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We study the existence and strong instability of standing wave solutions for the
fractional nonlinear Schrédinger equation

i = (=A) % — ([WP2y +ulp|9=2),  (t,z) € (0,00) x RV,
¥(0,2) = ¢o(), z € RV,

where N >2,0<s<1,2<g<p<2=2N/(N —2s), and p € R. The primary
challenge lies in the inhomogeneity of the nonlinearity. We deal with the following
three cases: (i) for 2 < ¢ < p < 2+4s/N and p <0, there exists a threshold mass ag
for the existence of the least energy normalized solution; (ii) for

2+4s/N < ¢ < p < 2% and p >0, we reveal the existence of the ground state
solution, explore the strong instability of standing waves, and provide a blow-up
criterion; (iii) for 2 < ¢ < 2+4s/N < p < 2} and p <0, the strong instability of
standing wave solutions is demonstrated. These findings are illuminated through
variational characterizations, the profile decomposition, and the virial estimate.
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2 Z. Li, H. Luo and Z. Zhang

1. Introduction and main results

We consider the following fractional nonlinear Schrédinger equation (NLS) with
combined nonlinearities:

iy = (A — f([¥D)y,  (t,2) € (0,00) x RY,
TZJ(OJ) = ¢0(I)7 T e RNv

where N > 2,0 < s < 1,2 <¢qg<p<2f:=2N/(N-2s), p €R, f(t)=
tP=2 + ut?=2 and (—A)* is the fractional Laplacian operator defined by

(1.1)

—A)’u(x) = C(N,s) lim —————"dy,
(=A)*u(z) ( )E o JrN\ B.(0) |z — y|N+2s

where C(N, s) is a dimensional constant (see [9, 11]).

The fractional NLS was initially discovered by Laskin [25]. Its inception traces
back to the extension of the Feynman path integral from Brownian-like to Lévy-like
quantum mechanical paths. It arises naturally in the continuum limit of discrete
models featuring long-range interactions, as explored in [24]. Additionally, its pres-
ence is evident in the description of Boson stars and the dynamics of water waves.
Beyond the realm of physics, the impact of the fractional NLS extends into interdis-
ciplinary domains. Notably, it finds applications in biology, chemistry, and finance,
as documented in [2].

The conservation of mass is a foundational principle for solutions to (1.1),
ensuring that [¢¥(¢,-)|2 = |¥(0,2)|2 for any ¢>0. This motivates the exploration
of solutions with a prescribed L? norm. We employ the standing wave ansatz
P(t,z) = e HMuy(z). Accordingly, u(z) solves

(=A)° u = \u+ plu|?%u+ [uP~2u  in RY, (1.2)

Moreover, we impose the mass constraint

2 2
/]RN lu|* = a”, (1.3)
where a >0 is a given constant.

For the classical Laplacian case, the existence and stability of normalized solu-
tions to problems (1.2) and (1.3) has attracted considerable attention recently. In
the case f(u) = |u|P~2u and p < p* := 2 + 4/N (L*-subcritical), the energy func-
tional is bounded below on the constrained manifold. Thus, the global minimizer
is a good choice of the normalized solution. Lions [29, 30] developed the concentra-
tion compactness principle to obtain the compactness of the minimizing sequences.
Recalling the methods developed by Cazenave—Lions [7, 30] and Shibata [38], it
is routine to prove the orbital stability. Besides, Hajaiej—Song [20], Hirata—Tanaka
[21], and Jeanjean—Lu [23] discussed about multiplicity results. However, the con-
strained energy functional is unbounded from below in the L?-supercritical case.
Jeanjean [22] exploited the mountain pass lemma and a smart compactness argu-
ment to prove the existence of normalized solutions. Berestycki-Cazenave [4] and
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Instability of standing waves for fractional NLS 3

Le Coz [26] showed that the associated standing wave is strongly unstable. If f(u)
contains both L2-subcritical term and L?-supercritical term, Soave [39, 40] proved
the existence and stability results. Finally, one can find more general nonlinearities
in the work of Bartsch—de Valeriola [3], Jeanjean—Lu [23], and Gou—Zhang [18].

For the fractional Laplacian case, it is well known that there exists an L?-critical
exponent

4s
p:=2+ N
When 2 < ¢ < p < 2%, the existence of normalized solutions has been widely
studied by variational methods in the article [33] of the last two authors. Recently,
when p = 2%,2 < ¢ < 2%, Zhen—Zhang [43] proved several existence and nonexis-
tence results for a perturbation term p|u|?"?u. In addition, Luo—Yang—Yang [35]
studied the multiplicity and asymptotics of standing waves for the case s = 1/2
and p = 25,2 < ¢ < p. Colorado—Ortega [10] proved the existence of positive radial
bound and ground state solutions for fractional systems. One can find more general
nonlinearities and more results in [28, 31, 32, 37, 41].

Concerning the stability of standing waves, the existing literature is mainly
related to the L2-subcritical or L2-critical case (see [19, 36, 44]). For the
L?-supercritical case and p =0, Feng-Ren-Wang [15] considered the instability of
standing waves to (1.1) when p < p < 2%, based on the homogeneity of the non-
linearity. A powerful tool for proving the strong instability of standing waves is
the virial identity introduced by Bonheure—Casteras—Gou-Jeanjean [5] and Soave
[39]. However, virial identity does not hold for non-local operators. Moreover, the
instability result of standing waves is unknown for the L?-supercritical nonlinearity
with a perturbation term puu|9~2u.

This article deals with the instability of standing waves in this respect. The
novelty of our article is as follows: First, for 2 < ¢ < p < 2+ 4s/N and p<0,
we find a threshold value to determine whether the least energy solution exists. If
it exists, it is orbitally stable. Second, for 2 + 4s/N < ¢ < p < 2% and >0, we
give several new kinds of equivalent variational characterizations for ground states.
Finally, we obtain the strong instability of the associated standing waves and give
the blow-up criterion by constructing the equivalent variational characterization
and the viral estimate.

Throughout the article, the LP(RY) (1 < p < o0) norm is denoted by |ul,. The
Hilbert space H*(RY,C) is defined as

S

H*(RN,C)= {u€L2 RN, C y/ Vi u(z)2dz

u(y )|2d:z:d <+oo}
RN xRN |=73_ |NJr2 Y .

For simplicity, we denote H*(RY™) := H*(RY,C). The energy functional of (1.2)
and (1.3) is defined by

By HURY,C) 5 R, Byw) o= [ (Gl-8)3u@)P = u(@P - Eju(o)l7)de.
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Then, the weak solution of (1.2) corresponds to a critical point of the energy
functional £, on the manifold

S, = {u € HY(RY)| /RN lu(z)|2da = aQ},

with A € R is determined as the Lagrange multiplier (see, e.g., [42]).
The following is the definition of ground state solutions:

DEFINITION 1.1. The function 4 is called a ground state solution of (1.2) and (1.3)
if
dE,|s,(@) =0 and E,(4)=inf{E,(u):dE,|s,(u) =0,u € S,}.

