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Abstract  We establish the multiplicity of positive weak solutions for the quasilinear Dirichlet problem
—Lpu + |u|P~2u = h(u) in 2y, u = 0 on 82y, where 25 = A2, 2 is a bounded domain in RN, X is
a positive parameter, Lyu = Apu + Ap(u?)u and the nonlinear term h(u) has subcritical growth. We
use minimax methods together with the Lyusternik—Schnirelmann category theory to get multiplicity of
positive solutions.
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1. Introduction

This paper is concerned with the existence of multiple positive solutions for a quasilinear
problem of the form

—Lyu+ [ulP~?u = h(u), ué€ Wol’p(Q,\), (P))
where 2\ = A2, 2 is a bounded domain in RY, ) is a positive parameter, 2 < p < N,
Lyu = Apu+ Ay (u?)u,

Apu = div(|]Vu[P~2Vu) is the p-Laplacian operator and h: R — R is a C'-function
verifying the following conditions:

(Ho) h(s) =0 for s <0 and h(s) = o(|s[P~!) at the origin;

(Hy) limyg)_00 h(s)|s|' =7 = 0 for some ¢ € (2p, 2p*), where p* = Np/(N — p);
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(Hg) there exists 6 > 2p such that 0 < 0H(s) < sh(s) for all s > 0, where
H(s) :/ h(t) dt;
0

(H3) the function s — h(s)/s?*’~! is increasing for s > 0.

A typical example of a function satisfying the conditions (Hp)—(Hs) is given by h(s) =
st for s >0, with 2p — 1 < pu < g —1, and h(s) =0 for s < 0.

Throughout the paper, a function u: 2y — R is called a weak solution of (Py) if
u e Wy (2,) N LE.(2,) and
/ [(1+ 2P~ |ulP) [ VulP2VuV e + 2P~ VaulP [uP~2up]ds

02

= /Q [h(u) — [ulP"2u]pda  for all ¢ € CG°(£2)). (1.1)

For p = 2, the solutions of (Py) are related to existence of standing wave solutions for
quasilinear Schrodinger equations of the form

i0yh = =AY + V(z)y — h(|v[*)v — sA[p(|v*)]p (J4]*), (1.2)

where 1): R x RN — C, V = V(x) is a given potential, » is a real constant and p, h are
real functions. Quasilinear equations of the form (1.2) have been studied in relation to
some mathematical models in physics. For example, when p(s) = s, the above equation
is

10 = =g + V(@) — kAT — (Y ). (1.3)
It was shown that a system describing the self-trapped electron on a lattice can be reduced
in the continuum limit to (1.3) and numerical results on this equation are obtained in [7].
In [12], motivated by nanotubes and fullerene-related structures, it was proposed and
shown that a discrete system describing the interaction of a two-dimensional hexagonal
lattice with an excitation caused by an excess electron can be reduced to (1.3) and
numerical results have been found for domains of disc type, cylinder type and sphere
type. The superfluid film equation in plasma physics also has the structure (1.2) for
p(s) = s [15].

The general equation (1.2) with various forms of quasilinear terms p(s) has been derived
as models of several other physical phenomena corresponding to various types of p(s). For
example, in the case p(s) = (1 + s)/2, (1.2) models the self-channelling of a high-power
ultra-short laser in matter [6,21]. Equation (1.2) also appears in fluid mechanics [14],
in the theory of Heisenberg ferromagnets and magnons [24], in dissipative quantum
mechanics and in condensed-matter theory [19]. The semilinear case corresponding to
% = 0 in the whole RY has been studied extensively in recent years (see, for example,
[5,11,13] and references therein).

Setting ¥ (t, x) = exp(—iFt)u(z), F € R, in (1.3), we obtain the corresponding equation

—Au— A(w?)u+V(x)u = h(u) in 02y, (1.4)
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where we have renamed V(z) — F as V(z), h(u) = h(u?)u and we assume, without loss
of generality, that k = 1.

