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EXTENDED FRAMES AND SEPARATIONS OF LOGICAL PRINCIPLES

MAKOTO FUJIWARA", HAJIME ISHIHARA, TAKAKO NEMOTO, NOBU-YUKI SUZUKI, AND
KEITA YOKOYAMA

Abstract. We aim at developing a systematic method of separating omniscience principles
by constructing Kripke models for intuitionistic predicate logic IQC and first-order arithmetic
HA from a Kripke model for intuitionistic propositional logic IPC. To this end, we introduce
the notion of an extended frame, and show that each IPC-Kripke model generates an extended
frame. By using the extended frame generated by an IPC-Kripke model. we give a separation
theorem of a schema from a set of schemata in IQC and a separation theorem of a sentence
from a set of schemata in HA. We see several examples which give us separations among
omniscience principles.

§1. Introduction. Omniscience principles have been playing an important
role in neutral (Bishop’s) constructive mathematics [3—5, 7]. Those are prin-
ciples which are derivable in classical logic but underivable in intuitionistic
logic, and are used to construct a weak counterexample which shows that a
statement is constructively underivable by proving that the statement implies
an omniscience principle, in contrast with a counterexample which shows
that a statement is false. Also omniscience principles have been a driving
force of constructive reverse mathematics [ 18] where we are interested in which
(omniscience) principle is necessary and sufficient to prove a (constructively
underivable) theorem (see also [30. 34] for classical reverse mathematics).

Then, necessarily, separations among omniscience principles have become
crucial. Akama et al. [1] showed some separations in intuitionistic first-
order arithmetic HA using, case by case, an extension of HA, the
Kleene realizability, the monotone modified realizability, and the Lifschitz
realizability (see also [24]). Would there be any uniform technique for
separating omniscience principles? In this paper, we present a possible
direction of finding such a uniform technique.
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FiGure 1. Kripke model refuting DNE.

The omniscience principle, called Markov’s principle (MP), is of the form:
Vx(AV -A4) = (——=3xA4 — IxA),
and it has a special case (MPpgR):
——3xA4 — IxA (A primitive recursive)

(see [33, Chapter 4, Section 5]). Note that MPpg is a substitution instance
of double negation elimination (DNE):

——p—=p

in intuitionistic propositional logic IPC by a X -formula x4, and DNE
is refuted in the IPC-Kripke model given by Figure 1. The weak limited
principle of omniscience (WLPO) is an omniscience principle of the form:

Vx(AV-A4) = (-3xA4 VvV ~—3IxA),
and its special case (WLPOpg) is the following:
—3xAV ——3xA (A primitive recursive).

Note that WLPOpg is a substitution instance of the weak principle of the
excluded middle (WPEM ):

in IPC by a ¥;-formula 9xA4, and WPEM is valid in the above IPC-Kripke
model (even valid on the frame). Therefore the IPC-Kripke model may be
used to separate MPpr from WLPOpg.

The special cases of many omniscience principles, such as the limited
principle of omniscience (LPO), the lesser limited principle of omniscience
(LLPO), the disjunctive Markov principle (MP"), and A|-PEM, are substitu-
tion instances of propositional formulae, such as the principle of the excluded
middle (PEM): pV —p. De Morgan’s law (DML): =(p Aq) — —p V —q.
weak De Morgan's law (WDML): —=(=p A —q) — —-—p V ——q. and the
restricted principle of the excluded middle (RPEM): (p <+ —q) — p V —p.
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FIGURE 2. Derivabilities between omniscience principles.

respectively, by X;-formulae. Figure 2 shows implications among those
special cases. For LPO and LLPO, see [33, Chapter 4, Section 3.4] where
those are called 3-PEM and SEP, respectively; for MP", see [17, 28] where
it is called LLPE; for A;-PEM, see [9] where it is called I11,, and [25] where
it is called AY-LEM.

Of course, there are exceptions (see [16, 17, 23]). However, since IPC-
Kripke models are simple and easy to handle, a method of separation
based on an IPC-Kripke model would give us a good uniform technique
for separating many omniscience principles.

In this paper, we aim at developing a systematic method of separating
omniscience principles by constructing Kripke models for intuitionistic
predicate logic IQC and HA from an IPC-Kripke model. A similar
approach was adopted by de Jongh and Smorynski to show underivability of
substitution instances of propositional formulae in HA (see [32, Chapter V,
Section 3], and also [35]). Here we are interested in not only underivability,
but also separation between substitution instances of propositional formulae
in IQC and HA. In Section 2, we introduce the notion of an extended frame
which will play a crucial role in the following sections. We show that each
IPC-Kripke model generates an extended frame and show a separation
theorem (Theorem 2.7). We give several examples of the extended frame
generated by an IPC-Kripke model. In Section 3, we introduce the notion
of a schema, and, by using the extended frame generated by an IPC-Kripke
model, give a separation theorem (Theorem 3.15) of a schema from a set of
schemata in IQC. We then apply the separation theorem to the examples in
the previous section. In Section 4, we apply the results in the previous section
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to HA. and show a separation theorem (Theorem 4.17) of a sentence from a
set of schemata. We then see the examples which give us separations among
omniscience principles. We conclude the paper with discussing a possible
relativization of the results and lifting Theorem 4.17 up to X,,-level.

To quickly grasp the story of the paper, follow Definition 2.1, Remark
2.2, Definition 2.3, Example 2.4, Remark 2.6, Theorem 2.7, and Examples
2.10-2.14 in Section 2; Definition 3.7, Definition 3.8, Definition 3.11,
Theorem 3.15, and Example 3.16 in Section 3; Definition 4.15, Theo-
rem 4.17, Example 4.18, Theorem 4.23, and Example 4.24 in Section 4.

We use classical logic and set theory at the meta-level.

§2. Extended frames. In this section, we introduce the notion of an
extended frame which will play a crucial role in the following sections. We
show that each IPC-Kripke model generates an extended frame and show
a separation theorem (Theorem 2.7). We give several examples (Examples
2.10-2.14) of the extended frame generated by an IPC-Kripke model.

We use the standard language £(IPC) of intuitionistic propositional logic
IPC containing the (countable) set V of propositional variables, and A, V., —,
and 1 as primitive logical operators. Prime formulae are atomic formulae
(propositional variables) or L, and we introduce the abbreviations —¢ =
o —Landy <> v = (¢ — w) A (y — ¢). The set Vars(p) of propositional
variables in a formula ¢ is defined as usual: Vars(L) = 0; Vars(p) = {p}:
Vars(p o ) = Vars(e) U Vars(y) for o € {A,V, —}. We sometimes write
©[p1. ..., pn] for a formula ¢ with Vars(¢) = {p1,.... p,}. For a formula
@, a sequence p = pi.....p, of distinct variables and a sequence 7 =
Z1s-..» xn of formulae, the (simultaneous) substitution ¢[p/x] is defined
as usual: L[p/y]1=L: q[p/7]1 = ym if ¢ = pm for some m € {1,...,n},
q otherwise; (@ ow)[p/i1=lp/7]1owl[p/i] for o € {A,V,—}. For a
formula @[py, ..., p,], we write @[y1. ..., xa] for ¢[p/7]. In the following,
we use Fypc for deducibility in IPC, and sometimes write IPC for the set of
theorems of IPC.

Let (K. <) be a partially ordered set. Then a subset S of K is upward
closed if k € S and k < k' imply k’ € S for all k. k' € K, and we write Qg
for the class of upward closed subsets of K. For each k € K, we write 1 k for
the upward closed subset {k’ € K | k < k’}, and for each subset S of K, we
write 7S for the upward closed subset |, ¢ Tk.

DEFINITION 2.1. A frame is a nonempty partially ordered set (K, <). A
valuation |+ on a frame (K. <) is a binary relation between K and V such
that

kl-pandk <k'=k"IFp
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forallk,k’ € Kand p € V. thatis, {k € K | k I p} € Qg forall p € V. The
valuation I is then extended to logically compound formulae of L(IPC) by
the following clauses.

1. kI L.

2.kIFp ANy klFpandk Ik w.

3. klFpVyesklFporklky.

4. k- —w < k'l implies k' IF y for all k' > k.

Note that {k € K | k IF ¢} € Qg for all formula ¢. An IPC-Kripke model
is a triple K = (K, <.IF), where (K, <) is a frame, and I is a valuation on it.
A formula ¢ 1s valid in K if k | ¢ for all k € K, and we then write K I- ¢
(see[33.2.5.2-2.5.4]). A formula ¢ is valid on the frame (K, <) if K IF ¢ for
all IPC-Kripke model K = (K, <.IF), that is, for all valuation I- on (K, <),
and we then write (K, <) = .

REMARK 2.2. The set
LK. <) ={¢ | (K.<) F ¢}

of formulae forms an intermediate propositional logic (or simply, a logic)
in the following sense: IPC C L(K, <) C CPC, where CPC is (the set of
theorems of) classical propositional logic: if ¢ — w, € L(K, <), then
w e L(K,<); if p € L(K, <), then ¢[p/y] € L(K, <) for all sequence p
of distinct propositional variables and sequence y of formulae.

DEFINITION 2.3. An extended frame £ = ((K.<). f.(I.<;)) is a triple of
frames (K. <) and (I.<;). and a monotone mapping f between them.
that is, k < k' implies f (k) <; f (k') for all k.k" € K. Each IPC-Kripke
model Z = (I, <;.IF) induces an IPC-Kripke model K¢ 7 = (K. <.lFg 1) by
defining

klrer pe fk)IFp

for each k € K and p € V. A formula ¢ is valid on € if K¢ 1 IF¢ 1 ¢ for all
IPC-Kripke model Z = (I, <;,IF), that is, for all valuation I- on (1, <;); we
then write £ |= ¢.

A trivial example of an extended frame is ((K., <), idg. (K, <)) for a frame
(K. <). and a simple, but non-trivial example is given in Figure 3.

ExampLE 2.4. Let K = (K, <,IF) be an IPC-Kripke model, and define a
set @y of upward closed subsets of K by

Oc={{keK|klp}|peV}
Define binary relations <x and ~x on K by

k=<xkl eVUcOr(kcU=k'cU),
k~ekl sk 2k NE =<k k.
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1 2. b
s
(K, <) (I.<r)

FIGURE 3. An example of extended frame.

Then =< is a preorder and ~ is an equivalence relation on K. Let
Ix = K/ ~k. [klk <k [K'lx &k 2 k. frlk) =Kk
where [k]x is the equivalence class of k& with respect to ~x. Then
& = (K. ). fx. (k. <x))

is an extended frame, and we call it the extended frame generated by the
IPC-Kripke model K.