Moreover,
Gap={u:u €S, is a ground state solution of (1.2) and (1.3) with p given}.
Recall the notion of stability and instability as below.

DEFINITION 1.2. (i) The set G, , is orbitally stable if, for every e > 0, there exists
6> 0 such that whenever 1o € H® satisfies infyeg, ,, Y0 — vl ys < 9, then

sup inf |[o(t, ) —v|lys <e,
t>0 vE€Ya,u
where P(t,-) is the solution to (1.1) with initial datum .
(ii) A standing wave e~ is strongly unstable if, for every e > 0, there exists
o € H® such that ||vo — ul| s < &, but ¥(t,-) blows up in finite time.

Main results. First, we shall study the purely L?-subcritical and defocusing
case, i.e., 2 < ¢ < p < p =2+44s/N,u < 0. Due to the Gagliardo—Nirenberg
inequality, the energy functional E, is bounded from below on S,, which leads to
the following global minimization problem:

Mg,y 1= iélf E,. (1.4)
We call u € S, a least energy solution of (1.2) and (1.3) if E,(u) = mg, ,. Define
ag :=1inf{a > 0:m,, < 0}. (1.5)

Indeed, the existence of least energy solutions depends on ag. More precisely, our
first result reads as follows.

THEOREM 1.3. Let 2 < ¢ < p < 2+ %s and p<0. Then, for mq ., ag defined
in (1.4) and (1.5), the following statements hold:

(i) Mg, =0 for any a € (0, ag), while mq,,, < 0 for any a > ag. Moreover, if
0 < a < ag, there exists no global minimizer for mg . In addition, there
exists a global minimizer uw € S, for a > ay and u is a ground state solution

of (1.2) and (1.5).
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(i1) ag > (m)%, where Cy = Co(p, q, s, |u|, N) is given by (2.2) and
C(s, N) is the best constant in the fractional Gagliardo—Nirenberg inequality
fora =2+ (see lemma A.1).

(iii) The set G, is orbitally stable for any a > ag.

REMARK 1.4. Theorem 1.3 fills a gap in the previous work [33, theorem 1.3 (ii)].

We remark that the global well-posedness of (1.1) can be obtained by Guo—Huang
[19, theorem 2.6] similarly. In addition, Guo-Huang [19] proved that the set G, ,, is
orb[ita]lly stable for 2 < g <p <2+ % and p > 0. Thus, our result is a complement
to [19].

Second, we focus on the case 2 + ‘}V—s <g<p< X

N—2s
L?-supercritical and focusing case. The energy functional E,, is now unbounded
from below on S,. In this situation, we shall introduce the following minimizing
problem on the constrained Pohozaev manifold:

and p >0, i.e., the purely

Mg, = ‘i/nf E,, Vaou:={ueS,:P,(u)=0}, (1.6)
with
At = [ 18 @ - X Duop - D plas. 1)

It is well known that any critical point of E,|s, stays on V,, thanks to the
Pohozaev identity (see [8, proposition 4.1]), so V, , is a natural constraint.
In this case, we establish the existence and instability of standing waves as below.

THEOREM 1.5 Assume 2 + % <g<p< NQiVQS and > 0. Then, the following
statements hold for M, , defined in (1.6):

(i) My, tis achieved for any a> 0. Moreover, the minimizer u is a positive
radial function, and u is a ground state solution of (1.2) and (1.3) with
A<0.

(1t) M, tis strictly decreasing with respect to a for p> 0 given.

(iii) Suppose N/(2N — 1) < s < 1 and p < 2 + 4s additionally. Let u be the
ground state solution obtained in (i), then the standing wave e~ *u of (1.1)
18 strongly unstable.

In this case, we stress that we [33] obtained a solution with mountain pass geom-
etry. Here, we give a different proof based on new variational characterizations of
ground states. As one will see, these new variational characterizations also play a
key role in proving the instability of the standing waves.

REMARK 1.6. The restriction on s ensures the local well-posedness of (1.1) (see

lemma A.3). In addition, it always holds that N2iVQs < 2+4s for N > 3.

Finally, we deal with the combined nonlinearities and defocusing case, i.e., 2 <
¢g<p<p<2;p<0.
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Similarly, define

- 2s 1 2s s wrqg—2
E,(u):=E,(u)————P,(u)= (= —————— )| (=A) 2u2+ 5 (—=—1) |u®
() = Bulw) s Pulw) = (5= g 1) Bl (0= 1)
and
Mg, = inf E,, V/,={u€ Sq:Pu(u) <0}, (1.8)
Va,p

and the existence and instability of the standing waves is established.

THEOREM 1.7. Let 2 < g < p =2+ % <p<2= N2£V23 and < 0. We also
suppose that

q

g s p—p (25 —p)(IV —2s)
|,u|a5( '< (NC(S,]S?]))(]D*Q)) (2?\[20(3,]])\[,{1\;(173(1))’
where
= (o= TG (o TG 20
Then,

(i) Problems (1.2) and (1.8) admit a radial solution, denoted by i. Moreover,
E, (@) > 0 and the Lagrange multiplier A < 0.
(ii) Suppose additionally N/(2N—1) < s < 1 and p < 2+4s. Then, the standing

wave e M4 is strongly unstable.

In order to better explain our results, we give the following table 1 roughly.

This article is organized as follows: section 2 is devoted to the purely L?2-
subcritical case. In this case, we discuss the existence and orbital stability of
standing wave solutions to (1.1). Furthermore, theorem 1.3 will be established based
on the concentration compactness principle. In section 3, we show theorem 1.5. In
fact, we construct different variational characterizations to search for a solution to
(1.2) and prove the strong instability of standing wave solutions. As a by-product,
we give two invariant manifolds to determine global existence or blow-up behaviour.
Section 4 considers the combined cases and proves theorem 1.7.

2. The purely L2-subcritical and defocusing case:
2<qg<p<p=2+4s/N and u<0

By lemma A.6, it holds directly that

Cot? — Lp — Fya >0 e >, (2.1)
P q
where
(p—p) 150
p—q [ a(p—p) 1P
Co = . 2.2
0 p@@{mmwm} 22)
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LEMMA 2.1. Let {up}tnen be a bounded sequence in H*(RYN) satisfying
limy, o0 |un|3 = a® > 0. Let o, = a/|unl2 and @, = ayu,. Then, the following
holds:

Up €Sy, lim a, =1, lim |[E,(G,) — E,(un)| = 0.

n—00 n—oo

Proof. The results could be derived by direct calculations, and we omit the
details. g

In what follows, we study the properties of mq .

LEMMA 2.2.

(i) Mg, is bounded from below. Moreover, mq ,, <0 for any a> 0.
(i1) moa,u < 0*mq,,, for any a > 0,0 > 1.
(iii) If a* = a3 + a3 with a1, a3 > 0, then mg,, < May u + Mag, -
() a > Mg, is non-increasing.

