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Abstract

In this article, we prove a generalized Rodrigues formula for a wide class of holonomic Laurent
series, which yields a new linear independence criterion concerning their values at algebraic points.
This generalization yields a new construction of Padé approximations including those for Gauss
hypergeometric functions. In particular, we obtain a linear independence criterion over a number field
concerning values of Gauss hypergeometric functions, allowing the parameters of Gauss hypergeometric
functions to vary.
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1. Introduction

We give here a linear independence criterion for values over number fields, by using
the Padé approximation, for a certain class of holonomic Laurent series with algebraic
coefficients.

As a consequence, over a number field we show a linear independence criterion of
values of Gauss hypergeometric functions, where we let the parameters vary, which is
the novel part.

The Padé approximation has appeared as one of the major methods in Diophantine
problems since the works of Hermite and Padé [24, 25]. To solve a number theoretical
program by the Padé approximation, we usually need to construct a system of
Padé approximants in an explicit form. Padé approximants can be constructed by
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linear algebra with estimates using Siegel’s lemma via Dirichlet’s box principle.
However, it is not always enough to establish arithmetic applications such as the
linear independence criterion. Indeed, we are obliged to explicitly construct Padé
approximants to provide sufficiently sharp estimates instead. In general, it is known
that this step can be performed for specific functions only.

In this article, we succeed in proving a generalized Rodrigues formula, which
gives an explicit construction of Padé approximations for a new and wide class of
holonomic Laurent series. We introduce a linear map ¢y (see Equation (2-1)) with
respect to a given holonomic Laurent series f(z), which describes a necessary and
sufficient condition to explicitly construct Padé approximants by studying ker ¢ ;. We
state necessary properties of ker ¢, by looking at related differential operators.

The construction of Padé approximants for Laurent series dates back to the classical
works of Legendre and Rodrigues. In 1782, Legendre discovered a system of orthogo-
nal polynomials the so-called Legendre polynomials. In 1816, Rodrigues established a
simple expression for Legendre polynomials, called the Rodrigues formula by Hermite.
See [5], where Askey described a short history of the Rodrigues formula. It is known
that Legendre polynomials provide Padé approximants of the logarithmic function.
After Legendre and Rodrigues, various kinds of Padé approximants of Laurent series
have been developed by Rasala [26], Aptekarev et al. [4], Rivoal [28] and Sorokin
[31-33]. We note that Alladi and Robinson [1], also Beukers [6-8], applied the
Legendre polynomials to solve central irrationality questions, and many results are
shown in the following papers by Rhin and Toffin [27], Hata [ 17—-19] and Marcovecchio
[21]. The author together with David and Hirata-Kohno [10-13] also proved the linear
independence criterion concerning certain specific functions in a different setting.

By trying a new approach, distinct from those in [13], the author shows how to
construct new generalized Padé approximants of Laurent series. This method allows us
to provide a linear independence criterion for Gauss hypergeometric functions, letting
the parameters vary. The case has not been previously been considered among the
known results, although the Gauss hypergeometric function is a well-known classical
function.

The approach relies on the linear map ¢ (see Equation (2-1)) to construct the Padé
approximants in an explicit but formal manner. This idea has been partly used but in a
different expression in [10-13], as well as in [20] by Poéls and the author.

The main point in this article is that we re-describe the Rodrigues formula itself
from a formal point of view to find suitable differential operators that enable us to
construct Padé approximants themselves, instead of Padé-type approximants. This part
is done for the functions whose Padé approximants have never been explicitly given
before.

Consequently, our corollary provides arithmetic applications, for example, the
linear independence of the concerned values at different points for a wider class of
functions, which was not achieved in [4].

In the first part of this article, we discuss an explicit construction of Padé
approximants. Our final aim is to find a general method to explicitly obtain Padé
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approximants for given Laurent series. Here, we partly succeed in giving a solution
to this fundamental question on the Rodrigues formula for specific Laurent series that
can be transformed to polynomials by the differential operator of order 1. Precisely
speaking, we indeed generalize the Rodrigues formula to a new class of holonomic
series (see Theorem 4.2).

In the second part, we apply our explicit Padé approximants of holonomic Laurent
series for the linear independence problems of their values. As a corollary, we show
below a new linear independence criterion for values of the Gauss hypergeometric
function, letting the parameters vary. We recall the Gauss hypergeometric function.
For a rational number x and a nonnegative integer k, we denote the k th Pochhammer
symbol: (x)o =1, (x)y =x(x+1)---(x+k—1). For a,b,c € Q that are nonnegative
integers, we define

b
2Fi(a,b,clz) = Z (C(lzl;lfk?k k

We can now state the following theorem.

THEOREM 1.1. Let u, a be integers with u > 2 and |a| > 2. Assume

V(@) := logla] - log 2 - (2——)(10gu+ D lof‘i) ”(_u)l >0,

g:prime
qlu

where ¢ is Euler’s totient function. Then the real numbers:

1+ )
l,zFl(—+ AT
u

1
‘—) O<l<u-2)
au

are linearly independent over Q.

The following table gives suitable data for # and « so as to ensure V(a) > 0:

u 2 3 4 5 6 7 8 9 10 11 12 13 14 15
63'78 64'44 65'84 65'32 68'76 65‘91 67‘65 67'22 69'40 66‘73 610‘59 67'04 69'92 69'52

The present article is organized as follows. In Section 2, we collect basic notions
and recall the Padé-type approximants of Laurent series. To achieve an explicit
construction of Padé approximants, which is of particular interest, we introduce a
morphism ¢ associated with a Laurent series f(z). To analyse the structure of ker ¢
is a crucial point for our program (see Proposition 2.3). Indeed, we provide a proper
subspace, in some cases this is the whole space, of ker ¢ derived from the differential
operator that annihilates f (see Corollary 2.6). This is the key ingredient required to
generalize the Rodrigues formula.

In Section 3, we introduce the weighted Rodrigues operator, which is first defined
in [4] as well as basic properties that are going to be used in the course of the proof.
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In Section 4, we give a generalization of the Rodrigues formula to Padé approx-
imants of certain holonomic series by using the weighted Rodrigues operators
(see Theorem 4.2). In Section 5, we introduce the determinants associated with
the Padé approximants obtained in Theorem 4.2. To prove the nonvanishing of these
determinants is one of the most crucial steps to obtain irrationality as well as linear
independence results. We discuss some examples of Theorem 4.2 and Proposition 5.2
in Section 6. Example 6.1 is the particular example concerning Theorem 1.1. In
Section 7, we state a more precise theorem than Theorem 1.1 (see Theorem 7.1). This
section is devoted to the proof of Theorem 7.1. The Appendix is devoted to describing
a result due to Fischler and Rivoal in [15]. They gave a condition on the differential
operator of order 1 with polynomial coefficients so as to be a G-operator. Indeed, this
result is crucial to apply Theorem 4.2 to G-functions. More precisely, whenever the
operator is a G-operator, then the Laurent series considered in Theorem 7.1 turn out to
be G-functions.

2. Padé-type approximants of Laurent series

Throughout this section, we fix a field K of characteristic 0. We denote the formal
power series ring of variable 1/z with coefficients K by K[[1/z]] and the field of
fractions by K((1/z)). We say an element of K((1/z)) is a formal Laurent series. We
define the order function at z = oo by

ai .
ord, : K((1/2) — Z U {eo; > — > minfk € ZU {eo} | a # 0},
k
Note that for f € K((1/z)), ords f = oo if and only if f = 0. We recall without proof
the following elementary lemma.

LEMMA 2.1. Let m be a nonnegative integer, fi(2),...,fm(z) € (1/2)-K[[1/z]] and

n=my,...,n,) € N". Put N = Zj”i] n;. For a nonnegative integer M with M > N,
there exist polynomials (P,Qi,...,Qm) € K[z]™'\ {0} satisfying the following
conditions:

(i) degP < M,

(i) orde (P(2) fi(z) = Qj(2)) = m; + 1 for1 <j<m.

DEFINITION 2.2. We say that a vector of polynomials (P,Q,...,0,) € K[z]™!
satisfying properties (i) and (ii) is a weight n and degree M Padé-type approximant of
(f1,---» fm)- For such approximants (P, Qy, ..., Q) of (fi,..., fn), we call the formal
Laurent series (P(z)fj(z) — Q)(2))1<j<m, that is to say remainders, as weight n degree M
Padé-type approximations of (fi, ..., fu).