ExamPLE 2.5. Let K = (K, <.IF) be an IPC-Kripke model, and define a
valuation |- on the frame (I, <), introduced in Example 2.4, by

[k]]c “_IC p<:>k I+ p

for each [k]ic € Ic and p € V. Then Zx = (Ixc. <k.lFx) is an IPC-Kripke
model, and induces an IPC-Kripke model K¢, 7, = (K, <.lF¢, 7, ). Since

klFpelklclbrk peklrecze p
forall k € K and p € V, we have
klFpsklFe. . @
for all k € K and formula ¢ of L(IPC).

REMARK 2.6. Let £ = ((K. <), f,(I.<;)) be an extended frame. Then
the set

T(E)={e|€ o}

does not form a logic in general, but forms a theory in the following sense:
IPCCT(E):ifo—w.ocT(E) theny € T(E).
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In fact, consider the extended frame £ = ((K. <), f.(I.<;)) given in
Figure 3. Then (p — q) V (¢ — p) € T(E). However,

0ler (p——r)V (-r—p)

for the TPC-Kripke model Z = (I, <;.IF) with a I p, alf r, b IF p, and
b I r. Therefore, ((p — q) V (¢ — p))lq/—r] € T(E). See Example 5.2 for
the details.

THEOREM 2.7. Let K = (K. <.IV) be an IPC-Kripke model, and let ¢ be a
Sformula of L(IPC). If K I @, then

T (Ex) tec .

ProOF. LetKe, 7. = (K, <.lFg, 7,.) be the IPC-Kripke model induced by
the IPC-Kripke model Zx: = (I, <g.lFx) in Example 2.5. Then K¢, 7, Iff .
whenever K Iff . On the other hand, we have K¢, 7, IF x forall y € T(Ex).
By the soundness theorem [33, Chapter 2. Section 5.10], we have T (Ex) Vipc
©. —

REMARK 2.8. Let K = (K, <.IF) be an IPC-Kripke model, and let ¢ be
a formula of L(IPC). If K I ¢, then kg Iff ¢ for some ko € K, and, by
considering the truncated model K' = (K', <',IF'), where K' = 1kq, <’ =
<N(K'"x K') and IH =IFN (K’ x V), we may assume that K is an IPC-
Kripke model with a root (see [33, Chapter 2, Section 5.4]). Furthermore,
if K' = (K’, <',I') is an IPC-Kripke model with root ky € K’ and ko If* ¢.
then there exists a finite model K" = (K", <", IF") such that K" C K', <" =
<'N(K" x K")and k IH" yw < k IF y for all k € K” and subformula y of
¢ (see [33. Chapter 2, Section 6.11]). Therefore we may assume that K is a
finite IPC-Kripke model with a root.

Note that if K is a finite IPC-Kripke model with a root, then (Iic, <x) is
a finite partially ordered set with a root.

DEFINITION 2.9. An extended frame & = ((K.<). f.(I.<;)) is locally
directed if f~'(1i) N1k is directed for all i € I and k € K, that is, for each
iclandk € K,ifl,I'’ € f~'(1i) N1k, then thereexists /" € f'(1i) N1k
such that/” </and!” </’

In the following, we shall give several examples of extended frame
generated by an IPC-Kripke model (see [8] for more examples). Before that,
we quickly review the relation between some intermediate propositional
logics and frames.

For alogic L, let L + ¢y + --- + ¢, denote the logic obtained from L by
adding axiom schemata ¢y, ..., @, 1, and let

L'™=L+(p—y)V(y—op).

Forn > 1. theslice S, consists of logics L such that L™ = L(J,. <,). and the
slice S, consists of logics L such that L = (M, _ L(J,. <,), where (J,. <,)
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is the linear frame with » elements. Then S; = {CPC} and IPC € S,,, and
any logic belongs to exactly one S, (n < w) (see [14, Part I, 4.1] and [15]).
Let p1, pa,... and {;, {5, ... be sequences of axiom schemata defined by

p1 = (o1 = @) = @1) = 1.
Pn+1 ((Son+1 — pn) — 90n+1) — Pn+l,

L= \/ (i)

0<i<j<n

(see [14] where p, and {, are written by P, and X,,, respectively). For each
k > 1, let Ty =IPC+ py + (k. and let My = T, ; and M, = IPC + p».
Then {M;, M. ....M,. ... M, } is the decreasing enumeration of the second
slice S, (see [15, Theorem 1.6]).

Note that the axiom schema p,, says that the height' of a frame is at most 7.
For a rooted frame, the axiom schema {, says that the number of upward
closed subsets of the frame is at most #; hence, for a rooted frame with the
height 2, the axiom schema (5| says that the number of maximal elements
of the frame is at most k (see [12, 29] for other axiomatizations).

In contrast with S,, we know little about the internal structure of S,
(n >3).

Let PEM, DNE, WPEM, DML, WDML, and RPEM be the following
formulae:

PEM[p]l=pV —p.
DNE[p] = —-——p — p.
WPEM[p] = —-pV —p.
DML[p.q] =~(pAq) = —=pV q.
WDMLI[p. q] = ~(=p A =q) = ~=p V ~q.
RPEM(p.q] = (p <> ~q) = p V ~p.
Then we have the following examples of Theorem 2.7.

ExampLE 2.10. Let &, = (K1, <1), fx,» Ux,» <k,)) be the extended
frame generated by the IPC-Kripke model K| = (K. <;.IF;) given in
Figure 4. Then K If; DNE[ p], and hence

T (&k,) tiec DNE[p].

The theory T (Ex;, ) is the logic L(K, <;) axiomatized by the axiom schemata
p2 and (3.

IThe height of a frame (K. <) is the maximal length n of finite ascending chains in (K, <).
if it exists; w, otherwise (see [29]).
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T
P 1 o = [l]ICl
0 V)
s
K (Ir,. <k,)

FIGURE 4. The Kripke model and the extended frame in Example 2.10.

Ira.
P11 2 Tk,
fry
N
0 [0k =2k,
I,
Ko (Ir,. <)

FIGURE 5. The Kripke model and the extended frame in Example 2.11.

Furthermore, T'(Ex, ) contains WPEM]| p] for all propositional variable p.
To see this, consider an IPC-Kripke model Z = (Ix,, <g,.IH). If [1]x, IF p.
then 0 ¢, 7 ——p:orelseif [1]x, I p. then 0 lkg. 7 —p.

Note that &, is locally directed.

ExaMpLE 2.11. Let &k, = ((Kz. <3), fx,, (Uk,. <x,)) be the extended
frame generated by the IPC-Kripke model K> = (K;.<5.lF) given in
Figure 5. Then IC; I, WPEM] p], and hence

T (Ex,) tee WPEM[p].

The theory T'(Ex,) contains the logic L(K;, <,) axiomatized by the axiom
schemata p, and {s.

Furthermore, T(Ex,) contains DML[q, r] and DNE[¢] for all ¢ and r.
To see this, consider an IPC-Kripke model Z = (I,, <g,.IF'). If 0 “‘g,czj
—(g Ar). then [O]x, I g implies O Ikg, 7 —r. [0]c, |- r implies 0 ¢, 7 —g.
and [O]i, I¥' ¢ and [O]k, I’ r imply O lbe, 7 —g V —r. since [1]c, I g Ar.
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T, Tk
P1 o492 3. [x [k
BN
0 - .. [0k = 3k,
Srs
IC3 (IK37§’C3)

FiGURE 6. The Kripke model and the extended frame in Example 2.12.

If 0lkg., z g, then 21kbg 7 q. that is. [2], = [0]k, IH ¢, and hence

Olree,79.
Note that &, is locally directed.

ExampLE 2.12. Let &k, = (K3, <3). [, Uiy, <)) be the extended
frame generated by the IPC-Kripke model K3 = (K3.<3.lF;3) given in
Figure 6. Then K3 I3 DML]p, ¢g], and hence

T (Ek,) tiive DML p. q].

The theory T (Ex,) contains the logic L(K3, <3) axiomatized by the axiom
schemata p, and y.

Furthermore, T (Ex,) contains DNE[r] for all r. To see this, consider an
IPC-Kripke model Z = (Ik,, <k,.IF'). If 0 I-g, 7 ——r. then 3 Ik¢, 7 r, that
is. [3]x; = [0]x, IF' 7, and hence 0 I-¢,. 7 7.

Note that &k, is locally directed.

ExampPLE 2.13. Let &k, = ((Ky. <4), fr,» (Ux,. <k,)) be the extended
frame generated by the IPC-Kripke model K4 = (K4, <4,lF4) given in
Figure 7. Then K4 If4 WDML][p, ¢], and hence

T (&k,) thee WDML[p. q].

The theory T (Ex,) contains the logic L(Ky, <4).

Furthermore 7' (Ex,) contains RPEM[r, s] for all r and s. To see this,
consider an IPC-Kripke model Z = (/i,. <i,.I'). Suppose that i ¢, 7
r<>—s. We show that ilkg. 77V —r. Suppose otherwise. Then i is
not maximal. Without loss of generality, we may assume that i <4 1.
If3 ”‘6;<4,I r,then 3 ”‘5;<4,I -y, and hence 1 ||_€;<4.I -y, and hence 1 Il—gm,g r,
whichimplies 0 I-¢, 7 r by the structure of Ei,. Thisis a contradiction. Thus
3 I}‘gml r. Then 1 Il—ng —r, and hence i = 0. Then we also have 4 U?Lgml' r
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r3 .. 74 .
0" 0k =k, = 2k,
fry
IC4 (I]C4,§’C4)

FIGURE 7. The Kripke model and the extended frame in Example 2.13.

Trs Ixs
e ] .
Pl q92 [k [2]ks
S5
Ks (I/Csagle)

F1GURE 8. The Kripke model and the extended frame in Example 2.14.

as above. Then 0 Ik, 7 —r follows. This is a contradiction. Thus we have
shownilkg. 77V -r.
Note that E, is locally directed.

ExampLE 2.14. Let &k, = ((K2, <2). fxes» (Uks. <x;)) be the extended

frame generated by the IPC-Kripke model K5 = (K;.<5.lFs) given in
Figure 8. Then Ks If's RPEM]p, ¢], and hence

T (Ek;) tiee RPEM[p. q].

The theory T (Ex,) is the logic L(K3, <»).
Note that Ex, is locally directed.
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§3. Separations by extended frames in IQC. In this section, we introduce
the notion of a schema, and by using the extended frame generated by an
IPC-Kripke model, give a separation theorem (Theorem 3.15) of a schema
from a set of schemata in IQC. We then apply the separation theorem to the
examples in the previous section (Example 3.16).

We use the standard language L(IQC) of intuitionistic first-order
predicate logic IQC containing the propositional connectives and V, 3 as
primitive logical operators. The sets FV(z) and FV(A4) of free variables
in a term ¢ and a formula A, respectively, of £L(IQC) are defined as
usual: FV(x) = {x}: FV(c) = 0: FV(f (1,....1,)) = FV(t;) U---UFV(z,);
FV(L)=0; FV(R(t1,....t,)) =FV(t;))U---UFV(t,);: FV(BoC) =
FV(B)UFV(C)foro € {A,V,—}:FV(VxB) = FV(3xB) = FV(B) \ {x}:
we set FV(4,.....4,) = FV(4;) U---UFV(4,) for a sequence A4, .... A4,
of formulae. In the following, we use ¢ for deducibility in IQC.