(v) For sufficiently large a, mg , < 0 holds.

(vi) a — mq,, is continuous.

Proof. (i) On the one hand, by lemma A.1, we deduce that
N(p—2)

1 C(s,N,p) ,_N®-2) / s 4s
E > = —A 2 P T s —A)2 y?
sz g [ 1Ea)up - SR, (RNI( )2l

for every u € S,. Since 2 < p < p, it holds that 0 < N(fs 2 <1 Hence, B, is
coercive on S, and my ,, is bounded from below. On the other hand, for u € S, and

Nlw

N
T ER, set (7xu)(z) =e2 u(e"z), then 7 xu € S, and
q

o257 ) eNr(gq) eNT(§-1)
Bu(ru) = / NG P B / P~ / e, (2.3)
2 RN p RN q RN

Since 2 < ¢ < p, we obtain m, ,, <lim,_,_ T xu)
(ii) Let 6 > 1 and u € S,. Set u(x *UQQ/;V xGRN then @ € Sy, and

1 s 1 1
E.(a) < 6*(= —A22——/ p_,/ ).
u(@) < (Q/RNH )2 ul » RNIUI ny RNIu\)

Since u could be chosen arbitrarily, we obtain megq,, < 92ma’u.
(iii) Assume that a; > as. As a consequence of (ii),

Nl

2

2
< a %2 <
Ma,pu > a May,u = May,pu + 2m % ag.u = Mayp + Mag,pu-

(iv) This follows directly from (i) and (iii).
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(v) For u € S; given, we set uq(x) = au(x) for any a >0, then it holds that
ug € S,. Furthermore, we obtain

a? s a? al
Butun) = 5 [ 18T = S [ = e

Since 2 < ¢ < p, we know E,(u,) = —00 as a — oo. Thus, we get our conclusion.
(vi) The proof is similar to that of [34, lemma 3.3 (v)] and standard. O

COROLLARY 2.3.

(i) Assume that there exists a global minimizer u € S, with respect to mg for
some a> 0. Then, megq,, < Hzma,H for any 0> 1.

(ii) If there ewists a global minimizer u € Sq, with respect to mg, for some
a1 > 0, then for a®> = a% + a% with az > 0, one has mq, < May,pu T Mag pu-

Proof. (i) If u € S, satisfies E,(u) = mq,,, then u # 0. Recalling the proof of
lemma 2.2 (ii), one finds that

Moa,pu < Eﬂ(ﬂ’) < 92E”(’U,) = (927’71,1’”.
(ii) If a1 > ag > 0, by (i) and lemma 2.2 (iii), we have

2

2

a as <

Map < @ May,u = May,pu+ aﬁma17u < May,u + Mag -
1

If as > ay > 0, by (i) and lemma 2.2 (iii) again, we get

2

(@ a?

Ma,p > P Mag,u = Mag,u + aﬁmaz,u < Mag,u + May -
2

O

ProprosITION 2.4. There exists a constant a; > 0 such that mg, = 0 for any
0 < a < ay. In particular, one has ag > a1 > 0, where ag is given in (1.5).

Proof. For any u € Sy, by (2.1) and lemma A.1, we obtain

Bu(w > [5 =GOl Nop)a¥] [ 1(=m)3uf

&=

Set ay := (m) , then E,(u) > 0 for any a € (0,a1] and any u € S,. It
follows by lemma 2.2 (i) that mg, = 0 for any 0 < a < a; and ag > a1 > 0. O

PROPOSITION 2.5. Let a > ag. Assume that {up}nen C So s a minimizing
sequence for mq,,, i.e., lim, o0 By (un) = mq,,. Then, up to a subsequence, there
exist a family {yntnen C RY and u € S, such that lim, oo un(- — yn) = u in
HS(RN). Furthermore, u is a global minimizer for my,,.
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Proof. First, we claim that

lim sup / |, [2dz > 0.
B(z,1)

n—oo ZE]RN

Otherwise, in virtue of concentration compactness principle [14, lemma 2.2], we
know wu,, — 0 in LP(RY) for any p € (2,2%). Then, it holds that

1 s
Mq, = lim E,(u,) > liminf ~ /]RN [ (—=A)2 u,|* >0,

n—oo n—oo

which contradicts with m, , < 0 for a > ao.
From the claim above, there exists a sequence {y, }nen C RY such that, up to a
subsequence,

0 < lim [ty (2 — ) |Pd < 00. (2.4)
n—oo Jp(0,1)

By lemma 2.2 (i), the minimizing sequence {uy}nen is uniformly bounded in
H*RYN). Thus, {t,(- — ¥n)}Inen is also bounded in H*(RY). As a consequence,
there exists a u € H*(RY) such that, up to a subsequence,

Un (- — yn) — u, weakly in H*(RY). (2.5)

Via (2.4) and (2.5), we know |u|s > 0. Take v, = up(- — yn) — u, it holds that
v, — 0 weakly in H*(RY). Therefore, by Brezis-Lieb lemma, as n — oo,

: 2 2
/ [EONE d:c:/ ()8 | dm+/ (-2,
RN RN RN
r r r 2N
/]RN [t | dx—/RN M dx—}—/RN lun|" dz 4+ 0(1), Vre [Q,H].

Noting that E,(u,) = E,(un(- —yn)) = E,(u+ v,), it consequently follows that

2
dz + o(1).

Eu(un) = Bu(u) + Bu(va) +0(1),  |unl3 = Jul3 + |vnl3 +0(1).  (2.6)

We claim that |v,]3 — 0 as n — oo. Indeed, set ¢ = |u|z > 0, then lim |v,|3 =
n—oo

a?> — (2. If ¢ = a, then the claim holds directly. Suppose that ¢ < a and set

~ \/aQ—CQ

Oy = Uy, In virtue of lemma 2.1 and (2.6), we obtain
lonl2

Eu(un) = Eu(u) + Eu(vn) +0(1) = Eu(u) + Eu(tn) + 0o(1) = Eu(u) +m 2=z, T o(1).

Furthermore, letting n — oo and by lemma 2.2 (iii), we deduce that

Ma,p 2 E“(u) + m\/m#/b 2 meu + m\/mM 2 Ma,p, (27)
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which gives E,,(u) = m¢ ,. According to Corollary 2.3 (ii), it holds that

Ma,u < M¢yp + M /ag_cg,

which contradicts with (2.7). Thus, the claim holds and |u|3 = a?.
Since lim,, o |v5|3 = 0, recalling that {v,} is bounded in H*(RY), it follows by
Hélder inequality that lim,, o |vn|p, = 0 and lim, o |vp|q = 0. Moreover,

1 s
liminf E,, (v,) = liminf§|(—A)§vn|§ > 0. (2.8)

n—oo n—oo

In addition, by |u|3 = a? and (2.6),

Ep(tn) = By () + Ey(va) +0(1) = ma + Eu(v) + o(1),

which implies
limsup E,,(v,) < 0. (2.9)
n—oo

It follows from (2.8) and (2.9) that lim |(—A)%vn|§ — 0. Hence, un(- —yn) = u
n—oo
strongly in H*(RM). O

REMARK 2.6. For the minimizing sequence with respect to mg ., either the
vanishing case occurs or the compactness case holds.

