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Abstract We consider a class of nonlinear higher-order evolution inequalities posed in (0, c0) X B1\{0},
subject to inhomogeneous Dirichlet-type boundary conditions, where Bj is the unit ball in RY. The
considered class involves differential operators of the form

C#lyuzz_A'i‘lex‘v'f‘%v xERN\{O},
|| ||

p1-N+2)?
2

where p1 € R and p2 > — < ) . Optimal criteria for the nonexistence of weak solutions are

established. Our study yields naturally optimal nonexistence results for the corresponding class of elliptic
inequalities. Notice that no restriction on the sign of solutions is imposed.
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1. Introduction

For a natural number N > 2 and p1,us € R, we consider differential operators of the
form

M1 M2
Lyy oy = —A+Wz~V+W, z € RM\{0},

where - denotes the inner product in RY. The considered operators arise from the crit-
ical Caffarelli-Kohn-Nirenberg inequality, see [5, 9, 35] for more details. Notice that for
pi #0, 1 =1,2, L, .., is degenerate at the origin both for the gradient term and the
critical Hardy term.
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In this paper, we are concerned with the study of existence and non-existence of weak
solutions to evolution inequalities of the form

OF U+ Ly (=) > [ ~*[ul? in (0,00) x By\{0},
(1.1)
[ult=tu(t,z) > f(x) for (t,2) € (0,00) x OBy,

k B 2
where k£ > 1 is a natural number, 8{’“ = 88?’ w1 €R) pe > — (W) ,p>q > 1,

a€R, By ={z€RY :|z| <1} and f € L*(dB,) is a non-trivial function.

In the special case gz = 0, the operator £,,; o = —A + ‘ZTIQx -V is a type of degenerate
elliptic operator, which together with its divergence form plays an important role in
the harmonic analysis, see for example [29]. Some studies related to regularities and
qualitative properties for elliptic equations with more general degenerate operators in
divergence form can be found in [13, 31]. The study of existence and non-existence of
solutions to evolution equations and inequalities involving operators of the form £, ;o
has been considered in infinite domains of R, see for example [18, 19, 30, 37, 38] and
the references therein. For instance, in [37], the authors investigated parabolic equations

of the form
|2MOpu + L) ou™ = [z[*2uP, u>0 in (0,00) x RM\Q,
u(t,") =0 on (0,00) x 99, (1.2)
u(0,-) = ug in RV\Q,

where € is a regular bounded domain in RY containing the origin, m > 1, p >m, —2 <

A1 < Ay and gy < N — 2. It was shown that Equation (1.2) admits as Fujita critical
exponent the real number

Ao+ 2

e=mt—2°
b AM+N—

More precisely, it was proven that
(i) if 0 < wg € Cy (RN\Q), uglag = 0, ug # 0 and m < p < p., then any solution
to Equation (1.2) blows up in a finite time;
(ii) if p = pe, then any nontrivial solution to Equation (1.2) blows up in a finite time;

(iii) if p > pc, then Equation (1.2) admits non-trivial global solutions for some small
initial value ug.

Observe that in the special case Ay = Ay = p3 = 0, m=1 and N > 3, one has
pe=1+ %, which is the Fujita critical exponent for the semilinear heat equation

Owu — Au =P in (0,00) x RV,

For more references related to the study of evolution equations and inequalities in exterior
domains, see for example [20, 21, 23, 32, 36].
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When iy =0, Lo,y = fAJr";—‘QQ is the Hardy—Leray operator. Elliptic equations involv-
ing such operators have been investigated extensively in the last decades, for instance,
the analysis of isolated singular solutions [6-8, 11, 17], existence and non-existence of
solutions [14, 15, 24, 25, 34] and qualitative properties of solutions [10, 22, 26, 28]. The
study of existence and non-existence of solutions to evolution equations and inequali-
ties involving Hardy—Leray potential in infinite domains has been considered in several
papers. In [12], Hamidi and Laptev investigated the nonexistence of weak solutions to
higher-order evolution inequalities of the form

Ofu+ Louyu > |ufP in (0,00) x RY,
(1.3)
oF1u(0,-) >0 in RV,

where N > 3, ps > — (%)2 and p > 1. Namely, it was shown that, if either

)

2 | o
T t+s

or

where

. N-2 N -2\ .
S :T+ ,U/2+ T 5 Sy = S +2—N,

then Equation (1.3) admits no non-trivial weak solution. In [20], the authors considered
hyperbolic inequalities of the form