DErFINITION 3.1. An IQC-Kripke model is a tuple T = (1. <;. M.75.IF).
where (1, <;) is a frame, M = {M,};c; is a family of nonempty sets, 7
is a family {#;; € M; — My | i <; i’} of restrictions such that:

e 7;; is the identity on M;,
® 7rirm O Nijr = Njjn for i S] il S[ i//,
and IF is a relation, called a valuation, from I to the set of atomic formulae

of the language extended by adding a constant symbols a for each element
a € \|U{M; | i € I} such that:

o il-R(ay,....ay) = aym € M; form € {1,...,n},
e il-R(ay,....ay)and i <i'=i"IF R(n;ir(ay), ... i (an))

foralli,i’ € I. An n-ary function f is interpreted in Z by a family /' = {f; €
M!" — M; | i € I} commuting with the restrictions for i’ >; i

ni(filar. ....an)) = foi(ar), ... .ni (an)).

The valuation - is then extended to logically compound formulae of £(IQC)
by the clauses in the previous section for the propositional connectives and
the following clauses:

1. ilFVx4A < i’ I+ A[x/a] foralli’ > i and a € M.
2. ilF3xA < ik A[x/a] for some a € M;.

Note that {i € I | i |- A} € Q, for all sentence 4 of L(IQC). A formula A
with FV(A) C {X}isvalid in Z if i I+ A[X/a]foralli € I and a € M;, and
we then write Z |- A (see [33, Chapter 2, Section 5.12]).

REMARK 3.2. Let Z = (I, <;. M. 5. ) be an IQC-Kripke model with a
family of interpretations /' = {f; € M — M, | i € I} for all n-ary func-
tion f. For each i € I, define a (first-order) structure M; = (M;. R;. f;) by
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R, ={(ar.,....an) | i - R(ay,....an)}. fi=fi.
Then {M; | i € I} is a family of structures satisfying
(ay.....am) € Ri = (i (ay). ....nii(am)) € Ry
nir(filar.....an)) = fu(palar). ... ni(an))

(see [6, Chapter 2, Section 2.2-2.4]). Conversely, a family {M; |i € I}
of structures together with a family # of restrictions satisfying the above
conditions gives an IQC-Kripke model (1, <;, M, 5.I) defined by

ik R(ay,....,am) & M; e R(ay, ..., an)

foreach i € I, where =, denotes the classical interpretation in the structure;
we sometimes simply write M; =, A for M; =, A.

DerINITION 3.3. Let £ = ((K, <), f. (I, <;)) be an extended frame. Then
each IQC-Kripke model Z = (I, <;. M. . IF) induces an IQC-Kripke model
Kez = (K. <.,D,e.lF¢ 1) by defining for each k, k' € K with k < k.

Di = My ).

Ekkr = M1 (k) f (k')>
klrez R(ay.....a,) < f(k)IF R(ay. ..., ay)

for prime formula R(ay. ..., a,) with ai, ..., a, € Dy.

We introduce the notion of a schema following [26], [33, Chapter 2, Section
3.13], and [19, 20].

DeriNiTION 3.4. We introduce certain predicate symbols vy, vs,vs, ...
(being outside of our standard language), called place holders, to deal with
schemata as syntactic objects similar to formulae. Schemata are inductively
defined by:

1. a prime formula is a schema;

2. if v is an n-ary place holder and ¢4, ..., #,, are terms, then
v(#1.....t,) is a schema;

3. if @ and f are schemata, then e o f§ is a schema for o € {A,V, —};

4. if o is a schema, then Qxa is a schema for Q € {V, 3}.

Formulae are schemata without place holders.
For example, the induction schema is given by a schema
v(0) AVx(v(x) = v(Sx)) = Vxv(x),

where v is a unary place holder.
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DErFINITION 3.5. Let o be a schema, and let By, ..., By be formulae. Let
V1, ....V; be place holders, and let X;. ..., X, be sequences of variables with
lengths of the arities of vy, ..., v, respectively. Then a schema

a[vl//b?l.Bl, ey Vk/)u)_ék.Bk]
is defined by:

1. P[vi/AX.By. ..., vi/2X;.Bi] = P for P prime;
V(t1, .o ty)[V1/AX1. B, oo Vi [ A3 Bi] = Bilyi/t1s - s yn/th]
ifv=v;and X; = yy. ..., yu. and v(11, ..., 1) otherwise;
3. (a o ﬁ)[vl/i)?lq.Bl, cees Vk/i)_ék_’.Bk] . .
= a[vl/ixl.Bl, coes vk//lxk.Bk] o ﬂ[vl/ixl.Bl, [PTN vk/lxk.Bk]
foro e {A,V, =}
4, (Qxa)[vl//b_c’l.Bl,...,vk/ifék.Bk] . .
= Qx(a[vl//lxl.Bl, ,vk//lxk.Bk])
for Q € {V. 3}.

We simply write a[v;/Bj, ..., vi/Bi] or even «[By, ..., By] for
a[vl//b?l.Bl, ey Vk//l)_ék.Bk]

whenever possible, if it does not cause confusion. An instance of a schema
a with place holders exactly v is a formula a[v/ B ]or a[B]

REMARK 3.6. In using the substitution notations a[v/ B], we shall assume
that 2X.B are free for v in o, or we assume that a suitable renaming of bound
variables is carried out. Here AX.B is free for v in P for prime P; AX.B is free
for vinv/(#,....1,): AX.B is free for v in o o B if A1X.B is free for v in o and
B, where o € {A,V,—}; AX.B is free for v in Qya if y € FV(B) \ {X} and
/X .B is free for v in a, where Q € {V, 3}.

DerINITION 3.7. We extend the deducibility relation F and the forcing
relation I+ to schemata as follows. Let I and A be a set of schemata, let o be
a schema, and let C be a formula. Then I'" + C if

{B | B is an instance of a schema in I'} - C;

I'F aif ' - Bforallinstance Bofa; I' - AifI' F a forall @ € A. Similarly,
for IQC-Kripke model K, K I+ « if K I B for all instance B of «; K IF A if
KIFaforalla € A.

DEerINITION 3.8. Each formula ¢[p. ..., p,] of L(IPC) may be naturally
regarded as a schema

o = o). ...

where v). ..., vJ are nullary place holders.
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LeEMMA 3.9. Let (K. <, D.e. ) be an 1Q C-Kripke model, and let (K, <,I)
be an IPC-Kripke model. Let o[p;.....p,] be a formula of L(IPC), and
let Ay, ..., Ay, be formulae of LAQC) with FV(A;, ..., A,) C {X}. For each
k € K and a € Dy, if

K' W py <k - A% e (a)]
Sorallk' > k andm € {1, ....n}, then
k' @ ek IF (oA ... ADIX /e (a)]
forall k' > k.
ProoF. Straightforward by induction on the complexity of . -

ProposITION 3.10. Let £ = (K. <), f.(I.<;)) be an extended frame.
If p € L(K., <), then

KezlFez "
for all IQC-Kripke model T = (I, <;. M. n.F).

PRrROOF. Suppose that ¢ € L(K, <), and consider an IQC-Kripke model
T = (I.<;. M.5.I-) and an instance

plA41,.... Ayl

of the schema *. Let Kg 7 = (K., <, D, &, I¢ 1) be the induced IQC-Kripke
model. Then for each k € K and a € Dy, defining a valuation |- on
(K.<) by

K p o k' ez AmlF /e (@)]
for each k' > k and m € {1, ..., n}, by Lemma 3.9, we have
kKIF o ok er (o[Ar ... A)F/a].
Since ¢ is valid on (K, <), we have

k kg1 (p[A1..... A,))[X/d]. -

DErFINITION 3.11. For each formula ¢[p;..... p,] of LOPC). define a
schema X-p by

-0 = VX () V(X)) A AVE (v, (X) V —,(X))
— @[AxXvi(X), ... Ixv, (¥)].

where vy, ..., v, are place holders with the arity of the length of X.
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PrOPOSITION 3.12. Let Ex = (K. <). fx. (Ix. <x)) be the extended frame
generated by an IPC-Kripke model K = (K. <.IV), and let p[p. .... p,] be a
Sformula of L(IPC). If K If* . then

KeezWeez Z-o
for some IQC-Kripke model T = (Irc, <xc. M. n. ).

Proof. Recall the construction in Example 2.4 of the extended frame
Exc. Suppose that K ¥ . Let R{(X). .... R,(X) be predicate symbols, and let
U, ={k € K | k- q} for each ¢ € V. Then define an IQC-Kripke model
7 = (Ig. <x. M.n.I-') by

My ={U; | k Ik q} U{K}.
Nkl = the inclusion map M. — M.
[kl V' Ru(U,.....U,, )= Uy, N--NU,, CU,,
for each [k]k.[k'lx € Ix with [k]x <k [K']k. U,.....U,, € My, and
me{l,....n}. Let Ke, 7 = (K, <, D, &, IF¢, 1) be the induced IQC-Kripke
model, and assume that
k kg VX(R1(X) V 2R (X)) A -+ AVE(R,(X) V =R, (X))
5 Q[FFR(F). ..., TR (F)]
for all k € K. Then given a k € K. if [k]cF R,(U,,.....U,,) for
some U,,.....U,, € Dy = My,.. then ke U, Nn---NnU,, CU,,.  and

hence k IF p,: if k- p,,. then U, € My, = Dy, and hence [k]x IF
R, (U,,,.....U,,). Therefore

kIF pm < klFg 7 IXR,(X) (1)

for all k € K and m € {1,...,n}. For each k € K, U,,..... U,,, € D; and
m € {1,...,n}, either

[kl H Ry (Uy,..... U, ) or [kl I Ru(U,,.....U,,).

In the latter case. if [k']x IF Ry (U,,..... U, ) for some k' > k. then U, N
~-NU,, CU,. and hence [k]cIH R,(U,.....U,, ). a contradiction.
Therefore k I-¢. 7 =R (U,,..... Uy, ). Thus,

k “_E;C.I V)_C)(Rm()_é) V _‘Rm()_é))
forallk € K andm € {1,....n}, and so
klre. 7 @[3XR((X), ..., IXR,(X)]

for all k € K. By (f) and Lemma 3.9, we have k I- ¢ for all k € K, a
contradiction. -
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LeMMA 3.13. Let £ = ((K.<). f.(I.<;)) be a locally directed extended
frame, and let Kez = (K, <, D.¢.\Fg 1) be the induced 1QC-Kripke model
by an 1QC-Kripke model T = (I, <;. M. 5. IFJ. Then for each formula A of
L(IQC) with FV(3XA) C {y}. k € K, and b € Dy, there exists an upward
closed subset U of I such that if

k ke z (V%(4V =A))[F/b].
then
f(K') € Us k' ez GRA)G /e (b)]
forall k' > k.