Let f(z) = Z,iiofk/zk“ € (1/z2)-K[[1/z]]. We define a K-linear map ¢y €
Homg (K[?], K) by

or K[l — K; ' fi (k>0). -1

https://doi.org/10.1017/51446788723000186 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788723000186

312 M. Kawashima [5]

The above linear map extends naturally to a K[z]-linear map ¢, : K[z, ] — K][z],
and then to a K[z][[1/z]]-linear map ¢, : K[z, #1[[1/z]] — K[z][[1/z]]. With this
notation, the formal Laurent series f(z) satisfies the following crucial identities (see
[23, Equation (6.2) page 60 and Equation (5.7) page 52]):

P(z) — P(¥)

z—t

f@=wQ%}P@m%w(

LEMMA 2.3. Let m be a nonnegative integer, f1(2),...,fn(z) € (1/2) - K[[1/z]] and

) € (1/2)-KI[1/z]] forany P(z) € K[z.

n=ny,...,n,) € N". Let M be a positive integer and P(z) € K|[z] a nonzero polyno-
mial with M > Zj”il n;j and deg P < M. Put Qj(z) = ¢ ((P(z) — P(1))/(z — 1)) € K[z] for
1<j<m

Then the following are equivalent.

(1)  The vector of polynomials (P, Q;, ..., Qn) is a weight n Padé-type approximant

of (fis-s J)
(i) We have t*P(t) € ker gy for 1 <j <m, 0 <k <n;— 1.

PROOF. By the definition of Q;(z),

P
P(2)fi(2) = Qj(2) = ‘Pf,-(i)t) € (1/z) - K[[1/z]].

7—
The above equality yields that the vector of polynomials (P, Q,...,Q,) being a

weight n Padé-type approximant of (fi, ..., f,,) is equivalent to the order of the Laurent
series
PO\ e;tP@)
5 (;) - Z zk+l

being greater than or equal to n; + 1 for 1 < j < m. This shows the equivalence of items
(1) and (ii). o

Lemma 2.3 indicates that it is useful to study ker ¢ for the explicit construction of
Padé-type approximants of Laurent series. We are now going to investigate ker ¢ for
a holonomic Laurent series f € (1/z) - K[[1/z]]. We denote the differential operator
d/dz (respectively d/dt) by 0, (respectively d;). We describe the action of a differential
operator D on a function f by D - f and denote 9, - f by f”.

To begin with, let us introduce a map

:K@IO — KO8 Y Pi@)dh o > (1Y 3P(0).
J J

Note, for D € K(z)[9,], «(D) is called the adjoint of D and relates to the dual of
differential module K(z)[0,]/K(2)[0.]1D (see [2, Exercise III(3)]). For D € K(z)[0,], we
denote «(D) by D*. Notice that we have (DE)* = E*D* for any D, E € K(2)[d,].

LEMMA 2.4. For D € K|z, 0,], there exists a polynomial P(t,z) € K|[t, z] satisfying

1 1
D-—— =P(t,7) + D" - —.
z—1 z—1
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PROOF. Let m, n be nonnegative integers. It suffices to prove the case D = 7"”. Then,

k
! 2-2)

1 (-1)'n! 7" L (n+ k)
D-— = = (-1) ;T

z—1 (Z _ [)"+1 Zk+1+n—m :

We define a polynomial P(t,z) by O if m < n and

m—n—1
k)!
P2 = (-1 Y LR i
e k!

for m > n. Equation (2-2) implies

1 o (m+l
e R D Y

k=max{m—n,0}

k+m—n

= (D" Y ke Tem=n)- (m+ ) — .
k=0 z

However,

* 1 naqn t’n n /1 tm+k
D' — = (1) o =D Zat-zkﬂ

+m—n

= (=" ) k+1 Fm =) On+ D —
k=0
The above equalities yield

1 1
D-— —-P(t,z)=D"- —.
-t -
This completes the proof of Lemma 2.4. ]
We introduce the projection morphism 7 by

2 K21 /2]] — KI[2I[1/21/Klz] = (1/2) - KI[1/2]];  f(2) = PQ) + f(2) = (),

where P(z) € K[z] and f(z) € (1/2)-K[[1/z]]. Lemma 2.4 allows us to show the
following key proposition.

PROPOSITION 2.5. Let D € K[z,8;] and f(z) € (1/z)- K[[1/z]]. We have ¢rp.f) =
g o D"

PROOF. First, since ¢, acts only on the parameter ¢,

D-f=Do ‘Pf(%) = ‘Pf(D ' L)

- z—t
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Lemma 2.4 implies that there exists a polynomial P(z) with

1 00 D* 'lk
Df:P(Z)'FQOf(D*;):P(Z)"FZ%
=0

Note that P(z) = ¢(P(t,z)), where P(t,z) € K[t,z] is defined in Lemma 2.4. This
shows that (D - f) = Yoo (D" - ££)/ZF*! and therefore

gD,r(DAf)(tk) =@fo D*(l‘k) for all k > 0.
This concludes the proof of Proposition 2.5. ]
As a corollary of Proposition 2.5, the following crucial equivalence relations hold.

COROLLARY 2.6. Let f(z) € (1/2) - K[[1/z]] and D € K|z, d,].
The following are equivalent:

i) D-feKlzl;
(i) D*(K[t]) < ker ¢y.

PROOF. Conditions (i) and (ii) are equivalent to 7(D - f) = 0 and ¢ o D* = 0, respec-
tively. Therefore, by Proposition 2.5, we obtain the assertion. ]

3. Weighted Rodrigues operators

Let K be a field of characteristic 0. Let us introduce the weighted Rodrigues
operator, which is first defined by A. I. Aptekarev, A. Branquinho and W. Van Assche
in [4].

DEFINITION 3.1 See [4, Equation (2.5)]. Let [ €N, a(2),...,a;(z) € K[z] \ {0},
b(z) € K[z]. Put a(z) = a1(z)---ai(z), D = —a(2)d, + b(z). For n € N and a weight

F=(r,...,n) € 7! with r; > 0, we define the weighted Rodrigues operator associated
with D by
b(z) l
Rpn,»=—|0, + ) " (27 € K(2)[0
Dt = n.(z 2@ (Z)lla(z) (@[0.].

V=

In the case of 7= (0,...,0), we denote Rp,7 = Rp, and call this operator the nth
Rodrigues operator associated with D.

We denote the generalized Rodrigues operator associated with D with respect to the
parameter ¢ by

BOY' T s,
%) a(t) E[avm e KO[a,],

and Rp . = Rp,, in the case of 7 = (0, ..., 0).

1
Rpnr = E(at +

Let us show some basic properties of the weighted Rodrigues operator in order
to obtain a generalization of Rodrigues formula of Padé approximants of holonomic
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Laurent series. In the following, for a(z) € K[z] (respectively a(t) € K[¢]), we denote
the ideal of K[z] (respectively K[t]), generated by a(z) (respectively a(z)) by (a(z))
(respectively (a(t))).

PROPOSITION 3.2. Let a(t),b(t) € K[t] with a(t) #0. Put E,p =0, + b(t)/a(t) €
K(D)[0:].

(i) Let n, k be nonnegative integers. Then there exist integers (Cp k.1)o<i<min{nk} With

Crhminingy = (=D)"k(k = 1)---(k=n+1),

min{n,k}
e, = eniiEi € K18y,
=
(ii) Assume there exist polynomials a(t), ..., a,(t) € K[t] with a(t) = a,(t) - - - a;(¢).
For an [-tuple of nonnegative integers s := (sy,...,s;), we denote by 1(s) the ideal of
K[t] generated by Hlvzlav(t)s". Then for n > 1 and F(t) € I(s),

EL,a()" - F(1) € 1(s). (3-1)

PROOF. (i) We prove the assertion by induction on (n, k) € Z*> with n,k > 0. In the
case of n = 0 and any k > 0, the statement is trivial. Let n, k be nonnegative integers
with n > 1 or kK > 1. We assume that the assertion holds for any elements of the set
{(i,k)e Z*> |0 <ii,kand i <nand k < k}. The equality #*&E,; = Egpt* —ki*~1 in
K[t, 0;] implies that we have

rE), = Eapt* — ki HEL

min{n—1,k} min{n—1,k—1}
n—1-1_k-1 n—1-1 k—1-1
=&Eup Z Cn-1418hyy 1 —k Z Cnk-11E,, T (3-2)
=0 =0
min{n—1,k} min{n—1,k—1}
— n—1 k-1 n—1-1_k—1-1
= Z Cn1k 1St — Z ken-1j-1165, .
1=0 1=0

Note that we use the induction hypothesis in line (3-2). This concludes the assertion
for (n, k).
(i1) Let us prove the statement by induction on . In the case of n = 1, since

