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Abstract

We settle the question of where exactly do the reduced Kronecker coefficients lie on the spectrum between the
Littlewood-Richardson and Kronecker coefficients by showing that every Kronecker coefficient of the symmetric
group is equal to a reduced Kronecker coefficient by an explicit construction. This implies the equivalence of an
open problem by Stanley from 2000 and an open problem by Kirillov from 2004 about combinatorial interpretations
of these two families of coefficients. Moreover, as a corollary, we deduce that deciding the positivity of reduced
Kronecker coefficients is NP-hard, and computing them is #P-hard under parsimonious many-one reductions. Our
proof also provides an explicit isomorphism of the corresponding highest weight vector spaces.
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1. Introduction

The Kronecker coefficients k(A, u, v) of the symmetric group S, are some of the most classical, yet
largely mysterious, quantities in algebraic combinatorics and representation theory. The Kronecker
coefficient is the multiplicity of the irreducible S, representation S, in the tensor product Sy ® S,
of two other irreducible S,, representations. Murnaghan defined them in 1938 as an analogue of the
Littlewood-Richardson coefficients cfw of the general linear group G Ly, which are the multiplicity of
the irreducible Weyl modules V; in the tensor products V,, ® V). Yet, the analogy has not translated
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far into their properties. The Littlewood-Richardson coefficients have a beautiful positive combinatorial
interpretation, and their positivity is “easy” to decide, formally, it is in P. However, positive combinatorial
formulas for the Kronecker coefficients have eluded us so far, see Section 1.2, and their positivity is hard
to decide. The reduced Kronecker coefficients k(a, B,7y) are defined as the stable limit of the ordinary
Kronecker coefficients

E((l,ﬁ, 7) = nh_I)lgo k( (l’l - |a,|’a')’ (i’l - |ﬁ|’ﬁ)’ (n - |y|’ 7) ) (11)

These coefficients are called extended Littlewood-Richardson numbers in [Kir04], since in the special
case when |a| = |B| + |y|, we have

k(a,B,7) = cg (12)

the Littlewood-Richardson coefficient. As such, they have been considered as an intermediate, an
interpolation, between the Littlewood-Richardson and Kronecker coefficients. Problem 2.32 in [Kir(4]
asks for a combinatorial interpretation of k(a, 3, y). They have been an object of independent interest,
see [Mur38, Mur56, Bri93, Val99, Kir04, BOR11, BDVO15, CR15, Man15, SS16, IP17, PP20b, OZ19,
0Z21], and considered better behaved than the ordinary Kronecker coefficients.

This is, however, not the case. As we show, every Kronecker coefficient is equal to an explicit reduced
Kronecker coefficient of not much larger partitions, in particular:

Theorem 1. For all partitions A, u, v of equal sizes, we have

k(A,u,v) = E( vf(’l) + 1, vf(”) + u, (vf(’l)Jrf(”),v) ).

Here, a® := (a,...,a) and (v{’,v) =V, VLV V2, V3, ).

S—— S——
b many b many

Theorem 1 implies that in a very strong sense, on the spectrum between Littlewood-Richardson
and Kronecker coefficients, the reduced Kronecker coefficients are at the same point as the ordinary
Kronecker coefficients. In particular, Theorem | implies that Problem 2.32 in [Kir04] is equivalent to
Problem 10 in [Sta00]: Finding a combinatorial interpretation for the Kronecker coefficient or for the
reduced Kronecker coefficient are the same problem. Formally, Conjectures 9.1 and 9.4 in [Pak22] are
the same. Our result can be interpreted in a positive or in a negative way. On the one hand, the reduced
Kronecker coefficients cannot be easier to understand than the ordinary Kronecker coefficients. On the
other hand, understanding the reduced Kronecker coefficients is sufficient to understand all ordinary
Kronecker coefficients. As a corollary, we settle the conjecture from [PP20b, Section 4.4] on the hardness
of deciding the positivity of k(a, 8, y).

Corollary 1 (settles conjecture in [PP20b, Section 4.4]). Given «,p,y in unary, deciding if
k(a,B,y) > 0is NP-hard.

Proof. This follows directly from Theorem 1 and the fact that deciding k(A, u,v) > 0 is NP-hard
[IMW17]. O

Moreover, by the same immediate argument, it is now clear that computing the reduced Kronecker
coeflicient is strongly #P-hard under parsimonious many-one reductions (the argument in [PP20b] gives
only the #P-hardness under Turing reductions).

We discovered the partition triple construction in Theorem | by analyzing the natural interpretation
of k(A, u, v) via the general linear group, see Section 3, and the relationship with 3-dimensional binary
contingency arrays. Once the precise statement of Theorem | is found, one can give short and self-
contained proofs (see Section 2). In particular, in Section 3, we prove Theorem | by giving an explicit
isomorphism between the corresponding highest weight vector spaces. In Section 4, we give elemen-
tary purely combinatorial proofs via symmetric functions, which also bridge the two methodologies.
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Theorem | (but not the explicit isomorphism) can also be deduced from a formula from 2011 by
E. Briand, R. Orellana and M. Rosas, [BOR11] (see the discussion at the end of Section 4.2).