Proof of theorem 1.3. (i) To begin with, we infer from proposition 2.4 that ag > 0.
By lemma 2.2, we know m,,, is non-positive, non-increasing, and continuous in a.
Thus, by the definition of ag, we have m, , = 0 for any 0 < a < ag and m,,, <0
for any a > ag.

Moreover, we claim that m,,, cannot be achieved for any 0 < a < ag. If not,
assume my,, is achieved for some 0 < a < ag, then it follows from corollary 2.3 (ii)
that mg . < mq,, = 0, which contradicts with the definition of ay.

For a > ag, the existence of a least energy solution to (1.2) and (1.3) follows
directly from proposition 2.5. We know that the least energy solution is also a
ground state solution.

Finally, we try to show that mg, is achieved for a = ag. Let u, be a global
minimizer for Mool for any n € N, then using the symmetric arrangement, we
can assume that wu, is radially symmetric with respect to the origin and it is non-

increasing. Since E), (u,) and |u,|, are uniformly bounded, {u,}, oy is a bounded
Q,

sequence in H* (RN). What is more, lim |u,|, = ao. Set v, = el
n—oo

Uy, then we

can deduce from lemma 2.1 that

on € Bagr 0 B (vn) = 10 B (un) = B Mgk =

0,

where the last equality follows from the continuity of m, , and m4 , = 0. Thus,
{vn},en C Sag is a minimizing sequence for mg ;.-

Claim. Up to a subsequence, there exist v € S,, and {Untnen C R such that

Un (- — yn) = v in H* (RY) as n — .
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In particular, v is a global minimizer of m, .. If the claim fails, by the remark 2.6,

since v,, = Uy, We obtain

Jag
lunlo

lim sup / |up|? dz = 0. (2.10)
n—oo ZERN (Z 1)

By a similar argument as the proof of Claim 2 in [27, theorem 1.3], we can know
{tun}, ey is a uniformly bounded sequence in C0 (RY) for some small constant
7o > 0. Together with (2.10), it follows that w, (0) = ||ty | ,cc — 0 as n — oo.

Define v, ,, 1= n%un(mj) for n>1 large, then v, , € S, . Note that 2 < ¢ <

+
N(p—2) N(g—2)
p<2+%,thus0 < (q 2) < N(p 2 <2sand 0 < n—p . <n*—n E R

Consequently, for n large, un||od < |p|, and

. . Ne=2\ 1,
By(tna) = 17 Byun) = [l Kn s )|un|f’ 0
RN p

N(q—2)
+ (7728 T ) ‘;] da < 0.

We obtain

m < E, (vg,n) <n*E, (uy) < E, (up) =m

a0+n H a0+%,p.’

which is a contradiction; thus, there exists a global minimizer for mg .

(ii) The lower bound of aq is given by proposition 2.4.

(iii) We prove by contradiction. Suppose there exists €9 > 0, a sequence of
solutions {¥, }nen of (1.1), and a sequence {t, },en such that

inf n(0,-) — s <1/n,
8 n(0.) = vl s <1/m

but

8 (b ) = vls > o

By the conservation of mass and energy, it holds that

‘d}n(tn? )|§ = |¢n(07 )|§ — a2a E#(’lpn(tna )) = Eu(wn(oa )) — ma,;v

Let o, = a/|thn (tn, -)|2 and 1, (2) = ot (tn, ). Then, by lemma 2.1, the following
holds:

Yn€S,, lima,=1 lim E (w ) = Ma,u-
n—oo

n—oo
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By proposition 2.5, there exist a family {y,} € RY and u € G,, such that

limy oo ¥n(- — yn) = u in H¥(RN). Thus, lm ||t (tn,  —yn) —ulys = 0. A
n— oo

contradiction follows from the following inequalities:

€0 < inf Hd)n(tna ) - UHHS < ”d’n(tm ) - “(' - yn)HHS
vE€Ga,u

= [n(tn; - — yn) — UHHS =o(1)

as n — oo. O

3. The purely L2-supercritical and focusing case:
p=2+4+4s/N<q<p<2:and pn>0

Recall the minimizing problem:

Ma’ll = lnf E,Lu Va“u, = {'LL c Hé(RN) : /

2 _ 2 —
nf [P = P =0f, 3

where P, (u) is defined in (1.7). Next, we briefly explain our strategy for proving
theorem 1.5(i) and (ii). Actually, to prove M, , is achieved, we consider another
minimizing problem:

M, = inf E,, Vg,:= {u € H*(RV)\ {0}:/RN lu(x)*dz < a?, P,(u) = O}.

Vau
It is clear that M, , > M,, since V,, C V,,. For one thing, we will show
that M, , is achieved based on the profile decomposition of bounded sequences in

H*(RY) (see lemma A.2). For another thing, we intend to prove the minimizer u
actually stays in V, , by showing

M, < E,(u) forevery u e V,,

= {ue P ®Y)\ {0} /RN u(@)dz < a?, Pu(u) = 0}.

It turns out that M, , is achieved. In addition, we deduce the monotonicity of
Mg . - o
First, we analyse the property of V , and M ,.

LEMMA 3.1. There exists a constant g > 0 such that

inf | (—A)2 w2 > 5.

UEV@7M

Moreover, E, is coercive on Va,u, and there exists a constant 61 > 0 such that
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Proof. First, by P,(u) = 0 and lemma A.1, one has, for every u € V, ,,

s N(p—2 N(p—2) s Np=2)
(o)t < Y2 o N -2 (—a)bul, B
2ps
N(g—2 (g—2) s N(g=2)
+,U (;]qs )C(SvNa Q)api gs | 7A 2 u‘Q s ’

which implies

s Np=2) _, s N@=2)_,
1 < Ci(s,N,p,a)| (=A)2 ul, 2 + Ca(s, N,p,ya, )| (—A)2 ul, 2° )
Noting that p > ¢ > 2 + 4s/N, we have % —2> w — 2> 0. Thus, there
exists a constant dg > 0 such that

inf | (—=A)2 w2 > 6. (3.2)
u€Va,pu
Moreover, we note that
. 1 2s s 1l/p—2
= 8, G- gt 33
G e ) i A e L
2s s
> inf (f— ) —A)2 y)?
uevau 9 N(q-?) |( ) |2

. . . = (1 2
Therefore, EM|V¢W is coercive, and by (3.2), we obtain M, ,, > &; := (5_W8—2))50'
PROPOSITION 3.2. MCW s achieved at some u € Va,u- Moreover, the minimizer
u 1§ non-negative and radially symmetric.
Proof. Let {v,,}nen be a minimizing sequence of M, ,, then we have
E,(vy) — Ma’w P,(v,) = 0.

