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In this paper, we establish a new fractional interpolation inequality for radially
symmetric measurable functions on the whole space RY and a new compact
imbedding result about radially symmetric measurable functions. We show that the
best constant in the new interpolation inequality can be achieved by a radially
symmetric function. As applications of this compactness result, we study the
existence of ground states of the nonlinear fractional Schrédinger equation on the
whole space RY. We also prove an existence result of standing waves and prove their
orbital stability.
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1. Introduction

Recently, a great attention has been focussed on the study of inhomogeneous
fractional nonlinear Schrodinger equation

it — (—A)*u — m|z|u +elz||ulPlu=0, xRN, t>0

u|t:0:u0€Ho‘(RN), N}Q, OéG(O,l), p>1,
where m > 0 and € > 0 are real physical constants, ¢ and 7 are real constants,
1<p< %, and this equation comes from various physical contexts in the
description of nonlinear waves such as propagation of a laser beam and plasma
waves. When o = 2, the potential term is often called the harmonic potential and
occurs in the condensed states. When o = 1, there is a strong physical background
related to the study of (1.1) and one may prefer to the papers [3, 34, 37]. When
o =0 =1, to understand the ground state of (1.1) (see proposition 3.1 in [14] or
[33]), one may use the well-known fractional Gagliardo—Nirenberg inequality that

for some 0 € (0, 1) such that % =1- OWO‘, it holds that

0 -0
lullg < Cllull3lull;
(see proposition A.3 in [35]). When o = —1, a new fractional Gagliardo-Nirenberg

inequality has been obtained in [20] to prove the existence of the ground state. In
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938 L. Ma and F. Dong

the above papers, the Schwartz symmetrization method (so called re-arrangement
argument) has been used. However, for ¢ > 0 and m > 0, one can not directly
use the re-arrangement argument to get the ground state to (1.1). The natural
question is if one may get the ground state in broad class of the powers o,y > 0
without using re-arrangement argument, which is one subject of this paper. In [25],
the author has found the ground state in the case when 0 =2 and a € (%, %) by
restricting the working space to the class of radially functions. In case when m = 0,
the ground states have been obtained [26]. The range of « also plays a crucial role in
the existence result of ground states. In this paper, we first set up a new fractional
interpolation inequality related to (1.1) and prove that the best constant in the new
inequality can be obtained by a radially measurable solution function. We then get
the ground states of the fractional Schrodinger equation on the whole space. For

a € (0, %], the power of the nonlinearity will be restricted into p € (1, %) and

the compactness result about radially symmetric functions obtained by Lions [23]
will be used. Even in this case, we need to have more conditions about v and o.
The precise results will be stated (see theorems 1.2 and 1.3 below) after we briefly
report some related results obtained by others. In the recent very interesting paper
[2], the authors have introduced the ODE approach to nonlinear equations with
the fractional Laplacian and their approach may be useful to the problem (1.1).

In [5], for @« =1 in (1.1), Chen and Guo have given a criterion for the global
existence of solutions of the corresponding Cauchy problem for an inhomogeneous
nonlinear Schrodinger equation with harmonic potential:

sz—Awa%—me%w,b>m 12

w(l’, 0) = Ql)o(ir),

with radial initial data

Yo €% = {u e H'(RN) : u is radial and / |z|u(x)]? dz < oo}
RN

Their result may be stated as the following. Let b > 0, N > 1 + %, 1+ 4+T2b <p<

%tg + 1\7251(1 + 4-;[217 <p<oo,ifN<2),A= N(p*21)*2b’B — 2(1)*1)*(1\;(17*1)*217)

55 P21l 4
and let V(X) = (pflizA) . I1Ql, 5 A~%F | where @ is the ground state solution

to the equation
~AQ+Q —[a’|QPFQ = 0.