Eapa(t) - F(t) = (0ra(t) + b(1)) - F(t) = d’ ())F (1) + a())F' (1) + b()F (1),

using the Leibniz formula, we obtain Equation (3-1). We assume Equation (3-1) holds
forn > 1.Inthe case of n + 1,

enlay™! - F(1) = 848l ,alt)" - a(F(1). (3-3)

Note that we have a(f)F(t) € I(s + 1), where s + 1 := (s; + 1,...,54 + 1) € N¢. Relying
on the induction hypothesis, we deduce SZ,ba(t)” -a()F(t) € I(s + 1). Thus, there exists
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a polynomial F(r) € I(s) with & ba(t)” a®F(t) = a)F(@). Substituting this equality
into Equation (3-3), by using a similar argument to the case of n = 1, we conclude
&rla(y! - F(1) € I(s). O
COROLLARY 3.3. (i) Let a(z) € K[z] \ {0} and b(z) € K[z]. We put D = —a(z)0, +
b(2). Let f(z) € (1/z) - K[[1/z]1\ {0} with D - f(z) € K[z]. Put & = 0; + b(t)/a(t) €
K()[0;]. Then, for n,k € Zwith0 < k < n,
kel - a(D")  ker gy

(ii) Let d,leN, (n,...,ng) €N and a,(0),...,a;(t) € K[f]\{0}. Put a(t) =
ay(t)---ait). For bi(t),...,bq(t) € K[t] and I-tuple of nonnegative integers 7j =
(i1, ..., rp £j £ d), we put D; = —a(z)0; + bj(z) and

!

L a®" | a (™ € K(0)[0;].

v=1

Rin; = Ro,mz, = | ab
N d :
Let sy, ...,sq be nonnegative integers and F(t) € (HIV:lav(z‘)“")rzfﬁ1 iy, Then,

l

ﬁ Riny - F0) ([ Jant”)
j=1

v=1
(The statement in the first term holds for any order of product of operators (R;,);.)
PROOF. (i) By the definition of D, we have D* = &, a(t). Since we have &,, - (a(t)) C

ker ¢, by Corollary 2.6, it suffices to show tkSZ’h “(a®)") € Eup - (a(t)). Relying on
Proposition 3.2 (i), there are {c, }o<i<x C Z with

k
rEL, = > cupiEit . (3-4)

1=0
For an integer [ with 0 </ < k,

ET (@) c 8,81 - (a)).

The Leibniz formula allows us to get 8” =L (a(0)™) C (a(?)). Combining Equation
(3-4) and the above relation gives

&n, - (at)") € gy - (ald)).

This completes the proof of item (7).
(ii) It suffices to prove the assertion in the case of d = 1. By the definition of R ,,,

l l

Rin - F(0) = —,ag'b aw" [ o™ - F@) € 2, atty" - ( [ av(t)s").
v=1 v=1
Using Proposition 3.2(ii), we conclude that &}, a(t)" - (IT,-; a,(1)*) € (IT}=; @ (®)*).
This completes the proof of item (ii). O
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4. Rodrigues formula of Padé approximants

LEMMA 4.1. Let a(z), b(z) € K[z] with a(z) # 0, dega = u and degb = v. Put

D = ~a(@d. +b(2) € K[z.0:], a@) = » ag. b@) =Y b7,
=0

i=0
and w = max{u — 2,v — 1}. Assume w > 0 and
ayk+u)+b,#0 forallk>0 ifu-2=v-1. 4-1)
Then there exist fy(2), ..., fw(2) € (1/z) - K[[1/z]] that are linearly independent over K
and satisfy D - fi(z) € K[z] for 0 <1 < w.

PROOF. Let f(z) = Yo fi/Z' € (1/2) - K[[1/z]] be a Laurent series. There exists
a polynomial A(z) € K[z] that depends on the operator D and f with degA <w,
satisfying
O Do dilk + D) firict + 2o bjfis

Zk+1 :

D- f(z) = A2) +
k=0

Put

D ailk + D ferict + D bifis = Chofict ++++ + Coinw + Chwet fios1 fork >0,
i=0 j=0
with coo = 0. We remark that ¢;; depends only on a(z), b(z). Notice that cg 41 is
a,k+uwyifu-2>v-1,b,ifu-2<v-1landa,k+u)+b,ifu—2=v—1.Then
by Equation (4-1), we have min{k > 0 | ¢y 41 # O forallk’ > k} = 0 and thus the
K-linear map:

K s {f € (1/2)- KU/ D f €KL (oveeos fi) = Y Z{fl,

k=0

where, for k > w + 1, f; is determined inductively by

u

D ailk + D fusrict + ) bifiry =0 fork=0

i=0 =0

is an isomorphism. This completes the proof of Lemma 4.1. ]
Let us state a generalization of the Rodrigues formula for Legendre polynomials to
Padé approximants of certain holonomic Laurent series, which gives a generalization

of [4, Theorem 1]. In the following theorem, we construct Padé approximants of the
family of Laurent series considered in Lemma 4.1.

THEOREM 4.2. Let I,d €N, (a1(2),...,a(2)) € (K[z] \ {0 and (b1(2),...,ba(2)) €
K(zl9. Put a(z)=ai(z)---a)z). Put Dj = —a(z)0; + bj(z) € K[z,0;] and w;=
max{dega — 2,degb; — 1}. Assume w; >0 for 1 <j<d and Equation (4-1) for D;.
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Let fio0(2),..., fiw (@) € (1/2) - K[[1/z]] be formal Laurent series that are linearly
independent over K satisfying

Dj- fiu(2) € Klz] for0 <u; <wj.

(The existence of such series is ensured by Lemma 4.1.) Let (ny, ... ,ng) € N¢. For
an l-tuple of nonnegative integers r; = (rj1,..., 1) (1 <j < d), we denote by R;,, the
weighted Rodrigues operator Rp, . 7 associated with D;. Assume

le,n,-] Rjz,n/'z = Rjz,n/-szl,n/'l for 1 <J1,J2 < d.

Take a nonzero polynomial F(z) that is contained in the ideal (]—Ilv= 1 av(z)z./il Y and
put

d
P@) = [ Rin, - FQ),
j=1

P(z) — P(1)

0@ = o, (o’

) for1 <j<d, 0<u <w;

Assume P(z) # 0. (We need to assume P(z) # 0. For example, in the case of d =1,
D =-0.7" = 720 =2z and n = 1, we have P(z) = (3, — 2/2)z> - 1 = 0.) Then the vec-
tor of polynomials (P(z2), 0j.;(2)) 1<j<q is @ weight (ny,...,ny) € NZL 0D pade type

O0<u;j<w;

approximants of (f;u;,(2)) 1<j<a , where nj = (n;, ..., n;) € Nt for1 <j<d.
0<u;<w;

PROOF. By Lemma 2.3, it suffices to prove that any triple (j,u;, k) with 1 <j <d,
0 <u; <w;,0 <k < nj— 1 satisfies /*P(r) € ker Py PutRin; = Rp, - Then we have

P(t) = [1L, R, - F() and thus
EP@) = 2Ry, | [ Ry, - FO). (4-2)
J#
. 1 Fivt X ra . .
Since F(t) € (I, av(z)""='#""), using Corollary 3.3(ii),

l

[TR - FO € (] Jato)

J# v=1
Combining Equation (4-2) and the above relation yields

i
#Pw) € PRy, - ([ o) € 48, - @) C kergy, .

v=1

Note that the last inclusion is obtained from Corollary 3.3(i) for D; - f;,,(z) € K[z]. O
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4.1. Commutativity of differential operators. In this subsection, we give a
sufficient condition under which weighted Rodrigues operators commute. We denote
0, - ¢(z) by ¢’(z) for any rational function ¢(z) € K(z).

LEMMA 4.3. Let a(z),b(z) € K[z] and c(z) € K(z) with a(z)c(z) # 0. Let w(z) be a
nonzero solution of —a(z)d; + b(z) in some differential extension K of K(z) and n a
nonnegative integer. Put

R, = (a EZ;) @) € KI.].

Then, in the ring K[0,], we have the following equality:

Ry = —w@ W) = Ri(Ry+¢/0) - Ry + (0~ DEQ).

PROOF. The first equality is readily obtained using the identity

0.w(z) = w(z)(a + %)

The second equality is proved using the identity

(5. + %)c@ =[etor(a. + %) (- D@2

= c@" (R + (n = 1) (2).
This completes the proof of Lemma 4.3. ]

LEMMA 4.4. Let a(z),b(2), b2(z), c(2) € K[z] with a(z)c(z) # 0. For a nonnegative
integernandj = 1,2,

1 bi(2) n
Rf’”_n_!(a ()) @

Assume deg ¢ < 1. Then the following are equivalent.