The quasilinear equation (1.4) in the whole RY has received special attention in the
past few years; see, for example, [8-10,16-18,20] and references therein. These papers
present important results on the existence of non-trivial solutions of (1.4) and a good
insight into this quasilinear Schréodinger equation. The two main strategies used are the
following. The first consists in using a constrained minimization argument, which gives
a solution of (1.4) with an unknown Lagrange multiplier A in front of the nonlinear term
(see, for example, [20]). The other consists in using a special change of variables to get
a new semilinear equation and an appropriate Orlicz space framework (for more details
see [8,9,17]). In [2], Alves et al. showed the existence of multiple solutions, by using the
Lyusternik—Schnirelmann category, for the following class of problems:

—ePApu — P A, (u)u + V(z)|[uP"2u = h(u), ue WPRY),

for € sufficiently small and the potential V' (z) verifying some suitable assumptions.

Since in the literature we find few works where multiple solutions have been established
for problems involving the operator L,u by using the Lyusternik—Schnirelmann category,
the present paper aims to show a class of problems involving the operator L,u where
the Lyusternik—Schnirelmann category can be used to get multiple positive solutions.
Here we improve the main result proved in [1]; Alves established therein the existence
of multiple solutions by using the Lyusternik—Schnirelmann category for the following
problem:

—Apu+ |ulP"2u = h(u), ue WP (),

where h has subcritical growth and A is large enough. The main result by Alves com-
pletes the study made in [3,4] for the case p > 2. The presence of the term A, (u?)u in
the operator L,u implies that several estimates used in [1] cannot be repeated for the
functional energy associated to (Py). As observed in [22, 23], there are some technical
difficulties in applying variational methods directly to the formal functional associated
to (Py) given by

1

1
J,\(u):f/ (1+2p_1\u|p)\Vu\pda:+f/ P de— [ H(u)da,
D Ja, P Jao, 2

where

H(s) = /0 “h(t) dt.

The main difficulty is related to the fact that Jy is not well defined in all WO1 P(02,) for
N > p > 1. For example, if u € C}(£2) \ {0}) is defined by

u(w) = [al*=N - for z € 23\ {0},

we have u € Wy*(£2,), while the function |ul[?|Vul? does not belong to L'(£2). To
overcome this difficulty, we use arguments developed in [22,23] which generalize some
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arguments found in [8,17] for the case p = 2. More precisely, we make the change of
variables v = f~1(u), where f is defined by

1

)= on [0, +00),
=m0 (15)
ft) = =f(=1) on (=00, 0],
Therefore, after the change of variables, the functional Jy(u) can be rewritten as follows:
. 1 1
B0 =R =1 [ [worde+t [jrra- [ aGe)a o)
P Jao, P Jo, 2

which is well defined on the Banach space WO1 P(£2,) endowed with the norm

ol = 9ol -+ 36 g+ [ Ifteopas).

In [22,23] the reader can find more details about the function f and the proof that || - ||
is a norm in W, "”(£2y). For this proof, the fact that the function |f(s)|? is convex for
p = 2 is crucial. A direct computation implies that || - || is an equivalent norm to the
Lp
usual norm of Wy (£2,).
Under the conditions (Hg)—(Hs), a straightforward computation shows that the func-
tional Iy: Wy P(£2)) — R is of class C! with

(I3 (v), w) =/ (IVo[P=2VoVw + | f(0) P72 f (o) f (v)wldz — | h(f(v)f'(v)wdz
2 O

for v, w € VVO1 P(£2)). Thus, the critical points of I correspond exactly to the weak solu-

tions of the quasilinear problem

D
v=0 on 912,. (DA)

=Dy + [F@)2f(0)f' () = h(f()f'(v) in m,}
The problem above has a closed relation with problem (Py), because if v € W (£2,) N
L (£2)) is a critical point of the functional I, then u = f(v) is a weak solution of (Py).
In §2, more precisely in Corollary 2.6, we shall show that each critical point v of I,
belongs to Wy (£2)) N L>®(£2y). Hence, we shall work to find non-trivial critical points
of I,\.