Proor. Consider formula A4 of £(IQC) and k € K. We may assume
without loss of generality that FV(3X4) = (). Define an upward closed
subset U of I by

U=UJtts(0) |k <inllbez 334},
and suppose that k Ib¢ 7 VX (A4 vV —A4). Then given k' > k., we show that
f(k/) ceUsk lFez IXA.

Assumethat £ (k') € U.Then thereexists/ > k suchthat £ (/) <; f(k’)and
[ ke 7 A[X/d] for some @ € D;. Since k’.1 € f~'(1 f(I)) N1 k. there exists
"€ f~Y(1 £(I)) N1k such that I’ < k' and I’ < [. Note that f(I') = f(I)
anda@ € D; = My(;) = Dy. Since k IFg 7 VX(AV —A) and k <1, either

I'lvez A[X/a] or ['lez —A[X/al.

However, since / Ikg¢7 A[X/a] and [ > [’, the former must be the case.
Therefore I’ I-¢ 7 XA, and, since I’ < k’, we have k’ I-¢ 7 3X A. Conversely,
if k" IFg 7 3X A, then trivially f (k') € U. 4

ProrosITION 3.14. Let £ = (K. <), f.(I,<;)) be a locally directed
extended frame. If ¢ € T (E). then

Kezlrez Z-p
for all IQC-Kripke model T = (I, <;, M, n.IF).

PROOF. Suppose that ¢ € T(£), and consider an IQC-Kripke model
T = (I.<;, M.5.I) and an instance

VX(A1 VA1) A - AVR (A V —Ay) — @[EX A1, ..., 3% A,]

of the schema X-¢. Let k € K. We may assume without loss of generality
that FV(3XA4,.....3XA4,) = 0. Given a k¥’ > k, by Lemma 3.13. there exist
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upward closed subsets Uy, ..., U, of I such that for each m € {1, ..., n}, if
k' H—g,I V)?(Am V —\Am), then

f(k”) elU,< K" ||—g,z EfAm
forall k” > k'. Let ' = (I, <;.IF') be an IPC-Kripke model defined by
i pneicU,

foreach i € I and m € {1, ...,n}. Assume that k' Ib¢ 7 VX(4,, V —A4,,) for
allm € {1,....,n}. Then

K" lrez pm < k" lFez XA,
forall k” > k' and m € {1,...,n}. By Lemma 3.9, we have
K \rez o k' kg1 o[3X A1, ..., 3XA4,].
Therefore, since ¢ is valid on £, we have
k' kg1 @[3XA1,...,3XA4,].
Thus  klFgz VX (A1 V =A)) A - AVX(A, V —A4,) — @[IXA;,....3XA4,].
4

For a set S of formulae of L(IPC), define sets S* and 2-S of schemata by
S*={p*|peStandZ-S = {Z-¢ | p € S}.
Now, we arrive at a separation theorem for IQC.

THEOREM 3.15. Let K = (K. <. V) be an IPC-Kripke model, and let p be a
Sformula of L(IPC). If K | ¢ and Ex is locally directed, then

L(K,<)* 4+ 2-T (&) thge Z-.

ProoF. Straightforward by Proposition 3.10, Proposition 3.12, Proposi-
tion 3.14, and the soundness theorem [33, Chapter 2, Section 5.10]. -

ExampLE 3.16. By applying Theorem 3.15 to Example 2.10, we have
L(K1.<1)* thoc Z-DNE,

especially WPEM™ toc Z-DNE: to Example 2.11, we have
L(K», <2)* 4+ 2-T(&x,) tioe Z-WPEM,

especially X-DML + 2-DNE Fioc 2-WPEM: to Example 2.12, we have

L(K3. <3)* + Z-T (k) tioc Z-DML,

especially 2-DNE t/oc Z-DML; to Example 2.13, we have

L(Ky, <4)* + 2-T (&k,) trige Z-WDML,
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especially X-RPEM Hqc Z-WDML: to Example 2.14, we have
L(K>. <5)" thoc Z-RPEM.

Note that X-DNE, X-WPEM, X-DML, X-WDML, and X-RPEM
correspond to MP, WLPO, LLPO, MP", and A|-PEM, respectively.

§4. Separations by extended frames in HA. In this section, we apply the
results in the previous section to HA, and show a separation theorem
(Theorem 4.17) of a sentence from a set of schemata. We then see
the examples which give us separations among omniscience principles
(Example 4.18).

We use the standard language £, = L(HA) of intuitionistic first-order
arithmetic HA containing the constant 0, the unary function symbol S, the
binary function symbols + and x, and the binary predicate = (equality).
The axioms and rules are those of IQC with equality, the axioms

Sx =8y »>x =y, -0 = Sx, -0=x—3dy(x =S8y)
and
x+0=x, x+Sy=S(x+y), xx0=0, xxSy=(xxy)+x
and the induction axiom schema
A0) AVYx(A(x) = A(Sx)) = VxA(x)

(see [27, Chapter 1]).

A Xy-formula (and Iy-formula) is a formula built up from prime formulae
by the propositional connectives A, V, and —, and the bounded quantifiers
Vx < tand dx < t; AX, -formulais a Il,-formula or a formula of the form
JxA, where A is a [1,,-formula, and a I, |-formula is a ¥,-formula or a for-
mula of the form VxA4. where 4 is a ¥,-formula. A X,-sentence (respectively,
I1,-sentence) is a X,-formula (respectively, IT,-formula) without free
variables.

In the following, we use F and F. for deducibilities of intuitionistic and
classical first-order predicate logic IQC and CQC, respectively. Recall that
= denotes the classical interpretation in a (first-order) structure.

DEFINITION 4.1. Let HA also denote the (recursive) set of £i-sentences
consisting of (the universal closures of) axioms and instances of the axiom
schema of HA. Then HA . 4 means that a formula A4 is derivable in classical
first-order arithmetic PA. Let Th(w) denote the set of £;-sentences which
are true in w, that is, Th(w) = {4 | w =, A}. For a set T of £-sentences,
a Xy-representation of T is a £,-formula 7(x) such that

HA . Vx[(z(x) — “x is a sentence”) A (tpa(x) — 7(x))]. and
A € T if and only if HA F, 7([A4])( or equivalently @ . t([A4]))
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for all £;-sentence 4, where [ A] is a Godel number of 4 and Ty, (x) denotes

“x is (a Godel number of) a sentence”

A “x 1s an axiom or an instance of the axiom schema of HA.”

A set T of Lj-sentences is well-behaved if T has a X;-representation and
HA C T C Th(w).

REMARK 4.2. It is easy to see that if 7" has a X;-representation, then it is
recursively enumerable. Conversely, if 7 (D HA) is recursively enumerable,
then there exists a X;-formula which represents 7. For each recursively
enumerable set 7 (D HA), we fix a Xi-representation (say, by choosing
the one with the smallest Godel number), and identify 7 with its
¥ -representation. With this identification, one may refer to the consistency
statement Con(7T) = —“T k. 1" of T within HA.

DEFINITION 4.3. Let M be an L;-structure. Then a subset S of M”" is
definable in M if there exists a formula B with FV(B) = {x1, ..., x,} such
that

S={(ay,....ay,) € M" | M |=. B[x1,....xn/a1.....al}:

a function is definable in M if its graph is a definable subset in M. An
L1-structure M isa definable structure in M if the universe of M is a definable
subset in M, and the interpretations of + and x in M are definable functions
in M (see [13, 22] for the basic notions of model theory of arithmetic).

REMARK 4.4. Let M be an L;-structure such that M =, HA, and let M
be a definable £-structure in M. Then the interpretation of closed £;-terms
iq M , that is, a function ¢ from the codes (in M) of closed L£;-terms into
M C M, is definable in M. This g yields the canonical embedding 0 : M —
M., defined by 0(m) = ao(/m) where m is the m-th numeral coded in M.
Moreover, this @ is a Xy-elementary embedding, that is, M =, B[X/ad] <
M =, B[%/0(a)] for all Zp-formula B and @ € M (see [31, Lemma 6.12
and Lemma 3.8]).

THEOREM 4.5 (Arithmetized completeness theorem). Let T be a well-
behaved set of L\-sentences, and let M be an L-structure such that

M . HA + Con(T).

Then there exist a definable Li-structure M in M and a Xo-elementary
embedding 0 : M — M such that M \=. T. Moreover, for each formula B,
there exists a formula [B] such that FV([B]) = FV(B) and

M . [Bl[X/d] < M . B[3/0(a)]

forall a € M, where X are the free variables of B.
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This is the semantic form of the arithmetized completeness theorem
[31, Theorem 6.10] together with the Xy-elementary canonical embedding
obtained in Remark 4.4. This theorem is also referred to as the interpretabil-
ity theorem (see, e.g.. [2. 21]). We will digest the proof of the relativized form
of this theorem in Appendix B.

LemMa 4.6 (Fixed point lemma [27, Chapter 1, Lemma 1(b)]). Letk > 1.
For any Ty -formula y(w. n). there exists a I-formula & = &(v) such that

HA & Vn(E(n) < y([<].n)).

LemmMma 4.7 [27, Chapter 2, Exercise 11]. Let T be a well-behaved set of
L1-sentences. Then there exists a I1|-formula K (v) such that T /. K(m) for
all natural number m, and HA . K (m) v K (1) for all natural numbers m and
[withm # 1.

PrOOF. We follow the hintin [27]. Let y (w. n) be a formula which denotes

“w is a formula such that FV(w) C {v}”

— Vy[“yisaproof of T F, wlv/n]”

— 3zFu((u. z) < (n, y) A “zisaproof of T . wlv/iu]”)].
where (-,-) denotes the usual pairing function. Then apply the fixed
point lemma and obtain a Il;-formula K = K(v) such that HA .,

Vn(K (n) <+ y([K].n)). Itis easy to check that this K (v) satisfies the desired
conditions. =

Lemma 4.8. Let {T1,.... T,} be a nonempty and finite set of well-behaved
sets of Li-sentences. Then there exist a well-behaved set T of L-sentences
with U;le T; C T and a set {A,..... A,} of Xi-sentences such that:

1. T+, Con(T; + 4;).

2. Tt A,

3.0ifj# j' then HAF. —(A4; NAjr).
Sforall j,j" € {1,....n}.