1.1. Background and definitions

We refer to [JK84, Sta99, Sag13] for basic definitions and properties from algebraic combinatorics and
representation theory, and employ the following notation. We write [a, b] := {a,a + 1,...,b}, and
[n] := [1,n]. A composition of n is a sequence of nonnegative integers that sum up to n. A partition
A =(A1,4z,...)of n,denoted A + n, is a weakly decreasing composition. Its size is |1| := J}; 4;. Denote
by £(1) = max{i | 4; > 0} the length of 1. We interpret A as a vector of arbitrary length > £(1) by
appending zeros. We denote by (n) the partition of n of length 1. To every partition, we associate its
Young diagram, which is a list of left-justified rows of boxes, 4; many boxes in row i. We write 4’ do
denote the franspose partition, that is, the partition that arises from reflecting the Young diagram at the
main diagonal. Formally, /l;. := max{i | ; > j}. We add partitions row-wise: (1 + u); = A; + ;. We
define 1oy := (A"+u’)’, adding partitions column-wise as Young diagrams. Note that ¢ is commutative
and associative, and that if 4,4 > p1, then Aoy = (Ay,..., 1, .. .) is just the concatenation of rows.
The Specht modules S, for A + n are the irreducible representation of the symmetric group S, (see
[JK84, Sta99, Sag13]).
The Kronecker coefficient k(A, u, v) is the structure constant' defined via

X" oxt = Zk(/l,ﬂ, xt
A

or, equivalently, via Specht modules as

Sy @8, = ) spy),
A

From this description, it is immediately clear that k(4, y, v) is a nonnegative integer. Yet, the problem
of finding a combinatorial interpretation of k(A, u, v) is wide open [Sta00, IP22, Pan23].
The Kronecker coefficients were defined by Murnaghan [Mur38] in 1938 as the analogues of the

Littlewood-Richardson coefficients cfw, which are the structure constants in the ring of irreducible
A

G Ly representations, the Weyl modules V,, givenas V, ® V,, = P, Vfc" ¥. Some simple properties,

see [JK84, Sagl13], include the transposition invariance k(A, i, v) = k(A’, u’, v), since Sjn ® S; = Sy

[JK84]. From their definition, and the fact that y*(7) € Z, see [JK84, Sag13], we have

k(4 v) = 1 ), X mx* (m)x (),

neS,

and thus we have the S3 invariance k(4, u, v) = k(4, v, u) = k(u, v, 1) = - - -. Note that the Kronecker
coeflicient is not invariant under transposing an odd number of partitions, and we define

K'(A,w,v) =k, 1, v)=k(X, u,v) =k(A, 1, v) =k(4, u,v").

It is known that k(A, u,v) = 0 if £(1) > €(u) - €(v) [Dvi93], which also follows by combining
k(A, u,v) = k(4, ¢, v") with Lemma 3. We define the stable range as the set of triples (4, u, v) that
satisfy

Vi>0: k(4 p,v) = k(A+@G), p+ @), v+(©)).

I'We remark that in the combinatorics literature, these coefficients have usually been denoted by g, for example, g(4, u, v),
but here, we use k to avoid overlap with the notation used for the representation theory of GLp; .

https://doi.org/10.1017/fmp.2024.23 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.23

4 C. Ikenmeyer and G. Panova

There are several proofs for the fact that for arbitrary («,B,y) with |a| = |B] = |y|, the triple
(a + (i), B+ (i),y + (i) is in the stable range for i large enough (and hence for all i from then
on), and upper bounds on the necessary i are known (see, e.g. [Bri93], [Dvi93], [Val99], [BORI11],
[Tke12, Section 7.4], [PP14]). The reduced Kronecker coefficient is defined as the limit value in (1.1),
namely, k(@, 8,7) := lim,—0 k( (n — |a|,@), (n—|Bl,B8), (n—|yl,y)) for arbitrary partitions e, 3,

v (in particular, we do not require |@| = |B| = |y|). When |a| = |B| + |y|, then it coincides with
the Littlewood-Richardson coefficient c/‘g’y from (1.2) (see, e.g. [Mur56, Lit58, Dvi93], and [CSW 18,
Section 6]).

1.2. Related work

The Littlewood-Richardson (LR) coefficients can be computed by the Littlewood-Richardson rule, stated
in 1934 and proven formally about 40 years later. It says that cf“, is equal to the number of LR tableaux
of shape 1/u and content v (see Section 4.1 and [Sta99, Sag13]). The apparent analogy in definitions
motivates the community to search for such interpretations for the Kronecker coefficients. Interest in
efficient ways to compute k(A, i, v) and k(e, By) dates back at least to Murnaghan [Mur38]. Specific
interest in nonnegative combinatorial interpretations of k(A4, i, v) can be found in [Las79, GR85],
and was formulated clearly again by Stanley as Problem 10 in his list “Open Problems in Algebraic
Combinatorics” [Sta00]: “Find a combinatorial interpretation of the Kronecker product coefficients
k(A, u, v), thereby combinatorially reproving that they are nonnegative” (see also [Pan23] for a detailed
discussion on this topic). Despite its natural and fundamental nature and the variety of efforts, this
question has seen relatively little progress. In 1989, Remmel found a combinatorial rule for k(4, u, v)
when two of the partitions are hooks [Rem&9]. In 1994, Remmel and Whitehead [RW94] found k(A4, u, v)
for £(2), £(u) < 2, which was subsequently studied also in [BMS15]. In 2006, Ballantine and Orellana
[BOO6] established a rule for k(A, u,v) when u = (n — k,k) and A; > 2k — 1. In general, when
the number of rows is fixed, k(4, u,v) can be computed in polynomial time [CDW12] (see also
[PP17b] for a different approach and related results). The most general rule for v = (n — k, 1¥), a
hook, and any other two partitions, was established by Blasiak in 2012 [Blal7], and later simplified
in [Liul7, BL18]. Other special cases include multiplicity-free Kronecker products by Bessenrodt-
Bowman [BB17], triples of partitions which are marginals of pyramids by Ikenmeyer-Mulmuley-Walter
[IMW17], k(mk,mk, (mk — n,n)) as counting labeled trees by Pak-Panova [Panl5, slide 9], near-
rectangular partitions by Tewari in [Tew15], etc. As shown in [[IMW17], computing the Kronecker
coefficients is #P-hard, and deciding positivity is NP-hard, while in [BCG*23] it is shown that deciding
positivity is in QMA.

