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s(e -1) 
The numbers generated by e where s is an 

integer are discussed by many for s = 1. The general case also 
is discussed by Touchard, Riordan and others. It is proved 
that 

/ x
 A \ °° n / n 

(1) e S ( e " ^ = S ^ T S S ( n , k ) s k 

ni 
n=o \ k=o 

w h e r e S(n, k ) i s t h e S t i r l i n g n u m b e r of t h e s e c o n d k ind 
d e f i n e d b y 

n 
(t) = 2 S(n, k) (t), , n > 0 

n . k 
k=o 

S(o , o) = 1, S(n, o) = o f o r a l l n > 1 

and (t) , = t ( t - l ) ( t - 2 ) . . . ( t - k + 1 ) 
k 

n k 
Setting a (s) = 2 S(n, k)s , the first few values of a (s) 

n , n 
k=o 

have been evaluated and also some of the algebraic and number 
theoretic properties of these numbers have been discussed. 

Here we prove the following theorems which are believed 
to be new. 

THEOREM 1. a ^ (s) = a ( s ) ( a(s) + sPt)k mod p 
- t n 
Kp +n 

where k and t are integers and p is any prime. 
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k 
T H E O R E M 2 . a ( s ) = II ( a ( s ) + r s P ) r , ( m o d p) 

L k p 
r r 

T H E O R E M 3 . a ( s ) = s P a ( s ) ( m o d p) 

n + ( p P - l ) / p - l 

In o r d e r to p r o v e t h e t h e o r e m s , w e r e q u i r e t h e k n o w n 

r e s u l t [1] 

(2) a ( s ) 5 a ( s ) + s P a ( s ) ( m o d p) 
p+k k + 1 k 

P r o o f of T h e o r e m 1. F i r s t w e s h o w if t h e a s s e r t i o n i s 

t r u e f o r f i x e d t, a l l n and k - 1, t h e n i t i s t r u e f o r t h e s a m e 

t, a l l n and a l l k . B e c a u s e l e t u s a s s u m e t h a t t h e t h e o r e m 

i s t r u e fo r s o m e t and k and a l l n . T h e n 

(3) a t ( s ) = a t t ( s ) 

(k- f l )p +n k p +(p +n) 

k 
= a ( s ) ( a ( s ) + t s ) , ( m o d p) 

p +n 

b y i n d u c t i o n h y p o t h e s i s . 

S i n c e i t i s t r u e fo r k = 1, t h e l e f t h a n d m e m b e r of (3) 

k 
= a ( s ) ( a ( s ) + t s P ) ( a ( s ) 4- t s P ) , ( m o d p) 

n 

k+1 
= a ( s ) ( a ( s ) + t s ) , ( m o d p) 

n 

Now a s s u m e t h e t r u t h of t h e t h e o r e m f o r a l l k and n a n d 
s o m e t . 

T h e n fo r k - p 

P P 

a ( s ) 5 a ( s ) ( a ( s ) + t s F ) 
t-M n p +n 

5 (a ( s ) + a ( s ) t P s P ) , ( m o d p) 
n+p n 
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a , . ( s ) + s P a ( s ) + a ( s ) t P s P , ( m o d p) 
n+1 n n 

b y (2) 

5 a
n + 1 ( s ) + s P a

n ( s ) (1+tP) > (mod p) 

= a (s) + sP a (s) (1+t) , (mod p) 
n+1 n 

= a (s) ( a(s) + sP (1+t)), (mod p) 

which implies the validity of the theorem for all k, all n and 
t + 1. But the theorem is true for t = o. Hence it is true for 
all t by induction. 

It can be easily seen that the theorem 2 is followed by the 
repeated application of theorem 1. 

Now we prove the theorem 3. 

By theorem 2 we have 

a ~ a 

n + ( p P - l ) / p P - 1
+ p P - 2

+ _ . + p + ( l + n ) 
p - 1 

= a ( s ) ( a ( s ) + s P ) ( a ( s ) + 2 s P ) 
n+1 

. . . . ( a ( s ) + ( p - l ) s P ) (mod p) 

a ( s ) - a , . ( s ) , ( m o d p) 
n+p n+1 

= s^ a ( s ) ( m o d p) by (2) 

C O R O L L A R Y . F o r p = 2 

2 
a ~ ( s ) = s a ( s ) ( m o d 2) . 

n+3 " n 

753 

https://doi.org/10.4153/CMB-1967-081-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-081-3


REFERENCES 

John Riordan, An introduction to combinatorial analysis, 
New York, Wiley [1958]. 

J. Touchard, P rope r t e s ari thmétiques de certains nombres 
r écur ren t s , Ann. Soc. Sci. , Bruxel ls , Vol. A53 (1933) 
pp. 21-31 . 

G. T. Williams, Numbers generated by the function 
x 

e , Ame 
pp. 323-327. 

x 
e -1 

e , American Mathematical Monthly, Vol. 52 (1945) 

University of Alberta 
Edmonton 

754 

https://doi.org/10.4153/CMB-1967-081-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-081-3

