THE SECOND MEAN VALUES OF ENTIRE FUNCTIONS
Q. I. RAHMAN

1. Let f(2) be an entire function of the complex variable 2 = x + ¢y defined
by the everywhere absolutely convergent Dirichlet series

(1.1) zan exp(\, 2) 0 < A < Mpy1— @).
If
mx,f) = sup |[f(x +iy)],

—oo<y<co

then log m (x, f) is an increasing convex function of x (2), and

pm.y = lim sup log log m (x, f)

T X

is called the Ritt order of f(z). For functions of finite Ritt order (5)
(1.2) log m(x, f') ~ log m(x, f) asx — o,

Here f’ stands for the derivative of f.
Let

nen =tm o [ i+ i

Gupta (3, Theorem 2) has proved that, for x > x,
(1.3) Lo, /') — Ta(e, ) <1°g Lol f’) > 0.
We observe that the difference between I,(x, f’) and
L) <Iog sz(x f))

is much greater for large x. In fact, the zero on the right-hand side of (1.3) can
be replaced by

@}5 I(x, ) log Ir(x, f) log (&%ﬂ) .

We shall deduce various results for Iy(x, f) and Is(x, f’) from corresponding
results involving m(x, f) and m(x, f’).

To illustrate the method, we are going to prove the proposed refinement of
(1.3).
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LemMmA. If in (1.1) all the coefficients {a,}, n = 1,2, ..., are non-negative,
then for large values of x,
me, ) > mi, f) B

From the fact that log m (x, f) is a non-decreasing convex function of «x, it
follows that

g(x) = log m (x, f)

x
is non-decreasing for large values of x, say x > x,. Since the coefficients {a,},
n=1,2,..., are non-negative, m(x,f) = f(x) and m(x,f') = f'(x). If
X > Xy, then
m(x,f’) — f’(x) = lim f(x) _f(x — h)
h—>+0 h
h>+0 h
o SRl — expl (e — Wg(e — B)]
h>+0 h
. expi{xg(x)} — exp{(x — h)g(x)}
> lim
h—>+0 h

It

explrg ()} (x) = m(v, /) B2EL)

and the lemma is proved.

Now let f(z) be an entire function defined by (1.1), where the coefficients
are not restricted to be non-negative. Note that the functions represented by
the series

e

> |aa]” exp(A, 2), nZ=1 Ao |@a]? exp Ny 2)

n=1
satisfy the hypothesis of our lemma. The coefficients are clearly non-negative.
The fact that

o

2 |an]* exp(ha2)

n=1
represents an entire function ¢(2) follows, for example, from the fact that, for
every X < o,
max ||a,]* exp(\, 2)| < |aa|* exp(2\, X),

Rez<2X
and

2 laa|” exp(@N. X)
n=1

is convergent, its sum being I,(X, f). The series

2 Ma |aa” exp(\a 2)
n=1
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represents the function ¢’(z). Applying the lemma to the functions ¢(z) and
¢’ (2), we conclude that for large values of x

© - logZ |a,|” exp (27, x)
(1.4) ;1 A |aa]” exp(@h, x) > <7;1 |aa|? exp (2A, x)> 2=L

and

2x

15 2 Ml exp(2h, )

logz A |@a|? exp (2, )

> (i Mo [aa]” exp (2, x>) =

Thus if x is large enough, say x > x,, then

2%

LS = 3 N [l exp (2, )

- 1og2 [anl exp(2\, x)
> (; |au|* exp (2, x)) =

2x

(gx) (Z |a,]? exp (2, x)) (Iog;: [aa|® exp (20, x))

logi |@a]? exp (2X, x)
X 10g< a=t > = L, /) (——k’g Lo, f )>

2x 2x

+ (2—]:;0)5 I2(x)f) log Iz(x,f) log <1£g%> .

This gives the desired refinement of (1.3).
THEOREM 1. If the Ritt order of f is finite, then
log In(x, ') ~log I.(x,f), x— .

We have proved elsewhere that if the function f(z) defined by (1.1) is of
finite Ritt order pg,,, then for every e > 0,

(1.6) m(x,f') < m(x,f) exp{x(on.; + €)},

if x is sufficiently large. Since

tim o [ Uit + il iy < im0}

the Ritt order of the function represented by the series

2. laal” exp(2), 2)
n=1
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is at most pg,s. Hence, for every ¢ > 0 and sufficiently large x,

0

1.7) 21 2\, ] exp (@A, %) < <Z a,|* exp (2N, x)> exp{x(ogr,; + €)}.

n=1
We know (5) that the Ritt order of a function is the same as the Ritt order of
its derivative. Therefore the Ritt order of the function represented by the
series

> 2\, a,]* exp(2\, 2)
n=1

is not greater than pg,;. From (1.6), we obtain

(1.8) n}:@\j 2] exp (2N, x) < (é 2\, |a,|” exp 2\, x)> exp{x(pr,; + )},

e>0,x > X(e).
Inequalities (1.7) and (1.8) are equivalent to

(1.9) Lxf) = 5;‘1 AN ] exp (2N, )

< <i a,]® exp (2N, x)) exp{2x(og,; + €)}

n=1

= I:(x, f) exp{2x(pr,; + €)}, e>0,x > X(e).

