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On Varieties of Lie Algebras of Maximal
Class

Tatyana Barron, Dmitry Kerner, and Marina Tvalavadze

Abstract. 'We study complex projective varieties that parametrize (finite-dimensional) filiform Lie al-
gebras over C, using equations derived by Millionshchikov. In the infinite-dimensional case we con-
centrate our attention on N-graded Lie algebras of maximal class. As shown by A. Fialowski there are
only three isomorphism types of N-graded Lie algebras L = €D7°, L; of maximal class generated by
Ly and Ly, L = (Ly, L,). Vergne described the structure of these algebras with the property L = (L;).
In this paper we study those generated by the first and g-th components where g > 2, L = (L1, Lg).
Under some technical condition, there can only be one isomorphism type of such algebras. For g = 3
we fully classify them. This gives a partial answer to a question posed by Millionshchikov.

1 Introduction

Much effort has been made to understand the algebraic varieties that parametrize Lie
algebras, in particular nilpotent Lie algebras. The long list of literature on this subject
includes, in particular, [V, KN, Ha, ENR].

A filiform Lie algebra is a nilpotent Lie algebra of maximal class of nilpotency. A
generalization of this concept, called a Lie algebra of maximal class, and varieties of
such algebras were studied in [M1].

A Lie algebra g is called residually nilpotent if (;°, g’ = {0}, where g' = g and
{g'} is the lower central series of g. A residually nilpotent Lie algebra g is called a Lie
algebra of maximal class if ¥;(dim g'/g"*' — 1) = 1. In the finite-dimensional case
these are exactly filiform Lie algebras.

An explicit system of quadratic equations that describes a variety of filiform Lie
algebras or of Lie algebras of maximal class is provided in [M1]; this is one of the
main results of the paper. We use this system to study the topology of the varieties of
n-dimensional filiform complex Lie algebras (Section 2).

In Section 3 and in Appendix B we study central extensions of N-graded filiform
Lie algebras with lacunas in grading. Although neither finite-dimensional filiform Lie
algebras nor infinite-dimensional Lie algebras of maximal class have been classified
up to an isomorphism, they have been extensively studied for the last few decades. In
[M1] Millionshchikov conjectured the existence of only three isomorphism types of
Lie algebras of maximal class generated by the first and the g-th graded components

Received by the editors June 28, 2013; revised March 5, 2014.

Published electronically April 28, 2014.

D.K. was partially supported by FP7-People-MCA-CIG grant 334347.

Research of the first author is supported in part by NSERC.

The first author previously published papers under the name Tatyana Foth.

AMS subject classification: 17B70, 14F45.

Keywords: filiform Lie algebras, graded Lie algebras, projective varieties, topology, classification.

55

https://doi.org/10.4153/CJM-2014-008-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-008-x

56 T. Barron, D. Kerner, and M. Tvalavadze

(i.e., with lacunas in grading from 2 to g — 1). Using the results on central extensions
from Subsections 3.1 and 3.2 we prove Theorem 3.9 and also classify N-graded Lie
algebras of maximal class generated by the first and third graded components. Our
results coincide with the computer calculations of Vaughan-Lee, who investigated the
cases q = 3,4.

Our main results are Theorems 2.2, 2.4, 3.9, and 3.27.

2 Topology of Parameter Spaces

In this section all Lie algebras are finite-dimensional over C.

Equations of the affine variety of n-dimensional filiform complex Lie algebras are
given in [M1, equations (19), (28)—(30)]. We are going to consider instead complex
projective varieties M,, that are obtained from the varieties in [M 1, Theorem 4.3] by
removing the Abelian Lie algebra, projectivizing, and “dropping” the variables that
do not appear in the equation; see a precise explanation below.

2.1 General Properties of M,

The parameter space for n > 9 is defined by the following system of quadratic equa-
tions on the variables x;,s = 0,...,n—5,j =2,..., @, (Theorem 4.3 [M1]):

¢ for n odd:
M, ={Fjqr=0for2<j<gq, j+2q+r+1<n,r>0}
¢ for n even:

M, ={Fj4,=0for2<j<gq, j+2q+r+1<n, r>0}
O{Fj’q7,+(—1)§_j_qx_1G]-7q.r:0f0r2 <j<gq,j+2q+1+r=mn,r>0}
ﬂ{x_lGM,_l =0for2 <j<yq, j+2q:n},

where polynomials F; 4, and Gj 4, are as follows:

ro P gl
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The variable x_, is denoted by x in [M1]. Our notation emphasizes the weight. The
quadratic polynomials F;,, are weighted homogeneous; they contain only mono-
mials of the form x,, ;x,, ,—;. The linear forms G; . contain only monomials of the
form x,,+1. Thus, for n odd, or for n even and x_; = 0, the variables x,, with
t > n— 9 do not participate in the defining equations. Moreover, even fort < n—9,
many of x,; do not appear in the defining equations. We shall always consider the
“minimal” version of M,, inside the projective space spanned by those x,, that do
appear. Adding more variables that do not participate in the equations means taking
the cone over the “minimal” M,,.
The group C* acts on M,, by weighted homogeneous scaling

(x—1, o}, {xends oo {em—s}) —
(Ao, {xo b, Mo b o N X ms )

A € C*. This is seen directly; the defining equations are equivariant. The points of
each C* orbit correspond to isomorphic Lie algebras, as the action is induced by the
rescaling of the generators, e; — A\~ le;.

Accordingly, the set of homogeneous coordinates splits into the subsets {x s}s,
coordinates of the same C*-weights. The loci M,, N {x,.; = 0 for i # j} are invariant
under this C* action. The parameter space gets decomposed into ‘elementary pieces’
as described in the proposition below.

Proposition 2.1 Letn > 9.

(i)  Forn odd, the open dense part M, \ {x..o = 0} deforms (homotopically) to M, N
{x.; = O0fori > 0}. For neven, M, \ {x_; = 0} deforms (homotopically) to
M, N {x.; = 0fori > 0}, which is a point. In both cases the open dense part
My \ {xx n—s = 0} deforms (homotopically) to M,, N {x.; = 0 fori < n — 5}.
(ii)  The topological Euler characteristic of M,, can be computed as

xXM,) = 47127:5 X(Mn N {x*,i =0fori# ]}) :

j==1

(iii) Forn odd, M,,N {xw =0for0<i< ”;9} is isomorphic to the projective space
with homogeneous coordinates

{ }";9+1gkgn—5
XikIagj<nst

(iv) M, N {x*,i =0 fori # [”;9]} = {Fz,a,z[?] =0} C IP)({&J%]}]':ZN,[%I])-
(v) Forn> 10, M, N {x,; = 0fori # [*2] =1} = {F35-11 =0 = Fa4u_11}
fornoddand {Fy3,_12 =0 = Fr4,_12 = F34,_12} for n even.

Proof (i): The case of odd n. Suppose at least one of x, ¢ is not zero. Consider the
flow (X405 AXu 1y - - -y A" "Xy y—5), for X € C*. This is a continuous flow for A € C,
well-defined on M,, \ {x.o = 0}. It provides the homotopy from M, \ {x., = 0},
for A = 1,to M, N {x.; = 0fori > 0}, for A = 0. The other statements in (i) are
proved similarly.
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(ii): Suppose n is odd (the proof for # even is similar). We shall use (i) and similar
statements:

e (M, N {xs0 =0}) — {x.; = 0} deforms homotopically to
My N {x,; = 0fori # 1},

e (MyN{xs0=0,x.1 = 0}) — {x.2 = 0} deforms homotopically to
My N {x,.; = 0fori # 2},

etc.

By the additivity of the Euler characteristic,

X(Mn) = X(Mn N {x*,O = 0}) + X(Mn\{x*,o == 0})
= X(Mn N {x*.O =0= x*,l})
+ x((My N {xeo = 0P\ {xe1 = 0}) + x(M,, N {x..; =0 fori > 0})

= My A {0y = O fori # 1))
j=0

(iii): The polynomial F;,, consists of monomials x, ;X ,—;, hence if x,; = 0
for0 < i < [”’9] and r < n — 9, then all the relevant polynomials vanish. So,

2
M, N {x.; = 0for 0 <i < [%2]} is the projective space, spanned by the remaining
coordinates.

(iv) and (v) follow by direct check of the defining equations. [ |

2.2 The Parameter Space for n = 9,10,11

In this subsection we quickly discuss My, after which we compute Betti numbers
of the components of M, for n = 10, 11 and discuss geometric structure of these
components. Some facts that we use are summarized in Appendix A.

221 n=9

The subvariety My C P? is defined by the equation
(21) 2X2A’0X470 — 3)(,'%’0 + X3,0X4,0 = 0,

where x; 9, 3,0, X40 are the coefficients that appear in the deformation cocycle.
Remark: (2.1) is consistent with the first equation in [M1, (22)]. In the notation
of [M1], this is the equation F, 3 = 0.
This subvariety (an algebraic curve of degree 2) is smooth. (Its singular locus
isx0 = 0 = x40 = X390 Le, it is empty.) By the genus formula the genus is
(2 —1)(2 = 2)/2 = 0, thus My is isomorphic to P!,
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222 n=10

The subvariety Mo C P(x_1, {x;j}) is defined by

Fr30: 2%0%40 — 3x§70 + x3,0%40 = 0
Fr31+xGys1: — 2x00%41 + 7X30X3.1 — X3,0%X4,1 — 3X4,0%X2,1 — 3%4,0%31
+x_1(2x25 +x32) =0
X_1Gaa—1: X_1(2%20 — X309 — X40) = 0,
where x; ; are the coefficients that appear in the deformation cocycle.

Denote by M(I%) the component of My that corresponds to x_; = 0. Its equations
are

2ny0x4’0 — 3x§70 + X3,0X4,0 = 0
—2x2,0%4,1 + 7X30%X31 — X3,0%X4,1 — 3X40%21 — 3x4,0%31 = 0.
Note: the first equation is the same as (2.1), and the second equation (F,3; = 0 in
notations of [M1]) coincides with the third equation of [M1, Example 4.6].
To simplify the formulas we make a linear change of coordinates:
200 = 2X20 + X3 0, Z10 = X3,0, 220 = X4,0,

201 = 3(%21 +%31), Z11 = X3,1, 21 = X41-

In the new coordinates, M\?) is defined as

6

2
{X_l = 207022_’0 — 321,0 =0= *ZO,OZZ‘I + 721’02171 — 227020_’1} C ]P)x_l,z*‘*'

Denote by M(lg) the component of My, that corresponds to x_; # 0. For it we get
the system
2
ZXZ70X470 — 3x310 + X3,0%4,0 = 0
—2x,0%a1 + 7X3,0X31 — X3,0Xa1 — 3X40%X21 — 3X40%31 +X_1(2x25 +x3,) =0
2x20 — X300 — X4,0 = 0.

As before, we change the coordinates:

200 = 2X20 + X3 0, 21,0 = X3,0, 22,0 = X4,0, 201 = 3(x2,1 +x3,1),

21,1 = X3,1, 221 = X415 20,2 = X32, 212 = sz,z + X3..