ProOE. Let {T).....T,} be a nonempty and finite set of well-behaved
sets of L;-sentences, and let 77 = | J}_; 7;. Then T" is a well-behaved set

of £;-sentences. By Lemma 4.7, there exists a Xi-formula K (x) such that
T’ /. =K (m) for all natural number m, and HA . =(K (m) A K (1)) for all
natural numbers m and / with m = /. Note that for each natural number m,
since T’ + K (m) t/. L. we have Con(T’ + K (m)) € Th(w). Since

HA . K(m) — “HA . K(m).”

by Z;-completeness of the provability predicate [27, Chapter 1, Fact 9], we
have

HA . K(m) — “HA + K(I) F. K(m).”
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and hence HA . K(m) — “HA + K (/) . L” for all natural numbers m
and / with m # [. Therefore,

HA . K(m) — -Con(HA + K (1)),

and so HA +, Con(HA + K (/)) — =K (m). Let A; = K(j) for each j €
{1,....n}, and let

T =T +{Con(T'+ K(0)),Con(T' + Ay).....Con(T" + 4,)}.

ThenHA -, —(A4; A A;.)forall j, j € {1.....n}with j # j'.and T'isa well-
behaved set of £1-sentences. For each j € {1,...,n}, since HA +, Con(T’ +
A;)— Con(T; + A;) and HA ., Con(T’ + K(0)) — Con(HA + K(0)),
we have T+, Con(T; + 4;) and T -, —4;. 4

In the following, we call an IQC-Kripke model for the language £, an
L1-Kripke model. The construction in the proof of the following lemma is
essentially the same as Smorynski’s construction for the refinement of de
Jongh’s theorem (see [32, Chapter V, Section 2-3]).

LEMMA 4.9. Let Ty be a well-behaved set of Ly-sentences, and let (I, <j)
be a finite tree with the root iy € 1. Then there exists a well-behaved set T of
Ly-sentences with Ty C T such that for each X-sentence Cy and L-structure
M. if

My = T + Co.

then there exist an Li-Kripke model T = (I, <;,{M; |i € I},n.IF) and a
Sfamily {C; | i € I} of Xy-sentences with M;, = My and C;, = Cy satisfying
that for eachi € I,

1. M; = Ty + Ci:

2.0 <y i impliesHA V. C;r — C; foralli’ € I;

3. My = Ciimpliesi <p i foralli’ € I;

4. for each i’ € I with i <; i’ and formula B, there exists an L-formula
[BY!' such that FV([B].') = FV(B) and

M; f=c [BY [%/d) < My = BIZ /i (@)]

forall a € M;, where X are the free variables of B;
5. if Bis a Xy-formula, then

M; [=c B[X/a] & My [=c B[X /n;i(a)]

for all i" € I with i <; i’ and a € M;, where X are the free variables
of B.

PrOOF. We proceed by induction on the complexity of (1, <;).
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Basis: If iy is a leaf, then note that I = {iy}, and set T = T). For each
21-sentence Cy and L;-structure M, with

My =, T + Co.

setting M;, = M, define an £;-Kripke model Z = (I, <;, M, n.IF) by M =
{M;,}.n ={idy, }and iy IF P < M;, |=. P for each atomic P, and set C;, =
Co. Then it is straightforward to see that Z and {C;, } satisfy (1)—(5) for all
iel.

Induction step: Let J be the (nonempty and finite) set of direct descendants
(children) of iy, and note that ip =i v 3! j € J(j <; i) for all i € I. Then,
since (1 j, <;) is a finite tree with the root j for all j € J, there exist, by the
induction hypothesis, the set {7’; | j € J} of well-behaved sets including T
such that for each j € J, Xj-sentence C; and L;-structure M; Iz if M; =,
T; + C;. then there exist an £;-Kripke model (i< .M/ y/ 1) and a
famlly{Cl.’ | i €1/} ofX;-sentences satisfying that (1)—(5) foralli € 1. By
Lemma 4.8, there exist a well-behaved set 7" of £;-sentences with [ J jes T, C
T and a set {4; | j € J} of Z;-sentences such that 7+, Con(T; + 4;).
T+, —A;,andif j # j/,then HA -, =(4; A A;.) forall j, j' € J. Consider
a Xq-sentence Cy and an £-structure M, such that

Aﬂ)#& T + Co.

Then My =. HA + Con(T; + A4;) and M, |=. —A; for all j € J. By the
arithmetized completeness theorem, for each j € J there exist a definable
L;-structure M; in My and a Zg-elementary embedding 0; : My — M; such
that M; }=. T; + A4,. Let C; be a Z;-sentences such that HA -, C; <> Cy A

A ;. Then, since M is a Xy-elementary extension of M, we have M; =, Co,
and hence

M; = T, + C;.
Therefore there exist an L£;-Kripke model (1. <;,M/.y/.IF/), where
M/ = {M’ lietj}. andafamlly{C’ |ie T]} of Z;-sentences satisfying

(1)—(5). and M’ M; and C’ = C;. Setting M;, = M. define an ;-
Kripke modelI (I,<;. M. 5, II—) by

Myul| M p={nlic}ulJn'. F={r}ulJH,
jeJ jeJ jeJ

where 77;,;, = idMio andz;,; = 17;.'1. of;fori € I'withj € Jandj <; i, andl
is defined by iy IFg P < M, =, P for each atomic P. Set C; = Cy if i = ip;
C = Ci/ ifi € I with j € J and j <; i. We show that Z and {C; | i € [}
satisfy (1)—(5). Leti € 1.
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(1): Either (i) i = ig; or (ii) j <; i for some j € J.
(i): We have M;, = Ty + Cj,.
(ii): We have M; =, T) + C;, by the induction hypothesis.
(2): Ifi <; i’. then either (i) i = i’ = ip: (ii) i = iy and j <; i’ for some
j€J:or(iii) j <;i <; i’ forsome j € J.
(i): Ttis trivial.
(ii): Since HA . C; — Cj,.
tion hypothesis.
(iii): It follows from the induction hypothesis.
(3): Suppose that M;/ |=. C;. Theneither (i) i = iy (ii) i’ = ipand j <; i
for some j € J: or (iii) j <; i and j’ <; i’ for some j. j' € J.
(i): There is nothing to prove.
(ii): Since Mj, = C; and HA +. C; — C;, we have M;, |=. C;, and
hence M;, =, A;. a contradiction to M;, |=. —A4;.
(iii): Since My =, C;. My = Ci, HAF. C; — Cj, and HA +,
Ciyr — Cji, we have My = C; and M, = Cjs, and hence
M;/ |=¢ Aj N Ajr. Therefore, since j # j’ implies a contradic-
tion to M, |=c —(A4; N Ajr). we have j = j'. and so i <i’. by
the induction hypothesis.
(4): Consider i’ € I with i <; i’. Then either (i) i = i’ = iy; (i) i = ip
and j <; i’ for some j € J: or (iii) j <; i for some j € J.
(i): Itis trivial.
(ii): Since for each formula B there exists a formula [B] with
FV(B) = FV([B]) = {X} such that

M, = [BlIX/d < M; = B[X/0;(@)]

we have FV(B) = FV([[B]"]) and

we have HA +, C;» — C;, by the induc-

foralla € M;,.
M, = [[BIV1[% /@] & M =, [B1}[%/6,(d)]
& My = BIR /nl,(0;(@)].

for all a € M, , by the induction hypothesis, and hence

M;, = [[BI 1% /@] < My =c BI% /n;,1(@)]

foralla € Mj,.
(iii): It follows from the induction hypothesis.
(5): Consider i’ € I with i <; i’. Then either (i) i =i’ = iy; (i) i = ig
and j <; i’ for some j € J; or (iii) j <; i for some j € J.
(i): Itis trivial.
(ii): It suffices to show that if B is a £y-formula, then

Mio |:c B[%/a] <~ Mi ):c B[f/‘gj(ﬁ)]
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for all j € J and a € M;,. This is the case, since M; is a
2y-elementary extension of M;,.
(iii): It follows from the induction hypothesis. -

We need a couple of technical lemmas in the language of £(IQC) whose
proofs are given in Appendix A.

DEerINITION 4.10. Recall the definition of a schema in Definition 3.4. Then
we define simultaneously classes A, B, C, and D of schemata as follows. Let
P range over atomic formulae, v over expressions v (7] ...7,) (vx an n-ary
place holder symbol), o and o’ over A, f and p’ over B, y and 7’ over C,
and ¢ and ¢’ over D. Then A, B, C, and D are inductively generated by the
clauses

l.and ., aVvad Vxa,y = ac A;
a,Pv.AB BV B .YxB.AxB.y — B € B:
LPv.y Ay . yVY . 3xp.a— 7y €C:

7,0 N6, VX0, B — 0 € D.

LemMmA 4.11. Let € = ((K, <), f. (I, <)) be an extended frame such that
(K, <) is finite, and let Ke 7 = (K., <, D, ¢, ¢ 1) be the induced 1QC-Kripke
model by an 1Q0C-Kripke model T = (I, <;, M, n.I). Assume that for each
i,i’ € I with i <i' and formula B, there exists a formula [B]!" such that
FV([B]/) = FV(B) and

M; = [BY[X/d] & My =c BIX/ni(d)]

forall a € M;. where X are the free variables of B. If T C D and M,y =, T
forallk € K, then Ke 1 IFT.

DEerFINITION 4.12. Let T” be a class of formulae. Then T is closed under
subformulae if:

l.ifAoB eI, then4 € I'and B € I', where o € {A,V, —};
2.if Vx4 € T or 3xA4 € T, then A[x/t] € T for all term .

The class 3(I") of formulae is inductively generated by the rules:

1. Ac3()fordeT;
2.ifA.B € 3(I').then AN B, AV B € 3(I);
3. if A[x/t] € 3(T) for all term 7, then IxA4 € 3(T).

REMARK 4.13. In the language £, of HA, the classes of ¥,-formulae and
I1,,-formulae are closed under subformulae, and each X, ;-formula belongs
to a class 3(T") of formulae, where T is the class of IT,-formulae.

LemMA 4.14. Let £ = (K. <). f.(I.<y)) be an extended frame, let T be a

class of formulae closed under subformulae, and let T = (I, <;. M. n.|F) be an
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1QC-Kripke model such that if B € T, then
M; |=c BlX/a] < M; = B[X/n;;(d)]

foralli,j el withi <; jand a € M;. For the induced IQC-Kripke model
Kez = (K.<.D.elFe7).if B € 3(T), then

k\kez B[X/d] < M,y . B[x/a]
forallk € K and d € Dy = My y,).

DEFINITION 4.15. For each formula ¢[p;..... p,,] of LOPC) and n, we
define a set X,-p of L;-formulae by

-0 ={plA1.....An] | A1 ..., Ay are ¥, -formulae}.

PROPOSITION 4.16. Let Exc = (K. <). fx. (Ic. <x)) be the extended frame
generated by a finite IPC-Kripke model K = (K, <,IF) such that (Irc, <x) is
a rooted (and finite) tree, and let ¢[p;..... p.] be a formula of L(IPC). If
K I @, then

ICg)C.I ”_5;0,1 HA and ICg,C_I IV&C,I Zl—go
for some L1-Kripke model T = (Iic, <ic. M. n.IH).