Define .77 = {p € X : [|¢]|12 < V([IV9|[32 + [|z¢||32)}. If ¢o €., then the cor-
responding solution to (1.2) is global in time and uniformly bounded in 3.
Furthermore, .¥ is unbounded in $. The proof relies on a Gagliardo—Nirenberg
inequality with best constant and an energy method. Moreover, a similar result
holds true for the critical power p =1+ 4+T2b, where the assumption ¢g € . is
replaced with ¢o € 3 and ||ol|z2 < ||Q|| 2. In addition, this criterion is sharp in the
following sense. For any A > 0 and ¢ € C with |¢| > 1, if @o(z) = eAZ Q(Az), then
©o0 € 3, |l¢ol|r2 = ||Ql|L2 and the corresponding solution to (1.2) blows up in finite
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time. See also [21, 34] for related results. For 0 = —s and v = —t with 0 < ¢ < 2s,
via a detailed study of a fractional version Hardy—Sobolev—Maz’ya inequality, with
particular attention to the optimality of the constants involved, Mallick [28] has
studied the existence of positive solutions of the nonlinear equation involving frac-
tional powers of the Laplacian with cylindrical potentials. Moreover, he has also
considered the symmetric and asymptotic properties of the positive solution. The
study of the problem (1.1) is also closely related to weighted Hardy type inequalities
[13, 20]. See also [7, 9, 15-19, 24, 29, 32] for related results of nonlocal problems.

We use the following notations: A < B denotes an estimate of the form A < CB
for some absolute constant C' > 0; for ¢ > 1, L := LI(R") is the Lebesgue space
endowed with the usual norm || - [[g:= || - |lpa; | - || =1 - ||2, and [|[(=A)% - || =
| - || 7o~ We also use the brief notation that [ -dz := [,y -dz.

Recall that for s € (0,1), the fractional Hilbert space H® = H*(R") is defined
by [1, 6, 11, 12, 30]

H*(RY) = {u € L*(RY): (1 + [¢]*)*/2F (u(€)) € L*(RY)}

where F(u) denotes the Fourier transformation of u, with norm

ull e = \// (1 +[E2)* | F (u(8))[? dé.
RN
We also denote by
I(=2)%u|? =/ €17 [F(w(©)* d¢,  u e C5°(R™).
RN

We introduce, for o € (0,2), a € (0,1), a fractional Sobolev space D® with the norm

D=

lullpe = () ull® + 1(=2)Ful?)*

such that under this norm D is the completion of C$°(RY). We also let H* be
the completion of C§°(RY) under the usual norm |(—A)2u||. For a > 1, we may
use Fourier transform to define H* and we refer to [8]. Then we may define D® as
above.

For Z being any space of functions on RY, we denote by Z,4 the space of radial
functions in Z. Here and hereafter, we denote, for ¢ € D, the mass and energy
functionals for (1.1):

M(9) = [ o dw = o]
and
_ 1 = 2 m o 2 1 ¥ p+1
B(®) = 5183l + 5 [lafloPde - — [laPlopt da,
where the integration is over the whole space RY. We remark that the ground

state to (1.1) may be considered as the mountain pass critical point of the energy
functional E(-) on the working space DZ, [10].
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We define the functional
[(=A) 2 ul| P |22 ul*
Sz ult+P dz

J(u) ==

on the space Dy, where
A= (p+1)0,
B:=(p+1)(1-0),

Npo— 2N+2y
where 0 = —— 2+
a+o

We now consider the minimization problem

d:= inf J(u); Dy 0}. 1.3
it (I} € DEyu #0) (13)

There is no previous result about this problem with ¢ > 0. We now set up the
interpolation inequality as below.

