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TEMPERED DISTRIBUTIONS SUPPORTED ON
A HALF-SPACE OF R"Y AND THEIR FOURIER TRANSFORMS

JEAN-PIERRE GABARDO

Introduction. A fundamental problem in Fourier analysis is to characterize the be-
haviour of a function (or distribution) whose Fourier transform vanishes in some par-
ticular set. Of course, this is, in general, a very difficult question and little seems to be
known, except in some special cases. For example, a theorem of Paley-Wiener (Theo-
rem XII in [6]) characterizes exactly the behaviour of the modulus of a function in L>(R)
whose Fourier transform vanishes on a half-line. A similar result is also available on
the circle group for L>-functions whose Fourier coefficients corresponding to negative
frequencies are all zero. (see [5], p. 53). Of course, in both cases, the connection with
complex analysis is obvious, and that is, in fact, how those results were originally proved.
A theorem of Szegd in prediction theory (see [2], [12]), related to the previous ones, is
the following: Given a positive integrable function w on the circle group identified with
the interval [0, 27), consider the Hilbert space L2 = L?(w) and the closed subspace M
formed by the span of the set { €%’ k > 0} in L2, then

1 27
. 2
;1»2{4“1 +Pl|> = exp (27r /0 log w(f) d()) .

Again, this theorem was originally proved using methods of complex analysis, which
make it difficult to extend to more general situations. In a 1958 paper in the Acta Math-
ematica ([4]), Helson and Lowdenslager found a method based on Hilbert spaces theory
which enable them, among other things, to extend Szegd’s theorem to the n-dimensional
torus 7" or even any compact abelian group whose dual is ordered (see also [3], [5] and
(7D.

Our objective, in this paper, is to prove continuous versions on R” of Szegd’s theorem
(but only when the measure considered is absolutely continuous) and of the Paley-Wiener
theorem. We will consider functions, and more generally distributions on R” supported
on a half-space of R”, which is a set whose boundary is a (n — 1) dimensional hyperplace
of R”. An example of such hyperplane is the set of points in R” whose first component is
greater then or equal to zero. For simplicity, we will state most of the results in the case
of that particular half-space and for n > 1. It will become quite clear to the reader how
to formulate the theorems in the case of a general half-space or when n = 1. As in the
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Helson-Lowdenslager paper, methods of Hilbert spaces theory are an essential ingredient
of our proofs and the role played by complex analysis is reduced to a minimum. An
important difference, however, is the use of techniques from the theory of distributions
([9)). In particular, convolution equations “restricted” to a half-space play a crucial role
in the following exposition.

In the first section of this paper, we introduce some Hilbert spaces of tempered dis-
tributions on R”, whose Fourier transforms belong to a “weighted” Lz-space on ﬁ", for
a suitable weight. The existence and uniqueness of the solution of some “formal” con-
volution equations restricted to a half-space are obtained in those spaces. Some density
results are established in Section 2 and are used in Section 3 to find the explicit form
of the solution of a particular restricted convolution equation which turns out to be the
key ingredient for generalizing both Szegd’s theorem and the Paley-Wiener theorem on
R” (see Theorem 3.5). The continuous version of Szegod’s theorem on R” is established
in section 4 (Theorem 4.3). The question of non-triviality of some spaces of tempered
distributions is studied in section 5. In particular, a necessary and sufficient condition on
a weight w is given for the existence of a non-trivial distribution in §'(R") supported in a
half-space and whose Fourier transform belongs to the weighted L2-space corresponding
to w (Theorem 5.3). The R" version of the Paley-Wiener theorem is established in sec-
tion 6 (Theorem 6.1) and an application to a problem of “uniqueness” is given (Corollary
6.2).

0. Notation. We will denote by R” the n-dimensional euclidean space and by R”
its dual group. If 1 < p < oo, LP(R") is the usual Lebesgue space of complex-valued
measurable functions f on R" such that

/R" [f@]? dx < o0,

and L*°(R") is the space of complex-valued, essentially bounded, measurable function-
s on R". L! (R") consists of those measurable functions on R" whose restrictions to
every compact set of R" are integrable. The following spaces from the theory of dis-
tributions will be used here (see 9], for the precise definitions). S(R") is the Schwartz
space of (complex-valued) infinitely differentiable rapidly decreasing functions on R”
and $'(R"), the dual of S(R"), is the space of tempered distributions on R". If W is an
open set of R", C°(W) denotes the space of infinitely differentiable functions on R"
with compact support contained in W. E/(R") is the space of distributions on R" hav-
ing compact support. We will denote by 0, the Dirac mass concentrated at the point a of
R”, when a # 0; we will simply use the notation § for the Dirac mass at the origin. If
¢ € S(R)and ¥ € S(R" 1), their tensor product is the function ¢ ® ¢ € S(R") defined
by (¢ ®@ Y)(x) = ()Y (¥), for x = (¢, y) € R". The bracket < -,- > will always repre-
sent the duality between distributions and test functions. We define the Fourier transform
of ¢ € S(R") by

PE) = [ e o0 dr. VE € R
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We will use the same notation for the Fourier transform in euclidean spaces of different
dimension. This won’t create any confusion since the underlying euclidean space will
always be specified. If A is a set, will denote by x4 the characteristic function of A. We
will also use the abbreviation “a. e.” for “almost everywhere”. Finally, if T € S'(R"), the
distribution T € S'(R") is defined by

(T(), ¢ () = (T, P(—x)), Vo € S(R".

1. Some Hilbert spaces of tempered distributions and related convolution equa-
tions. In this section, we will consider a tempered distribution Q on R” whose Fourier
transform, 0, is a positive measurable function having the properties that, for some pos-
itive integer m,

(1.1) Q&1 +[E]H™™ € L®(R"),
and
(1.2) [0 +]€|H™™ € L'(RY.

We can thus think of Q as a weight on R” and to each such weight we associate the
following Hilbert space, denoted by H:

(1.3) H= {u € S'(RY, i € LL (R, /R |a(€)|*0(¢) d¢ < oo},

with inner product given by

vy = [, 46)9E) Q€)dE. Vu,v € H.

It is easy to check that all the Hilbert space properties are satisfied by H. In particular,
the completeness of H is a consequence of the fact that H is continuously imbedded in
S'(R"). Indeed, if u € H, we have, using the Cauchy-Schwarz inequality and (1.2),

12
€ } Nl

1
Lay [ aela+ e dg < [AQ‘@W

LEMMA 1.1. CP(R") is a dense subspace of H.

PROOF. This result follows easily from the Riesz representation theorem.

By Plancherel’s formula, the inner product in H between two functions ¢ and 1 in
S(R") has the form: (¢, )y = (Q* ¢, 1 ). This leads us to define the following formal
convolutions.
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DEFINITION 1.2. If u,v € H and R € ‘E/(R"), we define the convolutions Q * u,
QO * u *x v, or more generally, R x Q x u, R x Q * u x v, by the formulas:

[Q*ul = Qa,[Q*uxv]" = Qi
[RxQxul” = ROa, [R*Qxuxv]" = ROa.

Since, as it can be easily checked, all the products appearing on the right side of these
equations define tempered functions, these formal convolutions are all well defined. It is
also clear that such convolution products are automatically commutative and associative.
Of course, because of the density of C2°(R") in H, they can be seen as limits in §'(R")
of “ordinary” convolutions, for which the “exchange” formula holds.

In the following, we will always identify R” with R x R"~! and R” with R x R""',
If x denotes a point in R", we will write x = (1, y), wheret € Rand y € R"™. Similarly,
if ¢ € R, € = (7,n), wherey € Rand € R*™'. We will also denote by U the
half-space

(1.5) U={x= @ty eR"1>0}.

The following subspace of H will play an important role.

DEFINITION 1.3.  H" is, by definition, the closure in H of the subspace C°(U).

Of course, H" is itself a Hilbert space with the inner product induced by H.