By lemma 3.1, {v, }nen is bounded in H*(RY) and

lim inf | (—A)% V|3 > bo.

n—oo
Applying lemma A.2, we find a profile decomposition of {v, }nen satisfying
2N )

o0
li 7= VIiT f € <27 A
im sup [v, ] ]Z:; V7|7 for every v CESIE

(3.3)

Let
J={j>=1:V7#0},
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Instability of standing waves for fractional NLS 15
then J # ). Otherwise, we can deduce from (3.3) that

lim sup |vy, b = hmsup [vn|d = 0.
n—+00 —+00

Noting that P,(v,) =0, we get

dp < limsup | (—A)% Un|% =0,

n——+o0o

which is a contradiction.
We claim that there exists some jg € J such that

s 2o Np—2) N(g—=2),,
0 —A)2VI2 < 2 Tyap — V74, 3.4
<l=aE VR < S (3.4)
Otherwise, we suppose that for all j € J,
svie o Np—2) N(g—2)
—A)2 V7|2 jp J|a.
()R vig > SR 4 v
Then, by lemma A.2 and P,(v,) = 0, we obtain
. N(p—2) N(g—2)
o ()
i gl 2 ol
s N(g—2),. .
> Y1 a)E v s S (M2 Dy, M2 )
jeJ jed q
: N(p—2) N(q -2
=1 ( n P n q),
e\ 2ps fonly 4 2gs oali
which is a contradiction. Thus the claim holds.
Let us define
N(p=2),|p q
uly + U
Py 1= ( 2ps ‘ | /’L 2115 | | )28, (35)

|(=A)3ul3

then we know P, (u(ry-)) = 0. Thus, by (3.4), there exists some jy € J such that
o > Land P,(V70(r j,-)) = 0. Moreover,

j N
VA0 (ry g ) = 1 N VI3 <N a? < o
which implies V70 (rydo°) € Vau- In addition, we also note that

i 1
Mg, = inf E, = inf <Eu(u) - 2Pﬂ(u)>

Va,u u€Va,u

1 /Np-2 N(qg—2
= inf { <(p) _ 1> Julp + fad ((q) _ 1) Mg} _
u€Va,yu LP 4s q 4s
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Thus, it holds that

M, ‘ 1/N(p—2 : N(q—2 .
0 < Moy < By (VO(ry5°)) < 7(L B 1)|V]0|5 + g(@) - 1)|VJO|Z

P 4s 4s
< limsup E,(v,) = Mw“
n——+oo
which implies 7, = 1, Vio eV, s and B, (VjO) = Mav#.

Finally, let u := |V30|* be the Schwartz symmetrization of |V70|, then by [1,
theorem 9.2], one has

. S E ;
[uld = [VIOI3, |ulp = [VIOIE, |ulf = [V70l2,  and | (—=A)2 ul3 < | (=A)2 VO[3,

By (3.5) and 7,j) = 1, one has 7, > 1 and u(ry-) € V. Suppose r,, > 1, then

Moy < B tulr)) < H(FL=2 ) july + £(HZ2 )y
=F,

(V70) = Map,

which is a contradiction. Therefore, we get r, = 1 and E,,(u) = E,, (VI0) = M, ,.

O
Recall

Vi = Vg \ Vi = {u € H'®Y)\ {0} /RN uf? < a2 Pu(u) = 0}

If M, a,u 18 achieved at some u € V, ,,, then M, , = =M, ap and M, , is achieved. To

rule out the case that M, , is achieved at some u € V,,, we need the following
lemma:

LEMMA 3.3. For every u € ‘O/a,;u it holds that
M., < E,(u).

Proof. Suppose by contradiction that Ma w=FE,u) < M,, for some @ € ‘ofa#.

Hence,  is a local minimizer for £, on V.,

.1, and there exists a Lagrange multiplier
A € R such that

/[~ N
Eu(u) — /\Pu(u) =0,
i.e., @ is a weak solution to

N(p—2

N
> )}W”Qﬁ—&—u[l—)\ (g

2)} a7 20, (3.6)

(1-2)\) (~A) @ = {1 — A o

Moreover, @ satisfies the Pohozaev identity of equation (3.6), i.e.,

N=25q _onjaypag=" {1 - AM] [aly + % {1 - AM] [ala

2 p 2s 2s
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Instability of standing waves for fractional NLS 17

In addition, @ satisfies the following Nehari-type identity:

5 - N(p—2)7,. N(g—2)7,_
— A2 g2 =1 = 22X hgp 1 gle
(L-2))] () a3 = [1 - =L ]|u|p+u[1 AL ]|u|q. (3.8)
Besides, since P, (@) = 0, we obtain
s N(p-2),. N(g—2),.
2
aytag = T2 Djap 4, T D (3.9

After balancing the coefficients of (3.7), (3.8), and (3.9), we deduce that
N(p—-2) Np—2)\-1p N(q—2) N(g—2)\ -4
/\T<1— =) alf + A p (1-=4=—=")lal; = o.

Since p > ¢ > 2+ 4s/N, 4 # 0, and g >0, it must hold that A=0. Thus, @ is a
weak solution to

(=A@ = |aP~%a + pla|? 2a.
In particular, @ satisfies the following Nehari-type identity:
[(=A)2al; = |afp + ulall.
We combine the above identity with (3.9) to obtain

2N — p(N — 2s)
2ps

2N — g(N —2s)

~ | P
|alb + p 205

W|3 =0,
which is a contradiction since ¢ < p < 2%, © >0, and @ # 0. Thus we conclude the
proof. O

With the preparation above at hand, we are now able to prove theorem 1.5(i)
and (ii).

Proof of theorem 1.5 (i) and (%). (i) From proposition 3.2 and lemma 3.3, we
immediately have
Ma,u = Ma,u- (310)

Moreover, M, , is attained by a non-negative and radially symmetric function u in
Va,u- Since it is well known that a critical point for E,[y, , is also a critical point
for E,|s,, we apply Lagrange multiplier rules to deduce that there exists A € R
such that

(=AY u — |uP~%u — plulP~%u = Iu.
Thus,

| (=83 ulf = ulf + plulf + Alul3.
Combining with the identity P,(u) = 0, we get
2N — p(N —2s) 2N — q(N — 2s)

Aa? = Mul? = — ul?
jul o+ 5

Julg| -

Since >0 and g < p < 2%, we know A <0. Moreover, due to v > 0 and u # 0, by
the maximum principle, it holds that « >0 in RY.
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(ii) Let 0 < a1 < ag. There exist two functions u; and e such that
Mal,u = E#(ul)v |u1|% = a%a

and
Maz# = E,U(U'Q)’ |u2|§ = a’%'

Then, we use lemma 3.3 to get

Mag,u < Eu(ul) = M,

aq,p
which implies that M, , is strictly decreasing with respect to a. O
In the following, we study the strong instability of standing wave solution e~

to (1.1), where u is a radial minimizer for M, , obtained in theorem 1.5. Our ideas
are as follows. First, we find the third kind of variational characterization for M, .