PROPOSITION 1.1 (1). Let a € (0,3], 1<p< 55, v =55 >0, and 0 >0
: 2

! g L=011,,110
e ullpr1 S Ml =l =7 llull G
for any u € D%(RN).
2N ’

1 N N+2v—2a—4o 2(N+v) = Nto—pi—2v
(2). L‘;t a€(33) TR <SPS joaw — L oand 0= ——20—
Then

0

!
E -
el ullpir S Nl 2l =0 ull..

for any uw € D%(RN).
For a € (0,1), a more general result than proposition 1.1 is proven in theorem
1.1 in [31]. Since we have different purpose, we shall present a simpler and direct
proof of proposition 1.1 for completeness. We now explain why € can be chosen in

this way. So we do the dimension analysis. Note that for p > 1,7 > 0,a > 0,b > 0,
we let the scaling ¥ = uq 1= au (%) with 7 = z:

I P waalids = [l 0 ) da
— gPt? / || P+ ypt ! (f) dz
b

— gPT1pN+Y (1) / |m‘7'(p+1)up+1(z) dz

= ap+1b1v+v’(p+1)H| . |7/u\ iﬁr

Note that for p =1 and 7' = §, we have

2bN+a||| .

I 2 uaplie = a |FullZ..
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We also have
o2 (= A) Bl |-

If proposition 1.1 is true, then for any constant ¢, we have

=)’

I(=2)Fuapl7> = a

abrit <c(ab > Zyi- e(ab

By this we have

which implies that

Then we get

(e

which implies that

20+ 0
As the consequences, we may obtain some of our main results (and the very new

part is when a € (O ] which has not been treated before).

)2

THEOREM 1.2. Lety > 0. Assume (1) a € (0,1],1<p< N]Xw and (l—p)]\/?-fa(p-i-l)
v<o; or (2) ac (l ﬂ), and W <p< % — 1. We have three
conclusions below.

(1). There exists a positive constant C'(N,p,v,«), such that for any u € DS, it
holds

/le”IUI”p dz < C(N,p, 7y, &)l Ful lu] 7. (1.4)

(2). Moreover, if W <p< M — 1, then the minimization problem
B :=inf{J(u), we Dy (1.5)

is attained in some 1 € D, (that is, B = ([ |z||PTrdz)~t, |||z]2¢|| =
1]l 7« = 1) and ¢ satisfies

B(=A)*¢ + Alz|7¢ — B(p + D]z ¢[p[P~t = 0. (1.6)
(3). Furthermore,
AN\ ?
Cvpna) = 5 () ol (1)

where ¢ is a ground state solution to the following equation on RY :

(=A)%¢ +[2]7¢ — |z["¢lg|" ™ =0, 0+#¢ € Dyy (1.8)
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Using this proposition, we shall prove that there is a ground state of (1.9) below.

THEOREM 1.3. Takee=1,v >0, % <a< %, and% <p< %—1.
Then, there is a ground state solution to (1.1) in the following meaning

(=A)% +[2|7¢ — |z["¢lp[" ™ =0, 0#¢ € Dy (1.9)

To prove the result above, we need to set up a compactness result, which is
parallel to the classical Sobolev injection (see [5, 23]). We state here such result in
case 3 <a< &

LEMMA 1.4. Let~y >0, % <a< %, and W <p< % — 1. Then, the

following injection
ra(BY) 2= {ue Lzloc(R");/ [ulP*™ |z dz < oo} (1.10)
R’!L

is compact, and we may simply write ¥ := LPT1(|x|7 dx).

We may also show the existence of other standing states to (1.1) in the following
way. We now define on D¢, the action for (1.1) by

S(u) = B(u) + %M(u)
and let Q(u) =< S'(u),u >. Set
M = {u € D&su# 0,Q(u) = 0}
and

mo = inf{S(u),u € M}.

It is clear that when restricted on M, the action S is simplified to
S =a [l =a [ (-8) 8l + mlafluf + fuf do

— (1 _ _1
where a = (2 p+1>' Hence mg > 0.

We shall show in next section that
LEMMA 1.5. mg = inf{S(u),u € M} > 0.

The proof of lemma 1.5 replies on theorem 1.2 and this result will play an
important role in the argument of theorem 1.6 below.

Then, we can show the following result about the existence of standing waves
and their orbital stability for (1.1).

THEOREM 1.6. Takee = 1,7 >0, a € (1,5), and 2H22=1=17 ) < 72](\/]\122) _1.
We have the following conclusions.
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(1) There is a standing wave solution to (1.1) in the following sense

(=2)%¢ + 2|76 + ¢ — x| "¢|g|"™" = 0, 0 # ¢ € DYy, mo = S(9).