Ofu+ Lo uyu > |ul? in (0,00) x RN\ By,
ou (1.4)
a a(t,x) + Bu(t,z) > f(z) for (t,z) € (0,00) x IBy,

where N > 2, us > — ((N — 2)/2)2, a,B >0, (a,8) # (0,0) and v is the outward unit
normal vector on 9By, relative to Q = RV\ B;. It was shown that Equation (1.4) admits
a Fujita critical exponent

00 if N—242uy =0,
pe(p2, N) = 4

1+ ——+— i N—-2+2
+N—2+2MN 1 +2un > 0,
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where

N -2\°
UN = o + T .

More precisely, it was proven that

(i) if 1 < p < pe(p2, N) and f(z)do > 0, then Equation (1.4) admits no global
aB,
weak solution;

(ii) if p > pe(p2, N), then Equation (1.4) admits global solutions for some f > 0.

In the case of bounded domains, some results related to parabolic equations have been
obtained. For instance, Abdellaoui et al. [1] considered parabolic equations of the form

Oru+ Loygu=uP + f, u>0 in (0,00) x Q,
u(t,-) =0 on (0,00) x 99, (1.5)
U(O, ) = Up n Q,

where Q € RY (N > 3) is a bounded regular domain containing the origin, p > 1, s < 0,
and ug, f > 0 belong to a suitable class of functions. Namely, the existence of a critical
exponent p, (u2) was shown such that for p > p4 (u2), there is no distributional solution
to Equation (1.5), while for p < p4(u2) and under some additional conditions on the
data, Equation (1.5) admits solutions. Notice that in [1], the positivity of u is essential
in the proof of the obtained results. Moreover, in this reference, the authors used the
comparison principle for the heat equation, which cannot be applied for our problem (1.1)
in the case k > 2. For other contributions related to the study of parabolic equations
with Hardy—Leray potential in bounded domains, see for example [2—4, 16, 33] and the
references therein. To the best of our knowledge, the study of sign-changing solutions to
evolution equations or inequalities involving Hardy—Leray potential in bounded domains
has not been previously considered in the literature.

Very recently, the authors [9] studied some basic properties of the operator L, -
Namely, they analyzed the fundamental solutions in a weighted distributional identity
and derived a Liouville-type result for positive solutions to the elliptic inequality

L u>Vu? in Q\{0},

D)

u>0 on 01,

(1.6)

where p>1, Q is a bounded domain in RY (N > 3) containing the origin, V >0, V €
c? (RN\{0}),0 < 8 <1 and

loc

liminf V(z)|z|~? > 0
|z| =0t
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for some p > —2. It was proven that if

2N 2
N e L

then for all p > p*(u1, u2, p), Equation (1.3) admits no positive solution, where

24 p

T (p1, pi2) 7

p*(/’[/h/j@ap) =1 +

and

N-2—y 2—-N+um\°
T+(M1,M2)=f— M2 + )

The used approach in [9] is based on the classification of isolated singular solutions to
the related Poisson problem.

Motivated by the above-mentioned contributions, problem (1.1) is investigated in this
paper. Notice that no restriction on the sign of solutions is imposed. Moreover, our
obtained results yield naturally existence and non-existence results for the corresponding
stationary problem.

It is interesting to observe that in the special case ¢ =1, making use of the change of
variable

u(t,x) = o(t,2)[2| T, t>0, z € B\{0},

problem (1.1) reduces to

& p1(p=1)—2a .
Ofv+Loyv >zl 2 |p|P in (0,00) x B1\{0},
v(t,x) > f(x) for (t,x) € (0,00) x 0By,
where
_ 1 2 _ — +
H= g 5 M1 Ha

Before stating our obtained results, we need to define weak solutions to the considered
problem. Let

Q = (0,00) x B;\{0} and T = (0,00) x 9B;.

Notice that I' C 0Q. We introduce the functional space ® defined as follows.

Definition 1.1. We say that ¢ = @(t,x) belongs to @ if the following conditions are
satisfied:
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(i) 9 € CI2Q), ©>0;
(ii) supp(p) CC Q;

0
(1ii) o|r =0, a—f .

< 0, where v denotes the outward unit normal vector on OBj.

Using standard integration by parts, we define weak solutions to Equation (1.1) as
follows.