B

Then the equations become

2
{200220 — 321 = 0 = —200221 + 7210211 — 220201 + X121
7

X—1,Z5 % "

=200 — 22170 — ZZ,O} cp

We eliminate z ( using the linear equation to get the equivalent presentation

(2.2) M%) ={(3z10 + 220)(210 — 220) = 0,

6
(2210 + 220)201 = 7210211 — 22,0201 + X—1212} C P°.
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Theorem 2.2 (1) M(I%) C P is a subvariety of dimension 3; its singular locus is
the plane
{x—l = Zpo = 0= 210 = 22,0} C lP’G.

The singularities of M&%) are resolved in one blowup, and the resolution M(I%) is a projec-
tive bundle over P'. More explicitly,

M) = P(Tj. @ Op(—1))|c,,

where Ty, is the cotangent bundle of the plane and |c, denotes the restriction of the
bundle onto a smooth conic C, C P2,

M) admits an algebraic cell structure, M\) = € U (2C2) UC' U . In particular,
its odd homologies vanish, while the even homologies are:

Ho(M{,7) = 7= H(M{,2),  Hy(Mig,2) =7,  Hy(M{,2) = 2%,

(ii) M(lg is isomorphic to the union of two quadric 3-folds in P°, intersecting along
{200 = 0 = 219 = 229 = x_1212}. Each quadric is the cone over a smooth quadric
surface in P>

Proof (i): We consider everything inside the hyperplane {x_; = 0} = P> C P®.
The singular locus of M9 is defined by the maximal minors of the Jacobian matrix
(the matrix of all the partials of the defining equations):

22,0 —621,0 20,0 0 0 0
—2z1  7z210  —201 —Z0 7210 —Z200

Thus this singular locus is Z := {zp9 = 0 = 219 = z20}. (We consider the singular
locus as a set, omitting the multplicities.) Note that the singular locus is of codimen-
sion one in M\%; i.e., the variety is not normal. To compute the normalization, i.e.,

the normal variety Mﬁ%) with the finite surjective birational morphism, M(I%) — M(I%),
we blowup along the singular locus:

1 0) 0
M(IO) = BZZM(l()) = {(20‘0721,0722.0) ~ (00,01,02), 0go2 = 307,

_ _ — »> »2
00231 + 70'12171 02201 = 0} C ]Pz** X ]Pa*

By construction, Mg%) has two natural projections: ME%) 5 P2 and Mg%) RS Mg%).

Consider the fibres of m,. If (zp0,210,220) # (0,0,0), then the condition
(200,210, 220) ~ (09,01,02) determines the point (g9, 01,02) € lP’f,* uniquely. If
(200,21,0,220) = (0,0,0) then (z1,211,221) # (0,0,0), and therefore there are
two equations on (0y, 01, 07), linear and quadratic. Geometrically, for a fixed triple
(20,1, 21,1,22,1) we have a line and a conic in the plane IP’%,* ; they intersect in two points
(counted with multiplicity). Therefore the projection 7, is finite and is a 2:1 cover
over the singular locus.

Consider the projection 7,. For a fixed point (0y, 01,0,) € lP’g* the conditions

on z, , are linear and linearly independent. Therefore this projection equips M(I%)
with the structure of P> bundle over its image, the conic {090, = 307} C P2 . In
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particular, it follows that MY is smooth, hence the map M'9 % M%) is not only a
normalization but also a resolution of singularities. Finally note that ﬂg(M(I%)) C p?

is a smooth conic C C P2, therefore M'9) is a P2 bundle over IP".
It remains to understand the P? bundle structure. First, consider the particular

locus in M(I%), where zp 9 = 210 = 2,0 = 0. We claim that

(0) — PpT*
MIO |Z0.o:21$o=Zon=0 =P T]P’Z |C'

Indeed, after rescaling the coordinates (2, 1, 1.1, 20,1 ), we get the defining equation
{(00,01,02) X (221,211, 201) = 0} C P2 xPZ. Geometrically, this can be interpreted
as the variety of pairs: a point in P2 and the lines passing through this point. (Recall
that a line in IP? is defined by a 1-form.) The set of lines passing through a point,
i.e., the set of non-zero 1-forms up to scaling, is naturally the projectivization of the

cotangent space to P2 at this point. Therefore M|, . _. . _o = PTyc.

As the other extremal case, consider the locus z,; = z;; = z; = 0. Then
(20,0, 21,0,22,0) # (0,0,0) and the fibre over (o9, 01, 0,) is one point: the projec-
tivization of the tautological bundle, Op2(—1).

Finally, for any fixed point ¢ € P2 the remaining equations are linear.
Hence each fibre over o is the span of PT;, and POp:(—1),, ie., each fibre is

P20
P(Tp, , @ Op2(—1),). As this identification is canonical, we get the statement.
(ii): Follows from the presentation in equation (2.2). [ |

Remark 2.3 Singular points of M(I%): as mentioned above, the singular points of
M) are

lz0:2z1:20 123 2 24 2 25]
such that zy = z; = z, = 0 and z3, z4 and z5 are any (but not all zero at the same
time). This means that x, 0 = x39 = x40 = 0 and x,1, X33, x4,1 take any values (not
all zeros). Therefore, the deformation cocycle ¥ of my(10) (see definition of my(n)
in Section 3) is of the form

U =111 + 23151 +x41P41,
where U, 1, U5, and Wy are closed cocycles from HZ(mg(10), mp(10)) defined in
[M1, p. 183] by explicit formulas. Then, for i,j > 1 ¥(e;,ej) = ajjeiyjy for ap-
propriate scalars «;;, and the cocycle vanishes on the remaining vector pairs. Let us
re-name basis elements as follows

flzel, ﬁ+1:ei, 122,,10
This is an N-graded basis for a filiform Lie algebra g corresponding to W. Indeed,
[fi, fil = leici,ej—1] = qiyj1eivj—1 = qi—1,j—1 fisj,
where i, j > 1 and
[flaﬁ] = [elveifl] =€ = ﬁ+17
where i > 1. As shown in Section 3, g must be one of the following algebras: mj ; (11)
(the central extension of mj(10)), mg ;(11) (the third central extension of mg(8)),
mg 5 (11) (the fifth central extension of mj(6)).
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23 n=11
The equations of My; are [M1]:

. 2 _
Fy30: 2% 0%40 — 3x3’0 + x30%40 = 0,

Fys1: — 2%20%4,1 + 7X30X31 — X3,0%X4,1 — 3X40%2,1 — 3X40%x3,1 = 0,
. 2 _

Fr40: — 2x50%50 + 43 0X4,0 — 6X3 o + X3,0%5,0 + X4 0X50 = 0,

Fr3o: — 2% 0%4 0 + 8x3,0X32 — X3,0X42 — 4X40X22 — 6X40X3 2

2
+ 2X57()XZA’2 t X50X32 — 3XZ71X4A’1 + 4x3ﬁ1 — 3X3,1X4,1 =0.

As was pointed out earlier, our expressions for F, 3, and F, 3, are consistent with
[M1]. Our equation F, 49 = 0 is the same as the corresponding equation in [M1,
Example 4.6]. Our equation F; 3, = 0 differs from that in [M1, Example 4.6] by the
coefficient at the x, ;x4 ¢ term, but we checked our calculation several times and are
confident that our coefficient is correct.

Apply the following change of variables:

20,0 = sz,o + %30, 21,0 = X3,0, 220 = X4,0, 23,0 = X5,0 — 6X4,0,
Z01 = 3(x21 +x3,1), 211 = X3.1, 221 = X4,1,
202 = 2% + X3.2, Z10 = X3, 220 = X4

B

Then we get the following equations:

. 2 _
Fl . Z(),()Zz,() — 321’0 = 0,
Fy: — 200201 + 7210211 — 220201 = 0,
Fs: 2302210 — 20,0 + 220) + 22,0(1621 90 — 6299) = 0

. 2 _
Fy: — 200200 — 201221 + 421 ) + 8210212 +4220(202 — 212) + 230202 = 0.

Theorem 2.4 (i) The parameter space has two irreducible components, X and Y,
both of dimension five, as a set Mj; = X UY.

(ii) The component X = {z99 =0 =219 = 220 = 42} | — 20122.1 + 230202} C P’
enters with generic multiplicity 2. The singular locus of (reduced) X is

1

212222 "

Sing(X) = {Zo,o =0= 210 = 220 = 21,1 = 20,1 — 22,1 = 23,0 = Zo,z} =P

X admits the algebraic cell structure: CC U C* U C* U C*> U C' UC°. In particular, its
odd cohomologies vanish, while all the even cohomologies are 7.

(iii) The component Y is reduced, it is the topological closure of the affine part of
My in @ = {z09 # 0} C P°. (Thus, the defining equations of Y N C° are obtained
from the equations above by setting zo o = 1.) The affine partY N{zyo # 0} is smooth.
The intersection with the infinite hyperplane Y N {zyy = 0} is defined, as a set, by
{Zo,o =0=2z10 =230 = 20,1 = Zf,l + Zo,z(Zo,z - Zl,z)}-

The affine part, Y N {z09 # 0} C C, is isomorphic to the C*-bundle over the line
with two punctures, C, '\ {(z10 +1)(3z10 — 1) = 0}.

Also, Hy (Y, 7) = 7, for 0 < 2i < 10 and Hy(Y,7Z) = 7%% all the other cohomolo-
gies vanish.
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Proof (i) Consider the part of My at infinity, M;; N {290 = 0}. We get (omitting
multiplicities) zo o = 0 = z; 0 = 2;,02p,1. Hence this part splits; by direct check we get
two components:

2
M N {zpp =0} = {Zo,o =0=2z10=20=42) — 20,12, + 23,020,2}
2
U {Zo,o =0=2z19g=230=2, =2, +2,0(202 — Z1,2)}

Note that neither of them lies inside the other, e.g., they are distinguished by z, o = 0
and zp; = 0. By direct check, the first component is of codimension 4, the second
is of codimension 5. Note that the whole space, My, is defined by four equations,
therefore at each point of Mj; the (local) codimension is at most 4. Therefore, the
first component is an honest component of My; (we call it X), while the second com-
ponent belongs to the intersection of Y with the infinite hyperplane z; o = 0.

(ii) To check the generic multiplicity of X, fix some generic values of zg,, 212,
222, 23,0, 20,1, 21,1 and let 2y, 21 9, 22,0 Vary near zero, while z, ; varies near a root of
42%1 | — 20,1221 + 230202 = 0. This corresponds to the transverse intersection of the
generic point of X by a linear space of the complementary dimension. The generic
multiplicity of X is the multiplicity of this local intersection, i.e., (algebraically) the
length of the Artinian ring C{zy, 21,0, 22,0, 22,1 }/(F1, F2, F3, Fx). Note that for the
generic values of z 5, 21 2, 222, 23,0, 21,1, the variable z, ; enters linearly in equation Fj,
hence can be eliminated. Similarly, the variable z; o can be eliminated using F5, while
23,0 can be eliminated using F,. Thus the ring C{z 0, z1 0, 22.0, 221} / (F1, F2, F3, F1) is
isomorphic to C{z; o }/Q, where the expansion of Q in z; ¢ begins with a quadratic
term. Hence the intersection multiplicity (i.e., the length of this ring) is two.