It was shown by Murnaghan [Mur56] that the reduced Kronecker coefficients generalize the
Littlewood-Richardson coefficients (see equation (1.2)). This motivated Kirillov to name k as “extended
Littlewood-Richardson numbers”. This relationship and other properties have motivated an independent
interest in the reduced Kronecker coefficients as intermediates between Littlewood-Richardson and or-
dinary Kronecker coeflicients. Some special cases of combinatorial interpretations can be derived from
the existing ones for the ordinary Kronecker coefficients. A combinatorial interpretation of k(a, B,v)
in the subcase where ¢(a) = 1 was obtained in [BO05, BO06] (see also [CR15]). Methods to com-
pute them have been discussed in [Mur38, Mur56] and have been developed in a series of papers (see
[BORI11, BDVOI15, 0719, OZ21]). As observed in [BDVO15], the reduced Kronecker coeflicients are
also the structure constants for the ring of so-called character polynomials [Mac98]. The reduced Kro-
necker coeflicients are a special case of a more general stability phenomenon that, if k(ia, iB,iy) = 1
for all i, then k(2 + Na, u + NB, v + Ny) stabilizes as N — oo (see [Ste, SS16, Val20]).

The Kronecker coefficients can be expressed as a small alternating sum of reduced Kronecker
coefficients, and reduced Kronecker coefficients are certain sums of ordinary Kronecker coefficients for
smaller partitions (see [BOR11]). These relationships showed that reduced Kronecker coefficients are
also #P-hard to compute (see [PP20b]). However, these relations did not imply that deciding positivity
of reduced Kronecker coefficients is NP-hard.
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Figure 1. An example of the situation in Lemma [ with A = (4,2,1), u = (3,2,1,1),v=(3,3,1),1 =3
and m = 4.

It is important to note that deciding if cfw > 0 is in P, since they count integer points in a polytope
that has an integral vertex whenever it is nonempty. This was shown in [MNS12, DLMO06] and follows
from Knutson-Tao’s proof of the saturation theorem for Littlewood-Richardson coefficients [KT99],

namely, that c%’l Ny > 0= ¢!, > 0. The Kronecker coefficients do not satisfy the saturation
u,Nv y12%

property, because k(2%,2%,2%) = 1, but k(1%,1%,1%) = 0. Until recently, it was believed that the
reduced Kronecker coefficients have the saturation property: It was conjectured in [Kir04, Kly04] that
ifk(Ne, NB, Ny) > 0 for some N > 0, then k(«, B,7) > 0. This was disproved in [PP20b] in 2020 and
moved the reduced Kroneckers away from the Littlewood-Richardson coefficients on that spectrum.

It is known that the Kronecker coefficients (and hence also the reduced Kronecker coefficients)
satisfy the so-called semigroup property [Chr06, Theorem 2.7], which implies that if k(4, i, v) > 0,
then YN > 0 : k(NA, Nu, Nv) > 0, and ifk(e, 8,y) > 0, then YN > 0 : k(Na, NS, Ny) > 0. Deciding
whether or not 3N : k(NA,Nu,Nv) > 0 is in NP N coNP, and analogously for k(Ne, NB, Ny)
[BCMW17].

2. Setting up the proof of Theorem 1

We set up the proof in this section, reducing to a more general Theorem 2, which has a short proof
via GLy in Section 3. We also give two short, self-contained proofs using basic symmetric function
techniques in Section 4.

We prove a slightly stronger statement than Theorem 1: For [ > £(1), m > £(u), ¢ > v, we have

k(A u,v) =k(c +4, " +p, Moy, 2.1)

We start with Lemma 1, a classical identity that can be proved in several ways (see, e.g. [Dvi93, Theorem
2.4’], [BORO9, Proof of Lemma 2.1], [Val09, Theorem 3.1], [Ike12, Corollary 4.4.14]).

Lemma 1. Ler A, u, v be partitions with £(A) < I, €(u) < m. Then
k(A, u,v) = k( mt+ A, 1™ + U, 1im 4 v).

The situation is depicted in Figure 1.
In terms of k', instead of k, we can alternatively phrase Lemma 1 as

K (A4, V') = K(m +24, I"+u, (Im)ov'), (2.2)

which has a direct proof via an isomorphism of highest weight vector spaces (see (3.3)).

Note that if £(v) > Im, then £(v) > Im > €(A) - £(u), and hence k(4, u,v) = 0. Moreover,
L(1M4v) =€(v) > Im > £(A) -L(u) = E(m' +2) - £(I" + ), and hence k(m! + A, I™+u, 1" +v) = 0.
So we can assume that £(v) < [m. We give two proofs in this case, one in Section 3 and one in Section 4.

The following Lemma 2 is proved by applying Lemma | twice, in different directions. An illustration
of the situation is given in Figure 2.
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Figure 2. An example of the proof of Lemma 2 with A = (5,2), u = (3,3,1) and v = (4, 3), with [ =2,
m = 3 and ¢ = 4. The red boxes are the addition from the first application of Lemma I, and the blue
boxes are the second application.