(i) Foranyn;,n, € N, we have Ry, Ry, = Rop,R1 .

(i) We have (b2(z) — b1(2))/a(z)c(z) € K.

PROOF. Since deg ¢ < 1 and therefore ¢’(z) € K, using Lemma 4.3, we see that item (i)
is equivalent to Ry 1R21 = Ry 1Ry1. Let us show that the commutativity of R;1(j = 1,2)
is equivalent to item (ii). According to the identity,

(bz(Z) -b1(2) )'C(Z)z,

Ry 1Ry =Ry R + (Ry1 — RiC(2) +
a(z)
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the identity Ri1Ry1 = Ry 1Ry is equivalent to

b -b ’
(&rWMﬂO%lgE%@%@z

(@ -bi(2) by(2) — b1(2)
‘( ) CQH( a(z)

@ -b@ Y
—@—ag—w@ﬁ@—a

ﬁ@y@

which means item (ii) holds. This completes the proof of Lemma 4.4. ]

5. Determinants associated with Padé approximants

Let fj.,(z) be the Laurent series in Theorem 4.2. To consider the linear indepen-
dence results on the values of f;,,(z) 4 la the method of Siegel (see [30]), we need to
study the nonvanishing of determinants of certain matrices. In this section, we compute
the determinants of specific matrices whose entries are given by the Padé approximants
of f;.;(z) obtained in Theorem 4.2.

First, let d be a nonnegative integer and a;(z), a2(2), b1(2), - .., bq(z) € K[z]. Put
a(z) = a1(2)ax(z), wj = max{deg a — 2,degb; — l}and W = w; +--- + wy + d.

Assume w; > 0, dega; < 1, a; is a monic polynomial and

bjl (2) - bjz(z) c

K\ {0} forl<j <j,<d.
ax(2)

Yivia =
Denote D; = —a(z)d; + bj(z) € K[z,0;] and assume Equation (4-1) for D;.

Lemma 4.1 implies that there exist Laurent series fjo(2), ..., fjw,(z) € (1/2) - K[[1/z]]
that are linearly independent over K and satisfy

Dj- fiu(2) €Kl[z] forl<j<d, 0<u<w;

We now fix these series. For n € N, we denote the weighted Rodrigues operator
associated with D; by

1(a @

R, = —
’ ©az)

' ) a(z)" forl<j<d.
n!

Lemma 4.4 to the case of a(z) = a1(z)ax(z) and c(z) = a;(z) asserts the commutativity
of the differential operators R;,, namely
le,nRjz.n = Rjz,nle.n for 1 Sj] ,j2 <d.

Put ¢;,, = ¢ fiag For 0 < h < W, we define
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d
Pun(@) = Po@) = [ | Rin - [aa)™,
j=1

(Ph(Z) : :’h(l‘))

Onjun(2) = Qjuyn(2) = Qjuy forl <j<d, 0<u<wj,

Roniayn(2) = R n(2) = P(@) f,(2) = Qjayn(2)  for 1 <j<d, 0 <uj <wj.

Assume Pj(z) # 0. Theorem 4.2 yields that the vector of polynomials (P, Qj.,.1) 1<j<d
’ OSMJ'SWI'
is a weight (n, . ..,n) € NV Padé-type approximant of ( Jiaw) 15j<d -
’ OSM/'SW/'
First we compute the coefficients of 1/z"*! of Rju;n(2)-

LEMMA 5.1. Let notation be as above. For 1 <j<d, 0<u; <wjand0<h < W,

2y @, (1 P(1))
Rjuy.n(2) = Z e
k=n

and

n (_1);1 - n n
I PAD) = lgd [ gm = k)i (P ar o) - ax(™,
i

where g, = 1 ifdega; = 1 and g, = 0 ifdega; = 0.

PROOF. Since (R;,,1)j., 1s a weight (n,...,n) € NW Padé-type approximation of
(fi)ju;» We have orde R;,,, n > n + 1 and the first equality is obtained by

Pi(D)\ o P (FPA(D))
mj,u/,h(Z) = (pjauj(:) = Z jZk+1 ’
k=n

We prove the second equality. Fix j and put &, = 9, + by (1)/a(r) for 1 < j* < d. Then,
_ Yi'd
Sa’bj, = Sa,b_,- + F(l‘) (5-1)

and Ry, = (1/nH&" | a1(1)". By Proposition 3.2(i), there is a set {c;; | [ =0, 1,...,n}
it
of integers with ¢;, = (=1)"n! and

n
tnR‘ _ stl Sn—l tn—l t n
.n T n' a,bj al( ) :

=0

Note, by the Leibniz formula, the polynomial [];.; Ry . - ["ay(t)™] is contained in the
ideal (ay(?)"). By Corollary 3.3(i),

Eipar 0"+ (@) Ckergy, for0<i<n—1
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and thus,

Pt = 'Ry [ [ Ry (a2 ()™

J#

- Z 1’3" L=l ()" ]—[Rjgn [ay ()™

J#

= (=1)"a,(0)" ]_[ Ry - [ ax(d)™] mod ker ;..

J#

Equation (5-1) yields

a ()" Y
] ( (lb,'+ ]J

O Ryn == 0

) a2y

1 " e Vir i n—1 "
= ;(Sa,bjal(t) + (yyj — néa)ai (1) 1)(8a,b, + A) a(?)

a(t)

)
- ﬂ(m — kea)ar (1) mod (E,par (1) - K11, 8,1).
C k=1

[15]

(5-2)

1 n—1
— = nEa ) (0 1( a,+—) ay(t)" mod {E,par (1) - K1, 9,1}

(5-3)

Note that we use the assumption dega; < 1 and the equality J; - a(?) = &,, in Equation

(5-3). Combining the above equality and Equation (5-2) yields

010y ("PH(D) = ,)dl T “_[(m Kea) |1 an 0 - 20",

1<gj’<d = k=1
J'#i

This completes the proof of Lemma 5.1.

O

For a nonnegative integer n, we now consider the determinant of the following

(W+1)x (W + 1) matrix:
P()(Z) P](Z) e Pw(Z)

An(z) = A(z) = det

Notice that the determinant A(z) is a polynomial.
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To compute A(z), we define the determinant of following W x W matrix:

0, =0 =det
pro(@®'aO™)  eiottai@'a™) ... @i a @) aO™)
Prm (@1 (t:)”az(t)"”) @1 (tay (;)”az(t)"”) - Pl (tW_lazl 0" ax (™)
90d,o(a1(t;"az(t)d”) 90d,o(ta1(t:)"az(t)d”) : wd,o(tw’la: ()" ax(ty™)
Paw,(a (t:)”az(t)d") Pa.w,(tay (:t)”az(t)d") : Pyt W‘la:1 (0" ax (™)

Notice that ® € K. Replace the coefficient of z*DW of the polynomial Py, by py, that
is,

1
_ (W
pw = e l)W]!az Py (2).

Then we have the following proposition.
PROPOSITION 5.2. A(z) € K. More precisely,

e e e N [N T

Jj=1 " 1g/<d k=1
J#

where g,, is the real number defined in Lemma 5.1.
PROOF. First, by the definition of P;(z),
degP; < nW + 1L (5-4)

For the matrix in the definition of A(z), for 1 <j < d,0 < u; < wj, adding — jj-,uj (z) times
the first row to the (wy + - -+ + wj_1) + u; + 1 th row,

Py(2) ... Pw(2)
Ri00@ ... Riowk
wo | Fw0@ o R w(@)
A(z) = (-1)"det . . .
Rao00@ ... Raow
Raw, 0@ oo Raw,w(2)
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We denote the (s, ¢) th cofactor of the matrix in the right-hand side of the above equality
by A, .(2). Then we have, developing along the first row,

w
A@ = DY Y @A) (5-5)

=0

Since
orde Ryp(z) 2n+1 forl <j<d,0<uj<w;,0<h<W,

orde A1) 2 (m+ W forO<I<W.
Combining Equation (5-4) and the above inequality yields
Pi(2D)A141(2) € (1/2) - K[[1/z]] forO<I<W -1,

and
Pw()ALw+1(2) € K[[1/z2]].
Note that in the above relation, the constant term of Py (2)A; w+1(z) is
pw - “Coefficient of 1/z*DW of Ay w.1(2)’. (5-6)
Equation (5-5) implies A(z) is a polynomial in z with nonpositive valuation with

respect to ord.,. Thus, it has to be a constant. At last, by Lemma 5.1, the coefficient of
1/2 W of Ay wii(z) is

(1o Po®) ... (~1Y'@ro("Py_()
(11 ("PoD) <. (=110, (" Py-r(1)
det : :
(1'0u0Po®) .. (~1Y'gao(t"Py_i(1))
(1 'us(PPo®) s (=1 (Py-1 (1)
1 w4 n wi+1
=— (vyj— keay) - 0.
((n!)dl) B[lgdg Y ]
J#

Combining Equations (5-5), (5-6) and the above equality yields the assertion. This
completes the proof of Proposition 5.2. ]

6. Examples

In this section, let us describe some examples of the application of Theorem 4.2 and
Proposition 5.2.