To understand the cell structure, consider the affine part, X N {z3 o # 0}, and the
part at infinity, X N {z3p = 0}. By direct check: X N {z30 # 0} =~ C _ . . . .
Continue to “cut” the infinite part: '

XO{Z&O = 0} :Xﬁ {237() =0 22071}me {2370 = 07 ZOA’] 7& 0}

'P)3 ((“4
BN R R 20,121,121,222,2

Finally, we use the standard cell decomposition P> = € [JC* [J C' [ €°. This gives
the algebraic cell decomposition of X.
(iii) The defining equations of the affine part of Y|, 4 are

20 = 32%,07 21 = 7210211 — 22,020,15
Z37()(22110 -1+ 2270) + 32%,0(1621’0 — 6) =0,
20 = —2,1221 t 42%11 + 8210212 +4220(202 — 212) + 230202
Therefore Y projects isomorphically onto

{z30(2210 — 1 +327 4) + 327 4 (16210 — 6) = 0} C ¢

21,023,020,121,120,221,2 "

Note that the defining equation does not contain variables zy 121 12221 2, so this is
a C* bundle over the curve {z39(2z19 — 1 + 32{) + 3z{,(16z10 — 6) = 0} C
(Cgl.UZS,O' Finally, this curve projects isomorphically onto (C;l_o outside the locus
(3z10 — 1)(z10 + 1) = 0, i.e., with two points punctured.
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Finally, we use Section A.3 for the pair:
Ysoeo CY: oo = Hi(Y|go=0,2) = Hi(Y,Z) = H;(Y,Y|,=0,7) = -+ - .

Note that Y \ Y|,,—o is smooth of real dimension 10, thus by Proposition A.5,
Hi(Y,Y|s0=0,2) = HY7(Y \ Y|,,=0,Z). As established above, the homo-
topy type of Y \ Y|, ,—o is that of C' with two punctured points. Therefore,
H;(Y |4 ,=0,2)—H;(Y,Z) for i < 8 and

0 — Ho(Y,7) — H,(C'\ {2 pts}, Z) — Hg(Y|,,=0,Z) — Hy(Y,Z) — 0

As shown above, Y |,, ¢ is a singular quadric in P>, and its cell structure is C* U
C*UC* Ut UC. In particular, all its even cohomologies are 7Z, while all the odd
cohomologies vanish. Note also that Hg(Y,7Z) contains (at least) one factor of 7Z,
being a projective hypersurface. Therefore, from Hg(Y |, ,—0,72) — Hs(Y,Z) — 0,
we get Hg(Y,Z) = 7, and the last map is an isomorphism. Thus, 0 — Hy(Y,7Z) —
H,(C'\ {2pts},7Z) — 0, proving the statement. [ |

A remark about the first component of My,

The component X of My; contains the Z-graded algebra g of type mg;(11) defined
in [M2, p. 268], which would correspond to z; = z4 = z5 = z; = z3 = z9 = 0 but
z¢ # 0. Besides, X also contains algebras corresponding to z; = zg = z9 = zg = 0.
The corresponding deformation cocycle is

Ve, ej) = aijeirju,

where i, j > 1, «;; are scalars. Besides, ¥ vanishes on the other pairs of vectors from
the standard basis {e;, e, . .., €11} of mg(11). Renaming basis elements f; = e; and
fir1 = e; wherei = 2,...,11, we obtain an N-graded basis for g corresponding to
W. As would follow from results of Section 3, g should be of one of the following
types: m; ,(12) (the second central extension of mj(10)), mg ;(12) (the third central
extension of m3(9)), mj 5(12) (the fifth central extension of mj(7)), mg 4(12) (the
sixth central extension of m}(6)).

There are also algebras in X corresponding to z; = z4 = z5 = z¢ = 0. In this
case, the deformation cocycle is W(e;, ej) = ojeiyjio for i, j > 1, and it equals zero
on the remaining vector-pairs. Changing notation of the basis elements of my(11):
fi = e, firn =€i,i =2,...,11, we obtain an N-graded basis for g corresponding to
V. Thus, g is obtained by taking one-dimensional central extensions of mg(8). There-
fore, X contains algebras of the following types: mg,(13) (one-dimensional central
extension of m$(12)), mg 5(13) (the third central extension of mg(10)), m§15(13) (the
fifth central extension of mj(8)).

3 Structure of N-graded Filiform Lie Algebras

The classification of nilpotent Lie algebras is a difficult problem widely discussed in
literature. Nilpotent Lie algebras up to dimension 5 are well known. In [CGS] the au-
thors gave a full classification of 6-dimensional nilpotent Lie algebras over arbitrary
fields. In higher dimensions, there are infinite families of pairwise nonisomorphic
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nilpotent Lie algebras. In dimension 7 each infinite family can be parameterized
by a single parameter. Many papers on classification of 7-dimensional nilpotent Lie
algebras have been published, but the most complete list of such Lie algebras was
obtained by Ming-Peng Gong (see [G]).

In this section we are concerned with those nilpotent Lie algebras whose nil-index
is n—1 for a given dimension n over an algebraically closed field F of zero characteristic.
Such Lie algebras will be called filiform. An infinite-dimensional analog of a filiform
Lie algebra is a so-called Lie algebra of maximal class (or of coclass 1). Namely, a
residually nilpotent Lie algebra is called a Lie algebra of maximal class (or coclass 1)
if .o, (dimg'/g"*! — 1) = 1, where {g'} is the lower central series of g. In [V]
M. Vergne has shown that an arbitrary filiform Lie algebra is isomorphic to some
deformation of the graded filiform Lie algebra my(n) defined by its basis ey, . . . , e,
and nontrivial Lie products: [e;, ¢;] = €j+1,i =2,...,n— 1.

Example 3.1 Let my be a linear space with a basis {e;, e, ... }. Define the Lie
product on mg by [ey, e;] = e;41 for i > 1, and let the other products be zero. Note
that we can introduce two types of N-gradings:

Type 1: mo = @izl L;, where L; = span{e;, e, } and L; = span{e;;1 }.
Type 2: mg = @, Li, where L, = span{e, } and L; = span{e;}.

In the case of infinite-dimensional N-graded Lie algebras of maximal class, Vergne
proved the following theorem.

Theorem 3.2  Let L = ;.\ Li be an infinite-dimensional N-graded Lie algebra of
maximal class and suppose L = (L,). Then L = my (with Type 1 grading).

By taking quotients of m, we obtain finite-dimensional filiform Lie algebras
my(n) = my/I, where I, = span{e,+1, €ss2,...}. We next introduce other im-
portant examples of infinite-dimensional Lie algebras of maximal class.

Example 3.3 The Lie algebra m, is defined by its basis {e}, e,, . . . } with multipli-
cation table as follows

[elaei] = €i+1, i 2 27 [eZaei] = €i+2, i Z 3)

with the remaining products all zero.

Example 3.4 The Lie algebra W (the Witt algebra) is defined by its basis
{e1, ey, ...} with multiplication table as follows
lei,ej] = (j —deirj, 1,j> 1
In [F] the classification of N-graded Lie algebras of maximal class L = @, L
generated by L,, L, was obtained. Namely, the following theorem holds.

ieN

Theorem 3.5 Let L = ;.\ Li be an infinite-dimensional N-graded Lie algebra of
maximal class and suppose L = (Ly, L,). Then one of the following holds:

(i) L=my

https://doi.org/10.4153/CJM-2014-008-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-008-x

66 T. Barron, D. Kerner, and M. Tvalavadze

(i) L= my;
(i) L= W.

(Note that this result was also obtained 14 years later in [SZ], and it also follows
from [M2, Theorem 5.17] 2004.)
Let us now consider N-graded Lie algebras of maximal class that are generated by
graded components of degrees 1 and g where g > 2. Hence,
g= @ g
i=1l,q
We give some examples of such algebras below.

Example 3.6 The Lie algebra m{ is defined by its basis e, e, . . . with multiplica-
tion table as follows

ler,ei] = eiv1, 124,
and the remaining products are zero. The basis as above will be called the standard
basis for m.

By taking quotients of m{ we obtain finite-dimensional filiform Lie algebras
md(n) = m{/I,, where I, = span{e,.1, €2, ...} also generated by components
of degrees 1 and q.

Example 3.7 The Lie algebra m, has the basis ¢, ¢;, . .. and the following multi-
plication table:

le,ei]l =ei1, 124,
leg, ] = eqri, 12>qg+1,

with the other products zero.

Example 3.8 The Lie algebra W1 is given by its basis e}, ¢;, . . . with the following
multiplication table:
lei,ej] = (7 — e,

with the remaining products all zero.

Notice that W1 is a nonsolvable Lie algebra of maximal class. It is not known
yet whether there are nonsolvable Lie algebras of maximal class other than algebras
described in the preceding example. The isomorphism classes of solvable Lie algebras
of maximal class were given in [B] (see also [L]).

Here is the main conjecture.

Conjecture  Let g be an N-graded Lie algebra of maximal class generated by graded
components of degrees 1 and q. Then g is isomorphic (as a graded algebra) to one of the
following three algebras: m{, m,, W4.

Later we will see that this conjecture is actually equivalent to the conjecture from

[M1, p. 190].
For g > 2, we show the following theorem.
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Theorem 3.9  Let g be an N-graded Lie algebra of maximal class generated by nonzero
graded components g, and g,, where q > 2, and let g, # {0}. If

(84> 8r1] = -+ = (829, 82g11] = 0,
~ q
then g = m.

In some sense this result is similar to Theorem 3.2. If g is generated by two graded
components as above, then under some technical condition there can only be one
isomorphism type.

Besides, we prove the conjecture for ¢ = 3 using some general results on central
extensions of mg(n) obtained in Subsections 3.1 and 3.2.

3.1 Central Extensions

Let L be a Lie algebra and V a vector space with a skew-symmetric bilinear form
0:LxLw—V,ie,0(x,x) =0forall x € L. Then 0, as above, satisfying

0(lx, y],2) + 0([z,x], y) + 0([y, 2], x) = 0,

where x, y,z € L, is said to be a cocycle. If 0: L x L — V isa cocycle,then Ly = L@V
with the product defined by

x+v,y+w]) = [x,y] +0(x,y)

is a Lie algebra. Then Ly is said to be a central extension of L by V. Note that V is
central in Ly. If both L and Ly = L ¢ V are filiform, then 6 # 0. Otherwise, L} = L*
and
Ly/lg=(L&V)/I>’=L/I>®V.
Then
dimLy/L; = dimL/L* + dimV > 3,

since dim L/L? = 2 (this fact holds for any filiform Lie algebra). Therefore, Ly cannot
be filiform, a contradiction. Furthermore, if Ly = L&V is a one-dimensional filiform
central extension of a filiform L, i.e., dim V' = 1, then Ly is generated by L. Indeed,
since dim V = 1,V = span {w}, w # 0. As noted above, 6 # 0, i.e., there are two
x,y € Lsuch that 6(x,y) # 0. Thus, [x, y]’ = [x,y] + 0(x,y) = [x,y] + aw for
some v # 0. Hence, w = a~ '[x, y]’ — a~![x, y] € (L), and, therefore, V' C (L).