In the following lemma and the discussion that follows, we will consider a fixed func-
tion x, € S(R) having the property that

(1.6) Xo(t) = e ,Vt >0

LEMMA 1.4. Given x, € S(R) satisfying (1.6) and v, € S(R"™ "), there exists a
unique element u, € H* such that

(1.7) O*uy=xo®Vp,0n U

(in the sense of distributions). Furthermore, we have, for some G € L'(R"™"), that

s ®@G), Yae & =(Y,n) €R,

A . ) 1
(1.8) &) a,(&)]* = TTomy

REMARK 1.5. Of course, when n = 1, ¢, and G are simply constants.

PROOF. We define an anti-linear form L on H* by L(v) =< ¥, x, ® v, >, for all
v € H*, where the bracket < -,- > denotes the duality between distributions in §'(R")
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and functions in S(R"). Because of the following inequalities, holding for an arbitrary
element v in H,

1L = (7 X0 @Yo} | = | [, Oto ® o) (§) H(E) d€ |

A 1/2 o o) 2 1/2
<[ 1910 de | [An'(-x%—"(’;)ﬂdg]

/2
< S }l <

<My e 4| <l
it follows that L is a continuous anti-linear form on H*. Therefore, by the Riesz represen-
tation theorem, there exists a unique element u, € H* satisfying for every ¢ € C3°(U),
(o, )1 = (Q * Uy, @) = {Xo ® V0, ¢), which yields (1.7). To prove (1.8), we define
vo € S'(R") by v, = R * u,, where R = %—‘i + 6. We have, thus, using the mentioned
properties of our convolution product, that

Q*vo=0*xR*xu,=R*xQxu,

=R*x(Xo®¢o)onU (by 1.7)

= Oon U (by 1.6).
This shows that the support of Q * v, is contained in R"\ U and, since the support of 7,
is contained in that same set, it follows that the support of Q * v, * ¥, is also contained
in R"\ U. (We used the fact that Q * v, * ¥, = limy_,oo(Q * v,) * (aa% + (pk) in S'(R"),
if { ox}i>1 is any sequence in CP(U) converging to u, in H*.) Since [Q * v, * 7,]~ =
0 *x v, * ¥,, it follows that supp Q * v, * 7, C {x = (t,y) € R", 1 = 0 }. Using the fact
that Q x v, x 7, € S'(R"), it is easily seen, using this last inclusion, that

(1.9) Qxvo %0, = Y D'6(t)®Sk(y),
0<k<K
where S, € S(R" 1), forall k € {0,...,K}.
By taking the Fourier transform of both sides of (1.9), we obtain thus that
(1.10) QN0 = 3 @miv)* @ S

0<k<K

Since 9,(Y) = (1 + 2wi7v) 4,(7Y), we have also that

[I%@WQQ
R 1+ Qmy)?
By looking at the expression for |¥,|2Q in (1.10), we see that K = 0 and that S, €
L'(R""), and we obtain thus (1.8) by letting G = §,,.

The main theorem of section 3 (THEOREM 3.5) gives an explicit expression for the
function G in (1.8) in terms of the weight Q. The following lemmas will be useful for
reducing that problem on R" to a one dimensional one.

dg = [ 12,(€)10(¢) d¢ < oo.
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LEMMA 1.6. Let u € S'(R") have the property that its Fourier transform, i, is a
tempered function, that is, for some m € N, |a(€)|(1+|€|)~™ € L'(R"). Define, for a.e.
n € R\, the distribution u, € S'(R) by ii,(Y) = a4(v,7n), fory € R.

Then, the following are equivalent.
(@) suppu C{x=(@ty) €eR",t>0}.
(b) Va.e.n € R, supp u, C [0,00).

PROOF. Let us assume that (a) holds. If ¢ € C®((—00,0)) and ¥y € CP(R" '),

then supp ¢ ® ¢ C R"\ U and, therefore, we have, by Plancherel and Fubini’s theorem,
that

o L 2rm #00 av | dmy dn = 0

Since this equality holds for arbitrary ¢ € CP(R"!), we conclude that there exists a set
A = A(p) of (n — 1) dimensional Lebesgue measure zero, such that

v ¢ A, /ﬁﬁm) 2N dYy =0

Because of the existence of a countable set { ¢y } ez Of function in C° ((—o0, 0) ) which
is dense in C3° ((—o0, 0) ), the last equality holds except for a set A of (n—1) dimensional
Lebesgue measure zero, but which does not depend on ¢, yielding (b). Conversely, if (b)
holds, then, going back to the computation in the first part of the proof and applying
Fubini’s theorem, we obtain that

Vip € CP((0,00)), Vi € CP(R™™), (u, p ®Y) =0,

and (a) follows since finite sums of the form 3" ¢ ® ¥, where ¢ € C° ((—00, 0) ) and
Yr € CP(R™1) are dense in C(R™\ D).

We now return to the problem of finding an explicit expression for G in (1.8). It is
clear from (1.8) that G > 0 a.e. on R*!. The next lemma reduces the problem to a
one-dimensional one and shows also that G = liﬁolzGo where G, > 0 a.e. on R" ..
Before stating the lemma, we need to introduce the following family of weights on R,
depending upon the parameter n € R"~! and defined by Qn(n) = 0(7,n), fory € R.
It is clear that, for a.e. n € ﬁ”_', the weight Qn satisfies the conditions (1.1) and (1.2).
Thus, for each of those 17 we can define the Hilbert spaces H, and H;; corresponding to
the weight Q,. Hence,

H, = {u € S(R), i € L, (R), /ﬁm(v)Ian(v) dy < 00]

with the obvious inner product and, of course, H,‘; is the closure of C3° ((0, 00)) in H,,.

https://doi.org/10.4153/CJM-1991-005-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-005-6

TEMPERED DISTRIBUTIONS AND THEIR FOURIER TRANSFORMS 67

LEMMA 1.7.  Let u, be the unique solution in H* of the equation Q*u, = x,Qv, on U
given by Lemma 1.4 and let u,, be the unique solution in H; of the equation Qp *u, = X,
on (0,00), defined for a.e. ) € R*". Then, for a.e.n € R"!, we have

(1.11) oY, 1) = iy (Vo(n), VY €R,

and, furthermore, for a.e.n € R*™1,

(1.12) G(n) = 2| uy |7, 1Po(m)]?

PROOF. To prove (1.11), it is sufficient to show that if v, € S'(R) is defined by
Op(Y) = (7, 7m), forae. n € R"!, then vy € H,*I and satisfies Oy, * v, = 1/3(,(77))((, on
(0,00), forae.n € R™!. Since u, € H*, it is easily seen using Fubini’s theorem, that
vy € H;; , fora.e. n € R""!. Now, using the definition of u,, it follows from Lemma 1.6,
that, for a.e. 7 € R"~!, and every ¢ € C2((0, 00)),

Je B0 M dv = [ ($o(m) Xo)BO) .

This says that v, satisfies Qp, * v, = (1/30(1])) Xo on (0, 00), and, thus, (1.11) holds. Now,
by Lemma 1.4, we have, for a.e. n € R", that

A 1
1.13 i - G,
( ) Q,,('Y)lun(’Y)I 1+(271_,7)2 n
where, for a fixed 1, G, is a positive constant. By integrating on R both sides of (1.13),
we obtain that G, = 2||u, ”121,, and (1.12) follows immediately from the previous equality,
(1.8) and (1.11).

2. Density Properties. In order to give an explicit expression for the function G
appearing in (1.8), some density properties in various spaces will need to be established.
If u, € H* is the unique solution of the equation (1.7) in Lemma 1.4, we define v, €
S'(R"), by

)
2.1) Vo = (aa_t +(5)*u0.
The following facts follow immediately from Lemma 1.4 and Lemma 1.8: supp v, C U,
supp Q * v, C R"\ U, and Q(¢)|9,(6)|% = G,(n)|1o(1)|% where G, > O a.e. on R*"!,
We now consider the following closed subspace M of L*(R") defined as M = {f €
L*(R™), supp f C U} . We define also the distribution K € §'(R") by

2.2) R(€) = Q(€)0,(€), VE € R".
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The right side of (2.2) defines a tempered function, since by (1.1) and (2.1), we have

Ji |R©)I? ) 06 [ ,(E)1*(1 + 2mY)*)dE
R" (l+|§lZ)m+l n (]+l§lz)m+l
(2.3) < C [, 0©)]a,(&)|d < oo.