Definition 1.2. Weak solutions We say that uw € LY (Q) is a weak solution to
Equation (1.1), if for all ¢ € ®, there holds

- d¢ k e / -1
aly,|P < (—1 q *
/Q ||~ ulPe da dt /F aVfdadt (-1) / udypdrdt + ; | u Ly L, e dedt,
(1.8)

where E;LHQ is the adjoint operator of L, .5, given by

. B [ oz 12
L e = —Ap — py div <|x|2) + W(p. (1.9)

2
For 1 € R and po > — <“1%N+2> , we introduce the parameter « given by

2-N— ~N+2\?
04:2/“—!-\//@-1- <’“2) . (1.10)

For f € L'(8B,), let

If = f(x) do.

We denote by L' (0B;) the functional space defined by
LY (0By) = {f € L'(0By) : Iy > 0} .
Our main result is stated in the following theorem.
up—N+2\2
Theorem 1.3. Letk>1, N >2, p>q>1, uleRandmZ—(%> .
(I) If f € LY (0B1) and
(m+a)p<(a—2+m+a)g, (1.11)

then Equation (1.1) admits no weak solution.
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(1) If
(m1+a)p>(a—2+m+a), (1.12)

then Equation (1.1) admits positive solutions (stationary solutions) for some f €
L1’+(6Bl).

The proof of part (I) of Theorem 1.3 relies on nonlinear capacity estimates specifically
adapted to the operator L, ,,, the boundedness of the domain and the considered
boundary condition. Namely, we use the nonlinear capacity method (see, e.g., [27] for
more details about this approach) with a judicious choice of a family of test functions
belonging to ® and involving a function H > 0, solution to

H
“AH — iy div (Ha;) + ‘“—TQH =0in B;\{0}, H =0ondB,.
X X

The existence result given by part (IT) of Theorem 1.3 is established by the construction
of explicit solutions.

Remark 1.4. Theorem 1.3 leaves open the issue of existence and non-existence in the
critical case:

(i +a)p=(a—2+m+ag
. pu1—N—+2 2
Remark 1.5. Consider the case ug > — (%) .

(i) Let g > N — 2. In this case, one has u; + « > 0. Hence, Equation (1.11) reduces
to

S92, 1<qep<qfi4 =2 (1.13)
a ) — . .
g<p<¢q S
(i) Let pg < N —2.
o If up =0, then py + @ = 0 and Equation (1.11) reduces to a > 2.
o If yip > 0, then py + a > 0 and Equation (1.11) reduces to Equation (1.13).

2
o If — (W) < pg < 0, then 1 + a < 0 and Equation (1.11) reduces to

-2
a>2; or a<2, p>q<1—|— a > (1.14)
p+

2
Remark 1.6. Consider now the case ps = — (’”%M> .

(i) Let gy = N — 2. In this case, one has p; + a = 0. Hence, Equation (1.11) reduces
to a>2.
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(ii) Let g3 > N — 2. In this case, we have 3 + a > 0 and Equation (1.11) reduces to
Equation (1.13).

(iii) Let pu3 < N — 2. In this case, we get u1 + o < 0 and Equation (1.11) reduces to
Equation (1.14).

Clearly, Theorem 1.3 yields naturally existence and non-existence results for the
corresponding stationary problem

Lyiy o (Jul?™ ) (@) > f2|~*|u(@)P in B1\{0},

|u|q71u > f on 8B1

2
Corollary 1.7. Let N >2, p>q>1, uy1 €R and ps > — (7111_2]\“2) :

(I) If f € LYT(0B1) and Equation (1.11) holds, then Equation (1.15) admits no weak
solution.

(IT) If Equation (1.12) holds, then Equation (1.15) admits positive solutions for some
f e LY (0By).

Remark 1.8. Notice that in the special case

1 —N+2

2
< <0,
2 ) = 2

a<2 qg=1, puy<N-2 —(

condition (1.11) reduces to (see Remark 1.5) that obtained in [9] (for the non-existence
of positive solutions to Equation (1.6))

= p*(u17/’[’27p)7

where p = —a and p*(u1, 2, p) is given by Equation (1.7).

The rest of the paper is organized as follows. In § 2, we establish some preliminary
results that will be useful in the proof of Theorem 1.3. Namely, we first establish an a
priori estimate for problem (1.1). Next, we introduce a certain class of test functions
belonging to ® and specifically adapted to our problem and prove some useful estimates
involving such functions. Finally, the proof of Theorem 1.3 is given in § 3.