Let g be an N-graded filiform Lie algebra generated by nonzero g; and g,, g > 2.
Theng =g ® g; @ - - ® g, for some n. Without any loss of generality we assume
that g, # {0}, otherwise, we discard it.

Lemma 3.10 Let g be an N-graded filiform Lie algebra generated by nonzero g, and
g, Additionally, assume that g,q # {0}. Then every g;, i = 1,q,...,n is a nonzero
component of dimension one.

Proof We first want to prove that if g; # {0}, then dimg; = 1. Since g = (g1, g,)>
8+q = 181, (81,8411 # 0. Hence, [g1,8,] # 0 and g4 = [g1,8,] # {0}. Then we

can write g as
8§=81D8 D81 D82 D g &~ Dgi,
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where g;,, ..., g are the remaining nonzero graded components. Hence, dimg >
4 + s (the total number of nonzero components). Since g is filiform, its nil-index
m = dim g — 1 > 3 + 5. Directly computing components of the lower central series
of g we obtain the following:

g Cgpt o tgi,
g Cgut +gi,
g Cgito g,

g Cg + g,

3+s—1
gr Cgi, t g,
3+s

g g i,
g4+s — {0}

This means that nil-index m < 3 +5s. Therefore, m = dimg—1 = 3+s,and dimg =
4 +s. Since there are exactly 4 +s nonzero graded components, each component must
be one-dimensional. Since dim g/g> = 2 and dim g'/g'*! = 1, i > 2, all inclusions
above become equalities.

We next show that there is no ‘gap’ in the grading from g + 1 to n. This means
thatall g;,i = g+ 1,...,n must be nonzero. Assume the contrary; i.e., there exists s,
q < s < nsuch that g, = {0}. Let s be the smallest number satisfying this condition.
Clearly, s > 2 +q. Let goys, t > 1, s+t < n be the first nonzero component following
g—1. Consider g = g/J, where ] = B ,. ., g is the ideal of g. Then g s also filiform,
and

gzgl Eng@"'@fgsfl @§s+t>

where g; = g; + J, dimg; = dim g; = 1. Besides, g is also generated by g; and g,.
We next choose a basis: e, e, ..., e, e, such that [e), e;] = ez, and [e), e441] =
eqi2. Since g = {0}, [er,e,—1] = 0. It is known that a filiform Lie algebra g has
an adapted basis: fi, fo,..., fio k = s — q+ 2 = dimg such that [f1, fi] = fir1,
i=2,....,k—1,and [f;, fj] € span{fisj,..., fc}. Moreover,

g/g" = span{fi, fo} +§ = spanfer, g} + &,
g/g"" = span{fin} +g"" = span{egii} +8",

TUE = span{f g} +E T = spanfe 1} +F T,
g /g1 = span{ f,_gi2} = span{ess}
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Therefore, e; = A1 fi + A2 f» + h, where h € span{ f;, ..., fi} and es_1 = pfi1 + B o
u#0,k=s—q+2. Then

0=[er,es—1] = [Mfit Xfo+hpfeor + Bfil = Miplfi, i1l = Mipfe
Since 41 # 0 we have that A\; = 0. Hence, e; = A\ f, + h. Write egy = vf5 + I,
v # 0,k €span{fs,..., fi},and ego = 6fs + 7,5 # 0, b’ € span{fs,..., fi}.
Therefore,
egr2 = [en, el = (Mo + v fi + W1 =X\~vfs+h,

where i € span{fs, ..., fc}. Comparing with e,1, = §fi + I’ we obtain that § = 0,
a contradiction. This means that there cannot be any ‘gap’ in the grading of g. The
proof is complete. u

Lemma 3.11 Let g be an N-graded filiform Lie algebra generated by nonzero g1, g4,
and let g, # {0}. Then there is a basis for g : ey, e, . . ., e, such that g; = span{e;}
and [er, e = €1, i = q,...,n— 1.

Proof As follows from the previous lemma, each component is of dimension one.
Therefore, it suffices to show that [g;,g;] # Oforanyi =1,q,...,n — 1. We know
that [g1,g,] # 0, [g1,84+1] # 0. Assume that there exists i, n > i > g + 1 such that
[g1,8i] = 0. Consider g = g/J, where ] = ®j>i+1 g;. Then
g=8190g D - DG D g,

whereg = g+ J,1 = 1,q,...,i + 1. Then g~ %" = g @ gy and g1 =
(8,8 ©® gi+1] = {0}. This means that dimg'~9"! /g~*2 = 2. This contradicts the
fact that g is filiform. Therefore, [g;,g;] # 0 foranyi = 1,q,...,n — 1. It is now
easy to see that we can choose a required basis for g. ]

The following corollaries are immediate consequences of the above lemmas.

Corollary 3.12  Let g be an N-graded filiform Lie algebra generated by nonzero g, , g,,
and let gy.q # {0}. If n < 2q + 1, then g = m{(n).

Corollary 3.13  Let g be an N-graded Lie algebra of maximal class generated by both
graded components g, and g, and let g, 7 {0}. Then each graded component is one-
dimensional. Moreover, there exists a basis e, ey, . .. for g such that g; = span{e;} and
ler,ei]l = e, 1> 1.

Definition 3.14 Let g be an N-graded filiform Lie algebra as above. Any basis
{e1,eq, ..., e,} of gsatisfying g; = span{e; }, and [e1, ¢;]] = e;11, 1 > 1, will be called
canonical.

3.2 Central Extensions of m!(n)

In this section we discuss one-dimensional N-graded filiform central extensions of
mg(n). The following lemma is similar to [M2, Corollary 5.3]. As was noted earlier
if g is an N-graded one-dimensional filiform central extension of mg(n), then g is
generated by g; and g, since m{(n) = (g1, g,) (see the beginning of Subsection 3.1).
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Lemma 3.15 Let g be a one-dimensional N-graded filiform central extension of

mg(n).

(i) Ifn=2k+1, theng= m{(2k+2).

(ii) Ifn = 2k, then either g = mg(Zk +1)org = mgﬁl(Zk + 1) defined by the basis
€1,€q, - - -, €2k, E2k1 ANd structure relations:

[elv ei] = €i+1, i= qs-- 2k and [erv eZk+1—r] = (_1)rik62k+1a r=4q,... 7k'

Proof First we consider the case of odd n = 2k+1. Ifk < g, thenn = 2k+1 < 2q+1
and n+ 1 =2k +2 < 29+ 1. By Corollary 3.12, g & m{(2k + 2). Now let k > g. Let
us choose the standard basis for mg(Zk +1):

€1,€q, - - €2k+1;

where [ej,e;] = Aijeirj, Ay = 1, i > gand Aj; = 0,i,j > q. Let g de-
note an N-graded one-dimensional filiform central extension of md(2k + 1). By
Lemma 3.11, the standard basis can be extended to the following canonical basis
€1,€q, - - - €2kt1, €2k42 Of g such that

lei, exks2—i]l = Nipks2—i€oks2, 1=4,...,k.

Note that if i + j < 2k + 2, then the products [e;, ¢;] are exactly the same as in
m{(2k + 1). Let us find unknown structure constants Aigks2—ir i = ¢q,..., k. We
know that J(ey, e/, 2k+1—,) = 0, where r = ¢q,...,k and J( ) is the Jacobian. This
equation can be rewritten in terms of A’s as follows:

(31) )\1r>\1+r,2k+17r + )\r,2k+17r)\2k+1‘1 + )\2k+17r.,1)\2k+27r.,r =0.

Note that A, = 1, Aggr1—r1 = —1, and Arop1—, = 0. Therefore, (3.1) becomes
>\1+r,2k+1—r + )\r,2k+2—r =0, r= qy---s ka

and Mgy1441 = 0. Clearly, this system has a unique solution: A\.px42—r = 0, 7 =
q, - .., k. Thus, md(2k + 2) is the only central extension of m{(2k + 1).

Let us now assume that n = 2k. If k < ¢, then 2k < 2gand 2k +1 < 2q + 1.
By Corollary 3.12, g = m{(2k + 1). Now let k > g. Choose the standard basis for
mg(2k):

€1, eq, e ey €2,
where [e;, e;] = Aijeirj, Mii = 1,i > g,and \j; = 0,1, j > q. Let g be an N-graded
one-dimensional filiform central extension of m{(2k). By Lemma 3.11, the stan-
dard basis can be extended to the canonical basis e, ey, . . ., €11, €2x+2 of g such that
where [e;, exk+1—r] = Ar2k+1—r€2k+1, T = 4, ..., k, and the remaining products are
exactly the same as in mg(Zk). Let us find unknown structure constants Aysx1—r,
r=gq,...,k Since gis a Lie algebra, we have that for every r = ¢, ..., k,

J(er, e, ex—r) = 0.

Therefore,

At AL 2k—r F Arak—rA2k1 + Ask—r1 Adkr1—rr = 0,
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where A\, = 1, A1 = Aak_r1 = —1, and A1, = 0. Equivalently,
Alrak—r + Arakr1—r = 0.

Set M1 = B. Then A ppe1—r = (—1)*"3.For B =0, g is isomorphic to m{ (2k+1).

Assume that 3 # 0. Then introducing a new N-graded basis {e}, e, ..., ¢}, } such
thate] = e, el = “lei= q, - - .,2k+1, we obtain the following structure relations
for g:

e, el =¢,.,, i=gq,...,2k,
—k
[e:aelzkﬂ—r] = (=1 e;kﬂ'

This is a Lie algebra, since J(e;, ej,e;) = 0 for any admissible i < j < r. Indeed, if
i+j+r < 2k+1, then J(e;, ¢}, e,) = 0, since mg(Zk) is a Lie algebra. If i+ j+r = 2k+1,
then the following two cases occur.

Case 1: i > q. Since ¢ > 1 we have thati+ j < j+r < i+r < 2k + 1. Consequently,
)\ij = /\jr = /\ir = 0. Thus,

Jeisej,er) = (AijAivjr + XjrAjuri + Aideyi )€ jur = 0.
Case 2:i = 1. Then j + r = 2k, r = 2k — j. Then
J(er,ejean—j) = AijArejoh—j + Ajok—jdak1 + Aok— i1 Aakii—jj
= At+j2k—j T Ajake1—j = 0.
The proof is complete. u

Definition 3.16 The basise, ..., ey for m?m (2k + 1) with multiplication table
as in Lemma 3.15 will be called the standard basis.