EXAMPLE 6.1. Let us give a generalization of the Chevyshev polynomials (see [3,
Section 5.1]). Let u >2 be an integer. Put D = —(z“ — 1)d, — 7*~! € K[z,0.]. The
Laurent series
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o (EDe 1 1+1  u+l
ﬁ(Z)Z;——Zﬁ'zFl(T,LT

(u7+l )k Zuk+l+1 z

1
—) forO<I<u-2
Zu

are linearly independent over K and satisfy D - fi(z) € K[z]. Note that fy(z) =
(z* = 1)"V*. We denote ¢ =¢. Forh,n €e Nwith 0 < h < u— 1, we define

u—1 \n
Pon(2) = Py(2) = (a - 1) @ -1y

Py(z) = Py()

0nin(2) = 01(@) = sal( ) for0<l/<u—2.

Theorem 4.2 yields that the vector of polynomials (P, Qjn)o<j<u—2 is a weight
(n,...,n) € N“~! Padé-type approximant of (fp, ..., f,_»). Define

Py - P2

Qoo -+ Qou-1(2)
A, (z) = det ) ) )

Qu20@) - Qu-2u-102)
The determinant A, (z) is computed in Lemma 7.2.

EXAMPLE 6.2. In this example, we give a generalization of the Bessel polynomials
(see [16]). Let d, n be nonnegative integers and 1, ..., 7y, € K that are not integers less
than —1 with

Yih — Vi ¢ 7 fOl’lSj] <j2§d.

Put D] = —zzﬁz + ’)/jZ - 1,

5@ = Z 2+ y,)k =

and ¢y = ¢;. A straightforward computation yields D; - fi(z) € K. Put

B 1 )’jZ—l .
Rj,n = ;(@ + —Zz ) Z
Lemma 4.4 yields
RjnRjyn, = Rjy i, Rj, n, for1 <ji,jo <dandnj,n;, €N.

For h € Z with 0 < h < d, we define
d
Pun(2) = Pp(2) = HRJF" . gn+h

(Ph(Z) Ph(t)) for 1 <i<d
7—1 =728

Qn,/' (Z) Q/ (Z) -
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Then Theorem 4.2 yields that the vector of polynomials (Pp, Qji)i<j<q is a weight
(n,...,n) € N¢ Padé approximant of (fi,..., fy). By the definition of Py(z),

4 (d 1 + 1),
Pu(z) = s, @t (-;' ))d+ %+ D 22D 4 (lower degree terms). (6-1)
Define
Pyz)  Pi(z) ... Py
0102 O11(@ ... 014
An(z) = det : : . : )

Qio@) Qui1(@ ... Qua(2)
Qpl(t(d+1)n) o (,01(t<d+1)n+d_1)

®, = det . : .
(Pd(t(d+1)n) o Qﬁd(t(d+1)n+d_l)

Let us compute ®,. By the definition of ¢; and the properties of determinants,

1 1
C+yDasm  CHYD@rnrd-1
®, = det :
1 1
CH+YDarn  CHYDwarnrd-1
d Q+yi+d+Dn)g; ... Q+y1+(d+ Dn)
= - det : - : .
n @+ ”)(””””*d @yt @4 D oo @ tya+(d+ Do

Here, by using the properties of the determinant again,

(2+’)/1 +(d+ l)n)d_l (2+)/1 +(d+ l)l’l)o
det z z
Q+ys+d+Dn)y; ... C+ys+(d+ Dn)
(2 +y + (d + 1)}’1)0 . (2 +y + (d + l)n)d_l
= (=)@ D2 et : - :
(2+’yd + (d+ l)l’l)o (2+’yd + (d+ l)l’l)d_l
1 vy ... yf’l
- (_1)(d—l)d/2det . . .
1 ya ... yg‘l
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Since the last determinant is a Vandermonde determinant,

d
®, = - (=1)¢=Dd/2 i —vi).
1_[ 2+ 71)(d+1)n+d | 1_[ Yi. — Vi

J= 1<j1<j2<d

Proposition 5.2 and Equation (6-1) imply that

d
M@%IWW%@;YFHTIHW )]
j=1 " 1gj<d k=1
J#

d .
><1_[(d(n+1)"‘7’1"'1)”. l_[ v, = i)

i1 2 + Y@+ n+d-1 1< <jrd
Especially, we have A,(z) € K \ {0}.

EXAMPLE 6.3. In this example, we give a generalization of the Laguerre polynomials
(see [3, Section 6.2]). Letd,n € N, yy,...,v4 € K \ {0} be pairwise distinct and 6 € K
be a nonnegative integer. Put D; = —z0, — yjz + 6,

Js(Z) = i(l + §)k(7/iz)k+1
J

k=0

and ¢y = ;. A straightforward computation shows D; - fi(z) € K. Put

')/'Z—é‘ n
Rj,,,,: '(8— / )
n

By Lemma 4.4,

R

J1.nj, Rjz,njz = R/z,njszl,njl for 1 SJLj2 £ d, Ny, 1y, € N.

For h € Z with 0 < h < d, we define

d
Pup(@ = Pu(d) = | | Rpn- 2",
j=1

‘(Ph(Z) = fh(t))

0,(2) = Qj(2) = ¢ forl <j<d.

Then Theorem 4.2 yields that the vector of polynomials (Pp, Qjr)i<j<q is a weight
(n,...,n) € N¢ Padé-type approximant of ( Jf1<j<a. By the definition of Py(z),

d n

j

Py(z) = izd(”“) + (lower degree terms). (6-2)

(n!)!
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Define

Py(z) Pz ... Py

0102 Qi@ ... 014
An(z) = det| . : . .| @, =det

000D 0u1(@) .. Oaul?)

We now compute ©,. By the definition of ¢; and the properties of the determinant,

e1(t™) .. (D

@at™) ... @D

(1 +0)in (1 + Oam+1)-1
YT e yz]i(n+1)
0, = det : :
(1 +6)an (1 + O)amr1y-1
,y;ln+l e ,y;l(n+l)
1 vy ... 'ydﬁl
d (1 + 6)dn+/ 1 d . . l.
l_[ d(n+1) det) . - - :
I= 1 oy ... 72"1

Since the last determinant is nothing but a Vandermonde determinant,
(1 + 6)an+j-1
®, = 1_[ At ) 1—[ ¥jo = ¥i)-
Jj=1 yj 1<j1<ja<d
Proposition 5.2 and Equation (6-2) imply that

Al = (( ')d) 1_[[ [ [or- Yﬂ"] ﬂ% [T @-»oek\ion

1<J <d Y 1<ji<ja<d
7#

EXAMPLE 6.4. Let us give an alternative generalization of the Laguerre polynomials.
Letd,neN,y e K\{0},and ¢,,...,04 € K be nonnegative integers with

(5j1—6j2¢Z fOI'lSj] <j2§d.
Put D; = —z0, — yz + ),

b 1 \k+1
@ = a+au(=)
k=0 rz
and ¢; = ¢;. Then we have D; - fi(z) € K. Put

2_6. n
R, = (6 s ]) 4
Z

By Lemma 4.4,
R; . R;

g N, = RjZJljzR

i, fOI'lSj],szd, I’ljl,l’ljZEN.
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For h € Z with 0 < h < d, we define

d
Pup(2) = Py(2) = ]_[ Rin- 2,

P, P,
0., = 0D = ¢ (w) forl<j<d.