Throughout this paper, the symbol C denotes always a generic positive constant,
which is independent of the scaling parameters T, R and the solution w. Its value could
be changed from one line to another.
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2. Preliminary estimates

2
Lethl,NZQ,aER,p>q21,meRandugz—(”l%NH) . For p € ®, let
=1 b _p_ _a_
ne) = [ o [0kl P (el T daat (21)
supp(p)

7og . -ag
P74 |z p=a dz dt, (2.2)

Ja(p) = / =i ‘Em g #
supp(yp)

where £}, . is the differential operator defined by Equation (1.9).

2.1. (A priori estimate).
We have the following a priori estimate.

Lemma 2.1. A priori estimate Let v € ILP

b Q) be a weak solution to
Equation (1.1). Then, there holds

/f S”daolt<c§:J (2.3)

=1
for all p € ®, provided that J;(p) < 0o, i =1,2.

Proof. Let u € L (Q) be a weak solution to Equation (1.1). By Equation (1.8), there
holds

/ ||~ a|u|p<pdxdt—/f wdadt</ ul |0 ¢ da:dt—i—/ [ul?|L
for all ¢ € ®. On the other hand, by means of Young’s inequality, we obtain

ul |0F ¢ dxdtz/ |x| P |u|pP go_Tl ok |x% dx dt
| okl [ (7 wieb) (o7 o] el

1
< 5/ |z| " ulPeda dt + CJ1(p). (2.5)
Q

s uz‘p‘ dzdt
(2.4)

Similarly, we get

/ww
Q

[,ZHLQQOD dz dt

qQ [ —
| dode= | (ol T ulte? ) (1al 77

1
SzéM‘%MwM&+CkW) (2.6)

Thus, Equation (2.3) follows from Equations (2.4), (2.5) and (2.6). O
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2.2. Test functions

Let us introduce the function H defined in B1\{0} by
_ 2
[ef-N e (1 affo-tEN ) i gy > - (5E2)T

H(z) = ) (2.7)
a : —N+2
—|a]* n [2] if = — (1572)7

where the parameter « is given by Equation (1.10). It can be easily seen that H > 0 in
B1\{0}. Moreover, elementary calculations show that

Liy (@) =0 in Bi\{0}, (28)
H(z) =0 on 0Bj.

Let n,& € C*°(]0,00)) be two cutoff functions satisfying, respectively,

n =0, supp(n) CC (0,1) (2.9)
and
1
0<E<1 £(s)=0 H0<s<g, &(s)=1 ifs>1. (2.10)
For sufficiently large T, R and ¢, let
A\
nr(t) =n () , >0 (2.11)
T
and
Er(a) = H(@)E(Rlz)), e Bi\{0}, (212)
that is,
0 if 0<lz|]<(2R)71,
r(r) = ¢ H(z)E(Rlz))* if 2R)™ < |z| <R7Y, (2.13)
H(x) if R71<|z| <1,

We introduce test functions of the form

o(t,x) = nrt)ér(z), (t,z)€ Q. (2.14)

Lemma 2.2. For sufficiently large T, R and ¥, the function ¢ defined by
Equation (2.14) belongs to ®.
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Proof. By Equations (2.7), (2.9), (2.10), (2.11) and (2.12), it can be easily seen that
for sufficiently large T, R and ¢, the function ¢ defined by Equation (2.14) satisfies
properties (i) and (ii) of Definition 1.1. Moreover, H|sp, = 0 implies that y|r = 0. So,
we have just to show that

9

So(ta) <0, (tw) el (2.15)

In view of Equations (2.13) and (2.14) , we obtain

%2 1,0 = () 2R @) = mr()) 2 (w), () e (2.16)

2
On the other hand, by Equation (2.7), for all z € B1\{0}, if po > — (”1%}\“—2) , we have

VH(z) = (2= N —p1 — a)|z|' "N 717> — gz 1) |£|;
T
' p—N+2\?2
if M2 = — (f) , we have
VH(@) = (~alaf* ™ lafa] - o) 2
Hence, by Equation (1.10), we get
2
oH — (20 =24+ N +pu) <0 if M2>—<”172N+2) ’
a0 @)= a2 (2.17)
-1 ifﬂzz—(”lg )