(2) Let By =(1-0o)(q+1)+ xo%s, where g+1=p+1— 22 and 0 =
N (1 1

o (5 — m). For By < 2, this standing wave is orbitally stable.

As usual, in the orbitally stable part, we always suppose that the global existence
of solutions to (1.1) with initial datum near to the standing waves.

The rest of the paper is organized as follows. In §2, we prove lemmas 1.4 and 1.5.
We recall some useful inequalities and some tools like compactness result needed in
the sequel. In §3, we prove proposition 1.1. In §4, we prove theorem 1.2. We prove
theorem 1.3 in § 5. We establish the existence of standing states of (1.1) and the
orbital stability in §6. Thus, we prove theorem 1.6 in the last section.

2. Preliminary results

In this section, we collect some well-known facts about properties about radially
symmetric function on RY. An estimate similar to Strauss’s inequality [36] in the
fractional case is as follows [8]:

LEMMA 2.1. Let N > 2 and 3 < o < & Then, for any u € HS,(RN),

N_ o a
supal* “lu(@)] < OV, a)ll(=4) *ull (2.11)

where

and I" is the Gamma function.

To facilitate the proofs of our latter results, we show that ||u|| pe is stronger than
[l e

PROPOSITION 2.2. Fix o > 0. There exists a uniform constant ¢; > 0 depending
only on o and n such that

crflullfre < llullbe, (2.12)
for any u € Dg,.

Proof. We argue by contradiction. Assume that (2.12) is not true. Then there exists
a sequence (u;) in D%, such that ||u;||ge = 1,||u;]|pe — 0. We may assume that
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. : 2 . _ o . 2 .
wj —win Lj ., u; — u a.e., (—A)zu; — 0 in L?. Since

L= Jlujlifre = 1(=2)Fuyll7e + fuslZe,
we have
4 o(1) = g2 (213)
For any R > 0, we know that [lu;[|7. = [[u;[72p,) + ||uj||%2(3%) and

o 2
R ||uj | T2 msy < Ml ugll 2 = o(1)-

This implies that u = 0 almost everywhere and

1\ 2
Joslscag < o) ()

By the local compactness imbedding theorem we conclude that ||u;|z2 — 0. Then
we have ||uj||%2(BR) + ||uj||%2(3%) = o(1), which leads to a contradiction with the
equality (2.13). This completes the proof. O

Taking into account proposition 2.2, we get D, — H® — L7 for any ¢ €
2+

P N2« |
LEMMA 2.3. Let N > 2, p € (1,00) and a € (0,1). Then D%, — H® — L for any
g€ 23]

This result will be useful in the proof of theorem 1.2.

We may prove lemma 1.4 by using the imbedding D&, — H®. However, we prefer
to give a direct proof below.

Proof. (Proof of lemma 1.4). Recall that
¥4 = {u € L'*P(|z|" dx);u = radial and measurable in RV},

which is a Banach space endowed with the norm

1
1+p
lulls,, = ( / |x|”|u<x>|1“7dx)

We divide the proof into three steps. Take (u;) a bounded sequence of DS, and let
€ > 0. We may assume that u; converges weakly in Dy}, and almost everywhere to
zero. We write

/|x"7|uj|p+1 dz = / _|_/ +/ ‘m|’}’|uj‘p+l da = I+ T+ IIT.
|z|<e e<|z|< L 2> 1

We should only concern v > 0. Lemma 2.1 will play an important role below.
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Step 1. We consider the integral in the region |z|
Since |u(z)| < |z|*~ 2

945
S =|(-A
that is,

)2u|| for 2 #0 and v+ (a—§) (p+1)+ N >0,

N+ 2N +2
pt1l< T 2

T -« N —2a’
we have

(2.14)

1:/ &[] [P+ da
jal<e

<

”/ < ]|z (4= F)EHD ||~ A) F oy P
T|<€E

S
5/ T7+(a—%)(p+1)+N—ldrH(_A)%uj”pH
0

1
-3)(p+1)+N

%)(p+1)+NH(f

<
Nv—i—(a

< 5’7+(a7

_N 1)+ N o
A (G L
A)Fuy |+
< e 2)HDHN

as € — 0.