Define
~ 2s 1 2s s 1l/p—2
Ey(u):=Ey,(u) _mmu): <§—m> |(—A)2U|§+; (ﬁ_l) ulb,
and
Mg, = inf E,, Vi, :={u€S,:P,(u)<0}. (3.11)

Va,u

We will show Mav# = M, . Second, we give the blow-up criterion (see proposition
3.7) by introducing two invariant manifolds, for which the proof is based on the
localized virial action M, (1(t, -)) and the virial estimate for M, (1(t,-)) (see lemma
3.6). Third, if u is a radial minimizer for M, ,, letting ¢§(z) = e%Tu(eTx) with
7> 0, we derive the strong instability of normalized ground states to (1.1) by the
blow-up criterion. Hence, we conclude the proof of theorem 1.5(iii).

First, we prove the third kind of variational characterization of M, ,. To this
aim, we give some notations. For v € S, and 7 € R, we define

N
(t*u)(z) :=eZTu(ex), forae xcRY,
then 7 xu € S,. Moreover, we introduce the fibre map
e

25T ) eN(g—l)r eN(%—l)T
V()= Bulreu) =S5 [ - [ - [

(3.12)

[\l

LEMMA 3.4. For any u € S,, there exists a unique constant 19 € R such that
E, (10 % u) = max E, (T * u).
TER

Moreover,

(1) It holds that P, (1o * u) = 0. Furthermore, if T < 19 (respectively T > 1),
then P, (T xu) > 0 (respectively P, (T xu) < 0).
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Instability of standing waves for fractional NLS 19

(ii) P,(u) = 0 (respectively P,(u) < 0) if and only if 79 = 0 (respectively
T0 < O)

Proof. By straightforward calculation, one has V(1) = sP,(7 ). In addition, we
also see that

s Np—2) (N(E_1)—25)r
\IJI(T):€QST<S|(—A)7’U,|§— (Z;p )e(N(z 1) 2<) |u|g

N(q72) N&d—-1)-2s5)7
i M ),

Since 2 +4s/N < g < p and >0, U'(7) is strictly decreasing with respect to 7.
Consequently, there exists a unique 79 € R such that ¥’(r5) = 0. Other desired
results follow directly. O

LEMMA 3.5. Let M, , and Ma,u be defined by (3.1) and (3.11), respectively, then

Mgy, = M,

Proof. For any u € S, with P,(u) < 0, by lemma 3.4, there exists a 7y < 0 such
that P, (mo xu) =0, i.e., 7o ¥u € Vg, defined in (3.1). Furthermore, it holds that

Bo(roxu) = (1—]\,(252)> \(—A)%(To*u)gﬂlj (%-1) -

<2 q—2> q—2
1 s 1 /p—2
Z A2 aulPe o 2 P
(2 Ty )| a4 (225 1) ul
= E,(u
Hence, M, = infg, EM = infy, , E, = M. O

Let 1/2 < s < 1 and ¢ : RY — R be such that Vi € W3>(RY). Assume
Y € C([0,T),H?) is a solution to (1.1). The localized virial action of 1) is defined
by

My (01t)) =2 [ Vila) R (G(t,0) V6 (t.2)) do. (3.13)
R
It follows from lemma A.5 that M, (¢(t,-)) is well-defined. Indeed, by lemma A.5,

My, (1(t, )| < CN, [Velye0) 100 3172 < CIN, [Vl yp100) 11t )| 3s < 0.

Now let ¢: RY — R be as above. We assume in addition that ¢ is radially
symmetric and satisfies

2 if r <1
o(r) = " BTE0 and ¢"(r) <2 for r > 0.
const, if r > 10.
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Here the precise value of the constant is not important. For R >0 given, we define
the rescaled function pr : RY — R by

pr(z) = or(r) = R*o(r/R), = |z|.
Then, we have the following virial estimate:

LEMMA 3.6 ([13, lemma 4.3], H* radial virial estimate). Let N >2, -~ < s <1
and 2 < g <p <2k pr be as above, and iy € C ([0,T), H®) be a radial solution to

(1.1). Then, for any t € [0,T),

d ANp(g —2)

Mo ((t, ) < 8s () s fw, e - AN =2)

(¢, )5

(g— )(

+o(R> + R Lers e, Fre

(p—2)(N—-1)
b R ey )

= 4N(p — 2)E, ((t, ) + (85 — 2N (p — 2)) (£, )| 7y
+ Dy
+O(R™ + R

(p—2)(N
+R_pﬁ7+f2é”¢( )| 25 +52)7

EBED s e,

for any 0 < g1 < 2N —1)(¢ — 2)/2s5,0 < g2 < (2N — 1)(p — 2)/2s, and where
I, )l s ::|(—A)%w(t, 2. Here the implicit constant depends only on |igl2, N,
€1, €2, S, 4, and p.

With the preparation above, we introduce the following two invariant manifolds:

Agpi={u€ S Py(u) >0,E,(u) < Mg},
Bayi={ue S, :P,(u)<0,E,(u) <M},

where S, = {u € Sy : u(x) = u(|z])}.
The following proposition tells us the global existence (respectively blow-up
behaviour) of the solution to (1.1) if the initial data belong to A, , (respectively

Ba )

PROPOSITION 3.7. Under the assumptions of theorem 1.5(iii). Then Aq,, and B, ,
are two invariant manifolds of (1.1). More precisely,

(i) if the initial value Yo € A, ,,, then the solution ¥(t,-) to (1.1) always stays
in Aq,p and exists globally over time.

(i) if the initial value 1o € Bq,,, then the solution (t,-) of (1.1) always stays
in Ba,u but blows up in finite time.
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Proof. First, we claim that A, ,, # 0 and B, ,, # 0. As a matter of fact, for u € S, ,,

recall (7xu)(x) = E%Tu(eT:c). On the one hand, the following statements hold: (i)
Txu € Sg, for every 7 € R; (ii) E (T *u) = 0 as 7 — —oo by (2.3); and (iii)
P, (txu) > 0 for 7 sufficiently negative by lemma 3.4. On the other hand, by lemma
3.1 and (3.10), we know M, , > d; > 0. Therefore, A, , # 0. Similarly, one has
E, (T xu) — —oo and P, (7 xu) — —o0 as T — +o0. Thus, B, , # 0.