Using Equations (2.9), (2.11), (2.16) and (2.17), for all (¢,z) € T', we obtain

2
Dy —(2a =2+ N+pu)nr(t) <0 if M2>—<”1+N+2) ;
2t 2) ) (2.18)
v : p1—N+2
—nr(t) <0 if pg=— (#> ,
which proves Equation (2.15). O

2.3. Estimates of J;(y)

The aim of this subsection is to estimate the terms Ji(¢) and Ja(p) defined, respec-
tively, by Equations (2.1) and (2.2), where ¢ is the function defined by Equation (2.14).
Such estimates will play a crucial role in the proof of our non-existence results.
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Lemma 2.3. For sufficiently large T and £, there holds
kp_

—1 _p_
/ nr(t)P—1 ‘ngf)(t)‘%l dt < CT  »p-1,
supp(nT)

dk
where ngﬂ) = ?Z

Proof. In view of Equations (2.9) and (2.11), we obtain

_D_ T o 14
= [a(w)" | (7)
o '\T T

-1
[ morr e
supp(n7)

and

1\ ¢ AN
T <CT | = t<T.
] eern(a) ™ e
Hence, there holds
=1 D —kp T + -
[ o e T as et [Ty (1) w
supp(n) 0 T
ket ek
=o' [ T s
0

which proves Equation (2.19).

Lemma 2.4.

2
(i) Let puy > — (W) . For sufficiently large R, there holds
72T atpy—2— 54
/ Er(x)|x|P 1dx§C’(lnR—|—R P 1).
supp(§R)
2
(i) Let ps = — (’”%NH) . For sufficiently large R, there holds

/ fR(x)|x|zﬁ dr<ChR (lnR+ R—(pgﬁaﬂv)) .
supp(§R)
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Proof.

(i) In view of Equations (2.7), (2.10) and (2.12), for sufficiently large R, we obtain

[ @l = [ PR e
supp(€R) S <lz|<1
< / |x|ﬁH(x) dz
S <z|<1
< |x|27N7”17a+p%1 dx
S <|z|<1
1 a
= c/ T T gy
ClnR if 2—p—a)p—1)+a=0,
<< C if 2—p—a)(p—1)+a>0,

a

CRA™M ™51 if 2= —a)p—1)+a<0,

which proves Equation (2.20).
(ii) Similarly, using Equations (2.7), (2.10) and (2.12), for sufficiently large R, we obtain

[ @l = [ P TH@ER)
supp(£R) S <lzl<1
< / 2|71 H(z) da
S <lzl<1
_a_q 1
= / |z[P=17" In () dz
S <lzl<1 |z
1 a
<C lnR/ pp-1 TN g,
=2
CInR if (@+N)(p—1)+a=0,
<ImR{ C if (a+N)(p—1)+a>0,

CR_(I’(ZTl+a+N) if (a+N)(p—1)+a<0,
which proves Equation (2.21). O

Lemma 2.5.

2
1) Let pg > — m=NE2N T For su ciently large T, R and £, there holds
H 2

__kp_ iy —2— G
Ji(p) < CT' BT (1nR+R T2 pfl), (2.22)
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where ¢ is the function defined by Equation (2.14).
2
(ii) Let po = — (W) . For sufficiently large T, R and ¥, there holds

_ _kp_ (—a_o,
Ji(p) < CT  P1 1nR<1nR+R (7er+ +N)>. (2.23)

Proof. By Equations (2.1) and (2.14), we obtain

=1

= p— (k) % X Zp% T |l. .
Jl(@(/supp(w)"“” )| dt) ( /supp@mfR( o] 1d> (2:24)

Using Lemma 2.3, Lemma 2.4 and Equation (2.24), we obtain Equations (2.22) and
(2.23). 0

Lemma 2.6.
2
(i) Let o > — (W) . For sufficiently large R and £, there holds

pog A (11 +e)p—(a—2+py +a)q
|z|P—4¢ dx < CR P=q . (2.25)

—q
P—q | px
/ R ‘EMLMzgR
supp(éR)

2
(1) Let ps = — (M%M) . For sufficiently large R and ¢, there holds

(2—a—N)p+(a—a+N)q

Lo ag
£Zl,u2§R’p ! |z|P=ddz < CR p=q InR. (2.26)

/ z;qq
R
supp(§R)

Proof.
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(i) By Equations (1.9) and (2.12), for « € B;\{0}, we obtain