Step 11. We consider the integral in the region O, := {e <

2| < 2}
Since [, |u;j|*dz — 0 and |2[* is bounded in O67 we obtain

/ |22 |u; > dz — 0.
o

€

Then,

7= / |y [P
e<lal<?

/(I%‘I%‘“Iug’Dp‘llfcl”_(”_”(%_“)IUj\2dx

<Clluslly! [ 1a= 0 E -y do

< Cllusl e 0E=) 2 [ ool da

<cs%<p*1>(%*“)*2”/Ix\2"lua-l2dw—>0

as j tends to infinity.

Step 1I1. We consider the integral in the region |z é
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For v < (p—1) (¥ — @) + 20, we have
111 = [ faPlu* e = [ (ol -fusl)" o000 o
Sel-)huy " [P0 do
Sell(-) | e DE D [P
See 0 E e [apepypds

< e o-D(§-a)t20

as € — 0. Thus, the proof is completed.
We now give the proof of lemma 1.5.
Proof. By theorem 1.2, for u € M, we have

2| 7T |y < Cl(=A) Ful |7 [[|2] F ul| 777

< Cr(I(=2) 2l + [ll] )2,

and then
Sl =a [ lafup
:a/|(—A)%u\2dx+/||x|%u|2dx+/qux
>a/|(—A)%u\2dx+/||x|%u|2dx
> Cila (/ le”lul”+1>pi1~
Hence,

-4
(/ |x|7u|ﬁ+1dx) >

which implies that

1
a \ 1=
mo = a () PRS0,
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3. Proof of proposition 1.1

We now prove proposition 1.1 via arguing by contradiction.

Proof. (proposition 1.1). We prove the result by dividing « into two cases: case (1):
a € (0,1/2] and case (2): o € (1/2,N/2).
Case (1): In this case we have

2

and <
I-pN+ap+1) 7

ae(0,1/2, 1<p<

N —a’

If the conclusion of proposition 1.17 is not true, up to a scaling, there exists a
sequence (u;) C D2, such that |||z 7 Tu;| g = 1, [[(=A) 2uj|/z2 = 1, and

2] ujll 22 — O. (3.15)

By D2, — H®, we may assume that ||u;||go < C for some constant C' > 0. So
0 721_\70 —2p

for any € > 0, we have ||[2]7*Tu;|| p+1(|z/<1/e) — 0. Let XA = m. Let Bf =

{|z| > R} for R = 1/e. Then, applying Cauchy-Schwartz inequality for u = u; and
omitting the integration domain for moment,

e +1 _g Ed
nuvﬂmmﬁmmﬂkfiéRmvgwwwﬂﬂm

1/2 1/2
< ([ e ) ([ )
BR BE

Note that 2p = A(p+ 1) + (1 = \) ]\?iva’

/|x|2’7—0‘u|2p :/|x|2v—a|u|>\(p+1)+(1*>\)NQEL

which is bounded by

R A v\
@3+t ) ([ i

and further bounded by
A oy N\ 1A
+1 Noa
(f1eror) ()

In the last step we have used the assumption that

2a
(I-p)N+ap+1

)v<o,

which is equivalent to (27 — o)A "1 < .
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Combining all these together, we get for some uniform constant C' > 0,

1/2
' +1
a7 50 gy 3170 < C (/ 'x'”“j'z) -0

which gives a contradiction to the assumption that
2|77y poer = 1.

Case (2): Again we argue by contradiction and take the sequence (u;) as above.

Note that
2+ ,
N N—2«
L= [lalutt = [ (121¥ugl) 7 g,

Letg+1=p+1-— NQ_'YQQ, By lemma 2.1, we know that

1 < C/ ‘Uj|q+1.