Since K = Q * ¥,, it is clear that supp K C U and, if ¢ € C°(U), it follows from
(2.3) that ¢ * K € L*>(R") and thus ¢ * K € M. The following theorem establishes the
density of functions of the form ¢ * K, where ¢ € CP(U), in M, when |1[;(,| > 0.

It is interesting to notice the connection between this result, Beurling’s characteriza-
tion of outer functions in [1] and its generalization by Helson and Lowdenslager (theorem
6 1in [4]; see also [3], [5], and [7]).

THEOREM 2.1.  Let 1, € S(R"™') have the property that |{,(n)| # 0, for all n €
R*. If u, is the unique solution in H* of the equation (1.7) in Lemma 1.4 and if K is
defined by (2.1) and (2.2), then the subspace { p x K, ¢ € CX(U) } of M is dense in M.

PROOF. By the Riesz representation theorem, we have to show that, if g € M is
orthogonal (with respect to the L? inner product) to every function of the form ¢ * K,
where ¢ € CP(U), then g = 0. So let us assume the existence of such a function. We
have thus, using Plancherel’s theorem, that

[ 8E)90(€) O€) B(€) d€ = 0.¥p € C(U)

This implies that supp g*v,*Q C R"\ U, and, using LEMMA 1.6, that, fora.e.n) € R,

@4 [0 (M) &) FY) dY = 0. € € ((0.00)).

If the weight Qn on R and the Hilbert spaces H, and H, are defined as in section one,
fora.e.n € R"!, we let uy be the unique solution in H; of the equation Qy, * u; = X,
on (0, 00), and we define v, € S'(R) by v, = u; +uy and g, by §,(v) = g(v,n). Itis
clear, from LEMMA 1.7, and (2.1) that V,(7,n) = 9, (Y )1/3(,(17), and, from LEMMA 1.6 that
gy € L*(R) and supp g, C [0, 00), for a.e. n € R~ Since |4,| > 0, it follows from
(2.4) that

Je @000 951 801 5 dY = 0,¥p € €7 ((0,00)),

and, thus, the theorem will be proved if we can prove it for n = 1. So, let Q be a weight
on R satisfying (1.1) and (1.2), let H and H* the Hilbert spaces corresponding to 0 as
defined in section 1, and let u, € H* be the unique solution of Q * u, = x, on (0, 00).
Let us assume that g € L*(R) is supported in [0, 00) and satisfies

@.5) J 0N 2,0 81 B dY = 0,V € € ((0,00)).
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where v, is defined by v, = 1/, +u,. We let h = g x v, and we will show that h € H*. To
see this, we remark that if ¢ € C3°((0,00)), then ¢ * v, € H*. Indeed, if { pi} -, is a
sequence in C ((0, 00)) converging to u, in H* as k — oo, then ¢ * (p] + pi) con;erges
to ¢ * v, in H since

o+ (oi+ oe=vo) I = [, OGO +27i7) oY) — (1)1 2y
< C/R [do(Y) — pe(V)|*Q(Y) dy — 0, as k — oo.

Now, if { ‘Pk}kzo is a sequence in C%° ((0, 00)) converging to g in L%, then ¢y * v, € H*
and @y * v, converges to g x v, in H as k — 00, since, using (1.8) in LEMMA 1.4,

J 188,00 = R MPOMdY = G [ 8V = dun)|Pdy — 0,k — o0

This shows that h € H*. It follows from (2.5) that & is orthogonal in H* to C° ((0, 00))
and thus h = 0. Since, by (1.8), | %,| > 0a.e., we conclude that g = 0 a.e., which proves
the assertion.

The next theorem gives another description of the space H* which is going to be very
useful later on. Before stating it, we need the following lemma.

LEMMA2.2. Suppose that T and S are two distributions in S'(R) supported in [0, 00),
with the properties that, T(Y)(1 + 7|~ € L'(R), and S(v)(1 + |7|?)™" € L®(R), for
some integer m > 0. Then T x S is supported in [0, 00), where this last convolution is
formally defined by (T x S) = T8.

PROOF. We consider first the case m = 0. We choose a function ¢ in CP(R) with
the properties that ¢ > 0 and ¢ (0) = 1. We define, for k > 1, pp(t) = ¢ (i), Vit € R.
Obviously, the distribution (¢4T) * S is supported in [0, 00). (This last convolution is a
“usual” convolution between a distribution in §'(R) and a distribution having compact
support). By the “exchange” formula, we have that [(¢:T) * S]" = (cﬁk * T) S, and,
since { ¢x} ., is a mollifying sequence, @ * T — T in L'(R), as k — oo. Thus 7§ =
limg—00 (Pk * 7)S in S'(R), which shows that 7 * S is supported in [0, 00). If m # 0, we
define f and g by f(V) = T(¥)(1 +2miv)~2™ and g(¥) = S(¥)(1 + 2miv)~2". Clearly,
we have that f € L'(R) and § € L®(R). Furthermore, f and g satisfy the differential
equations: (8’ +8)*® xf = T and (§' + 6§)*® x g = S. Now, if R € S'(R) satisfies
the differential equation (6’ +8) * R = 0 on (—00,0), then R = C ¢ on (—00,0)
and thus R = 0 on (—00,0), since it belongs to S'(R). This shows, using an induction
argument, that supp f and supp g are both contained in [0, 00). Therefore, it follows
from the case m = 0, that the support of f * g is contained in [0, 00), and, thus, since
TxS =" +6) x (f x g), we conclude that supp (T * S) C [0, 00).

We have the following theorem.
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THEOREM 2.3. H*={u€H, suppucC U }.

PROOF. Let N be the closed subspace of H defined by N = {u € H, suppu C U }.
Clearly, C°(U) is contained in N and we have thus to prove that it is dense in N. Let us use
the Riesz representation theorem again and assume the existence of an element v € N,
orthogonal to C3°(U) in H, which is equivalent to supp Q x v C R"\ U. If the weight O,
and the Hilbert spaces H, and H, are defined as in section 1, for a.e. n € R"!, and if
we define N, = {u € H,, supp u C [0,00) } and v, by 9,(Y) = #(7,7), for ¥ € R, it
follows, from LEMMA 1.6, that v, € Ny, and that

Jo @000 940 5O dY = 0.Yp € € (0, 00)),

forae.n € R"!. Hence, the proof can be obviously be reduced to the case n = 1. So
let O be a weight on R satisfying (1.1) and (1.2) and let H and H* be the Hilbert spaces
corresponding to 0, as defined in section 1. Let u, be the unique element in H* satisfying
0O *u, = X, on (0,00), and let v, = u}, + u,. By LEMMA 1.4, we have that

(2.6) OM|%,M|* =G

where G > 0 is a constant. Let v € H have the property that supp v C [0, 00). If
€ C° ((0, 00)), we compute, using (2.2), (2.6) and Plancherel’s theorem,

A 1 A A=
@.7) [ 15 = PO dv = £ [ 100508 = 0TMp )] d

1
:6A|Q*GO*V—Q*ﬁ0*p|2dx

1
:6A|Q*ﬁ(,*v—K*p|2dx

Because of (1.1) and (2.6), we have that (Q *7,)" (Y)(1+|7|?)™™ € L™(R), and from the
fact that v € H, it follows from (1.4) that | %(Y)|(1+]Y|>)™™ € L! (R). Since supp (Q * ¥,)
and supp v are both contained in [0, 00), LEMMA 2.2 shows that supp Q * ¥, * v C [0, 00),
and, thus, Qx*V,xv € M. By THEOREM 2.1, the last integral in (2.7) can be made arbitrarily
small, by choosing p appropriately, and the conclusion follows.