Lo @) = £y o (H@)E(RIZ))
~ - AR (L)
+|“—|“; (2)€(Rlz])"
— — E(Rl) AH(x) — H(2)AE(Rll))
- 2V H () (e(Rlel)) - (e(rlel v ()

; Hele, v<s<R|x|>f>) 2 (@Rl

P P
= z) (- x)— iv H@)x H2 x
— (el (~at) - e (F0) + 22 1))
~ H@)A (&(Rll)!) ~ 2V H () - V(E(Rla]))
A (T;)”” Y (&(BJ2])")

= &(Rlz|)’L

H(x) — H(x)A (§(Rlx|)*)

_9VH(z) -V (¢(Rlz])) - uﬁ(‘f)x Y (¢(Rla])") -

Ml K2

In view of Equation (2.8), we get

Ly mpér(@) = —H(2)AE(R|a])") -2V H ()-V (‘f(leDe)_NlW'v (&(RIz))

which implies by Equation (2.10) and Cauchy—Schwarz inequality that

/ p q
supp(éR)

and

) P oL
Cran|” el do

B aq
Lu1u2§Rp q|x|p,qu:/1 p q
ﬁ<|ac|<
(2.27)

L3 | < H(@) |A (€(RIz))] +C |9 (¢ R|x|))‘<|VH(:v)|+h|r:(CT)>. (2.28)

On the other hand, using Equations (2.7) and (2.10), for 55 < |z| < %, we obtain
|A (E(R|z)))| < CR*¢(R|z])*~ IV (&(R|z))*)| < CRE(R|x))"~ (2.29)
In view of Equations (2.7) and (2.29), for 55 < |z| < &, we get

2R

o) |A (E(RIz))")| < CR2|x~ N7 (1= |aPom2H V) g(Rla)2

https://doi.org/10.1017/50013091523000172 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000172

Higher-Order Evolution Inequalities and Hardy—Leray Potential Terms 381

[lmm] < CRNTrteg(Rlx|) 2 (2.30)

and

1V ((Rl])Y)| (|VH<x>| el (”C’)

2]

S CR(Jaf =7 ot o (1 a2 ) €(Rl2)) T
< CR (Jo" "N 4 |z]o 1) ¢(Rla)

< CRIa N7 (1 2PN H1=2) (Rl

< ORNTHIEE (14 RT20-N=1H2) ¢(Rla])

Notice that —2a — N — 1 + 2 < 0, which implies that for sufficiently large R,

H{(z)
]

|V (&(R|z))")] (|VH(9:) + ) < CRN*Hitog(R|z]) 1. (2.31)

Thus, in view of Equations (2.10), (2.28), (2.30) and (2.31), we obtain

. ﬁ (N+pq1+a)p (£—2)p 1 1
‘ﬁung SCR 77 &Rla)) 71, 5= << (2.32)
Moreover, we have (for 5= < |z < %),
—q  _aq _ag_ =9 —tq
En(x) 7270 =[]0 H(x) 74 (Rl 7
_aqg (=2+N+4pjto)q —a —tq
el r (L ) P (Rl
aq+q(—2+N+p;+o) —Lq
< Cll™ T e(Rlal) T
Q(7a+27N7/“‘170‘) ;Zq
<CR p—a ¢(R|x|)Pa. (2.33)
Combining Equation (2.32) with Equation (2.33), we get
% . = aq_ (N+p1+a)p+q(—a+2—N—pj—a) 5—27])
k| Lu e |2lPm <CR P=q §(R|z[) P74,
1 1
— —. 2.34
o5 <ol < & (234
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Thus, using Equations (2.10), (2.27) and (2.34), we obtain

[ g
supp(éR)

(N+p1+o)pte(—a+2-—N—pj—a) /

_aq
! |z|P=a da

T\ R

H1-H2

0— 2P
<CR p=q E(R|z[)” P~ da
Se<lzl<k

(N+py+a)pt+g(—a+2—N—pj—a)
<CR P—q RN

)

which proves Equation (2.25).
(ii) In view of Equations (2.7) and (2.29), for 5% < |z < %, we get

T 212|* In )2
) |A (ERI)Y)| < CRY a1 Q|)aR|D

< CR*“ InR&(R|z|) 2 (2.35)
and

H{(x)
]

|V (&(Rlz))")]| (IVH(ir)I + ) < CR (|2]*7" = [2]*7! Ina]) &(RJa])*

<CR*“(1+InR)&(R|z)) !