Lemma 3.17 Let g be a one-dimensional N-graded filiform central extension
of ng(Zk + 1). Then g is isomorphic to mg,z(Zk + 2), defined by its basis

€1,€q, - - - E2kt1, €2ky2 and structure relations
. I—k
[elaei] = €it+1, l:%-~-72k+17 [61762k+1—l] :(*1) €2k+1, l:qa"'vka
—k
ler, exkia—r] = (1) (k+1—=1)exss, 7=4¢,....,k+1.

Proof First of all, we determine all N-graded one-dimensional central extensions

of mgﬁl(Zk + 1) in the same way as we did in Lemma 3.15. Let ej, e, ..., ex; de-
note the standard basis for m{; (2k + 1). Then its one-dimensional N-graded fili-
form central extension g can be defined by the canonical basis: ey, e, . . . , €2x41, €2k12
(see Lemma 3.11). Arguing in the same way as in Lemma 3.15 we obtain that
J(e1, e, ex+1—,) =0and r = ¢, ..., kis equivalent to

(3.2) A ALkl —r T Aroke—rA2ke11 + Adk1—r1 Aaki2—rr = 0.

Note that in (3.2), Ay = 1, Aaks1,1 = —1, Aakr1—r1 = —1and A=, = (=1,
Hence, (3.2) takes the form

—k
Aarakii—r + Apakro—r = (=1)7".
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This yields Arok0—r = (— 1)~ (k + 1 — r). Therefore, g has the same multiplication
table as mg ,(2k + 2) does. We next show that m{,(2k + 2) is indeed a Lie algebra.
Considerany i, j,r =1,q,...,2k+2suchthati < j <randi+ j+r = 2k+2. The
following two cases occur.
Case 1: i > q. Then

i+j=2k+2—-r<2k+2—-q<2k

since g > 2. Likewise, j + r < 2kand i + r < 2k. Thus, \;; = Aj; = A\j; = 0, and

J(eisej er) = (NijAivjr + AjrAjiri + Aidrsi j)eisjor = 0.

Case2:i=1.Then j+r=2k+1,r =2k+1— j. Then

J(er,ejy a1 i) = AijArsjokei—j + Ajoakr1—jAokr1,1 + Aokr1— 1 Aokea—j

= Ajokei—j + Ajakea—j — (=D F =0.

Therefore, J(e;,ej,e;) = 0 for any i,j,r = 1,q,...,2k + 2. This means that
mgﬁz(Zk + 2) is a Lie algebra. The proof is complete. ]

Definition 3.18 Let mg73(2k + 3; B1) denote an algebra spanned by e, e, ...
€k+2, €2k+3 with the following structure relations:

)

[61,61‘] = €i+1, i:qa"'72k+27 [61762k+1—l] = (_1)1_k62k+17 l:qa"'aka
[ejyelk+27j] = (_I)J_k(k'i_ 1— j)eZk+2a ] =4q,.-. 7k+ L,

k—r+2
[er762k+37r] = (_1)r—k(( k—r > - 61) €3, =4, .. 7k+ 17

where /3 is any scalar.

Definition 3.19 We inductively define algebras of type mgA’S(Zk +s; B ) where s > 3,

B=(6,...,0)and] = [%] —1. An algebra of type mg73(2k+3; (1) was introduced
above. Assume that mgy5(2k+ s; B) with a basis: e;, €g, - - -, esk4s has been constructed.

(i) For an even s, m375+1(2k +s+ 1;3) = span{ey, €qy - - - » C2kss, €2ksst1 > Where

B = (B, ..., B Br1) (with additional parameter ;) and

(3.3)

k—r+s s (k—r+s—i
ler, eakrst1—r] = (l)kr<( k—r > + ;(1)1( ker4i >ﬁz) €2k+s+15
s+1}

r:q7...,k+{ 5
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(ii) For an odd s, mgysﬂ(Zk +s+ 1;8") = span{ey, €qy - - - €okss, Cakist1 }> Where
BI:B:(ﬂla"'vﬁl)and
(3.4)
I .
k—r+s Sk—r+s—1i
ler, exkis1—r] = (l)kr<( k—r > +;(1)1( ker4i >ﬁz) €2k+s+15
s+1
r=gq,...,k+ {—2 ]

Additionally, [e;, exkts] = eisr1> and if i + j < 2k + 5, then [e;, e;] remains the
same as in mg7s(2k + 5 0).

The basis ey, . .., eysr1 for mg_rs qCk+s+ 1 ') with the above multiplication
table will be called the standard basis.

Lemma 3.20 Let m{ (2k +s; f3) be a Lie algebra. Then mg (2k + 53 B) is filiform.
If g is its one-dimensional N-graded filiform central extension, then g is isomorphic to
mg 2k + s+ 1; 3') for some j'.

Proof By our assumption mg’s(Zk +5;3) is a Lie algebra. As follows from Defini-

tion 3.19,

mi (2k+55) =8O8 ® D g,
where g; = span{e; } is an N-grading. Since [e;,e;] = €41,i =¢q,...,2k+s— 1, we
have that

=g @D Dgrrss and g =gui1 D D Goterss
where i > 2. Hence, dim g/g’> = 2 and dim g'/g'"! = 1, whichis a necessary and
sufficient condition for g to be filiform. It is also easy to see that m{ ,(2k + s; ) is
generated by the first two graded components.

Let us now determine all N-graded one-dimensional filiform central extensions
of mg7s(2k +503). Let ey, eg,...,exs be the standard basis for mg’S(Zk + 5 3). By
Lemma 3.11 its one-dimensional N-graded filiform central extension can be defined
by the following canonical basis:

€1, €q, -« - 5 €2k+21—1, €2k+21-
Since g is a Lie algebra, the Jacobian J(ey, e, €24+5—) = 0,7 =¢q,..., k+ [ﬂ . Equiv-
alently,
(3.5) AlrA L 2kts—r T Ar2kbs—rA2kas 1 T A2kts—r1 Adkast1—rr = 0
where A, = 1, Aakrs1 = Azkss—r1 = — 1. Therefore, it can be rewritten as
(3.6) Alrakis—r T Arkisti—r = Arokbs—r-

Consider the following two cases.

Case 1: s = 2 + 1. Then the right side of (3.6) is

(k=2 o (k—r+20—iY .
Arakrs—r = (—1) (( L )+Z(—1)( P )/31>,

i=1
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r=4q,....,k+ 1 Since A1 = 0, this system of linear equations has a unique

solution:
(3.7)
! ;
k—r+2l+1 i(k—r+2l+1—1
_(__1\k—T 1\ .
Arakrsei—r = (1) (< L >+;< 1)( L )ﬂl>,
r=4gq,...,k+I These structure constants define mgvs+l(2k+s+ 1;3"), where ' = .

Case 2: s = 21. The right side of (3.6) is

I—1 .
k—r+2l—1 Sk—r+2l—1—1i
_ (__1\k—r 1)\ .
)‘f-,2k+s—r*( 1) <( k—r >+i§_1( 1)( k—r+i >B1)

Introducing a new parameter ) = A4y k4141, We obtain

., —r+2l i(k—r+2l—
)\r,2k+s+l—r = (_l)k ( < > Z(_ ) ( —r 4+ ) >

which defines a Lie algebra of type m0,2k+s+1 (2k + s+ 1;3"), where 5’ = (8, B)). Thls
proves the lemma.

Proposition 3.21  For any value of multiparameter § = (31, ... 7ﬁ[+7]71)’
1,...,q, m{ (2k +s; 3) is a Lie algebra.

(i) Ifs < qisodd, then mg7s(2k+s; ) has a unique N-graded one-dimensional central
extension which is m ., (2k + s+ 1; 3) with the same multiparameter 3.

(i) If0 < s < qis even, then m{ (2k + s; ) has infinitely many non-isomorphic
N-graded one-dimensional central extensions. Each such extension is of the form
mg_’5+1(2k+5+ 1; ') with multiparameter 3’ = (3, B[%] ). Moreover, for different
values of 1, we obtain non-isomorphic central extensions.

Proof Letusprove by induction on s that mgﬁs(2k+s; B),s=1,...,qisaLiealgebra.
Lemma 3.17 is a basis for induction when s = 1. Assume that for some s < g m{ (2k+
s;3) is a Lie algebra for any 3. Consider § = mgﬁm(Zk + 5+ 1;8'). Tt follows from
Definition 3.19 that g is obtained from an appropriate m{ ,(2k +s; 3) by extending its
standard basis and adding relations (3.3) or (3.4). Let ej, e, . . ., €k, €2kts41 be the
standard basis for g. By our inductive assumption, J(e;, ej, ex) = 0if i+ j+r < 2k+s.
Hence, we only need to consider the case wheni+ j+r=2k+s+1,i < j<r.
Ifi > g,then j+r < 2k+ (s — q) + 1 < 2k, because s < g. Since

i+j<i+r<j+r<2k,
we have that \; ; = A\;; = Aj, = 0. Therefore,
Jeisej,er) = (N jAivjk + Ajadjeki + Akidkai j)eis jok = 0.

Ifi = 1, then j +r = 2k + 5. In this case, J(e1,ej, exs—j) = 0 is equiva-
lent to (3.5), and as was already shown, (3.7) is a soluti_on to (3.5). Consequently,
mg‘2k+s+1 (2k + s+ 1; 5') is a Lie algebra for any values of 5'.
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On the other hand, by Lemma 3.20 any one-dimensional filiform central exten-
sion m¢ (2k + s; 3) must be of type mg ., 2k +5+ 15 f3'). For an odd s it is unique,
while for an even s there is one-parameter family of them.

Let s be a positive even integer such that 1 < s < g. It remains to show that for
different values of the parameter ﬁ[%] we obtain non-isomorphic N-graded Lie alge-

bras. For this, we consider two one-dimensional central extensions of mg 2k +s; B)
corresponding to different values of [3;s1):
g1 = span{er, €, - - - ; ks, Cokistl s
k—rts
ler, exkest1—r] = (fr,s + (=12 B)esrst1s

where
s/2—1

ke[ (ks ik rs—iy
frs = (=1) (( L, )+iz_lj< 1)( L ),61),

B is a particular value of 3 [5£1] and

’o / /
82 = Span{elv S IRRREL) =) 62k+s+1}7
kert s
(€], 1] = (frs + (=1 28015

where f;, is as above and §’ is another value of B[% | such that 8 # f’. Notice
that g; and g, have the same structure constants \;; whenever i + j < 2k +s. Let
us now assume that g; = g, as N-graded algebras. This means that there exists a
graded isomorphism ¢: g; — g, defined by ¢(e;) = e}, wherei = 1,q,...,2k +
s+ 1. Clearly, every «; is a nonzero scalar. Then p([e,ei]) = [@(er), p(e)], i =

1,q,...,2k+s Hence, aj1) = a1 - o, i = q,q+ 1,...,2k + s, which means that
(3.8) o =aa
wherei = g+1,...,2k + s+ 1. Next, we can always choose 7, j > 1,2k < i+ j <

2k + s such that \;; # 0. Then p([e;,e;]) = [p(e), p(ej)], Aijaiy; = Nijoyay,
aiyj = ajaj. Using (3.8) we get ay = al. 1t follows from multiplication tables of g
and g, that for ry = k + 5 we have
[67‘07 eZk+s+1—r0] = Berkss+1, [6:07 e/2k+5+1_r0] = /Ble;k+5+l'
Therefore, p([ey,, exkrst1-n,1) = [@(er), p(€rrtsi1—r,)], which means that
5a2k+5+1 = B/aroazk-%—ﬁ—lfry
Using (3.8) we obtain a2kl = p'a2k*s*1 hence B = [3’, which contradicts our

original assumption. Thus, ¢ is not an isomorphism. The proof is complete. ]

Remark 3.22  In order to simplify notation for the s-th central extension of mg(Zk)
we will omit 3 in mg skes(2k + 53 8) whenever the value of 3 is not important and

denote it by mgﬂzkﬂ(Zk +5).