Before stating our main result, we recall that if Y is a closed set of a topological space
X, we denote the Lyusternik—Schnirelmann category of Y in X by catx (Y"), which is the
least number of closed and contractible sets in X that cover Y. Hereafter, cat X denotes
catx (X). We are now ready to state the main result of this work.

Theorem 1.1. Assume that (Ho)—(Hs) hold. Then there exists \* > 0 such that for
A > A* (Py) has at least cat {25 positive weak solutions.
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2. Preliminary results

In this section, we show some results that are essential in the following sections. We begin
by showing some properties of the change of variables f: R — R defined in (1.5), which
will be used below. The proof of the following lemma can be found in [22,23].

Lemma 2.1. The function f(t) and its derivative have the following properties:

i is uniquely defined, C? and invertible;
i) f quely

(i) [f'(t)] <1 forallt € R;
(iti) |f(t)| < |t| for all t € R;
(iv) f(t)/t =1 ast—0;
(v) |f(t)] < 2Y2P|t|"/2 for all t € R;
(vi) f(t)/2 <tf'(t) < f(t) for all t > 0;
(vii) f ()/\/—>a>0ast—>+oo
(viii) there exists a positive constant C' such that
Clt, <1,
|f(t)| > {C’:t:lﬂ, t: > 1

(ix) |f()f'(t)] < 1/2P=V/P for all t € R.
Corollary 2.2. The following properties involving the functions f and h hold:
(i) the function (f(t))P~1f'(t)t'~P is decreasing for t > 0;
(ii) the function (f(t))**~1f'(t)t'~P is increasing for t > 0;
(iii) the function h(f(t))f'(t)t' P is increasing for t > 0.

Proof. By using Lemma 2.1 (vi), it is easy to see that f(t)/t is non-increasing for

t > 0. Thus,
i(W) == ”(fgﬂ) _ jt(fit))f’(t) + (fii)i,)f_f”(t) <0

for all ¢t > 0, which shows (i).

To prove (ii), we observe that

% ( (f (t));”_llf’(t))

= tz@%)(@? — D)(f()2P2(f (1)
= 27O )T = (p = 1)(f() T (0 ).
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Hence,
a ((f(t))t f’(t)) T e D Ol et V1)

and therefore

d ((f(t))Q”lf’(t)

d 20— 50)
dt tp—1

/ 2p—2,p—2
) = raworee- 02
for all ¢ > 0, where we have used (vi) and (ix) in Lemma 2.1. The last inequality
proves (ii).

The proof of (iii) follows by using (Hs), (ii) and the equality

h(f ) ') _ [ h(f () ] [(f(t))Q”‘lf’(t)

TR (VO | BT

] for t > 0.

The next proposition will be used in the proof of some results later.

Proposition 2.3. Let A be an open set of RN, let B: A — R be a non-negative
measurable function and let (v,) be a sequence in W, P(A) verifying

/ B(z)|f(v,)|P =0 asn — oo.
A

él;%{é—l—/AB(x)f(fvnﬂp} —0 asn— oo.

Proof. Since f is odd and f(¢)/t is non-increasing for ¢ > 0, for each £ > 1, we have

£+ [ BelsEr<gre [ BOIfEP

Hence, for each 6 > 0, fixing £, sufficiently large that 1/£, < §/2, we get

wt {3+ [ Balrer | <iore [ Bl

Then,

£>0
Thus,
hmsup(mf{ /B ) (&) }) <16 forall §>0,
n—r oo
which proves the proposition. (I

An immediate consequence of this proposition is the following corollary.
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Corollary 2.4. Let A be an open set and let (v,) C W, *(A). Defining

= [ [wop [ e

we derive that Q(vy,) — 0 if and only if ||Jv,|| — 0.

An important result that we shall use in this work is related to the existence of a
positive ground-state solution for the problem

Ao+ [F@P2 @) () = AF)F () i RY,
v e WhHP(RY), (Ps)
v(z) >0 forall z € RY,
that is, with the existence of a positive function w € WHP(RY) verifying
Io(w) =cs and I (w)=0,
where

@ = [ s [ rer= [ .

and ¢y, denotes the minimax level of the mountain-pass theorem associated to the func-
tional I,. Furthermore, M, denotes the Nehari manifold associated to I,. The theorem
below shows the existence of a ground-state solution for (Ps) and its proof can be found
in [2].