Using the well-known fractional Gagliardo-Nirenberg inequality (proposition A.3

n [35]) that
sl < Cllugllg flug |32,
where 6y = g (% — q%), we get
ujll> = ¢ > 0.
That is,
lujllc2 ) + llujliz2 ey = ¢ > 0. (3.16)
However,

[ w@Pds < [ allu@de < [l lug@)P do - o
B¢ B¢ RN
For any € > 0 small, ||u;|/z2(p.) — [Jullz2(B.) = o(€). Then

lwjll L2 (mvy = llullL2(s.) = o(e),

which lead to a contradiction with (3.16) that ||u,||z2 > c. O

4. Proof of theorem 1.2

The proofs of theorem 1.2 in the two groups of assumptions are almost the same.
So we present the full proof only in case a € (1/2, N/2) (but in case (1), we need
to use the compactness result theorem II.1 of [23]). We divide the proof into three
parts.

A. Proof of the interpolation inequality (1.4):
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First, using lemma 2.1, we get
/ 2 u(z)[ P dz = / (Il ¥ = () [) 7255 ) [P~ 75
Sl [ futo)) e

Now, thanks to lemma 1.1, it yields

I+p— 52 5s
/|xh|u \1+”d:c<|\u||N & lu HlﬂH%

_ 2y
S HuIIN T (] "\Iull"~a)1+p N

< HU” (1— 9)(1+p )H ” (1+p N— za)+N Zo
The proof of (1.4) is complete.
B. Proof of the equation (1.6):

Recall that g = m and

S 1A Ful e Ful
TP a7 d

(03
on D2, where

IN 42~
'H’_ p+1

where 0 =
Using the deﬁmtlon of B3 1in (1.5), there exists a sequence (u;) in D%, such that
J(u;) — f. Denoting for a;, b; > 0 such that

ltj, | =1 and flal%u;, , | =1
Let vj = uj, , , J(u;) = J(v;) and [[o;ll 7 =1, [[|2]Zv,]| = 1.
It follows that
1
J(’Uj) = — 6

J ll o Pt

Then we may assume that v; — v a.e., v; = v in DY
Since the injection D%; < LPT1(|z|7 dx) is compact (by lemma 1.4), we obtain

/|fl7|”|vj|p+1 H/Wl”lvlpﬂ,

J(v) = J(v).

which means that

Hence

J(v) = 0.
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The minimizer v := v satisfies the Euler-Lagrange equation,
—J(+en)le=0 =0, Vne g NDy
Since
B a0 A 2 2 +1
I () = Sinl|(~A) TP + Sinlllef T ~ o [ apuetaz,

we have from

d
&J(¢+577)|5:0 =0,
that for any n € Dy,
A2 U(=A)Z o Yo)yP
Bf( ) w(g )2ndx+AI|x| f”ix 7(p+1)M:o
[(=A)=] [|z[= 4| [ lz[rpp+t da
That is, 1 satisfies
B p+1
———(—A)" h— ———|z|7YP =0
Ao A gl T

in the weak sense, i.e., ¢ satisfies (1.6) in the weak sense.
C. Proof of the equation (1.7):
We use the scaling property of the functional J. By the fact that

B(=A)*y + Alz|7¢ — B(p + 1|2 [¢|P "y = 0,

letting

1

(3) e (oat)

and ¢ = ¢*b := ap(bz), we have
Aa (G0 el — Zlo+ a0 el i) =

It follows that
(=) ¢+ [z|7¢ — |z plp[P~" =0
Since

_N
[Pl = 1=ab= o],
we get

A A
ﬂ—*(*)”llqﬁll” Y

which is the desired equation (1.7). The proof is complete.
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5. Proof of theorem 1.3

The plan of proving theorem 1.3 is to use the Nehari method (see [10, 25, 26]).
We denote by X := D7,.

