4+ipm_1+1 +-- 4 Ly
For example we have

h(z)=H (3), h(z1, 22) = H ( ) + H (I1+x2) :

We shall prove that the power series h(x1,...,x,) satisfies the shuffle
relation (24) below, which in the case of r =2 is given by

h(z1)h(z2) = h(x1, x2) + h(z2, 21).
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To do this, we reformulate the result of Hoffman [9, Theorem 2.5] in
accordance with our situation.

Let U be the noncommutative polynomial algebra over Q generated by
noncommutative symbols (%) indexed by n € N and

zeX = {Z a;z; | a; € Zq is zero for almost all i’s}.
i>0

The word consisting of the concatenation products of letters (71) , ..., (37) is
denoted by (%7227) (= (%) -+ (%)), for short. The empty word is viewed
as 1 € Q. As usual, the harmonic product * on i is inductively defined for
n,n’ €N, z, 2’ € X and words w, w’ in U by

=) (e () 0) + () () w) w ) + (232) - (w0

with the initial condition w *1=1%w = w. The shuffle product on U is
defined in the same way as in m on ) = Q(ey, 1), replacing the underlying
vector space with U. Let us define the Q-linear map exp : U — U given for
each linear basis (3;7727) by

n17 7n iq 2 big Tl
(23) exp ((Z10020) E § 7',' ()
11.12. SR .

1177197 im
m=1 (i1,iz,...,i

where the second sum runs over all decompositions of the integer r as
a sum of m positive integers and the variables are given by zgl =z +

/ /
“F Ziy, 2y, =Zig41 ot Zigtins - -5 2 = Zigtoti 141 T -+ 2 and
I . L r— .
n;, =n + -+ nygy, n’LQ N1 o+ Nyt - - - Ny = i+ tim_1+1 +

-+ n,. This map was first considered by Hoffman (see [9, p. 52]) and
called the exponential map. Then, by [9, Theorem 2.5], we have the following
proposition.

ProrosITION 4.2. The exponential map gives the isomorphism
exp : Uy — Uy

as commutative Q-algebras, where Uy (resp. Uy) denotes the commutative
algebra U equipped with the product w (resp. *).
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We now prove the shuffle relation for h(z1, ..., z,)’s. We denote by &,
the symmetric group of order r. The group &, acts on K[[z1, ..., z,]] in the
obvious way by (f‘a)(xl, ooy Tr) = f(@o-101)s - - -y To—1(y)), Which defines a

right action, that is, f!(av') = (f‘o)|7'. This action extends to an action of
the group ring Z[S,] by linearity.

LEMMA 4.3. For any r,s > 1, we have
(24) Az, 2 (@, ) = R, Tegs)| SR,
where sh{") = D oes(rs) O i in the group ring Z[G,4.] and the set X(r, s)
is defined in the shuffle product formula (12).

Proof. Define the QQ-linear map

H:U— R::@K[[xl,...,xr]]
T
(zinzr) — H (3000
for each linear basis (%177%7) of U with H(1)=1. By combining the
exponential map (23) with the map H, one easily finds that
h(z1,...,z,) = H oexp ((m}::::zi)) .

Since the power series H (Z}jjjj;?f ) satisfies the harmonic product, the algebra

homomorphism H : U, — R is obtained, and hence, by Proposition 4.2, the
composition map H o exp: Uy — R is an algebra homomorphism. Then, we

have
M1, ae) (@, - wgs) = Hoexp (o) m (o 700s))
1,1
= Z H oexp ((ma,1<1),...,xo,1<T+s)))
oeX(r,s)

= h(z,..., :L‘T+S)‘sh7(f+s),

which completes the proof. [

For r > 0, consider the power series
(25) m (1, .. xp) = h(xy — Tp1, ..., T2 — X1, T1).

We shall prove that the g¢-series obtained from the -coefficient of
Pt g1 in the power series gu(71,...,T,) satisfies the shuffle
product formulas (I2). For this, we use the generating series expression of
the shuffle product formulas (I2) (this expression is found in [10, Proof of
Proposition 7] with the opposite convention).
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PROPOSITION 4.4. For any r > 0, let

I(zy,...,2p) = Z I(ny,...,np)zm =t gL
nl7"'7n7‘>0
Then, the shuffle product formulas for I(ni,...,n,)’s obtained in (12) is

equivalent to
(26) (a1, ..., 2)F (@, oo o) = P21, oo @) [sAUT),
where the operator t is the change of variables defined by
fﬁ(:vl,...,q:r):f(a:l,xl+:U2,...,1:1+---+$7~).
Proof. Computing the shuffle product formula (I2), one obtains

en et = X ((P2))+(2D)) tm.

ki1+ko=n1+n2
k1,k2>1

and hence we have
I(z1)I(x2) = I(x2, x1 + x2) + I(z1, 21 + 22),

which coincides with the identity (26) for » = s = 1. The reminder (the case
r 4+ s > 2) can be verified by induction. 0

We now define the map g™ : Z! — C[[q]] and prove that this is an algebra
homomorphism.