3. An explicit formula for G. The main goal in this section is to find an explicit
expression for the function G, which appear in (1.8) of LEMMA 1.4, in terms of the weight
Q. In view of LEMMA 1.7, it will be sufficient to consider the case n = 1. We will thus
assume that we are given a weight 0 on R which satisfies the condition (1.1) and also,
for the time being, the condition

|
3.1) /ﬁ%dw<oo,
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stronger than (1.2). We will show that in fact, when n = 1 and ¢, = 1, the constant G
in LEMMA 1.4 is

3.2) G = exp (—2 log 0 dw) .

R 1+Q217)2

To obtain this result, our plan is, in a first step, to approximate the weight Q by weight-
s which are periodic, and, in a second step, to approximate those periodic weights by
positive trigonometric polynomials bounded away from zero. For each of these approx-
imating weights, we will consider the corresponding Hilbert spaces H and H* and the
corresponding solution in H* of equation (1.7). It turns out that an explicit expression
for the solution of this equation can be found when the weight is a positive trigonometric
polynomial bounded away from zero, and the expression (3.2) for G will follow easily in
that case. To obtain the result in the general case, one needs to show that the expression
(3.2) for G is preserved when passing to the limit in each of the approximating steps.

Now, if Qisa weight on R satisfying (1.1) an (3.1), we associate with Q the sequence
of weights {QN } NS0 defined by

(3.3) 1/ On(Oy) = zzj [1/0¢y +j2M)]. vy €R
VS

It is easily checked that the sequence {QN}NE() is an increasing sequence converging
a.e. to Q. Furthermore, Qy is periodic of period 2V, 1 / Qy is locally integrable and,
using (1.1), Qn is bounded. (We used the fact that the integer m in (1.1) must be strictly
greater than 0). It is thus clear that each weight Oy satisfies the condition (1.1) and (1.2)
(with m = 1) and we can, therefore, consider for each N > 0, the Hilbert space Hy
and Hy, associated with QN as in Section 1. Of course, from THEOREM 2.3, we have that
HY = {u € Hy, supp u C [0,00) }. We have the following lemmas.

LEMMA 3.1. Let u, be the unique solution in H* of the equation Q * u, = x, on
(0, 00), and, for N > 0, let uy be the unique solution in Hy, of the equation Qn *uy = X,
on (0,00). Then limy—oo || unly = || to||a-

PROOF. If M > N > 0, we have the continuous imbeddings H* C H}, C Hy, C H{.
The anti-linear form L, defined by L(u) = (i, X(,> , is continuous on each of the space Hy,,
for N > 0 and on H* (see LEMMA 1.4). Therefore, the sets A and Ay, for N > 0, defined
asA={ueH"' Lu=1},and Ay = {u € H}, L(u) = 1 }, are closed convex sets
in H* and H};, respectively. In particular, there exists a unique element v, € H* such that
[IVollr = infyea || u||n- Because of the following inequality, holding for arbitrary u € A,

1 = |Lw)| = |(u,uo)u| < ||ullalluolln,

it follows that v, = u,]||u,]||%. Of course, this argument remains valid for each of the
weights Oy, for N > 0. Thus, if vy € H}, is the unique element in Ay with the property
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that [|vy||m, = infuea, |[ullay, then, vy = un|lun||52. Because of the inclusions A C
Ay C Ay, if M > N > 0 and since the sequence { Oy }n>0 is increasing, we have the
inequalities

3.4) Ivnllay < llvallay < [lvolla,

which show, in particular, that the sequence { vy }n>o is bounded in H}. Therefore, it
has a subsequence { vy } ycr» I' C N, which is weakly convergent in Hj to some element
z € H{.Itis clear that L(z) = 1.Now, if M > 0, the sequence { vy} w2 is bounded in H7,,
by (3.4). It has, therefore, a subsequence converging weakly in Hy, to some element zy €
Hy,. Since Hy, is continuously imbedded in Hyj and since this subsequence converges also
weakly to z in H, we must have that z); = z. It follows thus that 7 € H;,, for all M > 0,
and, using (3.4), that

3.5 l[zllm < Him {Jvn]|r, < lvolln-
N—o0o

By Lebesgue’s monotone convergence theorem, we deduce that

Jlim [ 2000 dy
= /R 120)20(7)dY < 00 (by (3.5)) .

This shows that z € H, and that

: 2
dim | z]|,

(3.6) Jim (el = 112l < Ivolln

Since the support of z is contained in [0, 00), THEOREM 2.3 implies that z € H*, and,
thus, z € A, since L(z) = 1. It follows from (3.6) and from the unicity of the minimizer
v, that z = v, and, therefore, (3.5) implies that imy_.c || va/||Hy = ||Vol|l# Which yields
the desired result since || un||m, = 1/ || vy and || tolla = 1/ || volla-

LEMMA 3.2.

/logQNm gy — [ Jog0M)

3.7 R1+Q2rY)?2 — JR1+Qny)?

dy

N—oo

PROOF. It is clear from (1.1), (3.1) and (3.3) that the functions 22") and [200),

are absolutely integrable on R. Furthermore, we have the inequality

| logQN| <|logQ| + | log Qo

b
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for all N > 0. Thus, (3.7) follows from Lebesgue’s dominated convergence theorem,
since Qy converges to Qa.e.on R, as N — oo0.

It is now clear from LEMMA 3.1 and LEMMA 3.2 that the expression (3.2) for G will
be established for a weight 0 satisfying (1.1) and (3.1), if we can show that (3.2) holds
for the associated periodic weights Qy. Let us consider, more generally, a weight R on
R, periodic with period Q! having the properties that 1/ R is locally integrable and that
R € L®(R). Let v be a function in C2(R), supported in [-1, 1] such that ) > 0 and
satisfying ¥ (0) = 1. We let, fore > 0, p.(Y) = e ' (v €)', for ¥ € R. Of course,
{ ¢e}e>0 is a regularizing family on R and each of the functions ¢ has the property
that ¢, > 0 a.e. since it is the Fourier transform of a function with compact support.
We define the weight, R,, for e > 0, by R. = R * ¢,. It is clear that R, € L>(R). In
fact, since the support of R is contained in the set {k Q, k € Z}, R, is a trigonometric
polynomial. Furthermore, since, forevery vy € R,R.(Y)> OandR, is periodic, R, must
be bounded away from zero. As we did before, we define Hilbert spaces V, V* and V.,
V! associated with the weights R and R, respectively. We have the following lemmas.

LEMMA 3.3. Let u, be the unique solution in V* of the equation R x u, = x, on
(0, 00), and let u, be the unique solution in V} of the equation R, * uc = x, on (0, 00).
Then lime_g+ ||uc|lv. = ||4ol|v-

PROOF. We first notice that, for every e > 0, we have the inequality

1 1
. — < C —_—
G-® A Roaremy S @ foas ROY)

where Cq is a positive constant. Indeed, it follows from Jensen’s inequality (see [8],
p.62), that 1/R. = 1/ (R* ¢.) < (1/ R) x .. Therefore, we compute

1
f § dy
R R(V)(1+(27Y)?)

l/R (7) dvy

< Jel(
/ R R(Y)
= Jo

1 S
00711 R(Y) Kez 1+ [2m(Y +]Q)]2> e

1+(2 v)?

@] ) dv

1+ (27r7)2

) av

’

1
< -
< Cq /[O,Q*I] ) d

where Cq = sup, g Yjez m Now, since the weight R, is bounded from above
and from below, V. = L%*(R) as a set and, thus, if u € V!, we have, by Plancherel’s
theorem that
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1 —
|G| = (@ xo)| = | feeaeydi] = | o 15 a0 |

| 1/2
< |lullv, VR R.(Y)(1 +(271Y)?) d“Y}

1 1/2
<l [Ca fo o 7 @] ®v3)

This shows that

(3'9) ”ufllvs S

1 1/2
CQ /[(),Q"] IT’Y) d7:| .