Theorem 2.5. Under hypotheses (Ho)—(Hgs), problem (P ) has a positive ground-
state solution v € C’llof(RN) N L>®(RYN) satisfying v(z) — 0 as |z| — oc.

The arguments used in the proof of the above theorem can be repeated to prove the
following result.

Corollary 2.6. If v € Wy (£2)) is a solution of (D)), then v € L°°(£2y). Hence, the
function u = f(v) is a solution for (Py).

3. A compactness result

In this section we establish a compactness result on the Nehari manifold involving mini-
mizing sequences. For this, we must first recall some definitions. Let V' be a Banach space,
let V be a C''-manifold of V and let I: V — R be a C'-functional. We say that I restricted
to V satisfies the Palais—Smale (PS) condition at level ¢ if any sequence (u,) C V such
that I(u,) — ¢ and ||I'(uy,)||« — O contains a convergent subsequence. Here, we denote
by ||I’(u)]|« the norm of the derivative of I restricted to V at the point u [27, §5.3].

Lemma 3.1 (a compactness lemma). Let (v,) C My be a sequence of non-
negative functions satisfying Io(v,) — ¢oo. Then,

(i) (vn) has a subsequence strongly convergent in W1?(RY) or

(i) there exists a sequence (y,) C RY™ such that, up to a subsequence, |y,| — +oo,
Op(x) := v, (x + y,) converges strongly in WP (RN).

In particular, there exists a minimizer for c«.
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Proof. Applying the Ekeland variational principle (see [27, Theorem 8.5]), we may
suppose that (vy) is a (PS)., condition for I, in M, that is, Ioo(v,) = ¢ and
15 (vn)]l« = 0n(1). Then, there exists (v,) C R such that

Iéo(vn) = 'VnJéo(vn) + On(1)7 (3.1)

where Jo: WLP(RY) — R is given by

Teto) = [ Vel [ P r@r o= [ rre)r oo

RN

Note that
iclonon) = [ Vol + 0 =1) [ 1F )P )
) p—1 pn Ui Un2 Un, p—1 /'Un o,
S L A COC o T CATCa

- / B (F (o)) [ (wn)Plon]? — / B (0n)) £ (o) [0
RN

RN

- R(f(va) f (vn)vn.

RN

Since (vy,) C Moo, we derive

P )P (v = v ) F (U Un,. .
Lo+ [ 1l s e, = [ b @)r ) (32)

Using Lemma 2.1 (vi), it follows that

/ )P 2 (o) [oa)? < / £ @)@ F (0.
RN RN

Now, combining (3.2) and the above inequality, we get

Uielonon) < [ P @l + =1 [ () (0o,

RN

= [ H D P = [ ) ) o
RN RN
From Lemma 2.2 (iii), we know that h(f(t))f’(t)t*~? is increasing for ¢ > 0. Therefore,
(b — DRGSO (1) — W (FO)(F (1) — h(FE) " (0)E <O for t >0,
which implies that

helondson) < [ 1P o)
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Since f"(t) = —2P=L(f(t))P~L(f'(t))P*2 for t > 0, from the latter inequality we have

(helonon) < =271 [ @R @

From this, we can assume that (J/_(v,),v,) — 1 < 0. If [ = 0, the inequality above yields

)R s w0 (33
On the other hand, from (Hp) and (Hy), for each § > 0 there exists Cs > 0 such that
0 < h(t) <Ot +Cst? fort >0
and so

0 (f (W) f' (vn)vn
f Un)|q71f/(vn)vn + Oé|f(vn)|p72f2(vn)f/(vn)vn

I/ (
[f(vn)|? + Cslonl"~" f2(vn) f' ().

