ON THE PERMANENT OF A DOUBLY STOCHASTIC
MATRIX

HERBERT S. WILF

If A = (a:))7;=11s an n X n matrix, the permanent of 4, Per 4, is defined
by
1) Perd = a4y ... aps,

where the sum is over all permutations. If 4 is doubly stochastic (i.e., non-
negative with row and column sums all equal to 1), then it has been con-
jectured that Per 4 > n!/n". When confronted with a vaguely similar problem
about determinants, M. Kac (1) observed that the computation of minima
can often be aided by knowledge of various averages. In this spirit we calculate
here the average permanent of a class of doubly stochastic matrices and thereby
obtain upper bounds for the minima. These turn out to be surprisingly sharp.

Let #» and s be fixed positive integers. By the class K,; we mean the set of
n!® matrices (not all different) that result from calculating

@) A=s5s1(P1+ ...+ P)

as Pi,...,P; run independently over the 7z X # permutation matrices.
Evidently the matrices of K, are doubly stochastic. The average permanent
of these matrices is
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In this last sum we select one of the P’s from each set of parentheses, and
then do the sum for that particular selection. Suppose P, is selected 7; times,

..., P is selected r, times, where, of course, 71 + ... + 7, = n. The number
of non-zero contributions to the sum (each non-zero contribution is 1) would
then be

n—r)....(m—ry!
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The number of ways of selecting Py 7y times, . .., P, r, times is

<n><n—rl> <n—rl—-...—rsl> __ nl
1 79 7s riboLorgd

Consequently the average permanent of the matrices in K, is

o n—r)...n—ry!
3) yus = S S ( 1)' ( ' ot
1t . r5=n /6 LIS 3

We now establish two features of the asymptotic behaviour of «,, First
we claim that for each fixed »

4) lim v, = nlu "

S-0

To see this, notice that the sum in (3) is the coefficient of x* in
n — 4 ' X s
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To investigate v, for fixed s as # — «, we need a different integral represen-
tation. Since

n!
@1+ x4 ...+ x)" = —— % w
it tre=n Tl o o o ¥ge
we have
n n' n—71_ n—r9 n—rs
(20 @+ X xe) = Z T %t X2 Ce X .

P14 etrg=n T1e o oo 7’8!

It follows that

= sl fmfml: X (—1— J.)]n — @1+ 25)
Yns S n 0 0 (xl xs) X1 _I' + X, e

Xdxy...dx.
The unique maximum of the integrand occurs at
210 =...=x"=n( —1/s).

Hence we put
x;=nu; +n(l —1/s) z=1,...,s)
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in the integral, and obtain

—_— s oo o
(5) Yas~s" '\/2”7" (é%) J:a- .. iu{(ul +a)... WU;+ a)

1 1 —(UlT.eoTUS "
X<u1+a+...+u+a>e(++)} duy . ..du, (n— ),

where we have written o = (1 — s7!). The maximum of the integrand now
occurs at the origin and so by standard asymptotic methods

Yas ~ V20w (%) @m)¥D[HuE — 1/

% ns—n
=V o/ 1 —=1/s)"7,

where D is the determinant of the s X s matrix of second partial derivatives

of the logarithm of the braces in (5), evaluated at the origin. This matrix is

_11 u =7,

fuv =
—1/(s = 1)3, b F v,

whence [D| = (1 — 2s71)5"1(1 — s71)1=25, We have finally
©®) e~ V2 (1= 2/9)7CPA = 1T (s ).
In particular
lim v, = (1 — 1/5)""
TSR 0E) (o).
We conclude by showing that
) Yus > nlu™" (n,s =1,2,...).

From (3), we have

n — r1)! n — 7,)!
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as required.
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As a numerical example, consider the set of all k-stochastic # X # matrices
with non-negative integer elements. This set, aside from a factor of %, is our
set K,;. Hence the minimum permanent of matrices in this set is <A"y,.
When # = 19, k& = 10, for instance, k™y,;, from (6), is about 16.6 X 1011,
The incidence matrix of a 19-10-5 configuration (3) has a permanent of
9.53 X 101 (2), and it has been suggested (3) that this may be minimal in the
class.

For future research I would raise the question of computing the mean square
permanent of matrices in the class (2). If the arithmetic mean and the mean
square are both available, improved estimates of the minimum can be made.
Another interesting question concerns the average permanent of (2) when the
P, are restricted to the cyclic permutations.
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