Proof. We now consider the existence of the ground state ¢, that is, it is the positive
solution with minimal energy to

(—A)¢+ |27 — |2 [p[P"'p =0, 0#¢€X.

For this, we let

K(u) = /(|(—A)%U\2+|x\° 2 dx—7/|x|”up+1dx u€ X.

1
2
Note that

Ko = [ (-8)Fu(-8) ¢+ up) do [ [alup updo,
We define the Nehari functional

N(u) = K'(u)u = / (|(—A)%u|2 + |x|‘7u2) - / \x|”\u|p+1 dx.
We define the Nehari manifold by

Nygi={ue X; u#0, N(u) =0}.

Define

d=1inf{K(u), u=0, u€ N}

the depth of the potential well.
Claim 1: d > 0.
For u € N,.q, via a use of proposition 1.1 (2) we have

1 1 1 1
K = (5 5y ik = (5 5y S e

S Mzl 2ull 1 (=2) Fullf
A+B
< Jlullx™.

Since A+ B > 2, we obtain |lul]|x > ¢ > 0 for some uniform constant ¢ > 0. It

follows that for u € N4,
1 1
K 2 - - 2
N (2 p+1) “ 0

11
i>(-———)e>o
(2 p+1> ~

Claim 2: There exists u € N,.q, such that d = K (u).

which implies that
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To prove this, we may take a minimizing sequence (u;) C N,q, K(u;) — d. By
this we may assume ||u;||x < ¢ for some uniform constant ¢ > 0. Then using lemma
1.4, there exists a subsequence, still denoted by (u;) with the weak limit v € X such
that u; — u a.e. and u; — u in LPT (|27 dz).

On one hand,

. . 1 1 1 1
tim, ) = i, (5 = - )l > K = (5 = )l
On the other hand,

1 1 1 1
K(uj) = (2 — er1> /|;13|'7|uj|p'~'1 do — (2 - M) /\:L‘|"’|u|p+1 dx.

According to K(u;) — d, we get

—1
1 1
MNufptt=(2———) d>o0.
[ttt = (5 25)

Then u # 0 and N(u) < 0.
If N(u) <0 and

N t2 2 tp+1 p+1 0
tu) = — a — >
(t0) = Gy, =+ [ 1

for ¢ > 0 small, then we have N(¢.u) = 0 for some t. € (0,1). Then t.u € N;.q and
K(t.u) > d. However, by direct computation, we have

1 1 1 1
K(teu) = (= — —— )ttt / |z uPtt < | = — —— /|17|7up+1 = K(u) =d.
2 ptl 2 ptl

It is absurd. Then N(u) =0 and K (u) = d, which implies that u is a minimizer of
K on N,q. Then we have J'(u) = 0 in the sense that for any ¢ € C5°(R™) (D,

Fwe = [(BFu8Te+up)dr— [laPlupupds = .
This implies that u is a nontrivial ground state as desired. |

Using the argument we may also get similar conclusion for the case when « €
(0,1/2],1<p<NJXa7and v < o.

2«
(1-p)N+a(p+1)

6. Proof of theorem 1.6

The argument in the proof of proposition 1.1 can be used to prove the following
interesting interpolation result.
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LEMMA 6.1. Let o € (1/2,N/2). There is a uniform constant C such that for any
ue HY,

A B
/ a7 P < a2 ) 2,

where A1 =00(q+1), Bi=(1-00)(qg+1)+ x5, ¢+1=
N
9023(%_#1).

Proof. Let v € H,. Note that

_2y
Sttt = (1) e

By lemma 2.1, we know that for x # 0,

(1ol ¥ =1ul) ™ < OV, @) () 5

/ 2y [P < C(N, @) (—A) F | 55 / o+,

Using the well-known fractional Gagliardo-Nirenberg inequality (proposition A.3
n [35]) that

Then we have

5] < Olfufl g uf 00+

for any u € H®, where 6y = % (% — qﬁ) Then we have

+1 (1—00) (q+1)+ 5=
/ " uf < Clul|g W

This completes the proof. O

This result improves the power a € (0,1) in theorem 2.1 (1) [33] to a € (1, &).
The proof of theorem 1.6 is now given below.