Lemma 2. Let A, u, v be partitions of the same size, and let | > €(1), m > €(u) and ¢ > vy. Let
d=(m+1)c,e=(+1)c. Then

K pv) = k((d)o (' +), (€)o (" +p), ™ o).
Proof. We apply Lemma 1 twice as follows.
kK'(4, u,v") (22) K'((mc)od, ™ +u, mc+v")
(2.2)

K (" ((me) o A), (e) o (m€ +p), [+m+1)°+v"). O

Theorem 2. Let A, u, v be partitions of the same size, such that 11 > €(u) - vy and py = €(Q) - vy. Then,
Jor every h > 0, we have

k(A u,v) =k(A+h, u+h, v+h).

We provide three proofs of this fact, one in Section 3, and two in Section 4. Those sections can be
read independently of each other. The proofs make use of an observation on 3-dimensional contingency
arrays with zeros and ones as entries (Lemma 4), but they use it in different ways.

We identify subsets Q C N3 with their characteristic functions Q : N3 — {0, 1}, and we call Q a
binary or {0, 1}-contingency array. This means, we interpret Q as a function to {0, 1}, and as the point
set of its support. The interpretation will always be clear from the context. The 2-dimensional marginals
of Q are defined as Qi := X; & Qijk = QN ({I} XNXN)|, Quiv := 205 1 ik = [@N(NX{i} xN)],
Quii = Nk Qjki = 10 N (N XN x {i})|. For@ € N¥, g e N, y e N, |a| = |B] = |y| < co, we
denote by

C(Q’,ﬁ, 7) = {Q g N3 | Qi** = aj, Q*i* = ﬁi’ Q**i = 7i fOI' every l}
There is a close connection to the Kronecker coefficients via the following lemma.

Lemma 3. For partitions «, B, y of equal size, we have k' (a, B,7y) < |C(a, B,7)|.

Proof. There are different proofs of this fact, for example [[MW 17, Lemma 2.6] and [PP20a, Theorem
5.3] (see also Sections 3.1 and 4.1). O

The following lemma shows how restrictions on the marginals can result in strong restrictions on the
sets O, a technique that was also applied in [[IMW17].

Lemma 4. Let a, B,y be compositions with |a| = |B| = |y|. Leta > €(«), b > £(B), and let the integers
¢, h be such that c + h > €(y) and Y ;. yi < h. Furthermore, let @) > bc + h, 1 > ac + h.
Then, for every Q € C(a, B,7y), we have

{1} x[b] x[c] €Q, [a]lx{l}x[c]<cQO, {1}x{1}x[c+h]<CQ, and
ON(NXNX[c+1,c+h])={1} x{1} x[c+1,c+h].
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> 1% coord.

Figure 3. Lemma 4 fora =5,b =4, c =2, h=4. A gray cube represents a forced 1 in the contingency
array. Absence of color represents a forced 0 in the contingency array. The blue box shows the area
where both zeros and ones are possible.

In particular, if C(a, B8,y) is nonempty, then a = {(a), b =€(B), yi =1 forallc+1 <i < c+h, and
a1 =bc+h, B =ac+h, ap < bcand B, < ac.

In other words, if we have 3-dimensional point configurations with such marginals, then the walls
consist of two rectangles and a long column as depicted in Figure 3.

Proof. Assume that there exists a binary contingency array Q € C(«, 8,y). Let By := {1} X [b] X [c +
h] U [a] x{1} X [c+h] be the set of points in the planesx = 1and y = 1, and let B := {1} x {1} X[c+h]
be the set of points on the linex = y = 1. Let H; := Q N (N XN x {i}) N By, be the entries of Q in By at
the section with the plane z = i. In particular,

c+h

D IHiI =100 Bul.

i=1

We have Y51 |H;| < X"y, < b, |Hi| < a+b—1forall0 <i < cand |QNBn| < c+h. All these

=c+1 i=c+
inequalities must be met with equality, because
a1+ 1 =10 N Bn|+10 N Byl

=10 N Bn| + X2 |Hil
=1Q N Bal + ¢y |Hil + X2 |Hil
<(c+h)+(a+b-1)c+h
=(a+b)c+2h
< ap+pf.

We thus have the following equalities: |Q N Bn| = c+h = |Bn| and Vi € [c], we have |H;| =a+b—1 =
|(N x N x {i}) N By|. Thus, we have Bn € Q and {1} X [b] X [c] € Q and [a] X {1} X [¢] € Q and
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ON(NXNx[c+1,c+h]) = {1} x{1} x[c+1, c+h]. This gives the desired marginals, and the claim
follows. O

We now prove (2.1), which implies Theorem 1.

Proofof (2.1). Let d = mc + ¢ and e = lc + c. Suppose first that 1; < mc and p; < lc. We apply
Lemma 2, and obtain

k(A i, v) =k((d) o (' +2), (e) o ("™ +p), ™ oy).
—————

=1 =4 =v
The top rows of A, i, ¥ are d, e, ¢, respectively, and thus Theorem 2 gives that for all 4 € N we have

kK(A, g, V) =k(A+h, i+h, V+h)
=k((d+h)o(c"+A), (e+h)o(c™+p), (c+h)oct™ov)
=k(cl+ A, ™+ p, o),
where the last identity follows by letting 7 — oo. This proves (2.1) in the first case.