PrOOF. Let iy € I be the root of the finite tree (Iic. <x). Then, by
Lemma 4.9 with Ty = HA, there exists a well-behaved set T of £;-sentences
such that for each X;-sentence C;, and L,-structure M;,. if

M =T+ C,

there exist an £;-Kripke model (I, <xc, M, n.I') and a family {C; | i € I}
of Zi-sentences satisfying that foreach i € I, (1)—(5) of Lemma 4.9. Let M;,
be amodel of 7, and let C;, = 0 = 0. Then M;, =, T + C;,, and hence there
exist an £-Kripke model Z = (Iic, <xc, M. n.I') and a family {C; | i € I}
of X;-sentences satisfying that (1)—(5) for all i € Ix.

Let Keo. 7 = (K, <, D, ¢, lFg. 1) be the induced £;-Kripke model by Z.
We show that K¢ 71 lFg. 7z HA and K¢ 1 Weoz @[B1..... B,] for some
¥ -sentences Bj,....B,. Since (K, <) is finite and the property (4) holds
for all i € I, by Lemma 4.11, if ' €D and M, () = I for all k € K,
then K¢, 1 IFgz I'. Therefore, since the axioms and the axiom schema
of HA belong to the class D and M/, ) = HA for all k € K. we have
Ke, 1 IFe. 7 HA.

Foreach m € {1, ..., n}, let B,, be a X;-sentence such that

HAFB, < \/ C.
i{[k]x|kl-pm}
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Note that, by (1)—(3), we have M; =, C; < i <i i’ forall i,i’ € Ir. Then,
by (5) and Lemma 4.14, we have

k H—g,cj B, & 3k’ c K(k, [+ DPm N k “_E;C,Z C[k’];c)
= E'k/ S K(k/ I+ Pm VAN ]‘4[](]’C ):c C[k,]lc)
&3k e K(K'IF pu AN[K e <k [klc) &k IF pp,

forallk € K and m € {1,...,n}. By Lemma 3.9, we have

ICS)C,I U’LS;C,Z gD[B1,...,Bn]. —|

Now, we arrive at a separation theorem for HA.

THEOREM 4.17. Let K = (K. <. V) be a finite IPC-Kripke model such that
(Ic. <x) is a rooted (and finite) tree, and let ¢ be a formula of L(PC). If
K o and Ex is locally directed, then

HA + L(K, <)* + 2-T(Ex) i Z1-.

Proor. Straightforward by Proposition 3.10, Proposition 3.14, Proposi-
tion 4.16, and the soundness theorem [33, Chapter 2, Section 5.10]. -

ExamPLE 4.18. By applying Theorem 4.17 to Example 2.10, we have
HA + L(K;.<1)* I/ £;-DNE,

especially HA + WPEM™ I/ £,-DNE; to Example 2.11, we have

HA + L(K>, <;)" + Z-T (ék,) i/ Z1-WPEM,
especially HA + 2-DML + X-DNE ¥/ £;-WPEM; to Example 2.12, we have

HA + L(Kj3, <3)* + Z-T'(ék,) i £1-DML,

especially HA + 2-DNE I/ £;-DML; to Example 2.13, we have

HA + L(Ky. <4)" + 2-T (Ek,) t/ Z1-WDML,
especially HA + 2-RPEM t £{-WDML; to Example 2.14, we have

HA + L(K>, <5)* I/ £-RPEM.

Note thatX;-DNE, 2{-WPEM, 2;-DML. X,-WDML, and X;-RPEM cor-
respond to MPpr, WLPOpg, LLPOpr, MPyy. and A;-PEMpg, respectively.

REMARK 4.19. Z-DNE (respectively, =-WPEM, -DML, 2-WDML, and
>-RPEM) is stronger than X;-DNE (respectively, ;-WPEM, X,-DML,
>1-WDML, and X;-RPEM) in HA, and they are equivalent in many-sorted
extensions of HA with countable choice.
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LPOpg
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MPpr WLPOpy
\\\\wx\\\ %
LLPOpg
MPyr
|
A -PEMpr

FIGURE 9. Derivabilities and underivabilities between omniscience principles.

Figure 9 summarizes derivabilities among the omniscience principles in
the introduction from which derivability between any pair of principles
follows.

We conclude the paper with discussing a possible relativization of the
previous results and lifting Theorem 4.17 up to X,,-level.

Let EIQ be an extension of £; by adding a unary predicate symbol Q.

ZOQ— and ZiQ—formulae are similarly defined with extra atomic formulae of
the form “Q(z).” HA* denotes the set of LIQ-sentences consisting of axioms

and instances of the axiom schema of HA. An EIQ—structure is a pair (M, QM)
where M is an £;-structure and QM is an interpretation of Q on M.
For a set Qp of natural numbers, we let

HA® = HA" U {Q(%) | n € 0o} U {-~Q(7) | n ¢ Qo}.
Note that HA? is ZlQ—complete for (w. Q). in other words, HA? . 4
if and only if (w, Qy) =, 4 for all ElQ-sentence A. Consider a ElQ-formula
rgA(x) denoting
“x is (a Godel number of) an L’lQ-sentence”

A [*“x 1s an axiom or an £1Q-instance of the axiom schema of HA”

VIy(xis 0(7)" A Q(»)) v Iy (“x is 20 (7)" A ~Q(»))].
(Here, y denotes y-th numeral as in Remark 7.)

Then, TgA (uniformly) represents HA? over HAZ in the sense that
A € HA? if and only if HA? -, 2, ([4]) for all £Z-sentence A.
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DerINITION 4.20. Let Qo C w, and let T be a set of C?-sentences. Then a
E]Q-representation over Qyg of T'is a ZlQ-formula 7(x) such that

HA* . Vx[(z(x) — “x is a sentence”) A (rgA(x) — 17(x))]. and
A € T if and only if HA? |, 7([A4]) (or equivalently (. Qo) =, t([4]))

for all £1Q—sentence A. A set of [,?—sentences T is well-behaved over Qy if
T has a ZIQ-representation over Qp and HA? C T C Th(w, Qy). We then

identify 7 (D HA*) with its ElQ-representation. Note that the condition
T C Th(w, Qy) implies (w, Qp) = Con(T).

As same as the usual relativization in computability theory, the discussions
and proofs in this section remain valid with the new predicate Q and
its interpretation Q. In other words, for the extended language £2, the
arithmetized completeness theorem (Theorem 4.5), and its applications,
Lemma 4.8, Lemma 4.9, and Proposition 4.16 are all relativizable in the
sense that they still hold if we replace £, ¥,, HA, and well-behavedness by
EIQ, 2 HAZ, and well-behavedness over Q. respectively. (We will see the
relativization of Theorem 4.5 in Appendix B.)

As a typical application of relativization, we consider the case that
0O denotes the X,-satisfaction predicate. Then, we have the following
generalization of Proposition 4.16.

DEFINITION 4.21. A X,-satisfaction predicate is a X,-formula Sat, (e, x)
such that

HA -, VX[4  Sat, ([A]. (Z))]

for all ¥,-formula 4 with the free variables X = xj. ..., x,, where (X) =
(X1, ....X,) (see, e.g., [13, Chapter I, Section 2, 2.55-2.57] for the definition
of ¥,-satisfaction predicates).

PrROPOSITION 4.22. Let & = (K. <), fic. (I, <i)) be the extended frame
generated by a finite IPC-Kripke model K = (K, <) such that (I, <i)
is a rooted (and finite) tree, and let @[p;. .... pm] be a formula of L(IPC).
If C W @, then for each n

KeozlFe. 7 HA +2,-PEM  and Ke, 1 WVer 1 Snri-g
for some L1-Kripke model T = (Ic, <ic, M,n,I").
PrOOF (SKETCH). Let Oy C w be given by
O ={a €w|wll Jedx(a = (e, x) ASat,(e,x))}.
and define a set 754 of EIQ-sentences by

75 = HA? U {Vy[Q(y) > JeIx(y = (e. x) A Sat,(e. x))]}.
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Then 75 is well-behaved over Q. We follow the proof of Proposition 4.16.
Let iy € Ix be the root of the finite tree ([xc.<x). Then, by (the
relativization of) Lemma 4.9 with T, = T5% there exists a set 7 of £1Q-

sentences well-behaved over Qp such that for each ZlQ—sentence C;, and
EIQ-structure (M;,. QMv), if

(Mioa QMiO) ):L‘ T + Cioa

there exist an EIQ-Kripke model (Iic, <x, {(M;, QM) | i € Ic}.n.IF) and
a family {C; |i € Ix} of ZlQ-sentences satisfying that for each i € I,
(1)—(5) of (the relativization of) Lemma 4.9. Let (M;,. Q™) be a model
of T, and let C;, = 0 = 0. Then (M;,. OQM») |=. T + C;,. and hence there
exist an ElQ-Kripke model T = (Iic, <xc. {(M;, QM) | i € I}, 5. IF) and a
family {C; | i € I} of EIQ-sentences satisfying that (1)—(5) for all i € Ix.

Let Ke.z = (K. <,D, ¢, kg 7) be the induced LIQ-Kripke model by Z.
Then, similar to the proof of Proposition 4.16, we have K¢, 7 IF¢. 7 HA.
Moreover, for each X,-formula B with the free variables X, since

M; |=. B[%/d] < (M;. Q™) =, Q(([B]. (@)))
forall i € I, by the ZOQ -elementarity of 7;;, we have
M; = B[X/d] < M; = BIX/n;;(a)]
for all i, j € Ix with i <g j. Therefore for each k € K, ¥,-formula B with
the free variables X and @ € M, (. by Lemma 4.14, we have
k H_é';cI B[)_C'/C_Z)] <~ Mf)c(k) ):c B[)_c'/c?]
© My, Fe BIX M pct) e (@)]
k' ez BIX /Nt ) petey(@)]

for all k' € K with k < k’. In particular, if k I, 7 B[X/a], then k IF¢, 7
- B[x/a]. Thus K¢, 1 IF¢. 7 £,-PEM.

Finally, we show that there exist X,.;-sentences Bj...., B, such that
Kee1 Weer @B, ... By]. As in the proof of Proposition 4.16, K¢, 1 e, 1
w[A., ..., A,] for some ZlQ—sentences Ay, ..., A,. Hence it suffices to show
that for each ElQ-sentence A there exists a X, ;-sentence B such that
Keo 1 kg1 A <+ B. For each ZlQ-sentence A, since Q(y) is equivalent to
a ¥,-formula Je3dx(y = (e. x) A Sat, (e, x)) over TS there exists a X, -
sentence B such that 75 |, 4 +» B. Therefore for each k € K, since
(M ). QMrx®) =, TS by Lemma 4.14, we have

kg z A (M), QMew) = 4
& (M ). QMrew) l=c Bk ke 1 B 4
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THEOREM 4.23. Let K = (K, <,IF) be a finite IPC-Kripke model such that
(Ic. <x) is a rooted (and finite) tree, and let ¢ be a formula of L(IPC).
If K W @ and Ex is locally directed, then for each n

HA + %,-PEM + L(K, <)* + 2-T(Ec) Y Sppi-.