Furthermore, it follows from (1.8) that (1 + (27Y)?) Re|ac|* = 2 uc||3,
and, thus, we have, using (3.9), that

1 ! ’
A dy = 20wl [ - d<2[C < d]
Alu (’7)1 Y ”u ”V( A Rs('Y)(l +(27r’7)2) = Q»/[‘O‘Qfl] R(,Y) !

Hence, we conclude, using Plancherel’s theorem, that the family { «,}c>¢ is uniformly
bounded in L*(R). Since R € L®(R), the family { u, }> is also uniformly bounded in V
and thus in V*, since each u. € V*, by THEOREM 2.3. If ¢ € C%°((0, 00)), we compute:

(ue, p)v = <R*us»¢> = <Rc *ue,‘ﬁ) +<(R—R()*u€,¢>
=W+ {(R—R) *u.,@).

Furthermore, using the boundedness of the family { 4, }¢>0 in L*(R), we have
(R—R) e, @) = | [[(RO) = R0 ) p) |
<[ flaenr a)” [ 1k — RonPieen? ar]”
< c[f1RN ~ @ pomPlaoPar] = 0.c 0,

since { ¢ }e>o is a regularizing family. This shows that, for every ¢ € C2((0, 00)),
(ue, @)y converges to (u, @)y as e — 0*. Hence, using the density of C5°(0,00) in V*
and the boundedness of the family { u, }.>0 in V*, it follows that u. converges weakly to
u in V* as € — 0*. We have thus

“ue“%/( = (ueaue)V( = <ﬁeaXO> = (usue)V i ”ull\z/,e _’0+s

which proves the lemma.
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LEMMA 3.4. Let R and R., € > 0, be the weights in Lemma 3.3. Then we have

day =0

. |logR.(Y) — log R(V)|
l‘lé’fn 1+Qny )

PROOF. Using the notation (1/ R). = (1/ R) * ¢., we compute

| log R — log R|
J d
C1+QmY)?

| log [Re(1/ R)c] +10g [1/ R] — log [(1/ R).] | dv
—/ 1 +Q2nY)?
<[ | log [Re(1/ R).] | . | log [1/ R] —log [(1/ R)]| dv
= JR 1+@Qmy)? /ﬁ 1+Qny)?
= A, +B..

If M = ||R||z», we have (1/R). > M~', and, therefore, if we let Go(v) =
Yiez [1 +Q2n(y +jQ_'))2]~l, we obtain that

|1/R (I/R)(
/‘ 1+ QrY)? d'Y_M/OQ, |1/R—(1/R)|Gq dv

< _ +
<cC [O,Q“]|1/R (l/R)E| dy —0,e =07,

since { ¢, }e>o is a regularizing family. By Jensen’s inequality we have that R.(1/ R), >
1. Hence, using now Jensen’s inequality with the probability measure 2/ 1 + 2mY)?, we
obtain that

log [Rc(1/ R) ]2 1 R(1/R2 dv
A 2/ Tixamye 2lg/n 1+ @2m7)?

The integral on the right side of this inequality converges to 1 as ¢ — 0*. Indeed,

|/R(1/R)E— < R)d7 / |(1/R). — 1/ R| R, dv
(1+277)2 — R R(l + (2m)2 1+Q2n7)?
(3. 10) = C+D, ,

Each term of (3.10) goes to 0 as e — 0*. Indeed, h = 1/ [R(1 +(27Y)?]e L'(R) and thus
— > 3 RIl oo 5 +
C. = | fﬁR[h* Be —hldv| < ||R||L /R |h* @ — h|ldY — 0,€ — 0",
since { @, } is also a regularizing family. Moreover,

D] < CllRlls [

{O’Q_I]|(1/R)€ —1/R|dy — 0,e — 0"
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This shows that lim¢_+ Ac = 0 and concludes the proof.
We now have all the ingredients to give an explicit expression for the function G
appearing in (1.8).

THEOREM 3.5. Let O be a weight on R" satisfying (1.1) and (1.2) and consider the
Hilbert space H* associated to O as in DEFINITION 1.2. If xo € S(R) satisfies (1.6) and
if Y, € S(R™), then the unique solution u, in H* of the equation Q % u, = X, @ ¥, on
U satisfies, forae. £ = (v,n) € R",

A - 2
(3.11) QO = T 2y L+ @2m7)?

20K exp <_2f log O(Y,n) dy >
R

PROOF. As mentioned before, by LEMMA 1.7, we need only to consider the case
n = 1. We will assume first that Q is a weight on R which satisfies (1.1) and (3.1). We
can thus approximate first O by the sequence {QN} defined in (3.3) and then approximate
each of the weights Qy by the weights Ry, = QO * ., which are positive trigonometric
polynomials bounded from below. It is clear from LEMMA 3.1, LEMMA 3.2, LEMMA 3.3
and LEMMA 3.4 that we need only to prove (3.11) for a weight R on R whichis a positive
trigonometric polynomial bounded away from O, of the form

RY) = Y Ce®™™ vy e R.
[kl <K
A theorem of L. Fejér and F. Riesz (see [3], p. 20) states that any such polynomial has
the form.

K . A
RY)=CI] |1 —ae™ |2,y €R,
k=0

where C > Oand |a;| < 1,forallk € {0,...,K}. We will first compute the expression
on the right side of (3.2) in that case. We will use the following known Fourier series
representation

ak . 1SS} ﬁk .
_e—21r1kQ’Y + E ___eZ‘ka’Y ,
1 k k=1 k

Mg

(3.12) log (|1 —a e—2mm|—2) _
k

ifa € C, |a| < 1. The function Gg defined by

1 .
Go(V) =" VY € R,

jaz 1+ Qr(y +jQ 1))’

is periodic with period Q! and its k* Fourier coefficient is

—2miQkY gy Q o

, 1
—27iQkY _
(3.13) Q/[O,Q_IJGQ(’Y)e dy = Q/ﬁ T e

2mY)?

https://doi.org/10.4153/CJM-1991-005-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-005-6

TEMPERED DISTRIBUTIONS AND THEIR FOURIER TRANSFORMS 77

since [e ”] “y) = W for ¥ € R. We obtain thus, from (3.12) and (3.13), using
Parseval’s identity, that, if |a| < 1,

—21riQ’Y| 2
’Y—Q/ og ll—ae 2micny| 2)GQ(’)’)d’)’

_Q a —kQ @" —kQ
_E{Z? v e ]

k>1

= Elog([] —ae_Q|_2),

log(ll —ae
Q/li 1+ 2my)?

and, therefore, that

log R(Y)

3.14) TR+ Q2nY)2

1 K
dy = - log <C‘l - ake‘Q|_2)
2 k=0

Now, let us define u, by

c- K (1 _akefzmm)*'

1

.1 i,
(3 5) U (’Y) 1+ 27” - (1 — a_ke_g)

‘We have thus that

(3.16) RO, (7)) =

)ZH“

1+ (27r’Y

and, clearly, u, € H. Since, forall y € K we have

1

A
Tv2miy = [ X000]" () and (1 —age ") = L%(aky'ajg] "),

it follows easily from (3.15) that supp u, C [0, 00), and, thus, u, € H*, by THEOREM
2.3. We will show that u, satisfies the equation

3.17) R *u, =, = ¢ " on (0, 00).
Indeed, we have the identity

K (1 __‘-lke21riQ’Y)

/\ _ A A —
(R*uo)" (V) = R(M)i,(Y) = 14270y =2 (1 - ﬁke_Q)

and, thus,
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k=0

Now, it is easily seen, by induction on K, that the right side of the previous expression
coincides with ' on (0, 0o) which proves (3.17). It follows then from (3.14) and (3.16)
that (3.11) holds and the theorem is thus proved in the case where 1 / Q is integrable. If
Q satisfies the weaker condition (1.2), we can write Q as Q(Y) = 01(7) (1 + (27 ?) "
for some m > 0, where Ql satisfies (1.1) and 1 / Ql is integrable. Let u; be the unique
solution in the space H* corresponding to Q1 of the equation Q; *xu; = ¢~' on (0, 00). We
will show that the unique solution u,, in the space H* corresponding to Q of the equation
QO * u, = e" on (0, 00) can be defined by

K —
Rxu, = [H (1—ae™) '] (6 —@od_q)* -+ * (6 — akb_a) * € X000 -

(3.18) id,(Y) = 2" +27iY) i (7Y)
Indeed, if u, is defined by (3.18), we have that

(@ *u) (7)) = (@1 xu)" ()(1 —2miv)™"2", ¥ €R.