< CR*“ In R¢(R|z|)* L. (2.36)
Thus, in view of Equations (2.10), (2.28), (2.35) and (2.36), we obtain

ppq (2—a)p (e— )p 1 1
<CR P—q (lnR)P 1¢(Rx|) P~ 3R < lz| < — (2.37)

& 0

B1sH2 &R

Moreover, we have (for 5 < [z < %)
—9 29 _aq_ —49 —*tq
En(@)7 T 2]7° = la| 77 H (2) =0 &(RJa) 74

-9
_aq  —aq 1 - —Lq
=MWqMWQ<m(M>>pQHMMVq

<CR q)(lnR)P qg(R|x|)p 0 (2.38)
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Combining Equation (2.37) with Equation (2.38), we get

= o a0 (2=a)ptq(a=a) —2r

F | sr| el S CRT e mRE(RJa]) P,
1 1

L : 2.
or <1< g =

Thus, using Equations (2.10), (2.27) and (2.39), we obtain

p

—4q — aq
[ B a1l da
supp(éR)
(2—a)ptq(a—a) /2P
<CR P=q lnR/ E(R|z])” P dx
1 1
2R<|a:|<R

(2—a)ptg(a—a) N
<CR P—q R~ InR,

which proves Equation (2.26).

U
Lemma 2.7.
; m-N+2)? i
(i) Let puy > — (f> . For sufficiently large T, R and £, there holds
(1 +o)p—(a—2+p) +a)q
J2(p) <CTR p=a ; (2.40)
where ¢ is the function defined by Equation (2.14).
2
(1) Let ps = — (M%M) . For sufficiently large T, R and ¥, there holds
(2—a—=N)p+(a—a+N)q
Jo(p) < CTR P In R. (2.41)

Proof. By Equation (2.2) and (2.14), we have

_ P | o Poa
Jo(p) = (1) dt 3 ‘cmng wPade . (2.42)
supp(nT) supp(§R)

On the other hand, using Equations (2.9) and (2.11), we obtain

/Supp(nT) nr(t)dt = /OTn (;)Z dt = T/O1 n(s)’ ds. (2.43)

Hence, using Lemma 2.6 and Equations (2.42) and (2.43), we obtain Equation (2.40) and
(2.41). O
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3. Proof of Theorem 1.3

3.1. Proof of part (I)

We use the contradiction argument by supposing that u € L}, (Q) is a weak solution
to Equation (1.1). By Lemma 2.1, Equation (2.3) holds for all ¢ € ® (with J;(¢) < oo,
i = 1,2). Hence, by Lemma 2.2, we deduce that for sufficiently large T, R and ¢,

/f SDdadt<CZJ (3.1)

i=1

where ¢ is the function defined by Equation (2.14). We first consider the following:
s
e The case: g > — (‘”%NH> . In view of Equations (2.18) and (2.43), we obtain

/f (204—2+N+u1/ flz)nr(t)dodt

supp(ny) v 9B1

=2a—-24+ N+ ) (/Oln(s)eds) T os, f(z)de

Notice that
20 =24+ N+ p; > 0.

Hence, there holds
Op
r 1%

Using Equations (2.22), (2.40), (3.1) and (3.2), we obtain

1_ _kp_ g —2——a (n1+o)p—(a—2+p) +a)q
TI; <O (77T <lnR+R 1 P*1)+TR = ,

that is,

—kp atpy—2— =0 (p1+a)p—(a—2+p1+a)q

I <c(ret (1nR+R - )+R = . (33)
Next, taking 7' = RY, where
atm—2- ) p—1
9>max{( : kpp 2l ),0}, (3.4)
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Equation (3.3) reduces to

I;<C (Rﬁ In R+ RM + R*2> : (3.5)
where
A1:a+u1—2—pi1—% (3.6)
and
Ay = (m+ao)p—(a—2+m +oz)q. (3.7)

p—4q

Observe that by the choice (3.4) of the parameter 6, one has Ay < 0. Moreover,
by Equation (1.11), there holds A2 < 0. Thus, passing to the limit as R — oo in
Equation (3.5), we get Iy < 0, which contradicts the positivity of I;. Next, we consider
the following:

2
e The case: s = — (’”%M> . In view of Equations (2.18) and (2.43), we obtain
9y
— | f(z) ==dodt = f@)nr(t)dodt
T ov supp(nT) 9By