ExamPpLE 4.24. By applying Theorem 4.23 to Example 2.10 with n > 0,
we have

HA + X,-PEM + L(K;, <,)* I/ %,.,-DNE,

especially HA + X,-PEM + WPEM* I/ %, . |-DNE; to Example 2.11, we
have

HA + %,-PEM + L(K>. <2)* + =-T(Ex,) I T -WPEM,

especially HA + X,-PEM + 2-DML + 2-DNE t/ £, |-WPEM; to Exam-
ple 2.12, we have

HA + %,-PEM + L(K3. <3)* + 3-T (&) 1/ £411-DML,

especially HA + X,-PEM + 2-DNE ¥ X, ;-DML; to Example 2.13,
we have

HA + 3,-PEM + L(Ky. <4)* +2-T(Ec,) 1 Zpp1-WDML,

especially HA + X,-PEM + X-RPEM t/ X, ;-WDML:; to Example 2.14,
we have

HA + X,-PEM + L(K>. <»)* I/ £,41-RPEM.

Note that X-DNE (respectively, >-WPEM, X-DML, X-WDML, and
>-RPEM) implies X,,1-DNE (respectively, X,.;-WPEM, X, ;-DML,
%,+1-WDML, and £, |-RPEM) in HA + %,-PEM.

§5. Concluding remarks. In this paper, we have developed a general
technique to separate omniscience principles over HA by constructing a
Kripke model of HA from an IPC-Kripke model. Example 4.24 shows
that all the separation results in [1] obtained by using several different
kinds of functional interpretations can be proved uniformly by applying
Theorem 4.23 to simple IPC-Kripke models; for some further separation
results among weaker principles by using Theorem 4.17, see [8].

On the other hand, our technique is not totally universal. According to the
recent study of the hierarchical structure of the logical principles restricted
to prenex formulae (including the principles studied in [1, 8, 9]) by Fujiwara
and Kurahashi [11], some principles in the (n + 1)-th hierarchy are mutually
equivalent in the presence of DNE or the double negation shift (DNS):

Vx—=v(x) = —=Vxv(x).
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in the n-th hierarchy. For example, X,,;-DML is equivalent to (IT,; V
I1,.1)-DNE in the presence of X,-DNE, but it is still open whether X, -
DML implies (IT,,; V I, {)-DNE over HA (cf. [11, Figure 3]). Since the
relativized theory already contains X,,-PEM (which is stronger than X,,-DNE
and X,,-DNS), our Theorem 4.23 does not provide separations of equivalent
principles, such as ¥, -DML and (IT,;; V I1,,;)-DNE, in the presence of
>,-PEM.

Furthermore, our technique is available only for a separation of logical
principles which are obtained from those in propositional logic by
substituting propositional variables by predicate formulae, and therefore
the fragments of DNS (investigated in [10]) are outside of the range of our
technique.

It is also remarkable that separation of two propositional theories by
an IPC-Kripke model does not necessarily induce a separation of their
¥ -substitution instances in HA. Consider the following propositional
formulae:

LIN[p.q1=(p = q) V(g = p).
LIN'[p.q1 = (p = —~q) V (=¢ = p).
ExaMpPLE 5.1. We show the following.
1. LIN' f/gpc LIN:

2. T-LIN' ¥igc¢ E-LIN;
3. HA +X;-LIN' I 3;-LIN.

For (1) and (2), consider an IPC-Kripke model K¢ = (Ks. <g.IFs) given in
Figure 10. Then Kg Iff¢ LIN[p, ¢]. On the other hand, LIN’ is valid on the
Kripke frame (K¢, <g). Therefore we have LIN’ ¥ipc LIN. Furthermore,
since the extended frame Ex, generated by K¢ is locally directed (cf.
Figure 10), we have

L(Kg. <¢)* 4+ Z-T(Ex,) troc Z-LIN,

by Theorem 3.15. Since T (Ex,) contains LIN'[p, ¢] for all p and ¢, we have
2-LIN’ ¥1oc 2-LIN. Note that the Kripke frame (/i,, <i,) generated by K¢
is not a tree, and Theorem 4.17 is not applicable.

For (3), first note that, since an instance

(p—=-p)V(=p—p)

of LIN’ is equivalent to WPEM[p], ;-LIN’ implies £;-WPEM. Assume
that £;-LIN’. Then to show X;-LIN in HA, it suffices to prove that

(Gx (s(x) =0) = Ix (t(x) =0)) v (3x (¢(x) = 0) — Ix (s(x) = 0)),
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FIGURE 10. The Kripke model and the extended frame in Example 5.1.

where s and 7 are (primitive recursive) terms of HA. Consider terms s and ¢
of HA., and let A(x) and B(x) be the following formulae:

A(x)= s(x) =0AVy <x(t(y) #0).
B(x)= t(x)=0AVy <x(s(y)#0).
Then
HA F —~(3xA4(x) A 3xB(x)).

Since ~3xA4(x) V =—3xA4(x) and ~3xB(x) V =—-3xB(x). by Z;-WPEM, we
have

—3xA(x) vV -3xB(x).
In the former case, if s(x) = 0, then =Vy < x (¢(y) # 0), that is,
Jy < x(t(y) = 0);

hence 3x (s(x) = 0) — 3x (¢(x) = 0). In the latter case, similarly we have
Ix (1(x) =0) = Ix (s(x) =0).

Interestingly, our technique can be applied even to an IPC-Kripke
model, which does not separate propositional principles, for separating their
substitution instances in IQC or HA.

EXAMPLE 5.2. We show the following.

1. LIN Fipc LIN;
2. -LIN Figc E-LIN';
3. HA + 3;-LIN ¥ ;-LIN'.

Note that, since LIN'[p, ¢] is an instance of LIN[p, ¢]. (1) is trivial.
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I,
a1 2. ik
e |
N
o Ok =2k,
I
K7 (Ix,. <x,)

F1Gure 11. The Kripke model and the extended frame in Example 5.2.

For (2), let &, = (K2, <5), fi,. (I,» <x,)) be the extended frame
generated by the IPC-Kripke model K7 = (K. <,.IF7) given in Figure 11,
where (K>, <») is the Kripke frame in Example 2.11. Then it is easy to see
K7 It LIN'[ p, q]. Since the extended frame i, is identical with Ex,, which
is locally directed, we have

L(K>. <5)* + 2-T (&k,) thoe Z-LIN',

by Theorem 3.15. To prove that Z-LIN Fioc 2-LIN, it suffices to show that
T (&x,) contains LIN[p, ¢] for all p and ¢. Consider an IPC-Kripke model
T = (I, <i,. IH).

Then either 0 Il—g,C7 zp.0 “—g,CTI gor0 U?églcrz P, q. In the first and second
cases, we have Ol-¢. 79 — p and Olbg. 7 p — ¢. respectively. In the
third case, either 1 e 7 p. 1 Weo 2 g orllke 7 p.g:in the first and sec-
ond cases, since 2 I, 7 p. . wehave O l-¢. 7 p — gandOlbg. 79 — p.
respectively; in the third case, we have 0 e,z P — 4.9 — p. Therefore, in
any case, we have 0 Ik, 7 (p — q) V (¢ — p).

For (3), since (Ii,, <x,) is a rooted tree, applying Theorem 4.17, we have
HA + X-LIN ¥ X;-LIN’.

To conclude the paper, we briefly examine the following assumptions
on a Kripke model K = (K, <.IF) in Theorem 4.17 and Theorem 4.23,
respectively:

1. The Kripke frame (Ijc. <)) generated by K is a rooted finite tree.
2. The extended frame & generated by K is locally directed.

The first and second assumptions are crucial for our constructions of
Kripke models of HA in Proposition 4.16 and of IQC-Kripke models in
Lemma 3.13, respectively. Although, as we have seen in Examples 2.10-2.14
and 5.2, many useful IPC-Kripke models enjoy these assumptions, we cannot
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remove the first assumption from Theorem 4.17. In fact, if we omitted it in
Theorem 4.17, since the locally directed extended frame Ex, in Example 5.1
separates LIN from LIN’, we could have

HA + X;-LIN' I/ £;-LIN,

which contradicts Example 5.1(3). Note that the Kripke frame (Iic,, <x,)
generated by K¢ has a confluent point, and is not a tree. On the other hand,
we still do not know whether the second assumption is essential or not for
Theorem 4.17.

Appendix A. Proofs of Lemmas 4.11 and 4.14.

LemMA A.l. Let £ = ((K.<). f.(I,<;)) be an extended frame such that
(K. <) is finite, and let Ke 7 = (K. <. D, ¢. g 1) be the induced 1QC-Kripke
model by an 1QC-Kripke model T = (I, <;. M.n.IF). Assume that for each
i.i' € I with i <i' and formula B, there exists a formula [B]\" such that
FV([B]!') = FV(B) and

M; . [BY [¥/d] & My |=. BI%/ni(a)]

for all a € M;, where X are the free variables of B. Then for each k € K and
formula A, there exists a formula Ay, such that FV(Ay) = FV(A4) and

klkez A[%/d) < Dy =0 Ay [3/d)
for all a € Dy, where X are the free variables of A.

ProOF. Given a k € K, define Ay by induction on the complexity of a
formula A4 as follows:

. A:k = A for A4 prime:

oAkEBk/\CkaI‘A BAC;
OAk_Bk\/CkaI'A BV C;

o A = Nersic([Be — Ck,];j(k) )forA=B — C:

A

o A, = Elyék for A = 3yB;

. /fk = /\k’zk([vyék’]ﬁz))) for A =VyB.

Then it is straightforward to show that
k lFez A[%/d] & Dy f=c AilX/a).

for all k € K and a € Dy, by induction on the complexity of A except the
cases for — and V. For —, we have

ket A[)?/Ei] < YK > k(k, ||—gz B f/ﬁkk ( )] =k’ lFe T C[f/ekk/(a)])
& Vk' > k(D e Bul% few (@)1= D e Col% /e (@)])
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& V' > k(Dp e (B — Co)[3 /e (@)])
SVE' > k(M) . (B — ék’)[)_é/”f(k)f(k’)(5)])
& VK > k(Mg e B — Col ) 13/a))
& Mg e ( /\ [Be = Col) E';))) [%/d]
k' >k
& Dy = Ail%/al.
for all a € Dy. For V, we have
ke A[X/d] < Vk' > kVb € Dy/(k' kg1 B[X, y/ewr (), b])
& Vk' > k¥b € D (Dy =c BulX. v/ (@). b))
e VK > k(D =. (VyBi)[X /e (@)])
S VK > k(Mg = (Vy By )[x/ﬂf wn(@)])
S VK" > k(Mg = Vy B 1. f(k [x/a)

& My (/\[VyBk/ ) [¥/a]

k'>k
<:>Dk }:C AAk[)_é/C_l'],
forall a € Dy. =

Recall the definition of the classes A, B, C., and D of schemata in
Definition 4.10.