Suppose now that 1; > mc, the case ¢y > [c is completely analogous. Set b := m + 1. Then we
have k(A, u,v) = k(2’, u,v’) = 0since £(2") = 41 > mc > £(u)€(v"). On the other hand, the reduced
Kronecker coefficient is obtained by adding long first rows, cm + ¢ + h, ¢l + ¢ + h, ¢ + h, respectively, so

k(ch+ 4, ™+, Mo y)
=k((em+c+h)o (" +2), (le+c+h)o (" +p), (c+h)oc™ov))
=k'((em+c+h)o(c'+2), (le+c+h)o (™ +p), (I+b)°+v)o (1)

=a = =Yy

for sufficiently large h. Let ¥ = (I + b)€ + v’ be y without the & many trailing 1s. We observe that
ap = A1 + ¢, {(B) = b and £(9) = ¢. From A1 > mc, we conclude ap, > bc. Lemma 4 shows that
C(a, B,y) = 0. Hence, k’(a, 8,7) = 0 by Lemma 3. m|

3. Proofs via the general linear group
3.1. Tools from the general linear group viewpoint

We refer to [Ful97, Section 8] for the basic properties of the irreducible representations of the general
linear group. The irreducible representations V,,» (C?) of the general linear group GL;, are 1-dimensional:
For g € GL;,, v € V,»(CP), we have gv := det(g)%v. Hence, if we decompose Vja»(C%) as a
GL, x GLj, representation via the group homomorphism GL, X GL;, — GLp, (g1,22) = &1 ® &2,
then we obtain V,a» (C?) = Vja (C%) ® V,» (CP). Tensoring with such a 1-dimensional representation
preserves irreducibility: V3 (C%) ® Vpa (C?) =~ Vpa (C4).

The Kronecker coefficients have an interpretation as the structure coefficients arising when decom-
posing irreducible GL,;, representations as GL, X GL,; representations:

ok(A,u,v)
V() = @ (vae) e vu(c) .
Arg|v]
Hrp v

This can be seen directly from Schur-Weyl duality (see, e.g. [Chr06, (2.2)] or [Ike 12, Proposition 4.4.11]).
Another formulation is via the multiplicity of the irreducible G := GL, X GL;, X GL, representation
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Va(C%) ® Vg (chH® V,(C¢) in the D-th wedge power of C* ® CP ® C¢ (see [IMW17]). Formally for
partitions «, 8,y + D, we have

K'(a.f.y) = multes., ( N ece CC)) .

) ) . ) 2 A
A vector v for which (diag(ry,...,rq), diag(si,...,sp),diag(r1, ..., 1))y = rleergt s‘l” .. ~s’b”’ .

1" - 127 vis called a weight vector of weight (A, u, v).

For (A, B,C) € C®@ x CP*P x C%¢ | the Lie algebra action on A (C% ® C? ® C°) is defined as
(A,B,C).v := lims_0e ' ((¢(A, B,C) + (idg, idp, id.))v — v). A raising operator is the Lie algebra
action of (E;_1;,0,0), where E; ; is the matrix with a 1 at position (i, j) and zeros everywhere else.
The other raising operators are (0, E;_1 ;,0) and (0,0, E;_; ;). Lete; := (0,...,0,1,0,..., 0)7, and let
e j.k = e; ®e; ®ey. Then, for example, (E; ;,0,0)e, 1,1 = e; 1,1 iff r = j and O otherwise. A highest
weight vector (HWYV) of weight («, B, y) is a nonzero weight vector of weight (a, 8, y) that is mapped
to zero by all raising operators. The irreducible GL, X GL;, X GL.. representation V, ® Vg ® V,, contains
exactly one HWYV (up to scale), and that is of weight (e, 8, y). Hence, ([IMW 17, Lemma 2.1]),

K (e, B,y) = dim (vaa,ﬁ,y/\D(ca 8C’® c“)) : 3.1)

where HWV,, g ,, denotes the space of HW Vs of weight («, 8, v). Note that each standard basis vector
in A\P(C*®CP@C)isa weight vector, and hence for each weight vector space of weight w, we have
a basis given by the set of standard basis vectors of weight w. Let e; j x := ¢; ® ¢ ® e, and for a list of
points Q € (N*)?, we define Yo i=eg, Aeg, A+ Aeg,. If O has marginals (@, 8,7y), then Yo has
weight (a, B8, y). This immediately implies the result of Lemma 3.

We illustrate the concept with some examples. The HW Vs in /\2((;12 QC2® Cl) are e1,1,1 A ez 1.1
and e1,1,1 A e1,2,1- A nontrivial example is the HWV

ti=epiNexaNerpoteriNerprANeiaterrAeri2Ners
of weight ((2, 1), (2,1),(2,1)) in A*(C? ® C2 ® C2), which can be seen as follows:

(E12,0,0)t =er 11 Aerp1ANeip+eriAeipAersr =0,
(0,E12,0)t=ej 1,1 NexiiANeria+eriiAeriaAeri =0,

(0,0,Eip)t=ei1Nexii Aerpi+eriiAeipiAexn =0.

3.2. Proofs from the general linear group viewpoint

For the sake of completeness, we present the short proof of Lemma 1 from [BOR09, Proof of Lemma
2.1] and [Ike 12, Corollary 4.4.14].

Proof of Lemma | via the general linear group. We have that V., ,(C!) ® Vimy, (C™) occurs in
Viim,,, (C") with multiplicity k(m! + A, I" + u, 1™ + v). But we also have

Vitm g, (C'™)=V, 1 (C™) @ V, (C™)

=V, (C) @ Vin(©™) & @D (Va(©) @ V(™)
/lHlVl
Hrm V]

~ @ (le+,1(Cl) ® Vimy (Cm))ebk(/l,ﬂ,,,) |

/ll—ll |V‘
vl

)GBk(/l,/t,v)
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Proof of Theorem 2 via contingency arrays and highest weight vectors. Let a := £(1), b := €(u), ¢ :=
vi. Lety :=v’, 50 {(y) = c. We have 1 > bc and u; > ac. Observe that k(4, u,v) = k’(1, u,y). Let
A=A+ (h), @ =u+(h),y =7y o (1"). We define an injective linear map ¢ as follows

D ) D+h .
g /\ (CeC’eC) > \ (€ eCh Ceth

Ve VAe el Aelles2 N Al L cth- (3.2)

Note that ¢ maps vectors of weight (4, u,y) to vectors of weight (A, 11, %). It remains to show that ¢
maps HWVs to HWVs, and that every HWV of weight (4, i, ¥) has a preimage under ¢.