This, together with the boundedness of (v,,) in W1P(RY), yields

NN N

h
4]
o

o< [ s <oc G [ I[f(vn)Vf’(vn)l”)l/p«

N

Now, using (3.3) we have

limsup/ h(f(vn))f (vn)vn < 6C  for all § > 0,
RN

n—oo
showing that
[, @ e = 0

By (3.2), the last limit implies that O~ (v,) — 0, and by Corollary 2.4 it follows that
v, — 0 in WP (RYN). However, it is not difficult to check that there exists C' > 0 such
that

C < ||| for v € M, (3.4)

from whence it follows that ||v,| > C for all n € N; in this way we obtain a contradiction.
Thus, [ # 0 and 7, = 0,(1). From (3.1) and by the fact that ||J (v,)|| is bounded,
I’ (v,) = 0, (1). Therefore, (vy,) is a (PS). sequence for .. Thus, going to a subsequence
if necessary, we have that v,, — v weakly in W%?(R™) and it is standard to show that
I (v) = 0.

If v # 0, we can use the fact that [f()]? — [f(£)]P~1f'(t)t and (1/p)h(f(t))f (1)t —
H(f(t)) are non-negative functions for ¢t > 0 together with Fatou’s Lemma to conclude
that v is a ground-state solution of the autonomous problem (Ps,), that is, 1o (v) = Cso.
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If v = 0, applying the same arguments employed in the proof of [2, Lemma 3.5], there
exists a sequence (y,,) C RY with |y, | — +oo satisfying

U, — v in WHP(RY),

where v,, = v, (x + y,, ). Therefore, v, is also a (PS)._ sequence of I, and v # 0, and so
v is a ground-state solution of the autonomous problem (Px,). (]

Lemma 3.2. The functional Iy satisfies the Palais-Smale condition on Wy (£2y).

Proof. Let (v,) C Wy (£2)) be a sequence such that
I\(vy,) — ¢ and Ij(v,) — 0.

Thus,

2
Cr+ on(Dlfonll = In(vn) = 5{Ix(vn), vn)

>(5-3) [ e [ weor= [ #te.)

5 [P s e+ [ ) e

0 Jo,

From (Hs) and Lemma 2.1 (vi),

Gt > (5= 3) [ 1vor+ (5-3) [ 1war. 69

where 0,,(1) — 0 as n — co. Recalling that [Vv,|, <1+ [Vv,|b, we obtain

Cy + on()||on|l = Ca <|anp -1 —l—/

25

IﬂwW> (3.6)

and therefore

%+%OWM>CQWMM4+/Iﬂ%W>>Qmm (3.7)

A

which yields that (v,) is bounded in W**(£25). Since (Wy* (23), || - ||) is reflexive, there
is a subsequence of (v,), still denoted by (v,), and v € Wy?(£2y) such that v, — v in
WyP(2,) and v, — v in L*(£2y), with p < s < p*. Thus,

0< / Vv, — Vol?
25

< / ([Von P2V 0, — [Vo[P~2V0, Vo, — Vo)
£2x

:/ |an|p—/ |V0,|P~2V v, Vv + o, (1),
.Q,\ ‘Q>\
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where

on(1) = / |Vol? f/ |Vo[P~2VoVo,.
2 2
From the definition of I},
0< / Vv, — VoulP < (Ii(vn),vn) — (I\(vp),v) + Ry + T, + 0, (1),
0

where

Ro= [ 1521w f @)= [ 5@ 0o
and

Su= [ B e [ B e

2 2

Once we have established that (I} (vy,),vn) = (I5(vn),v) = 0,(1), we may obtain

Og/ Vo, — Vu|P < R, + T, + 0,(1).
2

Combining (v) and (vi) in Lemma 2.1 with the subcritical growth of h, Lebesgue’s The-
orem implies that R,, = T,, = 0,(1). Hence,

/ Vv, — Vu|P = o0,(1).
2

Since the norm || - || is equivalent to the usual norm in Wy*(£2y), the above equality
yields v, — v in WO1 P(£2)). Consequently, I satisfies the Palais-Smale condition. O

Proposition 3.3. The functional I, satisfies the Palais—-Smale condition on M.