We next focus on studying m-th filiform central extensions of mg(2k) where m >
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Lemma 3.23 Letk > g, andletg = m87q+5+1(2k +q+s+1),s > 1, bea Lie algebra.
If Mg okes = 0, then either Xjopie1 = 0 07 A1 oks—q + Agokis—q = 0.

Proof Since k > ¢, 2k > 2q+ 1 = q+ (q + 1). It follows from Definition
3.19 that the product [eg, e541] in g must be the same as in mg(Zk). Therefore,
legs e411] = Agqr1€2411 = 0. Since mquﬂﬂ(Zk +q+ s+ 1) is a Lie algebra, we have
that J(eg, €411, €2k45—¢) = 0. Equivalently,

)\q+l,2k+s—qA2k+s+Lq + >\2k+s—q,qA2k+$,q+l =0.

By Leibnitz rule for derivations (see the beginning of Subsection 3.3),

)\q+1,2k+5 + Aq,Zk-%—s-*—l = )\q,2k+s-
Hence, Agi1okts = Agokts — Ag2ktst1 = —Agaksst1- Thus, the above equation takes
the form
()\q+1,2k+sfq + )\q,2k+sfq))\q.2k+s+l =0.
Hence, either A1 skis—q + Agakts—g = 001 Agakisi1 = 0 as required. [ |

Lemma 3.24 Letk > q. If both mgwl(Zk +qg+1)and mg~q+2(2k + g +2) are Lie
algebras, then

(1) )‘q,2k+1 =0,
(11) )\q,2k+2 =0 lfk > q + 1.

Proof Since k > g,2k > 2q+1 = g+ (q + 1), and similarly to Lemma 3.23 we can
show that [eg, eg1] = Agqt1€2941 = 0.

(i) By our assumption, mgwl (2k+q+1) isa Lie algebra. Thus, J(ey, €441, €2—q) =
0. Equivalently,

Agt12k—gA2ki1g T A2k—qqr2kgr1 = 0.

It follows from the multiplication table of mg_q 12k + g+ 1) that Ay, , = 0 and
Agtigk—gq = (—1)4*1=k £ 0. Therefore, Ag2k+1 = 0. Notice that Ajor1 = 0in
mg ., (2k + ¢ +2) as well.

(ii) Since Agar+1 = 0 we can use Lemma 3.23 for s = 1. Hence, either Ay, =
0 or Agr12ki1—g + Ag2kt1—q = 0. Recall that Agyi k11— = (1)1 =k(k — q) and
Agakil—q = (—1)77*%, Hence, if k > g+ 1, then Agr12ki1—q + Ag2kt1—g 7 0. Thus,
Ag2k+2 = 0, as required. [ |

3.3 Proof of Theorem 3.9
Let g = span{ey, ..., e,} be an N-graded Lie algebra such that
le,e]l =ein, i=1,...,n—1, [e,ej]l = Njeirj, i,j>1
The Leibnitz rule for derivation ad(e;) yields
(3.9) Aij = Aiv1j + Aij-
Lemma 3.25 Letk > 2q. Ifg= mg32q(2k + 2q) is a Lie algebra, then we have

Aag—12k+1 = Aag—22k12 = =+ = Agakeq = 0.
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Proof By the previous lemma we have that A; 541 = Aoz = 0, since k # g + 1.

Since k > 2g we have that

)\q,q+1 = )\q+17q+2 == )\2q71,2q =0.

Indeed, since i+(i+1) = 2i+1 < 2k, wherei = ¢, ...,2q—1, all products [e;, €;+1] =
Aiir1€2i+1 in g must be the same as in mg(Zk). Therefore, [e;, eir1] = Aijr1€2i41 = 0,
wherei=gq,...,29— 1.

Let us now show that Ay k11 = Agii2k+2 = Ag2ks3 = 0. Indeed,

](qurla €q+25 ezqu) =0.

Since Agi1,4+2 = 0, we have that
Agi2.2k—qA2ki2,g+1 T A2k—ggr1A2ki1,9+2 = O,
where Aji2 g = (—1)727%(k — 1 — g) and Agy1 26— = (—1)7"1 7%, Hence,
(k—1—q@Ag12k42 + Agi22ks1 = 0.

Using relation (3.9), we have

Agr12ki2 + Agr22kt1 = Agii 2kl

where >\q+l,2k+l = >\q,2k+1 - /\q,2k+2 =0 (bY (3.9)).

Since k > 2g, k — 1 — q # 1, we have that

)\q+1,2k+2 = )\q+2,2k+1 =0.

Finally, Agi1 2542 = Agoks2 — Agaks3 (by (3.9) ). Hence, Agori3 = 0.

Let us now use induction on s. Assume that

)\q,2k+3 == )\q,2k+5 =0,
)\q+5—1,2k+1 = )\q+s—2,2k+2 == >\q+1,2k+s—1 =0,

where 2 <5 < gq.
We know that

q+s—1<g+s<2k+2—qg-—s.

Besides,
(q+s—1)+(g+s)=29+2s—1<4q9—1 <2k
Thus, Agys—1,g+s = 0. Therefore, J(egis—1, €ges, €2k12—g—s) = 0 is equivalent to
)\q+s,2k+27q75)\2k+2,q+571 + AZkJrzqus,qusfl)\ZkJrl,qus =0.
Since )\q+s.2k+27q75 = (_1)q+5—k(k +1-— q— 5) and )‘q+571,2k+27qfs = (_1)q+$—1—k’
we have that
(k+1—q—5)Agrs—12k12 + Agisokrr = 0.

By relation (3.9),

Agrs—12k42 T Agis2ktl = Agrs—12k+15
where Ajis_12k1 = 0 by inductive assumption. Since k > 2q, we have that

k+1—q—s#1and Agrs—1,2k+2 = Agesktr = 0. Next Mgy 1ok00 = Agrs—22k42 —
Agrs—2,2k+3- Also, Agys—22k2 = 0 by inductive assumption. Thus, Ags— 22113 = 0.
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Likewise, Agis—22k13 = Agrs—32k+3 — Agrs—32k+4- ThUS, Ags_32k14 = 0. After a
finite number of steps we get the following:

)\q+172k+s = Aq,2k+s - Aq,2k+s+l~
Since Agi12k+s = Agokes = 0, we have that A\ 541 = 0, as required. Therefore,
)\q+s,2k+1 = )\q+s—1,2k+2 == )\q,2k+s+1 =0.
Finally, for s = g — 1 we obtain
Aog—12kt1 = Aag—2ki2 = -+ = Ngokiq = 0,

as required. The proof is complete. ]

Lemma 3.26 Letk > 2q. Theng = mgﬁzq_l(Zk +2q — 1;3), where f =
(Brs - -+, Bg=1), has no one-dimensional N-graded filiform central extensions.

Proof Assume that such a central extension exists. Then it must be of type
mg’zq(Zk +2g; B) and

[Er, eZkJqufr] =
k—r+2q—1 = —r+2q—1—1i
_1\k—1 q i q .
(=1 (( k—r > gl( 1) < k—r+i >/81) €2k+2q>

where r = ¢, ...,k + q and the remaining products are the same as in mg’zqfl(Zk +
2q — 1; B). Since k > 24, we can apply Lemma 3.25. Hence, we have that

Aq,2k+q = Aq+1,2k+q—1 == )\Zq—2,2k+2 = )\Zq—1,2k+1 =0.

Equivalently, we have g linear equations:

1

k+g—1 = ; k+q—1— o
() S e

i=1

k+gq—2 - k+gq
;=0
( q—1)+,1 ( q—1+l>ﬁ

k—i
(—2q+1) Z( D( 2q+1+i)ﬁi:0

Consider the following matrix:

,_.

S (e W (e WG
) W) G5 @R
(M) (M) k)
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Dividing each row of A by its first entry (which is, of course, nonzero) we obtain the
following matrix:

1 filxo) flx) ... fa—1(x)
I filxn) L) oo ()

)

U fil) BGu) e fraGa)
where
filx) = x(x+2),
Hl) = (x— Dx(x+2)(x+3),..., fro1(x) =(x—q+2) - x(x+2)--- (x +q)

and
x=k—1, x1=k=2,...,x1=k—q.

We next want to prove that B is a nonsingular matrix. Let

y=f(), 20)=y(y—3),....&-1(y) =y(y =3) - (y +2q — 9°).

Then
Iy o) . g-1(x0)
I n o) . g-1ly)
B=1. . . . . ;
I yem1 ©Wg—1) - g—1(yq—1)
where
yO:x§+2x0, Y1 :xf+2x1,...,yq_1 :xé_1+2xq_1.

Note thatdegg; =i,i = 2,...,g—1. According to the statement on [SZ, p. 319], Bis
a nonsingular matrix. Therefore, A is also non-singular. This implies that the above
system of linear equations is inconsistent. Hence, m{ , 4(2k +2q) is not a Lie algebra.
This implies that g has no one-dimensional N-graded filiform central extensions. The
proof is complete. ]

Let us now finish the proof of Theorem 3.9. Consider g = @::1 , 8i generated by
both g, and g, that satisfies

(3.10) [gqagqﬂ] = [gq+1,gq+2] == [gzq,gzqﬂ] =0.

By Corollary 3.13, we can choose a basis for g : {e1, e;, 441, . . . } where [e, ¢;] = e,
and g; = span{e; }, i > 1. Hence, condition (3.10) is equivalent to

)\q,qul = )\q+1<q+2 == AZq,Zqul =0,

where );; are corresponding structure constants. Set r = 2q. By Corollary 3.12, g(r)
is isomorphic to m{(r). By Lemma 3.15 and condition (3.10) we have that

glr+1) = mg(r+ 1),
glr+2) = mg(r+2),

g(r+29+2) = mi(r+2q+2).
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Note that mg(r+2q+2) = mg(4q+ 2) = mg(2(2q+ 1)) = mg(Zk), where k = 2q+ 1.
Thus, g is obtained by taking one-dimensional central extensions of mg(Zk), where
k > 2q. If g is not of type m{, then by taking one-dimensional central extensions at
some point we obtain m3,1 (21+ 1) where I > 2q. Then the (2g — 1)-st filiform central
extension will be of type mg,zrl (21 +2g9 — 1),1 > 2g, and by Lemma 3.26 it has no
required central extensions, a contradiction. Therefore, g must be of type md. The
proof is complete. ]

3.4 The Case of g =3

The purpose of this section is to prove the following theorem.