We first prove that ¢ sends HW Vs to HWVs. By construction of ¢, we observe thatfor 1 <i <i’ < a,
we have

(Ei,i’soa O)QD(M) = 90((Ei,i',0s O)”) = ‘70(0) =0.

Analogously, (0,E; j7,0)¢(u) =0for1 < j < j’ < b,and (0,0, Ex p)e(u) =0for1 <k <k’ <c.
The remaining raising operators also vanish by construction of ¢, because

(Os O’ Ec+k,c+k')(V A €1,1,c+1 VANRERAN el,l,c+h)
=VAel el Ao ANel ek Nl T crk A€ 1cekr N+ A€l 1 ceh
:O,

because of the repeated factor e} | +x. Here, the €1, | ¢+ means omission of that factor. For every basis
vector /o of weight (A, 11, 7), by Lemma4, we have (1, 1, ¢) € Q and OQN(NxNx{c+1}) = {(1, 1, c+1)},
hence, (0,0, Ec c+1)¢o = 0 as well.

We now show that every weight vector of weight (A, [1,7) has a preimage under ¢, which finishes the
proof. It is sufficient to show this for basis vectors. Let /o be a basis weight vector of weight (/T, ),
that is, @ C N with marginals (1, 7, 7). We apply Lemma 4 to see that {1} x {1} X [c + 1,c+ h] C Q
and Q N (N x N x {i}) = {(1,1,i)} forall ¢ + 1 < i < ¢+ h. Therefore, ¢ has a preimage under ¢,
namely, ¢ p, where P arises from Q by deleting all points with 3™ coordinate > c. O

Note that (2.2) (and hence also Lemma 2) can alternatively be proved by a simple explicit linear map
between highest weight vector spaces

Im .
HWV 10 /\D(C’ ®C" ®C)) — HWV 0. s, (tmyov | /\D+ (C' @ C™ @ Cet)

€ipjiki N N ein inkp F €kl N Nein jn kp+l A€ LA AN el (3.3)

for D = |A|. Combining this with the construction in Theorem 2, Theorem 1 is now fully proved by an
explicit isomorphism of highest weight vector spaces.

4. Proofs via symmetric functions
4.1. Tools from symmetric functions

Here, we recall basic definitions and facts from symmetric function theory (see [Sta99, Sag13, Mac98]).

The standard Young tableaux (SYT) of shape A + n are assignments of 1,2,...,n to the Young
diagram of A, so that the numbers are decreasing along rows and down columns, and each number
appears exactly once. A semi-standard Young tableaux (SSYT) of skew shape A/u is an assignment of
integers 1,2, ..., N to the boxes of the skew Young diagram A/, such that the values weakly increase
along rows and strictly down columns. We say that an SSYT 7 has type (weight) type(T) = « if there
are a; entries equal to i for each i.
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As an example, 113 is an SSYT of shape (5,4,4)/(2,1) and type (3, 1,4,2).
213|3
11344

The ring of symmetric functions A has several fundamental bases. Here, we will use the monomial

basis {m,} given by m, = xf]xgz ...+ -+, summing over all distinct monomials with exponents

A1, A2, . ... We will also use the homogeneous symmetric functions {4,} given by

hp = Z Xi\Xiy ++ - X, form > 0;
1<ip<---<ijp

ho =1; hy, =0form < 0and hy := hy hy, ---. The Schur functions s, are one of the fundamental
bases of the ring A of symmetric functions. Moreover, s,(x1, . ..,xy) is the value of the character of
V, at a matrix with eigenvalues x1, . .., xy. We have the following formulas for them, where £ = £(1),
Jacobi-Trudi identity: s, = det[hﬂi—i+j]£j:1 “4.1)

. det[x; NIV |
Weyl determinantal formula: sy(x,...,xy) = — 4.2)

det[x; /]

via SSYTs: s, = Z xtype(). 4.3)

TeSSYT (1)

The Littlewood-Richardson coefficients are the structure constants in the ring of symmetric func-
tions as

Su(x)s,(x) = Z cﬁ,vs,l(x).
A
They can be computed combinatorially via the Littlewood-Richardson rule: cf”, is equal to the number
of SSYTs T of shape 1/u, type v and whose reading words are a ballot sequence. The reading word is
obtained by reading the tableaux right to left along rows, top to bottom, and a word is a ballot sequence
if, in every prefix, the number of i’s is not less than the number of i + 1’s for every i. The multi-LR
coefficients ¢, , are defined as

1 k-1
gt = (St Sasar e sat) = Y b 4.4)

2B’ ak-1gk?
BB

where the sum is over partitions 8 r |81~!| — || with B° := A. It is then easy to see that they count
SSYTs T of shape A and type (a' o @® o ---), such that the reading word of each skew subtableau

corresponding to the entries with values between 1+ Y,/_, £(a*) and Zf:ll £(a") is alattice permutation
foreveryr =1,..., k — 1. For example,

1[1]1]1]4]4]6] and 1]1]1]1]4]4]6]

212]2]14(5(7 2(2(2]4]6(6

3[5|5|6|6 3[(5]|5]5|7

are two multi-LR tableaux of shape 1 = (7,6, 5) and types o' = (4,3, 1), @ = (3,3),a° = (3,1).
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The Kronecker coefficient can be studied via the following expansions

salxe vl = ) R, i, V)5 ()50 (3), 4.5)
H,v
where x - y = (x1y1,X1¥2,...,X2)1,...) consists of the pairwise products of the two sets of variables.