Then Theorem 4.2 yields that the vector of polynomials (Pp, Qj)i<j<q is a weight
(n,...,n) € N¥ Padé-type approximant of ( Jf)1<j<a. By the definition of Py(z),

sy

Pu(z) = ) ——Z +1) 4 (lower degree terms). (6-3)
Define
Po(z) P ... P d+n—1
010 011D ... 014 TG0 IR ('
Ay(2) = det| . ) . .|, Oy =det] . :
N . . : n +n—1
040 Q1@ ... Qua(@) @a(t") ... @a™")

Let us compute ®,. By the definition of ¢; and the properties of the determinant,

(I+61)n (1 +61)arn-1
,yn+1 o )’d+n

0, = det : :
(1 +64)n (1 + 6a)drn-1
,yn+1 o )’d+n

(n+51)0 (I’l+6])d,1

J=1 (I’l+61)0 (l’l+5d)d_1

A similar computation as in Example 6.2 leads us to get

d .
o= [145 T] @m0

J=1 1<j1<jp<d

Proposition 5.2 and Equation (6-3) imply that

o= () T T [Tor-0-)

= 1gj<d k=1
J#

dam%
[T ©-o0ekion

j=1 1<ji1<jr<d
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EXAMPLE 6.5. In this example, we give a generalization of the Hermite polynomials
(see [3, Section 6.1]). Letd,n e N,y € K \ {0} and 6y, ..., € K be pairwise distinct.
Put D; = -0, + yz + 9j,

o=y 2,

k=0
where fjo =1, fj1 = —6;/y and

Oifike1 + (k+ 1) f;
firr = — ikt * K+ DIk ks o, (6-4)

Y
and ¢; = ¢;. Then we have D; - fi(z) € K. Put

1 n
Rj,n = E(az +yz+ 6]) .

By Lemma 4.4,
R;, Mj) Rjz,"jz = Rjz,"jz R;, ;)

For h € Z with 0 < h < d, we define

for 1 <ji1,j2» <d,nj,n;, € N.

d
Pup(@) = Pu@) = | [ Rin- 2",
j=1

‘pj(Ph(Z) : f)h(t) )

Onjn(2) = Qju(2) = forl <j<d.

Then Theorem 4.2 yields that the vector of polynomials (P, Ojs)i<j<q 1S a weight
(n,...,n) € N¢ Padé-type approximant of ( f)1<j<a- By the definition of Py(z),

,ydn

Py(z) = Wzd("”) + (lower degree terms). (6-5)
Define
Py Pid) ... P2 o
010D 0@ ... 01 al) )
Ay (z) = det . . i . , 0, =det .

: : .. : . . :_1 .
Qio@) Qui1(@) ... Quua2) ga(D) ... @t

Let us compute ©,. By the definition of ¢;,

fio fir oo fiaar

®, = det (6-6)

fao far oo faa-
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Here, using Equation (6-4) and the properties of the determinant repeatedly,

Sioo fir oo frae y o\
det| : ¢ .. i |=det|: . S (6-7)
Jao far oo Jaam = (7_5[,)'171
T

Combining Equations (6-6) and (6-7) implies

I_I (6j2 - 6]1)'

lSj]<j2$d

-1 14+2+--+(d-1)
on=(3)" "
Y

Proposition 5.2 and Equation (6-5) imply that

A(2) = ( ,)d) ﬁ[ﬂ(é - o]

Jj=1 "1gj’<d
J#
x (=1 Da2yin-ndrz T (g, — 5y € K\ {O),

1<ji<j2<d

EXAMPLE 6.6. In this example, we consider a generalization of the Legendre polyno-
mials (see [3, Remark 5.3.1]). Letd,m,n e N, a,. .., @, € K \ {0} be pairwise distinct
and yi, ...,y € K be nonnegative integers, satisfying y;, —y;, € Zfor 1 <j; <j, < d.
Put ax(z) = [12,(z — @), Dj = —za2(2)0; + y;a2(2),

k+1
fij(2) = Zk+1+yj( ) forl<i<m,1<j<d,

and ¢y, = ¢;;. Then we have D; - fi;(z) € K[z]. Put

Rj,n = (8 + 7]) "
n! Z
By Lemma 4.4, we have
le Vl/lez n, = R]2 ,,jszl i, for 1 Sj],jz <d, nj,nj, € N.

For h € Z with 0 < h < dm, we define
d
Pun(@) = Pu@) = | | Rin- [a0)™,
j=1

forl <i<m,1<j<d.

Py(z) - P
Onijn(2) = Qijn(2) = %’i(M)
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Then Theorem 4.2 yields that the vector of polynomials (Pp, Q;jn)i<i<m is a weight
1<j<d

(n,...,n) € N Padé-type approximant of (f; 1<i<m. Define
1<j<d

Py(2) Pi@ ... P2
0110 O111@ ... Qi@

Qm,l‘,()(z) Qm,l',l(z) cee Qm,l,‘dm(z)
An(Z) = det . . . . .

01402 Q141@ ... QOraam(@)

Oni0@ Omar@ oo Omaam(@

The nonvanishing of A, (z) has been proven in [12, Proposition 4.1].

REMARK 6.7. We mention that Examples 6.2, 6.3, 6.4 and 6.6 can be applicable to
prove the linear independence of the values of the series which are considered in each
example. However, such results have been obtained as follows.

In Example 6.2, for yy,...,y4 € Q, the series f;(z) become E-functions in the sense
of Siegel (see [30]). The linear independence result for the values of these E-functions
has been studied by Vééninen in [35]. In Example 6.3, for§ € Q and vy, ...,y € K for
an algebraic number field K, the series f;(z) are Euler-type series. In the case of 6 = 0,
the global relations among the values of these Euler-type series have been studied
by Matala-aho and Zudilin for d = 1 in [22] and L. Seppéld for general d in [29].
Likewise, Example 6.4, for 61,...,0, € Q and y = 1, treats Euler-type series. In [34],
Viininen studied the global relations among the values of these Euler-type series. In
Example 6.6, for yi,...,y; € Q and ay,..., @, € K for an algebraic number field K,
the series f;;(z) become G-functions in the sense of Siegel (see [30]) called the first
Lerch functions. The linear independence of values of these functions has been studied
by David, Hirata-Kohno and the author in [12, Theorem 2.1].

7. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. We prove the more precise
theorem that we state below. To state the theorem, we prepare the notation.

Let K be an algebraic number field. We denote the set of places of K by Mik.
For v € Mg, we denote the completion of K with respect to v by K, and define the
normalized absolute value | - |, as follows:

Iply = p K@Ky | p, = BT iy | oo,

where p is a prime number and ¢, the embedding K < C corresponding to v.
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Let 8 € K. We define the absolute Weil height of 8 as

H@) = [ | max{1, 18l

vedig

Let m be a positive integer and 8 = (8o, . . ., Bn) € P,(K). We define the absolute Weil
height of B by

HB) = [ | max(Bol .- 1Buh}

veliy

and the logarithmic absolute Weil height by h(8) = log H(B). Let v € Wik, then h,(B) =
log [|Bll, where || - ||, is the sup v-adic norm. Then we have h(8) = 3’ o, h,(B) and for
B € K, h(p) is the height of the point (1,8) € P;(K).

Let u be an integer with u > 2. We put v(u) = u [T yprime g1 44" Let vo be a place
of K, @ € K with |el,, > 2. In the case where vy is a nonarchimedean place, we denote
the prime number under vy by p,, and put &,,(u) = 1 if u is coprime with p,, and
&y, (1) = 0if u is divisible by p,,. We denote Euler’s totient function by ¢.

We define real numbers

h,,(2) if v | oo
Av :hv - v 1 Vo 1V
/(@) = hyy(@) so(u; AT
vo

B,,(@) = (4~ Dhi@) + (e + Dh(2) + 410810

(u+ Dhyy(2) if v | o0
log vl if vo £ oo,

u—

+ — Dh,, (@) —

o) )hy, (@) {

+ Dh,,(2) if

Un(@) = (= Dhyy () + &7 D@ il [0

log [v(u)l;, if vy £ o0,
VVq) (a/) = AV() ((Y) - BVQ(Q,)‘
We can now state the following theorem.

THEOREM 7.1. Assume V, («) > 0. Then, for any positive number & with € < V, (@),
there exists an effectively computable positive number Hy depending on & and the
given data such that the following property holds. For any A = (4, ))o<j<u—2 € K" \ {0}
satisfying Hy < H(Q), then

u-2
|/1+ A - 12 1
=0

> Cla, &)H, (HH) 2,

s

(1+l u+l‘
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where
ula, ) = W and C(a,é&)
_ )
_ exp( (Vvo(a) >+ 1)(AVO(a') + UVO(()/))).

We derive Theorem 1.1 from Theorem 7.1.