DEFINITION 4.5.  Let us denote by g, . (q) the coefficient of

2?7t 271 in the power series
_ I ni—1 ny—1
Gm (=27 =121, ..., 21V —1x,) = E Iy QT T
n1,..,mr >0

With this, we define the Q-linear map g™ : Z! — CJ[[q]] for each linear basis
I(n1,...,n,) of I} by

g (I(n1, - ne)) =90y, (@)
and g™ (1) = 1.

THEOREM 4.6.  The g-series gy, ., (q) satisfies the shuffle product
formula (12), namely, the map g™ : Tk — C|[q]] is an algebra homomorphism.

Proof. By Proposition 4.4, it is sufficient to show that for any integers

r, s > 1 the power series gy (1, . .., x,ts) satisfies the relation
(1, ) g (Trgts e Trgs) = R (21, - . xr+s)‘sh£r+s).
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For integers r, s > 1, let

(1 2 ceeor r4+1 -+ r+s—1 r+s ce
Pra=\p r—=1 v 1 r4s -+ r+2 r+1 e
Applying the operator £ to both sides of (25), we obtain gﬁl (1, ..., 2p) =

h(zy, ..., 1), and hence by Lemma 4.3 we can compute
ggl(xlﬂ SR xT)gEU($T+17 cee xT'JrS) = Lryovvy xl)h(l‘?“+87 R :ETJrl)

h(
= h(Il, sy xr)h($r+la sy errs)’Pr,s
h(

= h(xy1,..., xT+S)|Sh1(f+S)‘Pfr,s
= gﬁl(l‘l, . ’$T+S)‘Tr+s’8h7(f+8)lpr,s,
1 2 o .. r_‘_s

where we set 7,45 = ( ) € G, 4s. For any o €

r+s r+s—1 .- 1
Y(r, s), one easily finds that 7,450p, s € X(r, s), and hence

gﬁl (.%'1, ctt xT+S)‘TT+S‘Sh7("T+S) ‘Pr,s = gIt_iu (xlv ct xT+S)}Sh£’T+S)7
which completes the proof. N

REMARK 4.7. From Theorem 4.6, we learn that the g-series gy, ... n,(q)
does not satisfy the shuffle product formula (I2). For example, by
Theorem 4.6 one has gy (%1)gw(T2) = gu (22, T1 + 22) + g (71, T1 + X2).
Since gy (z) =g(x) and gy (z1, z2) = h(x2 — 21, 21) = g(x1, T2) + %H (3622),
one gets

g(z1)g(x2) = g(x2, 1 + 22) + g(x1, 21 + 22) + H (:plimz) )

which proves that the g-series gy, n,(q) (n1, 72 > 1) do not satisfy the shuffle
product formulas (27), because H (,,?,,) # 0.

4.2 Proof of Theorem 1.2

In this subsection, we introduce the regularized multiple Eisenstein series
Gy .. (q) for integers ny, ..., n, > 1 as a g-series. By relating G™’s with
G’s (Theorem 4.10), we show that the multiple Eisenstein series G™’s
satisfy the harmonic product (Theorem 4.11). Using these results, we finally
prove the double shuffle relations for regularized multiple Eisenstein series
(Theorem 1.2).

The regularized multiple Eisenstein series Gy, (g) is defined as follows.
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DEFINITION 4.8. For integers ni,...,n, >1 we define the g-series
G%Ilv 7nr( >by
G (@)= (6" © ") 0 AU(mr, 1)),

ExXAMPLE 4.9. For an integer n > 1, we have
G (q) = ¢"(n) + g5/ (q) = €™ (n) + gn(9)-
For integers nj, ng > 1, by (21), one has

Gromy(@) = M na) + Y (Sayky + B0, ) CF (K19 (0)

ki1+ko=n1+n2
k1,k2>1

+ gTHLIl,TLQ (q)7

where b,’fbl1 n, 18 defined in (10). We remark that the above double Eisenstein

series coincides with Kaneko’s double Eisenstein series developed in [11].

We begin by showing a connection with the multiple Eisenstein series
G, ....m, (7), which can be regarded as an analogue of (13).

THEOREM 4.10. For integers ni, ..., n, =2, with ¢ = e>™V 17 we have

Ggl, M (@) =Gny,..n, (7).

Proof. This equation follows once we obtain the following identity: for
integers ny,...,n, =2

Iy (D) = G ,oomp (0)-
Combining (25) with (22), we have

1 11,82,-0+0
gm('rla ceey - —H (:p’f !/ ;n’/ ) )
Z 2. il gt e

m=1 (117127 Y

where the second sum runs over all decompositions of the integer

r as a sum of m positive integers and ) =z, —x, i, 2], =204 —

Tr—iy—igs -+ Tf = Tp—jy—wip,_y - FOT @MY N1, ..., N, = 2, since we have

_ — . 11 12 e
coefficient of x"l L T Lin H (x” T ) =0

i17%ig 7 i,

whenever i; > 1 for some j € {1,2,...,m}, we obtain
coefficient of 1+ 2™V in gy (xy, ..., x,)
_ : ni—1 ne—1 1.1,
= coefficient of " ™" - - -z in H (xr_zr71,~~~7x2_zl,m1 ,
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which by Lemma 4.1 is equal to g¢n, . n,.(q)/(—=2my/—=1)" T *" This
completes the proof. [