Proof. Let (v,) be a (PS), sequence for Iy in M. Thus, Ix(v,) — c and [|I}(v,)]]« =
0n(1). Arguing as in Lemma 3.1, we can suppose that (v,) is a Palais-Smale sequence
for I in Wol’p((b\) and the result follows from Lemma 3.2. O

Corollary 3.4. If v is a critical point of I on My, then v is a non-trivial critical
point of Iy on Wy'P(£2)).

Proof. The proof follows by using arguments similar to those explored in Proposi-
tion 3.3. 0
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4. Behaviour of minimax levels

In this section, we study the behaviour of some minimax levels in relation to the param-
eter A. To this end, we need to make some definitions. For cach z € RY and R > r > 0,
let us denote by Ag , . the following set:

AR,T,:C = BR(x) \Br($)7

when = = 0, let us denote by Ag, the set Ag, . Following ideas found in [4], for
v € WHP(RY), whose positive part v = max{v,0} is non-zero and has a compact
support, we can define the centre of mass of v+, denoted by B(v) € RY, as follows:

ﬁ@%=ﬁ@xw+w(égaﬁv)l

Moreover, for each x € RV, let us denote by a(R,r, A, z) the following number:
a(R,r, \,x) = inf{fA,m(v): v E ./\;b\’m and B(v) =z},

where

u4w=gﬁr IWM+%A |ﬂww—A H(f(w)  (41)

Mo = {v € Wo (Axgoarna) \ {0} : (154 (v),v) = 0}

Next, let us denote by a(R,r,\) the number a(R,r, A, 0), let I denote the functional
Iy and let M) denote the set M o.

and

Proposition 4.1. The number a(R,r, \) satisfies
liArg{gfa(R, 7, A) > Coo-
Proof. From the definition of a(R,r,\) and cso, we get
a(R,r,\) = Coo-
Assume, by contradiction, that there exist A, — oo and v,, € M a, verifying
B(v,) =0 and a(R,7,A\n) = Coo-

A direct computation shows that we can assume that v, > 0 for all n € N. Moreover,
since v, = 0 on A\, R A,r, We can set v, =0 on A5 5, . Consequently,

v, =0 in Wl’p(RN), Io(vp) =a(R, 71, \p) = Coo and Uy € Meo.

Recalling that c¢o, > 0, we obtain that (v,,) is not strongly convergent. From Lemma 3.1,
we reach

Un(l‘) = wn(x) + W(‘r - yn)a
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where (w,) C WHP(RY) is a sequence converging strongly to 0 € W1P(RYN), (y,) ¢ RY
is such that |y,| — oo and ¥ € WHP(RY) is a positive function verifying

Io(W)=cs and I, (¥)=0.
Since I is rotationally invariant, we can assume that
yn = (y1]:L’03O7""O)

and y! < 0.
Now we set

M= |op.
RN

Clearly, M > 0. Since ||w,|| — 0, it follows that

/ |w”+w('7yn)|p — M,
Br)\n/Z(yn)

from which we obtain

| toalr =01,
On
where ©,, = B,.x, /2(yn) N [Bx,r(0) \ Bx,r(0)], and hence

/|%P%Q (4.2)

n

where 1, = [Bx,r(0) \ Bx,»(0)] \ Bx,r/2(yn)- Since B(v,) = 0, we get
0 =/ x1|v,|P :/
Axp R Anr [©]

*%%MKM+%QD+RM/|%F>O
e

x1|vn|p+/ x1|up|P.

n n

Thus,
with 0,(1) = 0. Then,

and this contradicts (4.2). O

Henceforth, let us denote by by the minimax level of the mountain-pass theorem of the
energy functional Iy g: Wy P(By) — R given by

1 b1 e )
A,B@)p/&)w +p/BM|f( w- [ ago),

where By, = B)(0), and denote by M g the Nehari manifold related to I g given by

Mip = {v € Wy (Bxr) \ {0}: (I} 5(v),v) = 0}.
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Using Corollary 2.2, it is easy to check that

b)\ = ve.i/\I}lf;,B I)\7B(U).