This fact, together with (1.3) and (3, Theorem 3), implies that for functions
of finite Ritt order

log In(x, ') ~log In(x,f)  asx— e.
Azpeitia (1) has proved that if

(1.10) lim e log X
nseo  10g 7

then
PR,y = lim sup _An log xn .
' N> log(l/lanl)
Hence if f(2), defined by (1.1), is of order pg,; (0 < pg,y < ), the order of

the function defined by the series

Z=:1 [a,,]2 exp (2N, z)

is also pg,,if (1.10) holds. Consequently, if (1.10) is satisfied, then

S 2
log log I»(x, f) log IOgn}; |a,|” exp (2, x)

(1.11) lim sup —=—== = lim sup = PR,
I X T X
If
.. N 1
(1.12) hr,l,l_):onf logn ~ D > 0,
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then for every ¢ > 0

o 11 <] 35 ol expl20a(s 4+ 1D + 91 | 3 expl—20,(3D + o)

< KIy(x+ 3D + ¢ f)

where K is a constant. From this and the inequality

Iy(x, f) < {m(x, f)}?
it follows that

(1.13) lim inf -, = A&,s,

T
where

log log m(x, f)

Az, = lim inf -

T

is the lower order of f.

THEOREM 2. If (1.10) s satisfied, then

hrg:l‘)iup lOg{I?(xafy;)/IZ<xvf)} — sz ;

and
(1.14) lim inf RISV BENE_ o,
x W I

Z—c0

provided (1.12) holds.

From (1.3), (1.9), and (1.11), we can deduce the first equation, whereas,
from (1.3), (1.9), and (1.13) follows the inequality

log{T2(x,f')/I2(x,f)}
X

(1.15) lim inf

Z->00

> 2\g.s.

The sign of inequality in (1.15) can, in fact, be replaced by the equality sign.
For this we refer to the inequality (5, (14))

m(x,f')<%m(x+6,f), 5> 0,

valid for the entire function f defined by (1.1). Applying this result successively
to the entire functions

©

il 2 [al® exp(@ha(e — 20)), D ] exp(@halz — 8)),

n=1
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we obtain

(116) In(w — 25, 1) = Zz 02 [an]? exp@h( — 26))

<32 [l exp @i — 8))
n=1
1 & 2 1
<z 2l exp@nx) =5 L),  8>0.

Now, since log I2(x, f) is an increasing convex function of x, we have

(1.17) log I:(x, f) = log I:(xo, f) + fz w(t) dt,

where xy < x and w(¢) is a non-decreasing function of ¢. From this it follows
that if Ag,, < = and e is a fixed positive number, then, for a sequence of
values of x tending to infinity,

Jj“w(t) dt < log In(x + 2,f) < exp{(x + 2)Ag,; + o)}, X = X1, X2, ....
Since w(t) is non-decreasing, we obtain
2w (x,) < exp{(x, + 2) \g,r + €}, n=12....
Since ¢ is arbitrary, we can write
w(x,) < exp{x,(Ng,s + €)}
for sufficiently large n. Equality (1.17) then gives

log Lo(ws, f) = log In(sn — 2.0 + | w() at,
Zn—28
where the integral is smaller than

26 exp{x,(\g,r + €)},
and if we take

6=3 exp{ —%,(A\g,s + f)}r
we obtain

log Is (x4, f) < log Io(x, — 26, f) + 1,

for sufficiently large ». Substituting this value of § and the corresponding
estimate for Is(x,, f) in (1.16), we see that, e > 0 being given, there exists a
sequence of values of x such that

(1.18) In(x — 28, f') < In(x — 28, f) exp(2x(\a.s + ¢€)).
Since § < 1, we can even write

In(x — 28, f') < Io(x — 25, f) exp{2(x — 26) (Ag.s + €)}
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instead of (1.18). It follows that

(1.19) lim inf QELL@ )/ DE D] o .,

T X

Thus, if Az, < «, the inequality in (1.15) can be replaced by equality.
If A\g,; = =, then, from (1.15),

IOg{I2(x!f’)/I2(x!f)}
X

lim inf =
ZT>co

2. In this section, we are going to make a certain remark concerning the

second mean value
(L (7 ey )
walr,f) = (% [ ey an

of |f(2)| on the circle |z| = 7.
It has been proved by Lakshminarasimhan (4, Lemma 2) that if f(2) is an
entire function, then for r > 7 > 1

) log pa(r, f) — log pa(re, f)
log » ’

/Lz(f,f’) > “2(:r

By the argument used in the preceding section, we can deduce a somewhat
better result from an inequality of Vijayaraghavan (6) which states that if

M(r,f) = max If @)1,
then for » > rq

M(r,[) log M(r, f)
r log7r

M@, f) >
We note that if f(z) has the power series representation
PITES
n=0
then
(u2(r, )" = ZO laa|* 7™,
—
and if f(z) is an entire function, then the series
Lee) 2 fee)
2 a2 mla*s”
n=0 n=0
also represent entire functions. We obtain the following result:

If f(2) is an entire function, then

pe(r, f) log pa(7, f)

r logr

pa(r, f') >

for v > ro, where ro is a number depending on f.
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