PROOF OF THEOREM 1.1. Let us consider the case of K =Q, vg = o0 and @ € Z\
{0, =1}. Then we see that V(@) = V(@) where V(@) is defined in Theorem 1.1. Assume
V(@) > 0. Choose some A = (4, Ay ..., A,—») € Q" \ {0} such that

1 1+  u+l|1
/10+Z/ll l+12Fl( , 1, —— J):O

u
If H(A) > Hy (where Hj is as in Theorem 7.1), there is nothing more to prove.
Otherwise, let m > 0 be a rational integer such that H(mA) > Hy. Then Theorem 7.1

ensures that
1+1  u+l|1
(/10+Z/11 l+1 2F1( 1, _Ll J)) # 0.

This is a contradiction and completes the proof of Theorem 1.1. ]

Now we start the proof of Theorem 7.1. The proof is relying on the Padé
approximants obtained in Example 6.1. In the following, we use the same notation
as in Example 6.1.

7.1. Computation of determinants

LEMMA 7.2. Let n be a positive integer. Put n = uN + s for nonnegative integers N, s
with0 < s <u— 1. Then,

2

N +5+ Du—1—uN)uyqes )uN+?
A = (—])@N+s+D(u- 1)((“ o,
=D (N +5)! 1_[ Dy
PROOF. Put

Qo = 1" ... @ =1

0, = det : : .

Qua(( = 1)) . (T = 1))

Proposition 5.2 implies that
1
An(@) = (=D X e D L Py (2) X O,

[(n+ D(u— DI
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According to the definition of P,_;(2),

1 B (n+Du-1-n),
(n+1)(u-1) | P —
[(n+ Du— D= w1 nl ‘
By the definition of f;,
(Hhyy
) (ul-:—l) if k = uN + [ for some N € Z,
2 =VEON
0 otherwise.
The above equality shows
o((t* — 1)V +s) 0 .. 0
0 O (t(t" = 1)AN+sy L 0
®, = det . . . .
0 0 oo Quoa (TR = 1)NES)
u-2
= | | e @ = 1)), (7-1)
1=0

We now compute ¢;(/(#* — 1)“N*%). Since we have

uN+s

‘ uN +s UN+I—v 1ty
tl(tu _ 1)MN+AS — Z ( ) )(_1) N+1 f +l,

v=0
we obtain
uN+s 1+/
u uN-+s uN +s Wty Gy
GGV Z( )(—1> Ny W7
=0 v (T)v
For positive real numbers «, 8 with @ < 8 and a nonnegative integer v,
(@)y I'(B) . o
=B e g,
By T@I'B-a) Jo
Applying the above equality for « = (1 + I)/u,8 = (u + [)/u, we obtain

(pl(tl(tu _ 1)MN+S)
resh NNy (0

- u —1)N+v (1+D)/u+v-1 1— (u71)/u71d
NEDEES Z:( v )( e [t gyt tae

_ (_1)L¢N+sr(ul_4l-l)
(1 + D/wl(L)

1
f gll_':l,](l _ é;)MN+S+(u—1)/u—1d€;
0
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(=1)"NHT() TN + 5 + 1)
DTN +s+ % el
DM v

= . 7-2
(MTH)MN+S ( :

Substituting the above equality into Equation (7-1), we obtain the assertion. O

7.2. Estimates. Unless stated otherwise, the Landau symbols small o and large O
refer when N tends to infinity.
For a finite set S of rational numbers and a rational number a, we define

den(S)=min{fn € Z|n>1l,nseZforalls €S} and wu(a)=den(a) l—[ ql/("_l).

g:prime
glden(a)

We now quote an estimate of the denominator of ((a)x/(b)x)o<k<n forn € Nanda,b € Q
being nonnegative integers.

LEMMA 7.3 [20, Lemma 5.1]. Let n € N and a, b € Q be nonnegative integers. Put

~ (@) (@)
D, = den((b)o, < D) )
Then,
. 1 den(b)
hfl sup ~ log D, < log u(a) + o(den(b))’

where ¢ is Euler’s totient function.
For a rational number a and a nonnegative integer b, we denote (‘;) = (=D*(=a),/b!.

LEMMA 7.4. Let N, 1, h be nonnegative integers with 0 <l <u—-2and0<h<u-1.
(i) We have

Nw=1) &
. twN uN — 1/u\fu(s + N) + h\( 1/u N
Puxa(@ = (=1 ; [;( s+N )( uN )(k—s)]( DA

@) Put&p=1ifh<l+1and0ifl+1 < h We have

N@u-1) (u-DN-v

Ounin(@) = (=1 Z ( Z (=1
=0

& (uN = 1u\fu(s +N) + B\ Vu \JEDRN on
X[;( s+N )( uN )(k+v—s)](“7+l)k)z ’
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(@it Put g1, = 1 ifl < hand g, = 0 if h < I. We have

Runn(2) =

(C Y i (u(N +h)+1- h) S 1
(MT"'I)MNZMN+I—h+1 = ulN (u_l-:l + uN)k Zuk'

PROOEF. (i) Put

w(z)z(l—z")‘”"=2( /)< )" € K[2]].

k=0

Then w(z) is a solution of —(z* — 1)d, — 7! € K[z, d.]. Lemma 4.3 yields

1 Zu_l N 1 1 quN uN
m(az—zu_l) & =1 (N)'W(Z) 07" w(z)(Z" = 1)
and therefore
Puv(@) = ﬁW(z) "N w(z) - 1y -

_(_l)uN —1 quN | S (4N~ 1/u Yk uk+h

= e ;( . )( 1z

v N0 (1) k| O (4N = Vu\(utk +NY+ B\ g
(e S e

(o] k

N uN — 1/u\(u(s + N) + h\( 1/u ks
SLAPY DY S (v R ST

Since deg P,y = u(u — 1)N + h, using the above equality, we obtain the assertion.
(i) Put P,y 4(2) = Z“(” DN+h 7% Notice that, by item (i),

.
B (= 1)+ Z (MN N l/u)(u(s N+ h)( 1u ) if there exists k¥’ > 0

’_
P = S\ s+N uN k=] such that k = uk’ + h,
0 otherwise.
Then,
(u—1)N+h k' — u(u—1)N+h-1
Puvi(@) = Puvi(® " " oy
ol S St R S
< k=1 k=0 V=0

u(u—1)N+h—1 _u(u—1)N+h—1
v | v
P+t V]ZV

V=0 k'=v'
u(u—1)N+h—1 _u(u—1)N+h—v' -1

el
Z Pir+v+1l ]ZV~

v'=0 k=0
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Since ¢;(#*') = 0 if k¥’ # I mod u, putting K’ = uk + [, we obtain

QuN,l,h(Z)

(PuN,h(Z) - PuN,h(l))
(7]

z—t
u(u—1)N+h-1 _u(u—1)N+h—v'—1

Z [ Z pk’+v’+1‘10l(tk’)]ZV,

v'=0 k'=0
w(—DN+h=1 _ (u=D)N+[(h=v'—1=1)/u] (L,
— u Vv
= puk+l+v’+17]z .
V=0 k=0 50k

Since we have pyvi1 =0for0 <V <u(u—-1)N+h-1withv ¢uZ+h-1-1,
putting v/ = uv + h — [ — 1, we conclude

W=1)N _(u=DN-v (Ledy

h-l-1

Qunin(z) = Z Pu(k+v)+hu”T] el
. k=0 5k

This completes the proof of item (ii).
(iii) Lemma 5.1 yields

Ruvan(@) = ) P PunsB) (7-3)

k+1
k=uN z

We now compute go;(tkPuN,h(t)) for k>uN. Put &=209,—"'/(t*-1). Using
Proposition 3.2(i) for k > uN, there exists a set of integers {c,yx, | v =0,1,...,uN}
with

cavguny = (=1)Nk(k = 1)---(k —uN + 1) and
uN

tkguN(tu _ l)uN — Z CuN,k,VSL‘N_Vtk_V(tu _ 1)MN in Q(t)[at]
v=0

Since E(* — 1) C ker ¢y, using the above relation,
s

(uN)!

QU Py (1)) = w(

uN
CuN kv UN—v k—v u u
v=0 :

k
uN

CuN kuN [k_uN(tu _ 1)MN . th) = (—1)141\7(

— (70[( (MN)' )¢[(tk_uN+h(tu _ l)uN).

(7-4)
Note we have @ (F* N+ — 1Ny =0 if k—uN +h # [ mod u. Let k > 0 and put

k=u(k+N + &) +1—h. A similar computation which we performed in Equation
(7-1) implies
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9Dl(l‘kfuNJrh(l,l,t _ 1)uN) — (pl(tu(i(*“?l.h)*l(t” — l)uN)
CEDVEDNE s, CDNEDWN D,

- +1 - +1 +1 :
(MT)MN+/’%+€]';, (“T)MN uT + MN)]}"'SIJL

Substituting the above equality into Equations (7-4) and (7-3), we obtain the desired
equality. ]

In the following, for a rational number a and a nonnegative integer n, we put

(@) = den(a)" [ [ g/,
g:prime
glden(a)

Notice that u,(a) = u,(a + k) for k € Z and
Un,(a) is divisible by p, (@) and  py,44,(a) is divisible by w, (@)un, (@) (7-5)
for n,ny,n, € N with n; < n,.