This shows that Q * u, satisfies the equation

(3.19) 277 (5 —6')"" % (Q%u) = ¢ on (0,00).

Now, if § € S'(R) satisfies the differential equation 27! (6 - 5’) xS = e on (0, 00),
then S = ¢~ on (0, 00), since any other solution of that equation would be of the form
e'+cé,c# 0(on(0,00)), which would prevent S from being in §'(R). This shows, by
an induction argument using (3.19), that Q*u, = ¢’ on (0, 00). It is also quite clear from
(3.18) that u, is supported in [0, 00) and thus u, belongs to the space H* corresponding to
Q. In order to show that (3.11) holds for u,, we notice that for the weight R=1+Q2n7)3,
the unique solution in the space H* corresponding to R of the equation R¥y = y—" = ¢!
on (0, 00) is given by

3.20 (V)= ——,7 €R,
(3.20) = v 2mne T €

as it can be easily checked. Since 1/ R is integrable, we deduce from the first part of the
proof and (3.20), that

2
RONp)|? = log(1 + (27m7)?) dv) 1

1
vam (k) = sas e

which shows that, for every m > 0,

2 m
3.21) 1 exp (—Z/ﬁ log[(l+(27r’7)) ]dV).

4m 1+@2m7)?

The desired result follows now easily from (3.18) and (3.21).
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COROLLARY 3.6.  Let L be the anti-linear form defined on H* by L(v) = (¥, xo®,),
forallv € H*, and let A C H* be defined by A = {v € H*, L(v) = 1 }. Then,

A -1/2
1 5 log O(v,n) dv
2 fR |4o(m)| > exp (—2 /R 3&(—")—> dn] :

(3.22) inf IVl = 1+Qry)

PROOF. It is clear that inf,e4 || V|| = [SUP||V||H=1 | L(v)| ]—l = ||uo||z", and the norm
of u, in H can be computed by integrating both sides of (3.11) over R, yielding (3.22).

4. A generalization on R" of Szego’s theorem. . The purpose of this section is
to extend to R"” Szegd’s theorem ([12]; [2], p. 44). In order to do so, we will need the
following lemma.

LEMMA 4.1. Let Q be a weight on R" which satisfies (1.1) and (1.2) and consider
the Hilbert spaces H and H* associated with Q defined in section 1. Let P be the closed
subspace of H defined by P = {v € H, Q xv = 00on U }, and let Py be the subspace
of P defined by Py = {v € H, Q xv = ¢, where p € C°(R") and supp ¢ C R"\ U }.
Then, P, is dense in P.

PROOF. We use the Riesz representation theorem again. Suppose u € P is orthogo-
nal (in H) to P,. We have thus (4, v)y = 0, for all v € P,, or, equivalently,

S MO $(©) dg =0,

for every ¢ € CP(R™) for which supp ¢ C R"\ U. This shows that supp u C U and,
thus, that u € H*, by THEOREM 2.3. Since u € P, we have that Q x u = 0 on U, and,
therefore, u is orthogonal to C3°(U), which shows that u = 0.

The following lemma is a generalization of Szegd’s theorem for a weight w = 1/ 0
on R”, where O satisfies (1.1) and (1.2). We will use the notation V for the open set

V={x=(y eR,1<0}.

LEMMA 4.2. Let Q be a weight on R" satisfying (1.1) and (1.2) and let H and H*
the Hilbert spaces associated with O as defined in section 1. Let 1, € SR and let
B C H be defined byB={veEH,Q*v=x,v,0nU}. Then,

. 2 . ~ n A 2 1
:relguv”H = weg(wf" |Xo(V)o(m) — @(&)] o)
log QY. 1)

1 7 2
= 3 Jor P <—2Am d7) [Yo(m)|* dn

PROOF. The set B is a closed, convex set in H and therefore, there exists a unique
element v, in H having the property that || v, ||z = inf,ep || v||s. Since B consists of all

dg
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those elements in H whose orthogonal projection to H* coincide with v,, we must have
that || uo||z < ||v||u, for all v € B and thus v, = u,. Now, since Q * u, = X, @ ¥, + S,
where S € §'(R") and supp S C R™\ U, it follows that

RoVo(n) + ()
/()

Let g be defined by §(£) = S(¢)/ ((€), for € € R". Itis clear, from (4.1), that g € H,

and, furthermore, since Qxg = S, g € P. By LEMMA 4.1, g is the limit in H of a sequence

{8k }i>1 where Q x g = px € CX(V), and, thus, u, is the limit in H of the sequence
{ w1 where 4x(€) = [Xo(Y )Wo(1) + $1(€)]/ (€ ). Therefore, we have that

,Vaef € R".

4.1 4,(§) =

luollfy = lim [ 1a(©)I*0€) dé
5 . » R , 1
= Jim, fo (ROt + QU 5 e
. . A . , 1
= dnf | fo IR + O 5 de

and the result follows from THEOREM 3.5.
We can now state our extension of Szégo’s theorem, which holds for weights on R”
which are “tempered functions”.

THEOREM 4.3. Let w > 0 be a weight on R" satisfying
“.2) A ﬁgﬁ d < oo,
for some m € N, let x, € S(R) satisfy (1.6) and let 1, € S(R"™!). Then,
Ro(VPo(n) = PE)*w(€) d€

1 ~ ) log w(7,7n)
=5 /ﬁ,,,, [Yo(m)|” exp (2/ﬁ T+@m 2 d7) dn.

inf [,
PECR (V) JR"

(we use the convention that exp(—oo) = 0.)

PROOF. For a weight w satisfying (4.2), we define

Ro(NPo(n) — G(E)]*w(E) dE .

d(w) = inf .
PECP(V) JR"

We choose a decreasing sequence of weights { wy} N>0 converging a.e. to w and having
the property that, for all N > 0, Oy = 1 / wy satisfies (1.1) and (1.2) (with constant m
depending upon N). Obviously, we have, for all N > 0, that
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log wn(7,m)dY )

1 a
4.3) W) < Pww) = 5 o [o(m)]* exp (2 /R [+ @2m)

Therefore, by letting N — o0 in (4.3) and using Lebesgue’s monotone convergence
theorem, it follows that

1 1 ,n)d
@.4) Qo < w)

2 2
[Vo(n)] <“—XP(2/.*l 1+Q2my)?

ﬁn—l

On the other hand, if we had a strict inequality in (4.4), there would exist ¢ € C°(V)
such that

Joo IR o) = $(E)[Pwi€) dE

1 A ) log w(7,1n) )
= ————-dv | dny,
< 7 Jar [Vo(n)|* exp (2/1‘1" I+ Q2m )

and thus, if N is large enough, we would have that

Joo 1RoBom) = GO Pwin(€) €

1 A 2 log wn(Y,n)
<3 Jy ViomPens (

R 1+Q217)2 ‘”) dn,

which contradicts Lemma 4.2. We have thus an equality in (4.4) and the result follows.

5. Non-triviality of some weighted spaces. In this section, we will consider more
general weighted spaces than those studied in sections 1, 2 and 3. In particular, those
weights are not assumed to satisfy (1.1). We will only assume that the weights w consid-
ered are positive measurable function on R” taking on, possibly, the value oo and having
the property that, for some m € N,

5.1 ¢ < oo.

1
— = d
/ﬁ" w(€)(1+[€|Hm

Since the condition (1.1) is not satisfied in general, the space CJ°(R") is not necessarily
dense in the space H corresponding to w and defined by

5.2 H={ueSR),acLl®), [ [a€)wE)dE <oo}.
In fact, H might not contain any non-trivial function with compact support. We define

the corresponding space H* by

(5.3) H*:{uEH,supp uCU}.
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Thus, if w satisfies the condition (1.1), this definition coincide with DEFINITION 1.3, by
THEOREM 2.3. We remark that the space H (and also H*) is continuously imbedded in
S'(R") since, the inequality (1.4) still applies. Our goal, in this section, is to characterize
those weights w which give rise to non-trivial spaces H*. We will need the following
lemmas.