In particular, this gives that

hinlx -y = )" sa(x)sa(y).

P

From the Jacobi-Trudy identity, we thus obtain

salx -yl =det[hy—irj[x - y]]
= Dsen@) Y s () e (W51 () e sqr (0),

oSy alrAi—i+o;
SO
k(Luv)= 3 sen(o) D1 eh e (4.6)
o€eSy aQir A —i+o;

Note that this identity appears many times in the literature, including [Val09, PP17b, PP17a].
The following are referred to as the “triple Cauchy identities” (see, e.g. [Sta99, Exercise 7.78]):

Z k(A 1, v)s2(x)su(¥)sy(2) = l_[ 1- :

_
Xy
NTRY i,j,k iVjlk

D R )sa@) s (v (D) = [ ] (1 +x0320),

Au,v i,j.k

where the second identity follows from the first via the involution w on the symmetric functions in the
variables z. Denote by C(«, 8,v) := |C(«a, B8,y)|. Then the second identity becomes

DR a5 ()sv(2) = DT Clas B y)x P27 @.7)

A,u,v a.B.y

Note that this identity immediately gives the upper bound in Lemma 3 by comparing coefficients at
x1yHz”" on both sides.
We now express k(A4, u, v) as an alternating sum over contingency arrays. Denote by

AG) =detl{ ] = [ [ —xj) = ) sen(e)x{™ x4,

i<j oeSy

and multiply by A (x)A(y)A(z) both sides of equation (4.7). Expressing the Schur functions via the
ratio of determinants in 4.2, we obtain

DT k(o) det[x; ] det [y det [z,
A,u,v

|

= AWAGAR) Y Cla,By)x"y2,
@B,y
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Ai+a-1 i +b—1 vi+ce-1
1 -

Comparing coefficients at x Y Sy ... on both sides, we obtain k(4, u, v) =

Ly T JAMAMAGR) Y Cla, B y)xyPe,
@B,y

where the [- - - ] denotes the coefficient extraction. Expanding the As into monomials, whose marginals
we incorporate, we get that we must have A; +a —i = a; + a — 0; etc., so @; = A; + 0; — i, and we obtain,
see also [PP20a], k(4, u,v) =

Z sgn(o)sgn(m)sgn(p)C(A+o —id, u+ 7 —id, v’ + p — id), 4.8)

0€Sy, meSp, peSe

where a permutation o is interpreted as the vector (o (1),...,0(a)) and id = (1,2, ...) is the identity
permutation of the corresponding size.

4.2. Proofs via symmetric functions

Proof of Lemma 1 via symmetric functions. Let ¥ = 1™ + v. We use Schur functions as follows. We
apply equation (4.5) with variables x1,...,x¢ and yi,...,ym,s0x; =0fori >/ and y; = 0 for j > m,
and we obtain

solx -yl = D k(9,0,7)50(x) 57 (3). (4.9)
9,7

If k(v,60,7) > 0, we must have £(6){(t) > €(¥) = Im. Since sg(xy,...,x;) = 0if £(0) > [ and
Sz(V1s---sym) = 0if £(t) > m, we then must have only the partitions with £(0) = [, £(t) = m
appearing.

Since sy is the generating function over SSYTs with entries x;y1, . .., X;ym, and its first column has
length exactly /c, we must have all the entries x;y; appearing exactly once in that column. As this is the
minimal possible column, the rest of the SSYT can be any of the SSYTs of the remaining shape and
entries x1yi, . ..,X;Ym. Thus

solxe vl =sy Loy ] Jrivy = o)™ o vm)! Yk pam)sp (0)5, (). (4.10)
iJ ps1

We also note that spmy, (y1,...,Ym) = (y1.. .ym)ls,,(y), since the first / columns of length m are
forced to be filled with 1,...,m, and for the remaining tableaux, there are no restrictions other than
being an SSYT. Similarly, 5,1, ,(x1,...,x7) = (x1...x7)"sa(x). Comparing coefficients of s, (x)s, (y)
at equations (4.9) and (4.10), we thus see that

KO, 1™+ u,m! + ) =k(v, 4, ). o

Proof of Theorem 2 via contingency arrays and symmetric functions. From now on, we will use for-
mula (4.8) and Lemma 4 to show that the only possible contingency arrays are the ones in Figure 2.

Consider now k(A+h, u+h, v+h) asin the problem, and let @ = (1+h), 8 = (u+h),y = (v+h)’, sothat
k(a,B,y’) = k(A+h, u+h, v+h).Letv, = ¢,€(1) = aand {(u) = b,sowehave @) > bc+h, 1 > ac+h,
yi=1fori=c+1,...,c+handk(a,B,y’) =

Z sgn(o)sgn(m)sgn(p)C(a + o —id, B+ —id, y + p —id). 4.11)

€Sy, me€SY, PESc+n
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In formula (4.11), we then consider {0, 1}-contingency arrays Q with marginals

Ol ZZZQl,j,k =A1+o0y—-12bc+h,
.k

Q.1+ i=ZQi,1,k =u+m—1>ac+h,
ik

Ok ::ZQi’f’k =l+pr—k,fork=c+1,...,c+h.
i,J

Note that then we have

c+h c+h

D Qui=h+ Y pe= Y ksh (4.12)

k>c k=c+1 k=c+1

and the support of the array is in [1,a] X [1,b] X [1, ¢ + k], so we can apply Lemma 4 and conclude
that Q1 x =0iff (j,k) € [2,b] X [c+1,c+h]and Q; 1, =0iff (i, k) € [2,a] X [c+1,c+ h].