Moreover, ¢y and M, denote the minimax level and the Nehari manifold related to the
functional I, respectively. From now on, we shall assume without loss of generality that
0 € 2. Furthermore, let us fix a real number r > 0 such that the sets

Q. ={zcR"Y; d(z,2) <r}
and

N_={x e d(z,00) > r}

are homotopically equivalent to 2.

Proposition 4.2. The numbers by and cy verify the limits

lim ¢y = ¢ and lim by = c.
A—00 A—00

Proof. Here, we shall prove only the first limit, because the second limit follows from
the same type of argument. Let @ be a function in C§°(RY) defined by @(z) = 1 in B;(0),
@(z) =0 in B§(0) and 0 < &(z) < 1 for all z € RY. For each R > 0, let us consider the
functions Pr(z) = ¢(z/R) and wgr(z) = Pr(z)w(z), where w is a ground-state solution
of problem (P). Since 0 € {2, there exists A* > 0 such that Byr(0) C £2) for A > \*.
Let tg > 0 such that

I\(trwg) = rg;mg{[,\(twR) = mgg{[w(twR).

= =

Thus, (I} (trwr), trwr) = 0, which implies that tpwr € M. Then
C) < I,\(tRwR) = Ioo(tRwR) for all A 2 AE.

Once R is proved to be independent of A, we obtain that tg is also independent of A.
Hence, taking the limit when A — oo, we obtain

limsup ey € Io(trwg).
A—00

Now, we shall show that

lim tp = 1. (4.3)

R— o0

Indeed, from the definition of tz we obtain

[ 10wl = [ o) ron) i = |Ftmon)l 2 Ftmwn) f ()t o
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From Corollary 2.2, the right-hand side in the equality above is non-negative for ¢t > 0,
because it is increasing. Thus, for R > 1, we derive

/ YVl > / W(f (tra) ' (tra)tl Pa - / F(tra) P2 f (tra) ' (tra)tls Pa
RN B1(0)

B1(0)

where a = min|,;|<; wr(x). Note that (tg) is bounded, because if there exists R, — oo
with tr, — 0o, we have

/ [Vwg, |P = o0 or J|wg,| — oo,
RN

which is absurd. Therefore, (tg) is bounded. Note also that tg - 0, because if there
exists R, — oo with tg, — 0, we have, by (H;) and (Hs),

0< h(f(tr,wr,))f (tr,wr,)tr, wr,
RN

<8/R \f(tr, wr, )P~ (tr,wr,)|tR, W,
+ C- / ftr,wr )" f (tr, wR,)|tR, WR, -
From (ii), (iii) and (v) in Lemma 2.1, we get
0< /RN h(f(tr,wr,))f (tr, wr, )R, R,
<et? /RN lwr, [P + Cstﬁéfj”” /RN wg, [@D/2,

Since wg, — w in WHP(RY), the above inequality implies that ¢tz - 0. Thus, tg — to >
0 and

/ |Vw|P = / h(f (tow)) f (tow)ty Pw — / | f (tow)[P~2 f(tow) £ (tow)ty P w.
RN RN RN
By Corollary 2.2, tg = 1 and I (tgrwgr) — Ioo(w) = coo as R — oo, and therefore

limsup ¢y < Co-
A—o0

Using the definition of ¢) and ¢, we reach
C) = Co forall X >0,

which implies that

liminf ¢y > coo,
A—00

from which we conclude that

lim ¢y = ¢
A—00
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Proposition 4.3. There exists A > 0 such that if I, (v) < by and v € M, then
Bvt) e A2, for all A\ > \.
Proof. Assume that there exist A\, — 00, v, € My and Iy (v,) < by, with
2o = BO7) & A2y
Without loss of generality, we can assume that v,, > 0 for all n € N, and hence
0 = B(0n) & A2y

Fixing R > diam({2), we have that

AAnR,Anr,rn o QAn y

and so,
a(R, 7, A\, xpn) < Iy, (V) < by,

Using the fact that a(R, 7, An,x,) = a(R,r, \,,) we have
a(R,r, \p,) < by, (4.4)
Talking the limit of n — oo in (4.4) and using Proposition 4.2, it follows that

limsupa(R, 7, \,) < Coo,

n—roo

which is a contradiction of Proposition 4.1. ([

Proposition 4.4. The problem associated to the functional I p has a ground-state
solution vy, that is radially symmetric at the origin.