LEMMA 5.1.  Let w > 0 be a measurable function on R satisfying (5.1). Ifu € H*,
where H* is defined in (5.3), we define F(z) = (u(t), e ¥ p,(1)), for any complex number
z, with Re z > 0, where p, € C*®(R) has the property that p, is identically 1 on a
neighborhood of [0, 00) and p,(t) = 0, ift < t,, for some t, < Q. Then, F is holomorphic
in the set {z € C, Re z > 0}. Furthermore, if F(1) = DF(1) = --- = D*F(1) = 0, the
distribution v € S'(R) defined by %(Y) = a(Y)/ (=1 + 2miv)**!, for¥ € R, belongs to
H*, and if G is defined by G(2) = (v(t), e ¥ p,(t)), for all z € C, with Re z > 0, then
F(2) = (z — D*'G(2). In particular, (D**VF)(1) = (k + 1)!G(1).

PROOF. By induction, the case k > 0, follows immediately from the case k = 0. If
k = 0, we have that

(5.4) . F(1) = (u(t), e ' po(t)) = 0. -

Letv € S'(R) be defined as above. Obviously, v € H. We will show that, in fact, v € H*.
Indeed, if ¢ € C3°(R) is supported in (—o0, -a), where a > 0, we have that

(v, ) = (ux [e'X—000)]- ) = (1. [e X000 ¥ ) =0,

since the function [e"x(om)] x p = ¢ e~ ' on the interval [-a, 00), and u satisfies (5.4).
This shows that the support of v is contained in [0, 00) and thus v € H*. We compute,
for z € C, Re z > 0, using the definition of v:

F(z) = (u(r), e ¥ po(1)) = (—=v(t) +V (1), ¢ ¥ p,(1))
= (v(1),ze 7 po(1) — e " p (1) — e po(1))
= (W), (z — De 7 po(1)) = (z— 1)G(2).
Since F is clearly holomorphic on the set { z € C,Re z > 0}, the proof is thus completed.
Now, given a weight w on R” which satisfies (5.1), we define, for n € R"! the
one-dimensional weights wy, by w,(7) = w(7,7), fory € R. Since, for a.e. 7N € R,

the weight wy, satisfies (5.1) on R, by Fubini’s theorem, we can define the corresponding
spaces H, and H; for the weight wy, using (5.2) and (5.3). We need the following lemma.

LEMMA 5.2. Suppose that the space H* corresponding to a weight w > 0 on R"
satisfying (5.1) is non-trivial. If ¢, € S(R"™') has the property that

{n e R, Po(n) = 0} C {17 eR", H;'] is trivial} ,

https://doi.org/10.4153/CJM-1991-005-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-005-6

TEMPERED DISTRIBUTIONS AND THEIR FOURIER TRANSFORMS 83

then, there exists v € H* such that (¥, x, ® V,) # 0, where X, satisfies (1.6).

PROOF. Let u € H* be such that u # 0. We define, for a.e.n € R, u, € H}
by i, (v) = a(v,n), fory € R (see Lemma 1.6), and the function F,, holomorphic in
{z € C,Re z> 0} by F;;(2) = (uy(t), e “p,(t)). We notice that the set

A= {n eR"F, EO}

has non-zero (n— 1) dimensional Lebesgue measure. Indeed, if for some n € R, F, =
0, then (u, (1), e "¢ 2™ p (1)) = 0,fory € R. But, this implies that (u,,e"po)/\ = 0and
thus that u,, = 0. Since, u # 0, the set {n eER, up, = 0} cannot have zero (n — 1)
dimensional Lebesgue measure, and thus |A| > 0. Now, we can write A = Uz Ax,
where A; = {17 e R, FP(1) # 0, F¥(1) = 0,if 0 <j < k }. Therefore, there exists
k, € N, such that |[A¢,| > 0.1f n € Ay, we define v, € Hy, by 0,(Y) = d,(7)/ (=1 +
2miv)k, fory € R. By Lemma 5.1, we have, in fact, that vy € Hy, if n € A, and also
that

(5.5) (v (@), e "po(t)) = (vy, X0) # 0.

We remark also that, 1[)0(77) # 0if n € A, since, by (5.5), H,’; is non-trivial.
We define v € H, by %(Y,n) = 0,(Y)g(n) for n € Ay, and O for n ¢ Ay, where

(Vi» Xo) Yo(1) ‘
|<V7,, X()) 1[’0(77)|

It follows, from LEMMA 1.6, that v € H*, and, furthermore,

Vn € Ay, g(n) =

(7. X0 @ Yo) = [‘ /Rﬁn(w)x,,(w)dw 8() $o(n) dn
:/ {vis Xo) 8m) Yo() dnsince {vy, xo) = (Vp,X0))
= / Vn»Xo H%(U)I dn > 0,

which proves the lemma.

The following theorem provides a necessary and sufficient condition for the non-
triviality of H*.

THEOREM 5.3. Letw > 0 be a weight on R" satisfying (5.1) and let H* be the Hilbert
space associated with w, defined in (5.3). Then H* is non-trivial if and only if,

L log w(v,7)
n—1
(5.6) |{neR ,/ﬁ————lwz dy < o0} | >0,
where, | - | denotes the (n — 1)-dimensional Lebesgue measure ifn > 1. Whenn = 1,
(5.6) has to be replaced by
1
o Y0 iy < oo
R 1+72
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PROOF. Let ¥, € S(R"") be such that 1,(1)) #0,Vn € R"!, and let us choose an
increasing sequence of weights { wi} -, each satisfying (1.1) and (1.2), converging to w
a.e. on R". For each k > 0 we define, the Hilbert spaces H; and H}, corresponding to the
weights wy (as in (5.2) and (5.3)), and the sets Ay by Ay = {v € H} , (7, xo®v,) =1 }.
It follows from COROLLARY 3.6 that

Ck - vlg‘if; “v“i"zh
. Nt X , log wi(Y,n) -
(5.7 = Q/ﬁnﬂ | $o(m)|” exp _2/1‘1 Teamy )

If H* is non-trivial, LEMMA 5.2 shows that the set A = {v € H*, (V, xo ® ¥,) = 1 }
is non-empty. Since this set is closed and convex in H*, there exists a unique element
v, € H* such that ||v, ||z = inf,ea || v||n. It is clear that, for every k > 0, v, € A, and
thus,

Vk 20, G = inf |Vl < llvells, < lIvolls

The sequence { C;} x>0 18 thus bounded, and, therefore, it follows, by letting k — oo
in (5.7) and using Lebesgue’s monotone convergence theorem, that

n 2 lOg W(’Y,n)
/ﬁ",, [1o(n)|“ exp (—2 R 1T+@m7)?

which is equivalent to (5.6). Conversely, if (5.6) holds, then, by (5.7), the sequence
{ Ck} > is bounded. Let v, be the unique element in A, having the property that

dw) dn > 0,

Ivella, = inf l1vlln, = C.

has, thus, a subsequence { v} .. I' C N, converging weakly in Hy to some v € Hy,
as k — oo. By an argument used in the proof of LEMMA 3.1, one can show that, in
fact, v € Hy, for every k > 0 and also that ||v||s, < C. Hence, v € H, by Lebesgue’s
monotone convergence theorem. It is clear that v € H*, since v € H{, and, v # 0, since

The sequence { v}, is bounded in H since [|villn, < [[villn, < C, fork > 0. It

<V’ Xo ®w0) = k-+l;or,rlgel‘< Vks Xo @ %) =L

This shows that H* is non-trivial and concludes the proof.