LEMMA A.2. Let K = (K, <.D.IF.¢) be an 1QC-Kripke model. Assume
that for each k € K and formula A, there exists a formula Ay such that
FV(A4yx) = FV(A4) and

k I A[% /@] < Dy l=e Ac[3/a]

for all G € Dy, where X are the free variables of A. Then for each formula
A'. ..., A" k € K,and d € Dy,

l. ifa € A, then
' > k(K" IF (AL ... A"D[F /e (@)]) = Dy [=e (alA}. ... AL/,
2. if p € B, then
k- (BLAL. ... A")[R/a@]) = Dy = (BLA}. ... AT /).
3. ify € C, then
Dy =e Ay ... APD[F/a] = k Ik (y[4. ... 4"))[%/a).
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4. if 6 € D, then
Vi > k(D = O[AL) ... ALD[R Jerrr (@)]) = k - (3[4 ... A")[%/a].

where X are the free variables of a[A'..... A"] (respectively, B[A'. .... A"].
y[A'. ... A" and 5[A'..... A"]).

Proor. By simultaneous induction on A, B, C, and D.
Basis. It is straightforward using the assumption.
Induction step. Since the cases for the propositional operators A and V, and
the quantifier 3 are straightforward, we review the propositional operator
— and the quantifier V.
Case 1: Yya € A. Suppose that k' IF ((Vya)[A', ..., A"])[¥ /e (@)] for
some k' > k. Then, since k'l (Vy(a[d', ..., 4"]))[X /e (d)]. we have
k' I- (a[Al, ..., A"))[X. y/ew (@), c] for all ¢ € Dy, and hence

K- (afA, ..., A"DIX, y/ew (@), exier (b)]

for all b € Dy. By the induction hypothesis, we have Dy =, (oz[AA}(, ,AAZ])
[X.p/d.b] for all b € Dy, and so Dy = (Vy(a[A]}. ... A}1))[%/a]. Thus

Dy e ((Vya)[d}. ... A{D)[%/a).
Case 2: y — a € A. Suppose that k' I ((y — a)[4", .... A"])[X /ex (a)] for
some k' > k. Then

K- (A" e ADIF e (@)] = (A .. AR e ()]

Assume that Dy =, (y[AA}C, ,AAZ])[)?/ZZ']. By the induction hypothesis, we
have k IF (y[A4'..... A"])[X/d]. and hence k' IF (y[A',.... A"])[X/ew (a@)].
Therefore k" IF (a[A!..... A"])[X/ew (@)]. By the induction hypothesis, we
have

Dy = (aldj. ... A]][%/a].

Thus Dy = ((y = )[4} ... AI]D[¥/al.
Case 3: Yyp € B. Suppose that k I ((VyB)[A'. ..., 4"])[¥/d]. Then, since
k IFYy((B[AL..... A"])[X/d]). we have

k- (BlAL..... A")[X. y/ad.b]

for all b € Dy. By the induction hypothesis, we have Dy =, (ﬁ[/fl e ,AAZ])
[X,y/a,b]forall b € Dy. Therefore

Di e (VyB)Ay. ... AFDIR/a).
Case 4: y — 3 € B. Suppose that k I- ((y — B)[4!, ..., A"])[X/d]. Then
k Ik (p[AL, ... A")[X/a] — (B[A'..... A"])[X/a].
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Assume that D =, (y[.»i}(, ,AAZ])[)}' /d]. By the induction hypothesis, we
have k IF (y[A4'..... A"])[X/a]. and hence k I (B[A'. ..., A"])[¥/d]. By the
induction hypothesis, we have Dy |=. (B[4} .... A}])[X/d]. Thus

Dy e (7 = PAL. ... DI/ al.

Case 5: o — 7 € C. Suppose that Dy =, (o — y)[AL, ...,AZ])[)?/&’]. Then

Dy b= (aldy. ... A)[F/al = ([A}. ... AQ)[F/a).
Consider k' > k, and assume that k' I (a[Al . A")[X /exr(a)]. By the
induction hypothesis, we have Dy =, (a[4 A” 1)[X/a]. and hence
Dy f=c (7[Aje AZ])[x/Zz].

By the induction hypothesis, we have k I (y[A4!,.... A"])[X/d]. and so k' IF
(y[A'. ... A"))[X /e (@)]. Thus
kF((a— )AL, ... 4"))[X/a].

Case 6: Yyd € D. Suppose that Dy |:C ((Vyo)[A4L,. ... A” DX /exr (@)] for
all K’ > k. Then Dy =, (5[/1}{,,.. ,A” DIX. y/ew (@), c] for all k' > k and
¢ € Dy,. Therefore if k' > k and ¢ € Dk/, then

Dku ):C (5[14’\]1(//, vees AZ,,])[)_(;,)//gk/ku (8kk/(a)), 8k/k//(c)]

for all k” > k’. By the induction hypothesis, we have k' IF (5[4, .... 4"])
[¥. y/exie (@). c]. Thus k I (V0)[A'. ... A"])[F/a]. )

Case 7: p — 6 € D. Suppose that D/ =. ((f —0)[A},. ... ALDIX /exw (@)]
forall ¥’ > k. Then

Dy e (BlAR ... ALDIF [ (@)] — O[ AL ... ALDIF /eww (@)
for all k¥’ > k. Consider k' > k, and assume that
K'IF (BIAL. ... A"[X /e (@)].

Then k" IF (B[A', ..., A")[X/ernr (erar (@))]. for all k” > k’. By the induc-
tion hypothesis, we have Dy ): (ﬁ[Al,,, s ALDIX e (e (@))] for all
k" > k'. Therefore Dy =, (5[A}.. ... Ak,, ) [X/epi (erir (@))] for all k" >

k'. By the induction hypothesis, we have k' I- (5[4, .... A"]))[¥ /e (@)].
Thus k IF (B —=d)[4"..... A"])[x/d]. =

ProorF oF LEmMma 4.11. Consider a schema J[vi,....v,] in I'. By
LAemrna AA 1, for each k € K and formulae A', ..., A", there exist formulae
Aj..... A} such that

k kg1 A'[X/a] 1 My F A, [X/a]
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foralli € {1.....n} and @ € M. Since
Mgy e O[A}. ... AD)[R /]
forallk € K and a € M. by Lemma A.2, we have
k- (0[A'. ... A"))[X/a]
foralla € M. =
PrOOF OF LEMMA 4.14. It suffices to show that if B € I', then
kII—gIB[x/a <=>Mf ':L X/C_i

foralli € I and a € M ;). We proceed by induction on the complexity of
B. and review only the cases for — and V. If B = B’ — B”, by the induction
hypothesis and the assumption, we have

k ez B[X/al < Vk' > k(k' kez B'[X /e (@)] = k' ke 1 B"[X /e (a)])
Sk > k(M) e BIE /0 1000(@)]
= My Fc B"[X /17 r ey (@)])
S Vk' > k(Mg Ee BIX /17405 0e)(@)])
S My = B x/a .
If B = VyB’, again by the induction hypothesis and the assumption, we have
k ez B[X/al < Vk' > kVb € Dy (k' kg1 B'[X, y/ew(a), b))
S Vk' > kVb € Moy (M sy e B'IX. 2/1700) 7 40y(@). B])
S V' > k(M /gy Ee BIX /M40 700y (@)])
& Moy Fe B[x/a .

Appendix B. The relativization of the arithmetized completeness theorem.
Recall that EIQ is an extension of £ by adding a unary predicate symbol Q

and an ElQ-structure is a pair (M, QM) where M is an £;-structure and O™

is an interpretation of Q on M. Thanks to E?—instances of the induction
axiom schema in HA*, most proofs and discussions for £;-statements and
structures within HA can be carried out analogously for EQ within HA™.

THEOREM B.1 (Ar1thmet12ed completeness theorem—relativized). Let
0o C w, let T be a set of L -sentences which is well-behaved over Qy, and

let (M, OM) be an LlQ—structure such that
(M. O™) |=c HAZ + Con(T).

Then there exist a definable E?—structure (M, 0M) in (M, OM) and a ZOQ—
elementary embedding 0 : M — M such that (M. OoM) . T. Moreover, for
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each formula B, there exists an ElQ-formula [B] such that FV([B]) = FV(B)
and

(M. 0Y) |, [BI[%/a] < (M. QY) |-, B[%/0(a)]
foralla € M. where X are the free variables of B.

Note that a special case by letting Oy = w and forgetting Q is the original
arithmetized completeness theorem (Theorem 4.5).

Proor. Let 7(x) be a EIQ—representation over Qp of T. By arithmetizing

the usual argument within HA*, let T be the Henkin extension of 7. In
other words, obtain 7(x) which represents a set of [ZIQ U C-sentences which

extends 7(x) together with Henkin axioms for L’,IQ where C is the set of
Henkin constants (coded by numbers). Then HA* . Vx(z(x) — 7(x)) and
HA* I, Con(T) — Con(T"). Apply the syntactic form of the arithmetized
completeness theorem [31, Theorem 6.8] and obtain y(x) so that

HA* . Vx[(x(x) — “x is a sentence”) A (T(x) — y(x))]
A[Con(T) — “y(x) defines a complete set of EIQ U C-sentences”].

Now we see the semantic form of the arithmetized completeness theorem
[31, Theorem 6.10] in our formulation. Let (M, QM) =, HA? + Con(T).
Then we have (M, QM) =, Con(T). Hence, by arithmetizing the usual
Henkin construction using the complete theory defined by 2(x). one

may obtain a definable £Z-structure (M, QM) in (M. QM) such that
for any E?—sentence A, (M. OM) =, 4([4]) & (M, o) . A and thus
(M, QM) . HA*. For a given EIQ-formula B, one may obtain [B]
by formalizing Tarski’s truth definition. Moreover, for each standard
number m € w, we have m € Qy < (M, QY) . Q(m) & (M, QM) .
t([Qm)]) & (M. QM) =, x([Q(m)]) & (M, QM) = Q(m). Therefore
(M-, QM) |:c HA%.

Now consider the canonical embedding 6 : M — M as in Remark 4.4,
then M can be embedded onto an initial segment of M by [31, Lemma 6.12].
Moreover, for each m € M. we have (M. OM) =. O(m) < (M, QM) E.
0(in) < (M, 0M) . 0(0(m)), and hence 6 is LIQ-homeomorphism.
Therefore, 0 is EOQ -elementary by [31, Lemma 3.8]. -

See also [13, Chapter I, Section 4, especially 4.27] and [36] for stronger
forms of the arithmetized completeness theorem and a modern proof.
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