Proof. To consider the existence of the ground state ¢, we take a minimizing
sequence (u;) € M, u; # 0,5(u;) — mg, and we may assume

(3-557) J et = (5= 537) 10 ulaos [l ar + [ o ar

<mo + 1.

This implies that (u;) C D2, is bounded. From the compact imbedding theorem,
D¢, — ¥. We may choose a sequence (u;) such that u; — u € D, weakly and
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almost everywhere, and

5 o) [ttt = (5= o) [leltap
2 p+1 2 p+1

Then,

1 1 a o
(2—M)/|(—A)2u|2dx+/||m|2u|2dx+/u2dx<mo,
(3-47) [ et = ma

By this, we have v € D2, u # 0. In the following, we prove u € M, and then S(u) =
mo, that is, u is the standing wave by the convergence of (u;). First, we have

S /|517|W|u|erl 5 /\ )2 ul* da
2 p+1 2 p+1
+/|Ix\%U\2dr+/u2dx,

that is, Q(u) < 0. If Q(u) < 0, then for A € (0,1),

A2 2 g 12 2 APH +1
=5 (=A)2ul?de+ [ ||z|2u*de+ [ v dz| — 1 || Ju|PT da
p

= \? [2/|(—A)2u|2dx+ ||| % u|? dx—i—/u2 da— 1 /|x|7|u|p+1 dx].
p

By this, for A > 0 small, Q(\u) > 0. Using the intermediate value theorem, we have
Ao € (0,1), Q(Nou) =0, i.e. Nou € M, it implies S(Aou) = mg. Note that

1

mo < SOou) = (2 - p+1> /\x|'y|/\0u|p+1 dz

1
— ( - ) JEaE”
2 p+1

1
= my )\g+

< mg,
a contradiction. Then Q(u) =0, i.e. u € M.

Next, we prove the stability of standing wave and the idea is similar to [4] (see
also [33]). Suppose there exists a sequence (ul) € D%, such that for positive real
numbers (t,) and g9 > 0, where for some 7% € (0, o], u, € C([0,7*), D2,) is the

https://doi.org/10.1017/prm.2022.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.26

Fractional interpolation inequality 955

solution to (1.1) when taking n — oo,
ity . i0
ltn — € gllog, — 0, in [fun(tn) — €9l > <. (6.17)
Denote ¢, 1= uy(t,). Since ¢ is a ground state to (1.1), we have S(¢) = mo, ||¢|| =
q > 0. Then
S(up) = mg and ||un|| — q.
By theorem 1.2, [ |z|"|u, — ¢[PTda < ||u, — <;5||1”Jr1 — 0, and using the mass
conservation, ||u,(t,)|| = |[u2|| — ||#]]. By (6.17) and proposition 2.2, we have
¢nll = ¢ and  S(¢n) — mo.
If ¢, — ¢ € DY, then
go < inf||¢n — €| pe, < [|¢n — @] = 0

which is a contradiction. Then we need only to prove that (¢,,) is relatively compact
in Dy, such that

|$nll = q and S(¢y) — mo.
The latter is

1 1 1
$(62) = 3l10nllby, + 3llonll = — [lallonP ™ do = ma. (615)

For large n, and € > 0, using lemma 6.1 and proposition 2.2,
1
mo + 3 5(6,) g onllbe, + 3 10nll3 — i [ loll6al?* do
¢ B A
> 5 llénll%a —C||¢nHHLII¢nH '

> lonlt (1= Sl 2ol ).

Since By < 2, it follows that ¢,, is bounded in H¢®. This then implies that the term
[ |z|"|¢n|PT dz is bounded. Going back to (6.18), we then know that ¢,, is bounded
in Dy,. This completes the proof. O

We remark that in [27] the authors have proved existence results about ground
states of related nonlinear problems with drifting term and the existence of related
principal eigen-functions. We believe that related results there may be true for the
fractional cases.
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