Thus, we must have Q.. = bc + h, Q.1« = ac + h, and so o1 = w11 = 1, {Pctls-»Peth} =
{c+1,...,c+h},andfor k € [c+1,c+h], we must have Q; ; x = O unless i = j = 1. This also forces
us tohave Q1,1 x = 1 forall these k, andso pxy = kfork=c+1,...,c+h.

This completely determines Q; j x for k > ¢, as well as px fork > c,andp = p, (c+1),...,(c+h)

for p € S.. We can thus write formula (4.11) as

k(A+h,u+h,v+h)
= Z sgn(o)sgn(m)sgn(p) C(a+o —id,B+n—id,y +p —id)

0T E€Sq, TESY, PESc+h

= Z sgn(o)sgn(n)sgn(n) C(a + o —id,B+m —id, 7 +1n —id),

oeS,, neSy, neSe

wherea=a—-(h) =1, 8=8—-(h)=pand ¥ = (y1...,yc) = v'. As the last part coincides with the
expression for k(4, i, v) in (4.8), we get the desired identity. O

Proof of Theorem 2 via Littlewood-Richardson coefficients. Let again £(1) = a, {(u) = b and v| = c.

We have that k(A + A, u+h, v+h) =k(v' o (1"), 2" o (1"), u + h), and we are going to apply formula
(4.6) with that triple of partitions. Set i = g+ h, A =1"o (1") = (A + h)’ and ¥ = v' o (1")(v + h)".
Here, £(v' o (1")) = ¢ + h, so

KA+ hpthyeh)= ) sen(@) Y, chia ek

TEScin airVi—i+o;

We will now characterize the possible partitions o' involved in this sum. From the iterated definition
of the multi-LR coefficients (4.4), we see that in order for the coefficients to be nonzero, we must
have @' C fi and o' C A. In particular, then €(a') < €(u) = b and @/ < Ay = a. Note that multi-LR
coefficients count certain SSYTs of type (a' oa?o...0a .. .), and thus in the shape A, the first column
will have at most £(a') + - - - + £(a) < bc many entries from the first ¢ partitions. So there are at least

h boxes in the first column which need to be covered by the partitions a*l, ..., a*". We then have
c+h
h< @)+ + 0@ < a4+ |2t = Z l—i+o; <h,
i=c+l

https://doi.org/10.1017/fmp.2024.23 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.23

Forum of Mathematics, Pi 15

aS Oyl ++ + Ocqn < c+ 1 +---c+ h. Thus, we need to have equalities, and so
|ac+1| +oeet |a,c+h| — h,f(ai) — |C¥i|,

so a' are single column partitions possibly empty.
Further, we have o' < a, @' C fi. As there is a multi-LR of type (' ¢ a?---), the first row of that
tableaux can only be occupied by the smallest entries of each type. So we must have

c+h
— i
ac+h = SZ(ZI _Za+ Z a'1
i i=c+1
Thus, af“ +o 4+ a/f*h > h. Since a < 1 by the above consideration, we must have o/ = (1) for all
i>C.SOO’i=lf01"l=C+l,...,C+h
Then
z = i _ K
aegerh = Coige and Cala?aeth = €l qe
We thus get that

k(A+h,u+h,v+h)= Z sgn(o) Z ciluz...cﬁl(YZ___

O€Scin airVi—it+o;
v
= Z sgn(o-) Z CQIQZ...CI;IQ,Z,,, = k(V/’/l/’ﬂ) = k(/l’ ,u,v),
€S, alvvi—i+o;
which completes the proof. O

We now discuss how Theorem | can be seen from the following identity, which first appeared
in [BOR11], where it was proven using symmetric function operators. It was then reformulated in
[BDVO15, Theorem 4.3], which studies the partition algebra, as follows.

Setm=r+s,andletv+m—1,A+r, ut sfor some nonnegative integer [. Then

E(/l,,u,v)z Z Z Z aﬁﬂ a,p),yo_ﬁk(ﬂ',p,a').

Li,L arr-l-I ., o+l
l=ll+212 ﬁ}-s—ll—lz yi—lz

We now apply it to compute the reduced Kronecker coefficient in Theorem 1. Let A = vf(/l) + 4,

A=v{" 4 pand 9= (VYU ) Thenm —1 = (6() + €(w)vi+n,r = €()vi +n, s = E(w)v) +n,
so [ = n and the above identity translates to

k(A 0, 9) = Z Z Z Qﬁnapy’;(rﬁk(np,(r).

L, arr-L—bh 7r,p,o‘l—ll
n=0L+2l Bl—s—ll—lz )/Fb

We now observe that |a| > €(1)vq, and if cmo y >0, c wpr > O,thena c PNA = (vl(’l)) Then
£(2)

X ,andsol; + I = n. Since /| + 2l = n, we must have [, =0 and /| = n,soy = 0.

Similarly, we obtain 8 = (vf(” )), leaving us with

we must have @ = v

k(A p,9) = Z c‘;’ﬁ,”cﬁ’pc’;’ﬁk(n,p, o).

T,0,0Hn

Observe that the Littlewood-Richardson rule gives, since « is the rectangle in the beginning of A, that
cfl’ o =0ifp # A/a = A, and is 1 otherwise. Similarly, the other Littlewood-Richardson coefficients
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are zero unless oo = y and 7 = v, we are left with only one partition triple (7, p, o) = (v, 4, i), whose
coefficient is 1 and the identity in Theorem 1 follows.
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