Second, we prove that A, , and B, , are two invariant manifolds of (1.1). Let
o € Ag,pu, and by lemma A.3, there exists a unique solution ¢ € C ([0, T%*), H®) to
(1.1) with initial data 1¢g. Moreover, we have

[W(t, )3 = [ol3 = a®,  Eu(y(t,-) = Eu(to) < May

for any ¢t € (0,7%). If there exists some to € [0,7%) such that P,(v(to,-)) = 0,
then E,,(¢(to,-)) > M, ,, which is a contradiction. Therefore, we deduce from the
continuity with respect to t of ¢ (¢,-) that P,(¢(t,-)) > 0 for any t € [0,T*). As a
result, ¥(t, ) stays in A, ,, for any ¢t € [0, 7). Similarly, B, ,, is invariant under the
flow of (1.1).

(i) Due to ¥(t,-) € A, for any t € [0,7*), we deduce from the conservation of
energy that

Bt > (5 - g ) |08 w08 + 5 (222 1) e

which together with lemma A.3 implies that the solution 1 (t,-) of (1.1) exists
globally.
(ii) If 9o € Ba,p, then P,(¢(t,-)) < 0 for any ¢ € [0,77). By lemma 3.5, we know

Ma,u = Ma,u < Eu("/}(ta ))

= B (u(t,)) - %Pmu, ) = Ey(tho) - %PHW, )
which implies
P,(¢(t,) < W (Eu(to) — M,,,) <0, Vtel[0,T%). (3.14)

The proof of blow-up behaviour will be divided into three steps as follows:

Step 1: We prove that there exists C; > 0 such that

S
[ (=A)2 (¢, )2 = C1 (3.15)
for every ¢ € [0,7™). Indeed, if not, then there exists {t;} C [0,7™) such that

| (—A)% Y (tk, )2 — 0. However, we deduce from mass conservation and the sharp
Gagliardo-Nirenberg inequality that |¢(tg, )| = o(1) as k — oo, where a = p or gq.
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Therefore, we have

5 N(p—2) N(g—2)
N =1|(=A)2 32 - 2 2 AP — 2 |4
Pu(¥(tr, ) = [(=A)2 ¥(t, )3 205 [ (te, )y — 1 205 Y (te, )lg =0
as k — oo, which contradicts to (3.14).
Step 2: We claim that there exists Co > 0 such that
d £ 2
G Mer(W(t,)) < —Cof (=A)2 9t )3, (3.16)

where M, (¢(t,-)) is defined by (3.13).
Observe that ¢(t,-) is radial for any ¢ € [0,T*), since the initial datum v is
radial. Therefore, we apply lemma 3.6 to have

L M (1, ) < 5] (~2) (e, ) — Dy g ANE D)

a £
dt PR q p |w(a)p

(g=2)(N—-1) , q-2
+O(R2 4R =) E )L )

(p=2)(N-1) s P2

for all ¢ € [0,7*) and R>1. Thanks to the assumption ¢ < p < 2 + 4s, we can
apply Young’s inequality to obtain for any n >0,

_ _ q—2
R s ) By, )T
s __q—2+42eys _ 25[(g—2)(N—1)—2¢ 5]
< 7]|(7A)§1/)(t, )|g+n 2+4ds—q—2e15 R 2F+4s—q—2e1s
_ _ s p—2
R )y, ),

s _ p—2+2e9s _ 25[(p—2)(N—1)—2e9s]
< 77|(—A)71/)(t, )|g+77 2+4s—p—2e3s R 2+4s—p—2egs

Thus, there exists a constant C' > 0 such that

d ANp(g —2) AN(p —2)

@ Mer(W(t:) < Bs| (Z8)2 (8 )3 — —— —— (¢ )lf - (e,
+On| (=A)29(t, )3+ I(n, R)
for all t € [0,7*), any >0, and any R > 1, where
 q—2+42¢ys ~ 2s5[(g—2)(N—1)—2¢q 5]
I(?],R) = O(R—Qs +77 2+4s—q—2elsR 2+4s—q—2e1s
p—2+2e9s 2s[(p—2)(N—1)—2e95]
+ ,'7_ 2+4s—p—2egs R_ 2+4s—p—2egs )
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Since 2 + 4s/N < ¢ < p < 2N/(N — 2s) and p < 2 + 4s, we can choose 1 >
0,e2 > 0 sufficiently small such that

q—24+2618>0, 244s—q—2e18>0, (¢—2)(IN—-1)—2e15>0,
p—2+298>0, 24+4s—p—2e28>0, (p—2)(N—1)—2e35>0.

In addition, we fix ¢ € [0,7%) and denote

NGB+ 1
' N(p—2)—4s '

Since p > 2+ 4s/N, we know k > 0. We consider two cases.
Case 1: | (—=A)2 (¢, -)|3 < k. Noting that

ANp(g —2) AN(p—2)

8s| (—A)2 ¥(t,-)[3 — (¢, )|d — (¢, )L = 8sP((t, ),

and (3.14), we have

d

%MWR W(t» )) < 4N(q - 2) (E/»b(/w()) - Ma,p) + 077’43 + 1(777 R)

By choosing 7> 0 small enough and R >1 large enough depending on 7, we can
get

QN(q - 2) (Eu(¢0) - Mu,u) + Cnk + 1(77, R) <0.
Thus, we obtain

d 2N(q —2) (Eu(to) — Mau)

Mo (0(2,) < . [EYNERUCDIE?

Case 2: | (—A)% ¥(t,+)]3 > k. By lemma 3.6, we obtain

iM«:RW(t, ) < AN(p = 2)|E, (o) | +2 (4s = N(p = 2)) | (=2) T u(t, )3

dt
+ Ol (—2)F (1, )3+ 1(n, B)
<14 (45— Np-2)[(-8)F ot
+Onl (=A)2 §(t, )3+ I(n, R).
Since p > 2 + 4s/N, we choose 1> 0 small enough so that

N(p—2)—4s

N(p—2)—4s—Cn> 5

We next choose R > 1 large enough depending on 7 so that

—1+1I(n,R) <0.
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We thus obtain

d N(p—2)—d4s
aMgaR@ﬁ(tv')) < 5

Combined with the two cases above, we prove our claim (3.16).
Step 3: We are now able to show that the solution (¢,-) blows up in a finite
time. Assume by contradiction that 7™ = oo. It follows from (3.15) and (3.16) that

%M@R(w(t, 1)) £ —C with some constant C'>0. As a consequence, M, (¥ (t, ")) <
0 for all ¢ > ¢; with some sufficiently large t;. After integrating (3.16) on [t,t], we

obtain
M (0(t, )<~ / (=) Bp(r, ) B+ M (9(0)) < ~C / (~)3o(r, ) Bar
(3.17)
for all ¢t > t;. On the other hand, we use lemma A.5 and L?-mass conservation to
find that
S 1 S 1
M (000 )] £ C,s.0,Fmllyne) (1) F el +1(-2)F e 1)
(3.18)

where we used the interpolation estimate

19172000, )] < (e, % (~8)E e, 13

for s > 1/2. So, we deduce from (3.15) and (3.18) that

[N
~—
~
N
D ¢ =

|M¢R(¢(t7 ))| < C(N’S’a7 ”v@R”WLOO)‘ (7A)