Let us prove the harmonic product for G™’s. The harmonic product % on
' is defined inductively by

Yny W * Yoy W' = Yy (W * Yo W) + Yy (Y w * W) + Yy oy (w0 x W),

and w*1=1%xw=w for letters y,,, yn, €H' and words w,w’ in H,
together with Q-bilinearity. For each word w € $', the dual element of w is
denoted by ¢, € ()Y = Hom(H!, Q) such that c,(v) = 8y, for any word
ve N If wis the empty word 0, ¢, kills 1, and ¢, (1) = 1. Then, the
harmonic product of the g-series G, , (¢) with ni,...,n, > 2 is stated
as follows:

THEOREM 4.11. For any words wy, we in {y2, y3, Y4, . . .}*, one has

Gu (Gn,@= D culwrxw)Gi(q),

we{y2,y3,--}*

where we write G (q) =G (q) for each word w=1yn, - - - Yn,-

e
N1yeeyNp

Proof. Consider the following holomorphic function on the upper half-
plane: for integers L, M >0
1
LM _
GULM) (7)) = N

0=A1 < =<Ar
MNEL T+ L)

By definition, it follows that these functions satisfy the harmonic product:
for any words wy, wy € $H', one has

(28) G e = Y cwlwrxwy)G(r).

wa
wWE{Y1,Y2,Y35--- 1

Since the space $2 := Q(y2, y3, ¥4, - - .) is closed under the harmonic prod-
uct *, taking limy,_, o limps_,o for both sides of (28), one has for words wy,

wy € §?
Gy (T) Gy (T) = > Co (w1 * wa) Gy (7).
we{y2,Y3,Y4,--- }*
Then the result follows from Theorem 4.10. N

We finally prove Theorem 1.2.

Proof of Theorem 1.2. The precise statement of Theorem 1.2 is as
follows.
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THEOREM 4.12. For any wi, wy € $2, we obtain
> colwr mw)Gi(q) = > cw(wr *wy)Gi(q),
we{Y1,Y2,¥3,-}* wE{Y2,Y3,-- }*
which is called the restricted finite double shuffle relation in this paper.

It follows from Propositions 3.4, 3.7 and Theorem 4.6 that G™’s satisfies
the shuffle product formula (I2). With this, Theorem 4.12 follows from
Theorem 4.11.

ExaMPLE 4.13. The first example of Q-linear relations among G™’s
obtained in Theorem 4.12 is

Gy (q) — 4GT5(q) =0,

which comes from s * yo — yo 1 Yo.

REMARK 4.14. Let us discuss the dimension of the space of G™’s. For
our convenience, we take the normalization

~ 1

Gy, (@) = BTy yrE— GE ().

As usual, we call ny + - - - 4+ n, the weight and ~,, ... », admissible if n, > 2.
Let £y be the Q-vector space spanned by all admissible G™’s of weight N.
Set & = Q. Koji Tasaka performed numerical experiments of the dimension
of the above vector spaces up to N =7 by using Mathematica. The list of
the conjectural dimension is given as follows.

N |234567

1 2 3 6 10 18
1 2 22 923 924 95

dimg &N
f of admissible indices

Using Theorem 4.12, one can reduce the dimension of the space Ey. The
following is the table of the number of linearly independent relations
provided by Theorem 4.12:

N |012345678910
ﬁofrelations‘0000113511 19 37

This table together with the dimension table shows that the relations
obtained in Theorem 4.12 are not enough to capture all relations among
G™’s for N > 5.
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REMARK 4.15. The above table of dimg &x up to N =7 seemingly
coincide with the table of dj appeared in [2, Table 5] which counts the
dimension of the space of the generating series [ni,...,n,] of multiple
divisor sums. They suggest that the sequence {d}}i>2 is given by dj =
2d)_5+ 2d),_, for k>5 with the initial values d5 =1, d5 =2,d} =3. The
q-series CNJIH looks intimately related to the g-series [nq, ..., n,|, although
we have no idea what the explicit relationships are.

REMARK 4.16. It is also worth mentioning that the Q-algebra £ contains
the ring of quasimodular forms for SLy(Z) over Q:

QIGE, G, GH] C &,

and that the ring of quasimodular forms is stable under the derivative d =
qd/dq (see [13]). It might be remarkable to consider whether the Q-algebra
£ is stable under the derivative, because by expressing dG™ as Q-linear
combinations of G™’s and taking the constant term as an element in C[[q]]
one obtains Q-linear relations among multiple zeta values. For instance,
Kaneko [11] proved the identity

dém):zN(%Z ZGIMZ )

which provides the well-known formula (N +2) =S ¢(i, N +2 — ).
We hope to discuss these problems in a future publication.
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