Theorem 3.27 Let g = @, & be an infinite-dimensional N-graded Lie algebra of
maximal class and suppose g = (g1, 83). Then one of the following holds:

(i) gX~mj;

(i) g=m;;
(iii) g= w>.

The proof of this theorem will follow from the series of lemmas below.

Let g be an N-graded Lie algebra of maximal class generated by both g; and g3 (not
generated by g; or g5 only). Hence, it has the following N-grading: g = @21,3 gi. At
the beginning of Section 3 we introduced Lie algebras of types m{, m,, and W4. For
q = 3 we will show that these are the only N-graded Lie algebras of maximal class
generated by g; and g;.

Recall that, by definition, ms(I) = span{ej,es, ..., e} such that [e;,e;] = ery;,
i=3,...,]1—1and [es,ej] = e31j, j =4,...,] — 3. We can assume that [ > 7 and
write ] = 6 + n, where n > 1.

Lemma 3.28 Let g be a filiform Lie algebra of type m3(6 + n), where n > 1. Then
g is isomorphic to mgm(6 + n; B) (n-th filiform central extension of mj(6)), where 3 =

(0,...,0).

Proof Let us compare the multiplication tables of both algebras. First, mj, (6 +
n; 3) = span{ey, es, ..., esn} where 3 = (0,...,0) has the following multiplication
table:

3—r+l—1

[erveﬁJrl—r]:(_l)sr( 3 ¢ >e6+l7 7'23,...,34‘1/2, lzl,...71’l.

If r = 3, then the above binomial coefﬁgient is_l. If r > 3, then it is zero. Therefore,
the multiplication table of mg_’n(6 + n;3) for 5 = (0,...,0) is exactly the same as
that of m3(6 + n). Hence, they are isomorphic. [ |

Lemma 3.29 Ifn = 2I+1, then m3(6+21+1) has a unique one-dimensional N-graded
filiform central extension that is ms(6 + 21 + 2). If n = 21, then m3(6 + 2I) has a one-
parameter family of N-graded filiform central extensions of type m8121+1(6 +21+1;5)

where ' = (0, ...,0, 3), Bi is a scalar.
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Proof If n = 2/ + 1, then m3(6 + 2/ + 1) is isomorphic to m8721+1(6 +20+ 1;8),

8 =(0,...,0). By Lemma 3.20, it has a unique one-dimensional N-graded filiform

central extension that is mg’zl+2(6 +21+2;B3), B = (0,...,0) and, therefore, is iso-
morphic to m3(6 +21+2). If n = 21, then m;3(6 + 2I) is isomorphic to m3‘21(6 +2L B),

B = (0,...,0). By Lemma 3.20, it has a one-parameter family of the required central
extensions m ., (6 + 21+ 1;3"), ' = (0,...,0, B). [ |

Lemma 3.30 Letg = m(3)21+1(6 + 21+ 1;8) (wherel > 3, 5/ = (0,...,0,05),
B # 0) be a Lie algebra. Then it has no one-dimensional N-graded filiform central
extensions.

Proof Assume the contrary, that is, a one-dimensional N-graded filiform central
extension of g exists. Then by Lemma 3.20 it must be m(3)‘21+2(6 + 21+ 2;5"), where

B/ = (07"'70761))and

3—r+20+1 3—r+2l+1-1
ler, egs2112—r] = (—1)37<( 3., ) + (—1)l< 34l )51) €g+2]-

The corresponding structure constants are

3—r+2l+1

)\r.,8+2l7r - (_l)s_r( ( 3_

) +(-D'G—r+1+1B).
This means that if r = 3, then A\35.5 = 1+ (—D!I+1)8. If r > 3, then Argi2l—r =
(—1)*~™(3 —r+ 1+ 1)8. Since mg’zm(S +21;8') is a Lie algebra, J(es,ej, &) = 0
where3 + j+k =8+ 2land 3 < j < k. In terms of structure constants this can be
rewritten as:

A3, A1k + AjrAsia13 T A Ak = 0.
Note that

3+j<3+k<jtk=5+2I<6+2l

Hence, the Lie products [es, e;], [e3, ex], and [e;}, ¢;] are the same as in m8‘21(6+2l; B),
where 3 = (0,...,0), which is isomorphic to m3(6 + 2I). Thus, A3j = A3 = land
Ajk = 0, since both j,k > 3. The above equation takes the form Ag3.; = Ajkys.
Since 3 # 0, (=13 —k+1+1) = (=1)> (3 — j+1+1). Since j + k =
5 + 21, an odd number, one of j, k is even while the other one is odd. Therefore,
B—k+Ii+1)=—-3—j+1+1),k+j = 8+2l acontradiction. The lemma is
proved. ]

Remark 3.31 It follows from the above lemmas that mj; is the only infinite-dimen-
sional Lie algebra that can be obtained by taking one-dimensional N-graded filiform
central extensions of ms3(n), n > 12.

Next we will be interested in one-dimensional N-graded filiform central exten-
sions of W?3(n). Recall that W(n) is defined by its basis {e;, eg, - - - ex} and relations
lei,ej] = (j — i)eir; whenever i + j < n, and the products equal to 0, otherwise.
By setting y; = ¢; and y; = 60(i — 2)le; ¢ < i < n, we have that [y, yi] = yit1»
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i=gq,...,n—1and [y;, y;] = A jyi+j» 1 + j < n, where

Lemma 3.32 A Lie algebra of type W3(n), n > 14, has a unique one-dimensional
N-graded filiform central extension that is isomorphic to W3 (n + 1).

Proof First of all, we note that W3(n + 1) is a required central extension of W?(n).
We only need to show that it is unique. Choose a basis for W?(n): {ej,es,...,e,}
with [ej,e;]] = e, 1 = 1,...,n— 1, and [e;, e;] = A jeirj, i+ j < n. If we set
I = span{ey, . ..e,}, then I isan ideal of W*(n) and W?(n) /I is isomorphic to m; (6).
Therefore, W?(n) is obtained from mj(6) by taking one-dimensional N-graded fili-
form central extensions. Let n = 6+, where r > 1. Then W3(6+r) = mSJ(6 +1;8),
where 8 = (B1,...,5), 1 = [%1] — 1. If r is odd, then by Lemma 3.20 it has a
unique one-dimensional N-graded filiform central extension. If r is even, then by
Lemma 3.20 a one-dimensional N-graded filiform central extension of m (6 + 13 B)
is mg_ﬁl(6 + 1+ 1;8), where 8/ = (B1,..., 081, Bis1). Set By = t. To show the
uniqueness we express t in terms of structure constants of mg,r(6 + r; 3) that are all
known. As follows from (3.3), we have that

l .
D R P 3 Sl G LSl

- 3—s5+1

=1
Hence,
(312) >\s,7+r75 = (_1)3_S+1t + A,
where A; depends on parameters of mgﬁr(6 +1rB),s = 3,...,r/3 + 3. Since
m&m (6 + r + 1; 3') must be a Lie algebra, the Jacobi identity J(es, e4, e,) = 0 yields
(3.13) A34A7r + Mg dairs + ArsArag = 0,

where A3 4 = 1, and Ay, Ar3 are known, since 3+r < 4+r < 7+r. Applying (3.12),
Ay= (=D)!7* + A7, Ay air = (1)t + A; and Ay 43 = (—1)"7'¢ + Ay. Therefore,
(3.13) gives rise to a linear equation in ¢t. Applying (3.11), the coefficient of ¢ in this
equation is
14—r—12

(r—=Dr(r+D(r+2)°

When r > 8 it is nonzero. Thus, ¢ is uniquely determined from (3.13). This com-
pletes the proof. ]

1+)\r.3_)\4.r:1+60

Remark 3.33 It follows from the above lemmas that W? is the only infinite-
dimensional Lie algebra that can be obtained by taking one-dimensional N-graded
filiform central extensions of W3(n), n > 14.

Remark 3.34 As follows from Lemma 3.26, mg is the only infinite-dimensional
Lie algebra that can be obtained by considering one-dimensional N-graded filiform
central extensions of my(2k) with k > 6.
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Further we have to consider the remaining cases: k = 3,4,5 or 6. We first deal
with cases when k = 4, 5, or 6.

Lemma 3.35 Letk = 4. Then mj is the only infinite-dimensional Lie algebra ob-
tained by taking one-dimensional N-graded filiform central extensions of mj(8).

Proof Consider g = m}(8). By Lemma 3.15 its one-dimensional N-graded filiform
central extension is either my(9) or m},(9). If it is m3(9), then applying the same
lemma again, its one-dimensional N-graded filiform central extension must be of
type m;(10) = m(2 - 5), which leads to the case k = 5, which will be covered in the
next lemma. Without loss of generality we assume that the second possibility holds.
It follows from Lemma 3.24(i), that As9 = 0 in m; ,(12). Using formulas (3.3) and
(3.4), we obtain '

(4343 4-3+2 B
Asp = (=1) <( 4-3 ><4—3+1)61) =0

Hence, 8; = %. Next the Jacobi identity J(es, es,e;) = 01in m876(14) is equivalent to

(3.14) A34A77 + Az A5 + A7 3A104 = 0,
where
4 —4+2 1
A7=0, MN;=(—D*" — =——, A;=-2
7,7 , o Ay =(=1) (( 4A_4 ) ﬁl) 3 a7 )

A3 = —<?) + (;)51 - <§>52 = —6+108, — 4p,,
Aa10 = (f)) - (T) B+ <Z> B =1—4p1+353,.

Hence, (3.14) gives rise to f%(6710ﬂ1+4ﬂz)+2(71+4ﬁl —308,) = 0. Thus, 8, = %.
In m8,7(15) we consider the Jacobi identity J(es, es, es) = 0, which is equivalent to

(3.15) —Ag8A312 + AzgAg 11 = 0,

where \sg = —3, Mg = —3, Aot = 1 =581 +60, — B3, As 12 = —=7+156, — 105, +
B3. Then (3.15) implies that 85 = %. In m878(16) we consider the Jacobi identity
J(es, es, es) = 0, which is equivalent to

(3.16) —As58A313 + Az gAs 11 =0,

where /\5,8 = —%, /\3713 = -8+ 2161 — 2062 + 5ﬂ3 = %, )\5,11 = %) Substituting
these values into (3.16) we obtain that the left side of it is nonzero, a contradiction.

The proof is complete. ]

Lemma 3.36 Let k = 5. Then mj is the only infinite-dimensional Lie algebra ob-
tained by taking one-dimensional N-graded filiform central extensions of m(10).