This, together with (3.17), implies that

t
MWR(qp(tv )) S _C(Nv S, a, ||VSOR||WLOO)/; |M¢R(’¢J(T, '))‘28 dT for t Z tl-
1

(3.19)
Let z(t ft | M, )| dr, noting that My (¢(t,-)) < 0 for ¢t > t;, hence

z(t) is strlctly 1ncreasmg for t > t; and we can ﬁnd a to > t; such that z(t3) > 0.
Furthermore, by (3.19), we obtain

2(t) 2 [C(N, 5,0, | Vorlly,00)]* 2%

Therefore, for ¢ > ¢, it holds that z/(£)z=%¢ > [C(N, s, a, [|[Ver|lyy1,00 )] Since

s > 1, we obtain (1 — 2s)2/(t)z=2* < (1 — 25)[C(N, s,a,||[Ver|yi1.00)]%. After

integration on [ta,t], one has
0 < 2'725(t) < 2172 (t) — (25 — 1)[C(N, 5,4, || Vor| e (t — t2).  (3.20)

Note that the right-hand side of (3.20) goes to —oo as t — 400, while the left-hand
side is positive. Hence, it must hold that T™* < +o0. O
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Proof of theorem 1.5(iii). Let u be a radial minimizer for M, ,. Then, we know
P,(u) = 0. Setting 9§ (z) = E%Tu(e%:) with 7> 0, by lemma 3.4, we obtain

E,(g) = Eu(txu) < Eu(u) = Mo,  Pu(¥pg) =Py (m%u) <0

for any 7> 0. Thus, ¥] € By, for 7> 0. In addition, let 7 — 0%, we have ||¢f —
u|lgs — 0. Therefore, we apply proposition 3.7 to get the strong instability of
e~ My, O

REMARK 3.8. After completing this article, we learned that Feng and Zhu [16]
considered the instability of ground state solutions for the fixed frequency A. The
relationship between the two types of ground state solutions is still a delicate but
important open problem.

4. The combined nonlinearities and defocusing case: 2 < ¢ <p < p < 2}
and <0

Via lemmas 6.14 and 6.15 and theorem 6.17 in [33], there exists 4 such that the
following variational characterization holds:

E.(4) =M, , = uelr\}'g" E.(u), Vi, = {ue S, u(x) =u(|z]), Pu(u) = 0}.
a,p

Once we obtain Mg# = M; , (see lemma 4.1), similar to the proof of theorem

—ilt s

1.5(iii), we deduce the strong instability of the standing wave e™'*4. First, we

recall (3.12), and note that lemma 3.4 still holds in this case.

LEMMA 4.1. Let ]\ng“ be defined by (1.8), then

ap ‘;llr# B S a,p
Proof. The proof is similar to the argument of lemma 3.5, so we omit it. O

Similarly, we define the two manifolds by
Aoy = {ue Say:Pu(u)>0,E,(u) <M},
Bay = {u € Say: Pu(u) < 0,Ep,(u) < M],}.
Then, we have the following result:

PROPOSITION 4.2. Under the assumptions of theorem 1.7(ii). Then A, and Ba,,
are two invariant manifolds of (1.1). More precisely,

(i) if the initial value ¥ € flaw then the solution ¥ (t,-) of (1.1) always stays
n fiaw and exists globally over time.

(ii) if the initial value g € BAWL, then the solution ¥(t,-) of (1.1) always stays
n Ba# but will blow up in finite time.
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Proof. The proof is similar to that of proposition 3.7. g
Proof of theorem 1.7. The conclusion (¢) is established by [33, theorems 1.9, 1.11].
The proof of item (i7) is similar to the argument of theorem 1.5(iii). O
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Appendix A.

LEMMA A.1. [17] Let 2 < a < 2%, then there exists a constant C(s,N,a) such
that for any u € H*(R™N), the following inequality holds:

N(a—2)

[ u@ide < e Nay( [ 1Ea)Fu@par)

g_N(a72)
2 2 s
X (/RN u(z))| dx) S

LEMMA A.2. [12, lemma 2.2] Let N > 1 and 0 < s < 1. Let {vp}n>1 be a
bounded sequence in H*(RY). Then, there exist a subsequence of {vp }nen, a family
{23 }nen of sequences in RN and a sequence {VI}jen of H*(RYN) functions such
that for every k#j, |z — 23| — +o00 as n — +oo. Furthermore, for every | > 1
and every v € RN, v, (x) can be decomposed into

l

= e el ),

with limy, oo |Vh |y — 0 as I — oo for every v € (2, ﬁ) In addition, for

every l > 1, the following expansions hold true as n — 4o00:

l l

[oal3 = D IVIB+onl3 +on(1),  fuald =D IV + o] + 0n(1),
j=1 j=1

l
(=820, 3= [ (~A) 2 VIE +[(~A)2 0, 3 + 0,(1).
j=1

LEMMA A.3. [13 proposition 3. 3} Radial H? local well-posedness Assume N >

2, 2N T . Let
g 4sq ¢ Ngq » 4sp
1= Qv o 9= 75 1= T v o
(¢ —2)(N —2s) N+ (¢—2)s (p—2)(N —2s)
___ M
PN T2

Then, for any vo € H® radial, there exist T € (0,400] and a unique solution to
(1.1) satisfying

¢ e C([0,T), H) N L ([0,T), W*92) N LP1 ([0, T), W*P2) .

Moreover, the following properties hold:
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(i) v € LE ([0,T), W*P) for any fractional admissible pair (a,b).
(ii) If T < +o0, then | (—A)3 (¢, )2 — 00 as t 1 T.
(iii) The laws of conservation of mass and energy hold, i.e., |1)(t,-)|3 = |vo|>
and E,(¢(t,-)) = Eu(¢o) for allt € [0,T).

REMARK A.4. In fact, the ¢(¢,) is also radial for every t € [0,T).

LEMMA A.5. [6, lemma A.1] Let N > 1 and p: RY — R be such that Vi €
WLo(RN). Then, for all u € HY?(RN), it holds that

2
‘/RN W(2)Vpla) - Vula)| < O(|IV12] + Jul [91/2%] ),
for some C'> 0 depending only on ||Vl 1,00 and N.
LEMMA A.6. Let 0 <y < 8, A,B >0 and
g(t) = AtP —t7 + B, tec0,00).
B—
Then g(t) > 0 for any t € [0,00) if and only if A > %(ﬁ_’y) v

Proof. Since ¢'(t) = t77! (BAt?~7 — 5), the minimum of g(¢) is attained at o =
1 B—y
(Alﬁ) £=7. Therefore, it is equivalent to g(tg) > 0, namely, A > %(%) T, O
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