COROLLARY 5.4. Letw > 0 be a weight on R” satisfying (5.1) and let H* be defined
by (5.3). If Q@ C R*" is defined by

log w(7,n)

1472 4y = o0

Q= {17 e R, /ﬁ
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and, if u € H*, then 4 = 0 a.e. on the set R x Q.

PROOF. Consider the weight w; on R" defined by wi(§) = w(§)for§ € RxQ, and
wi(€) = el for ¢ ¢ R x Q. If vis defined by #(¢) = a(€)xa(n), for ¢ = (v,n) € R”,
it follows from LEMMA 1.6 that supp v C U, and, furthermore, v belongs to the weighted
L?-space corresponding to the weight w;. Thus, by THEOREM 5.3, we obtain that ¥ = 0
a.e., or, equivalently, that 2 = 0 a.e. on the set R x Q.

6. A generalization on R" of a theorem of Paley-Wiener. The purpose of this
section is to generalize to R" a theorem of Paley-Wiener (Theorem XII in [6]) on the
real line, which characterizes the behaviour of the modulus of a function in L2(R) which
is the Fourier transform of a function in L2(R) supported on the half-line [0, 00). More
precisely, it states that if ® > 0 is a function in L*(R) such that ® # 0, then ® = |f],
where f € L*(R) and f is supported on [0, 00) if and only if

/ —Lg (D(Z)dﬁ > —o00
R 1+7

In the following, we will characterize the behaviour of the modulus of the Fourier trans-
form of functions or distributions supported on a half-space of R”", which is a set whose
boundary is a hyperplane of R” (we will assure, for convenience, that the origin belongs
to that hyperplane). In the particular case where this half-space is the set A = U, we
notice, that if f € L?(R) is supported on the half-line {0, c0) and if g is any function in
L>(R""1), then the function F € L*(R"), defined by F(x) = f(t)g(y), for x = (t,y) € R",
is supported in A and it is easy to check, using the Paley-Wiener theorem above, that it
satisfies, for a.e. n € R*™!, that F(7,n) = 0, fora.e.¥ € Ror

/ log | E(Y, )]
R

1372 dy > —oo.

It turns out that this last property characterizes the behaviour of the modulus of the Fouri-
er transform of any function in L?(R") supported in A. The proof that we will give is valid
for more general classes of functions on R” and it also offers an alternative, in the case
n = 1, for the proof given in [6] which was based mainly on complex analysis. We in-
troduce the following notations. If » € R” has length 1, we define the hyperplane M, by
M, = {a € R", (o,v) = 0} where (-, ) denotes the usual scalar product on R". We
will identify M, with R"~! and we will denote by dm, the (n— 1)-dimensional Lebesgue
measure on M, . We have the following theorem.

THEOREM 6.1. Let v € R" have length 1 and let ® > 0 be a measurable function
on R” which satisfies

/ D(€)

ke (T ]e P ®e <

for some m € N. Then the following are equivalent.
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(a) There exists a distribution F € S'(R") supported in the set {x € R", (x, v) >0 }
which satisfies ® = |F|? a.e. on R".
(b) Except for a set of dm, measure zero, each o € M, satisfies:

log ®(o + 1
/RMM_OO

1+

orforae.te€R O +1v)=0.

PROOF. By considering a rotation of R" which brings the vector v to the vector
(1,0,...,0) and using the fact that the Fourier transformation commutes with rotations, it
is easily seen that the proof can be reduced to the case where v = (1,0,...,0). To prove
the implication (a) = (b), it is sufficient, by LEMMA 1.6, to consider the case n = 1.
Let us thus assume the existence of a distribution F € §'(R), supported in [0, 00) which
satisfies | F|2 = ® a.e. on R. We define the weight w on R by w(v) = (®(y)(1+|7|?) ",
fory € R, where 1 /0 = oo, by definition. It is clear that F belongs to the weighted L>-
space corresponding to w and thus, if F # 0, we must have that

1

1+72
by THEOREM 5.3, which is equivalent to (b). Conversely, let us assume that (b) holds.
We choose, then, an increasing sequence {QN } N>0 of weights on R” satisfying (1.1) and
(1.2) (for some m € N which depends upon N), with the property that 1/ O converges
to @ a.e. on R” as N — 00. We let Hy and H}, be the Hilbert spaces associated with the
weight Oy (as in section 1). We let 1), € S(R"~') have the property that szJo(n)l > 0,
for every n € R"!, and we consider the unique solution uy € Hy, of the equation
On *xuy = Xo @1, on U. Then, by THEOREM 3.5, we obtain the following identity, valid
forae. ¢ € R"

log On (Y, 1) dw) _

R ) 1 »
(6.1) ONE)|anE)|? = ——5— |ho(m)]*exp (‘2 R 1+Q7m7)2

T 1+ Q2ry)?
On the other hand, since the sequence {|| un||#, } y>¢ is decreasing, the sequence { un} v~
must be bounded in H} and, thus, we can assume that it is weakly convergent in H} to
some element u, by passing to a subsequence if necessary. By the same argument, the
sequence { uy} y~,, is bounded in Hy;, for each M > 0 and has therefore a subsequence
{un} Ner,, converging weakly in Hj, to some element vy. Since H}, is continuously
imbedded in H}, we have vy = u, for all M > 0. Hence, u € Hj,, for all M > 0, and
furthermore

(6.2) lully < lim inf |luylls, < lim {ux]ls,.

Let us show that uy converges to u in H, as n — o00. Indeed, we have
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©.3)  fu—unlli, < lu—unlli, = llullz, — 2Re Gy .0, 1+ @y, un)a-
Since (uy, w)g, = (i, Xo ® ¥,) and, by the continuous embedding of H} in S'(R),
lim (uy, uN)HN = lim (ﬁNa Xo ® 1l’o> = <ﬁ’ Xo ® ¢0>,
N—o0 N—o0
it follows from (6.2) and (6.3) that limy_.c ||# — un||n, < 0 and thus that
lim ||u - uN||H0 =0
N—oo

. This shows, in particular, using the estimate (1.4) that iiy converges to i in L}

,OC(R"), as
N — 00. Since, from (6.1), iy satisfies a.e. on R"

(6.4) lan(é)|* = (m|?

log On(Y, 1)
1+(2T)2W)o QN(S) eXp <_2/R 1+Q2n7Y)? dw)’

it follows, by letting N — o0 in (6.4), that

log ®(7v,
©.5)  |a©) = 08 7,1) )

(> )xan) exp (2 A 1+@2m)?

r+amr v

where Q = {n ER, fu l(ﬁgg;)d’y > —00 }.If we let, for np € R*!,
log ®(7,7n)

-1
L+ (2n)? dw)} xa(n),

p 2
H(n) = [l%(n)l exp ( A
and F(€) = (1+2miv)ia(€ )H(n), for ¢ € R”, we see, from LEMMA 1.6, that supp F C U
and since, from the assumption (b), ® = 0 a.e. on R x Q¢ it follows from (6.5) that
|F|? = @ a.e. on R” which concludes the proof.
It is clear from the previous theorem that, when n > 1, the Fourier transform of
a function supported on a half-space of the form {x € R”, (x,¥) > 0 } can certainly
vanish on a set of positive measure. However, modulo a set of measure zero, the set
where it vanishes must be of the form {§ ER,. ¢ =og+w,t R0 €A} where
A C M, . In particular, we have the following corollary which extend some results of
H.S. Shapiro (see [10] and [11]) about functions and distributions with spectral gaps.

COROLLARY 6.2. Suppose that v1,. .. v, are n linearly independent vectors in R"
and that F € S'(R") is supported in the set r‘| ' {x€R, (x,v;)) >0 }. Then,
(a) IfF satisfies
J |F)1?
R (1+]E]2m

for some m € N and if F vanishes on a set of positive measure, F = 0 a.e. on R".

—="—d¢ < 00,
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(b) If F vanishes on some open ball on ﬁ", F is the zero distribution.

PROOF. (a) follows immediately from the remark above and (b) follows from (a) by
considering the sequence {F * <p,,}n>0 where { <p,,}n20 is a “regularizing” sequence on

R".
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