LEMMA 7.5. Let K be an algebraic number field, v a place of K and a € K \ {0}.
(i) We have
u(mu+ Hh,Q)N  ifv|oo
log lwun(1/w)l;" if v f oo,
(The function o(N) is equal to 0 for almost all places v. This also holds in state-

ment (ii).)
(ii) For 0 <1 < u -2, put

0<h<u—

max 1 log [Py p(@)l, < o(N) + u(u — Dhy ()N + {

(&),
DN = den( ulj-l 0<i<u—
O osiztotov
Then,
max_log |Quv i n(@)l, < o(N) + u(u — Dh,(a)N
O<i<u-2
0<h<u-1

, Jut+ Dh@N if v oo
log [un(1/wl;! +log DIy if v £ co.

PROOF. (i) Let v be an archimedean place. Since

(MN_I/M)SZ"N, (u(s+N)+h)s2u(S+N)+h and ’(l/u)

<1,

s+ N uN k—s

forO <k <N(u-1)and 0 < s <k, we obtain

) k
Z (uN - l/u)(u(s +N)+ h)( 1/u ) < Q2uN+h Z Qus < p2uN+htu(k+1). (7-6)
i\ s+N uN k—s 5=0
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Thus, by Lemma 7.4(i),
Nu-1)
|PuN,h(a)|v < |22MN+h|V . Z 2L¢(k+1)a,uk+h < CO(N)|2|C(M+1)N max{l, |(I|V}M(M_I)N.
k=0 v

This completes the proof of the archimedean case.
Second, we consider the case of v is a nonarchimedean place. Note that

(MN— 1/14) (DN u = uN)gon d ( 1/”) : (=D*S(=1/u)s
s+N ) G+N)! an T k=)

k—s
for0 <k <N@u-1), 0<s < k. Combining
(@)

e lua(@)|;' foraeQ and k,neN with k <n,

v

(see [9, Lemma 2.2]) and Equation (7-5) yields

uN—l/u) u(s+N)+h)( 1/u
( s+N ( uN k—s)

Therefore, the strong triangle inequality yields

X\ (uN = 1/u\(u(s + N) + h\( 1/u
Z( s+N )( uN )(k—s)

s=0

< Jesn (/W' for 0 <k < (u—1)N.

v

< luan(1/w)l; " (7-7)

v

max
0<k<N(u—1)

Using Lemma 7.4(i) again, we conclude the desired inequality.
(i1) Let v be an archimedean place. We use the same notation as in the proof of
Lemma 7.4(ii). Using Equation (7-6) again, we obtain

(u—1)N-v 1+ Nu—-1)-v
u 2uN+h+u(v+1 k
Putkrvyrh—i—| < [N D Z 217
k=0 (5l k=0

2uN+u(u—1)N+u+h
< [2[2uN+ulu=DN+ush

Lemma 7.4(ii) implies that

(u—1)N |, _ (u—1)N-v (ﬂ)k

uN,Lh v = u(k+v)+hu—
Quv i@y < P -
v=0 k=0 0k

< e()(N)|2|‘lf(u+1)N max{l, |a,|v}u(u—l)N.

h—Il-1
|a,|uv+
e

Let v be a nonarchimedean place. Then by the definition of Dy,
(2,

(et

max ( ) < |Dnl, !
0<i<u-2 v
0<k<(u—-1)N
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for all N € N. Using the above inequality and Equation (7-7) for Lemma 7.4(ii), we
obtain the desire inequality by the strong triangle inequality. This completes the proof
of Lemma 7.5. O

LEMMA 7.6. Let K be an algebraic number field, vy a place of K, « € K. Let N, I, h be
nonnegative integers with0 < [ <u—-2and0<h<u-—1.
(i) Assume vy is an archimedean place and |a|,, > 2. We have
Jmax_10g M@, < =, (@) = hy, 2)N + o(N).
0<h<u-1
(ii) Assume vq is a nonarchimedean place and |al,, > 1. Let p,, be the rational
prime under vy. Put ,,(u) = 1 if u is coprime with p,, and ,,(u) = 0 if u is divisible
by py,. We have

&, (u)lo
max_log [Ruy (@), < —u(hvo(oz) - —v"( 108 [Prolvy )N + o(N).
0</<u-2 v — 1
0<h<u-1

PROOF. (i) For a nonnegative integer k, we have ("(N ;’jz,”_h) < 2uN+RH=h Thys,

00

oo 1+ 1+]
Z (u(N+ k) +1— h) G 1] e Z 5k 2
i k = Yo 1
k=g, uN (% + uN)g aly, k=1, (% + ulN)p lvo | @ Ly
N+I-h S 2 uk N N
<" +1- |VOZ (_I =" |voeo( )'
k=0"" "0

Using the above inequality in Lemma 7.4(ii), we obtain the assertion.
(i1) By [ 14, Proposition 4, Lemma 4] (loc. cit. Section (6.1), (6.2)),

-1
(v

max ( u+l
0<i<u-2 (T)MN

”(u(N+k)+1—h) B 1 ot
> | =D,

&y, vy, (UN))+o(N)
) S IpVo VOO o ’
Vo

uN (4 4+ uNy @y

k=g,
Combining v,((uN)!) = uN/(p — 1) + o(N) and the above inequality in Lemma 7.4(ii),

we obtain the assertion. This completes the proof of Lemma 7.6. |

7.3. Proof of Theorem 7.1. We use the same notation as in Theorem 7.1. Let @ € K
with |al,, > 1. For a nonnegative integer N, we define a matrix

PuN,O(a') e PuN,u—l(a')

Owpol@ -+ Qunou-1(a@)

My = € M, (K).

QuN,u—Z,O(a) e QuN,u—Z,u—l(a')
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By Lemma 7.2, the matrices My are invertible for every N. We define functions
F,:N— R,o; N> u(u — 1)h,(a)N
+ Dh,(2)N if
oMy + u(u )v()_1 L %VIOo
log |un(L/wl;" +1og [Dyl;"  ifv{oeo
for v € Mig. By Lemma 7.3,

1
z\lrgrgo N log Dy < (u— 1)(10g v(u) + ﬁ),
where Dy is the integer defined in Lemma 7.5,
1
1m1—(§SFxNﬂ3qumx

N—oo N
V#EV)

and, by Lemma 7.5,

max | log max{|P,nx(@)ly,} < ulU,,(@)N + o(N),

0<h<u—
Or?aXZ log max{|PuN,h(a)|Vs |QuN,l,/1(a)|v} < FV(N) forv e EUEK
<[<u—
0<h<u-1
By Lemma 7.6,
max _log Ry in(@)ly, < —uh, ()N + o(N).
0<i<u-2
0<h<u-1

Using a quantitative linear independence criterion in [11, Proposition 5.6] for

1

! (1+l ”+I—J for0<l<u-—2,
au

O = ——2Fi|—,1, —
altl u ' u

and the invertible matrices (My)y, and applying the above estimates, we obtain
Theorem 7.1. |

A. Appendix

Denote the algebraic closure of Q by @ Let a(z),b(z) € @[z] with w =
max{dega —2,degh — 1} >0 and a(z) #0. Put D = —a(z)0, + b(z). The Laurent
series fy(z),..., fw(z) obtained in Lemma 4.1 for D become G-functions in the sense
of Siegel when D is a G-operator (see [2, Section IV]). Here we refer below to a result
due to Fischler and Rivoal [15] in which they gave a condition so that D becomes a
G-operator.

LEMMA A.l (cf. [15, Proposition 3(ii)]). Let m>2 be a positive integer,
Alyeees Uy By e s Bim-1,Y € @ with ay,...,a, being pairwise distinct. In the case
of 0 € {ay,...,an), we put a,, = 0. Define a(z) = [11,(z — @), b(z) =y I—[j"i_ll(z -6
and D = —a(z)0; + b(z) € Qlz, 0,]. Then the following are equivalent.
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D is a G-operator.

We have
i - B) o
y————€Q forall1 <i<mif0¢{ay,...,ay},
[Tisi(ai —ar)
15 @ - 5) "l g,
y¥ €Q foralll<i<mandy l_[ & € Q otherwise.
[lizilai — ai) i1
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