_ </0177(s)fds)T 1 f@

which yields Equation (3.2). Using Equations (2.23), (2.41), (3.1) and (3.2), we obtain

_ _kp_ _(_a__, (2—a—N)p+(a—a+N)q
TI; <C (Tl T InR <1nR+R (oo *N)> +TR P lnR> :

Notice that
2—a—N=pu +a, a—a+N=—(a—2+m + ).
Hence, the above estimate is equivalent to

kp (#1t+a)p—(a—2+p1+a)q

I;<C (TP TInR (1nR + R‘”“l*zvﬁ) +R p=4 In R> . (38)

Taking T = R, where the parameter 6 satisfies Equation (3.4), Equation (3.8) reduces
to

—kpb
I;<C (Rp—pl (InR)>+ RM InR+ R*2 In R) : (3.9)
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where A1 and A\ are given, respectively, by Equations (3.6) and (3.7). As in the previous
case, due to Equations (3.4) and (1.11), one has A; < 0, ¢ = 1,2. Thus, passing to the

limit as R — oo in Equation (3.9), we get a contradiction with Iy > 0.

Consequently, Equation (1.1) admits no weak solution. This completes the proof of

part (I) of Theorem 1.3.

3.2. Proof of part (II)
We first consider the following:

O

2
e Case 1: pg > — (M%NH) . Let 4 and € be two real numbers satisfying,

respectively,
0 << min{ég,
p—
and
0<e< [Pq,#1,#27N(5)]
where

Pq7/t17u2,N(5) = *q252 +q(N — p1 —2)0 + po

and d;, i = 1,2, are the roots of Py ., u,,~(0), given by

_mta

61: <52

Notice that by Equation (1.12), one has

_N-2+a

(3.10)

(3.11)

Hence, the set of § satisfying Equation (3.10) is non-empty. Moreover, for §; <

1
§ < 02, one has Py, iy .~ (0) > 0. Hence, [Py 1, up.n(6)] P~ is well-defined, and
the set of e satisfying Equation (3.11) is non-empty. Let us consider functions of

the form

us.e(x) = e|x|75, x € B1\{0}.

Elementary calculations show that

£H17H2ug,€('x) = 5qpq7M17H2,N(5)|x
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In view of Equations (3.10), (3.11), (3.12) and (3.13), for all x € B;\{0}, we
obtain
‘CMLMzug,e(x) > qup_q|$|_q6_2
> Plx| 0P
= || "ug ().
Hence, for any ¢ and e satisfying, respectively, Equations (3.10) and (3.11), func-

tions of the form (3.12) are stationary positive solutions to Equation (1.1) with
f = €2. Next, we consider the following;:

2
e Case 2: g = — (‘”%NH> . For

1
0<d< - (3.14)
q
and
1
0 <e<[og(1—dq)]Pa, (3.15)
let
0 if 0<|z]<e™l,
us,e() = (3.16)

M ) . 1
ele] "7 [In(elz])]” if et <|z| <1
Elementary calculations show that

0 = |z|~%uf (x) if 0<|z]<e™l,

L ul (z) = ’
H1:H276,€ Sqg—2 .

€15q(1 — §q)|x[F1T2=2 [In(e|z])]"? if e7! <]z| < 1.

Using Equations (3.15) and (3.16), for e=! < |z| < 1, we obtain 10
€?5¢(1 = 6q) |1+~ [In(e| )"~
> 9P|z [r1te2 [In(efz))) (3.18)
= Jaeu )2 el o2
Notice that, in view of Equation (1.12), one has
a+u1—|—a—2—W<O. (3.19)
Moreover, since >0 and p > ¢, there holds
d0(g—p)—2<0. (3.20)
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Hence, it follows from Equations (3.19) and (3.20) that

(#1+0)p
|2 n(ela PP 2 1 e < ] < L. (3-21)

Then, Equations (3.18) and (3.21) yield
€16q(1 — 6q)|x|rrte—2 [ln(e\x|)]6q72 > |x|_au§7€(w), e <zl <1, (3.22)
Thus, in view of Equations (3.17) and (3.22), we obtain
Ly gty () = 2] ug (2), @ € Bi\{0}.
Consequently, for any d and e satisfying, respectively, Equations (3.14) and (3.15)

functions of the form (3.16) are stationary positive solutions to Equation (1.1
with f = €?. This completes the proof of part (II) of Theorem 1.3.
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