Proof Consider g = mj(10). By Lemma 3.15, its one-dimensional N-graded fili-
form central extension is either m}(11) or mg; (11). If it is mj(11), then applying the
same lemma again, its one-dimensional N-graded filiform central extension must be
of type m}(12) = m3(2 - 6), which leads to the case k = 6 covered in the next lemma.
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Without loss of generality we assume that the second possibility holds. It follows
from Lemma 3.24, that A;;; = 0 in mj,(14) and A3, = 0 in m5(15). Using
formulas (3.3), (3.4), we obtain

_ 5—3+3 5—3+2
Asqp = (—1)° 5(( 5_3 >—(53+1)51> =10 — 44, = 0.

Hence, 3, = 2. Next,

A3 12 = (—1)3_5<(5_3+4> - <5_3+3>ﬁ1+52> =15—-106, + 5, =0.

5—-3 5—3+1
Hence, 8, = 10. The Jacobi identity J(es, es, eg) = 0 implies
(3.17) A35A88 T AsgA133 + Ag3Ais =0
where
_ 0+2 3
Aes =0, Asg=(-1) 5<< 0 ) - 51) =3 Mg =1,

A3 = <;> - <§) B+ (Z) B2 =21 —208, + 553, = 21,

and \sj; = (—1)° ((035) — (0T4)31 + (;)ﬁz) =1 — 408, + 38, = 21. However, the
left side of (3.17) does not equal to 0, a contradiction. This completes the proof. M

Lemma 3.37 Letk = 6. Then mj is the only infinite-dimensional Lie algebra ob-
tained by taking one-dimensional N-graded filiform central extensions of m3(12).

Proof Consider g = m}(12). By Lemma 3.15 its one-dimensional N-graded fili-
form central extension is either m}(13) or mg ; (13). If it is mj(13), then applying the
same lemma again, its one-dimensional N-graded filiform central extension must be
of type m}(14) = mj(2 - 7), which leads to the case k > 6 covered in Remark 3.34.
Without loss of generality we assume that the second possibility holds. It follows
from Lemma 3.24, that A3 ;3 = 0 in mj ,(16) and 314 = 0 in mg 5(17). It follows
from the proof of Lemma 3.25 that in this case A35.643 = A3 5 is also zero. Using
formulas (3.3), (3.4), we obtain

Mogs = (—1>3‘6((6;f;3) - (2:2?)51) = _G) " @51 -0
Nos = <1>”(<66j;4) - (Z_ZIT)& %)
_ _© . @ﬁl — =0,
Nsis = (—1)3‘6((653;5) - (Z_z:l)ﬁl * (2?:2)@
)

However, this system of 3 linear equations in 2 variables is inconsistent. The proof is
complete. ]
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Finally we study one-dimensional N-graded filiform central extensions of mj(6).
By Lemma 3.15 its one-dimensional N-graded filiform central extension is either
my(7) or mg,(7). If it is m}(7), then applying the same lemma again, its one-
dimensional N-graded filiform central extension must be of type m3(8) = m(2 - 4),
which leads to the case k = 4 covered in Lemma 3.35. Without loss of generality
we assume that the second possibility holds. Taking one-dimensional filiform central
extensions of m3(6), in ten steps we obtain m8,10(16; B, B2, B3, B4). Since it must be
a Lie algebra, we have that J(es, eq, e5) = 0, J(es, e5,e5) = 0 and also J(es, e4, e3) = 0.
Rewriting these identities in terms of structure constants, and then using formulas
(3.3), (3.4) to express each structure constant in terms of 3y, 5;, 33, and 34, we ob-
tain the following relations:

43 5618, — 10433
31+ 81)° 348,28,

Considering the Jacobi identity J(es, es, e9) = 0, we obtain

=503 + 60,535 + 46133 .

G189 = 281+ B

B3 = By =

(3.19) Ba+(Bs =36+ P1)(—=1+881 — 215, + 2085 — 5064)
+ (36, — 481+ 1)(B1 — 66> + 1035 — 48,) = 0.

Using (3.18), equation (3.19) can be rewritten as the following equation in one vari-
able f;:

24581° +2383] — 6063° + 27087 — 2785 =0

that has the following roots: 8; = 0, %, %, and or ﬂ,

then it is easy to check that J(es, es,es) # 0. If 51 = 0, then m3’9(15; B, Ba, B3, Ba)
is isomorphic to m3(15), and, by Remark 3.31, leads to infinite-dimensional Lie al-
gebra ms. If B = 7, then m{ (15; 81, B, B3, B4) is isomorphic to W?(15), and by
Lemma 3.32, it leads to W?3.

—6+3/11 _ 3
—=. If 5 = z

Appendix A

Here we recall some facts about topology of varieties that are relevant to proofs in
Section 2.

A.1 The Case of Smooth Varieties

Let X; C P" be a smooth complex projective hypersurface of degree d, i.e., the set
of points satisfying { fi(xo, ..., x,) = 0}, where f; is a homogeneous polynomial
of degree d, defining X,;. (This in particular implies that f; is an irreducible poly-
nomial, X, is an irreducible algebraic variety.) Any two such hypersurfaces (of the
same degree) are diffeomorphic as smooth manifolds. In particular, their topological
invariants (and some of their geometric invariants) are determined by the pair (d, n).

Proposition A.1 ([D, Ch. 5]) The integral homologies are torsion free and satisfy
Hyii(Xa,Z) = 0for2i+1 # n— 1, Hy(X4,Z) = Z for2n —2 > 2i > 0 and
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2i#n—1and

(1—d)y"! —1 —1 formneven,
bp1(Xg) = ————+ f
d 2 fornodd.
The topological Euler characteristic is x (X)) = % +n+1.
Example A.2 For n = 2 we get a smooth plane curve of (topological) genus g =

(dzl) and with topological Euler characteristic x(X;) = 2 — 2g¢.

.....

complete intersection. Let d; denote the degree of X ;.
As in the case of hypersurfaces, any two smooth complete intersections with the

same multi-degree (d,...,dx) are diffeomorphic. So, the topological invariants
(and some geometric invariants too) are completely determined by the numbers
(di,...,dk,n).

Proposition A.3 Let X; C P" be a smooth complete intersection of multidegree
d:=(dy,...,dy). Theintegral homologies are torsion free and satisfy Hy;.1(Xq,7) = 0
for2i+1 # n —k Hyi(X4,2) = Z for 2n — 2k > 2i > 0 and 2i # n — k and
rank(H,_(X4,7)) = x(Xq) — (n — k) for (n — k) even, rank(H,,_(X4,72)) = n—k+
1 — x(Xy) for (n — k) odd. Here, the topological Euler characteristic is

k (14 x)"!
Xg) = ([[ di) Coeffus ——
X(Xg) (,131 ) Coe 1, (1 + dix)

References for this are [D, Ch. 5] and [Hi, Appendix 1]. The proof is based on
the Lefschetz hyperplane section theorem. The Euler characteristic can be obtained
e.g., as the top Chern class ¢,(Tyx,) from the exact sequence 0 — Tx, — Tpr|x, —
Ny, /e — 0and the fact that Ny, /pr = € Opr(d;)|x,- : .

Note that in these statements the varieties are assumed to be smooth. For singular
varieties the situation is more complicated and odd homologies can be nonzero.

A.2 Algebraic Cell Structure

Let X be a compact topological space and let X = [ ] o, be a cell decomposition (each
cell o, is homeomorphic to some R¥, the smaller cells are glued to the bigger ones by
the boundary maps).

Example A.4

(i) S"=R"UR".

(ii) For the complex projective space P we have the following cell decomposition:
Pr=CruCtU--- U (seeeg, [GH, 1.5]).

If X is a complex algebraic variety (possibly singular), then it is natural to ask for
an algebraic cell structure, so that each cell, 0, is itself a subvariety of X, isomorphic
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to C". For example, the cell structure of " is of this type. Though such an algebraic
cell decomposition is not always possible, it often occurs in our context.

Suppose a variety admits an algebraic cell decomposition X = [](k;C'); here k;
is the number of cells of the given dimension. This fixes the homology. Indeed, all
the cells are of even (real) dimensions. Thus all the boundary maps are zero. So,
Hyi(X,7) = 7% for 0 < 2i < dimg X and H,,(X,Z) = 0 for other m.

A.3 Exact Sequence of a Pair

For a pair of topological spaces, A C X, we have exact sequences

R Hl(sz) — HI(X7Z) — Hl(XvAaz) — Hifl(sz) Ty
.- = H(X,Z2) » H(A,Z) » H"(X,A,Z) — - - - .

A.4 (Co)homology of Non-compact Spaces

Proposition A.5 ([FF, p.157]) Let X be a compact topological space, let A C X be its
closed subspace such that X \ A is smooth, orientable, without boundary, and of (real)

dimension n. Then H;(X,A,7) = H" /(X \ A,7Z)

(This follows from the definition of Borel-Moore homology, via compactification:
HPM(X \ A,7) = H;(X, A,7) and the Poincaré duality for non-compact manifolds:

HM(M,7) =5 H'™ (M, 7).)
Appendix B
Let us recall [M2, Proposition 5.16].
Proposition B.1 ([M2, Proposition 5.16]) Let 2k + 3 > 9 then
Hipyp(mo3(2k+3)) =0
and therefore mg 3(2k + 3) has no filiform central extensions.

In the above proposition, mg 3(2k + 3) denotes a (2k + 3)-dimensional N-graded

filiform Lie algebra with the basis e;, e, . . . , exx+3 and multiplication table
[e1, €] = ersi, i=2,...,2k+2;
ler, exkei—i] = (= 1) esgr, I1=2,....k
lej, eakia—j] = (=) (k — j+ Deasa, i=2,...,k
lem, eakt3—m] = (=1)"((m — 2)k — W)ezm, m=3,...,k+1.

In fact, this proposition holds true for any k > 3. If k = 3, then m(3(9) does
have a filiform central extension that is mg 4(10) with the basis: e}, e;, . .. , e9, €19 and
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ler, el = e, 1i=2,...9,

[e2, 5] = —e7, [es, eq] = ey,
[e2, e5] = —2eg, [e3, e5] = es,
[e3, es] = —2eo, [es, 5] = 3e,
le4, e6] = 3ejo, [e3,e7] = —5eyy,
[e2, es] = 5eyo-

In its turn, mg4(10) has also filiform central extension, which is mg5(11) =

span{ey, e, . .

., 10, €11 } with the following multiplication table:
ler,ei] = eri, i=2,...10,
[e2, e5] = —e7, [e3, e4] = ey,
[e2, e6] = —2es, [e3, es] = es,
[es, e6] = —2e, [es, 5] = 3e,
les, €] = 3eio, [es, e7] = —5eqg
[62768] = 56107 [63768] = Ee“7
5 15
e, e9] = —eyq, e, e7] = ——ey,
le2, e9] Sen les, e7] 5 en
21
les, e6] = 7611-

The latter algebra has no filiform central extensions.
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