Proof. For simplicity, in this proof we denote by I the functional I, p. Repeating
the arguments used in the proof of Theorem 2.5, there exists v € WOLP(BM(O)), a non-
negative function, such that

I(v)=by and I'(v)=0.

If v* is the Schwarz symmetrization of v, we have that v* € W, (By,(0)),v* > 0 and
satisfies

/ IVv*|P < / IVolP. (4.5)
Bxr(0) Bxr(0)

Moreover, since H o f and ¢t — |f(t)|P are continuous and increasing functions with
(H o f)(0) =0 and f(0) =0, we derive

/ H(f(ow*)):/ H(f(aw)) forall @ > 0 (4.6)
Bx-(0)

BAT(O)

https://doi.org/10.1017/5001309151000043X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151000043X

A result of multiplicity of solutions for a class of quasilinear equations 307

and

/ |f(av™)|P = / |f(av)?  for all @ > 0. (4.7
B)\T(O) B)\T(O)

Using the fact that v € M p, we obtain

(I'(v),v) =0 and I(v) = max]I(tv).

t>0

From (H;) and (Hj), there exists a unique t* > 0 such that t*v* € M, . Thus, by
(4.5)-(4.7),
by < I(t"v") < I(t"v) < I{l;mgc](tv) =I(v) = by,

that is,
by =1I(t"v*) and t"v* € M) .

From the latter equality, t*v* is a critical point of I on My g, so t*v* is a critical point
of I in W}"*(By,) and thus

I(t*v*) =by and I'(t*v*)=0.
|

In what follows, we denote by wu) , the ground-state solution ¢*v* given in Propo-
sition 4.4. For A > 0 and r > 0, we define the operator ¥,: Af2_ — Wol’p(ﬁ)\) given
by
uxr(lz —yl) for z € Ba(y),

[ (y)](z) = {0 for & € 23\ B ().

Note that for every y € A\2_ we have
B (y)) = .
In the next result, we denote by [ i* the following set:
I = {ue My: Iy(u) < by}
Proposition 4.5. For \ > ;\, we have
cat Iﬁ’f > cat £2).

Proof. Assume that cat If\* = n. This means that n is the smallest positive integer
such that
I = AU U A,

where A;, j = 1,...,n, is closed and contractible in Ig*, i.e. there exists h; €
C([0,1] x A, I}*) such that

hj(0,u) =u forall u e A; and hj(l,u) =w; forallue Aj,
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for some w; € If\* fixed. Consider B; = W;l(Aj), 1 < j < n. The sets B; are closed and
AN2_=B1U---UB,.

Using the deformation g;: [0,1] x B; — Af2 given by

gj(tay) = ﬁ((hj(tv Epr(y)))—i_)u

we have that, for all y € B,

gj(ovy) = 6((hj(0a Wr(y)))Jr) = 5(%(11)) =Y

and
9;(1,y) = B((h; (1, % (y)))") = B(w])

for some [(w;) € A2 fixed. From this, we see that B; is contractible in {2, for
1 < j < n, which implies that catyp, (A2_) < n. On the other hand, since 2, and
2_ are homotopically equivalent to (2, it follows that cat 2y = catyo, (AM2_), and so
cat £2, < n. O

Proof of Theorem 1.1. Since I satisfies the Palais—Smale condition on M, apply-
ing the Lyusternik—Schnirelmann theory and Proposition 4.5, we find that I, on M has
at least catg, (£2)) critical points whose energy is less than by for A > A. Moreover, all
solutions obtained are positive by the maximum principle [25, 26]. |
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