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Abstract

Let F be an algebraically closed field of characteristic 0 and let sp(2/, F') be the rank / symplectic algebra
of all 2/ x 2/ matrices x = ((A} _Ij;,) over F, where A’ is the transpose of A and B, C are symmetric matrices of
order /. The commuting graph I'(sp(2/, F')) of sp(2l, F) is a graph whose vertex set consists of all nonzero
elements in sp(2/, F) and two distinct vertices x and y are adjacent if and only if xy = yx. We prove that
the diameter of I'(sp(2/, F)) is 4 when [ > 2.
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1. Introduction

The diameters of commuting graphs over groups, semigroups, rings and associative
algebras and the isomorphisms between commuting graphs are well studied (see, for
example, [1, 2]). In particular, let R be a noncommutative ring or an associative
algebra and Z(R) be its centre. The commuting graph of R was defined in [3] to be
the graph I'(R) whose vertex set is R \ Z(R), and two distinct vertices x, y are joined
by an edge whenever xy = yx, or equivalently, the bracket product [x,y] = xy — yx
of x and y is 0. Denote by M,(R) the full matrix ring of all n X n matrices over
a ring R. Akbari et al. [4] proved that if n >3 and F is an algebraically closed
field, then the diameter of I'(M,,(F)) is always 4 and, if F is not algebraically closed,
then either the commuting graph is disconnected or the diameter is between 4 and
6. They conjectured that the diameter of I'(M,(F)) is at most 5. When n =2, [5,
Remark 8] shows that the commuting graph of M, (F) is always disconnected. Miguel
[12] confirmed the conjecture proposed in [4] by proving that the diameter of the
commuting graph of the full matrix ring over the real numbers is at most 5. DolZan
et al. [8] determined the diameters of the commuting graphs of the set of all nilpotent
matrices over a semiring, the group of all invertible matrices over a semiring and the
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full matrix semiring. Dolzan et al. [7] obtained the diameters of commuting graphs
of matrices over the binary Boolean semiring, the tropical semiring and an arbitrary
nonentire commutative semiring, and found a lower bound for the diameter of the
commuting graph of the semigroup of matrices over an arbitrary commutative entire
antinegative semiring. For any composite m, Giudici and Pope [9] proved that the
diameter of I'(M,,(Z,,)) is 3.

Let F be an algebraically closed field of characteristic O and let sp(2/, F) be the
symplectic algebra of rank [ consisting of all 2/ x 2/ matrices x = (% %) over F, where
A" is the transpose of A and B, C are symmetric matrices of order /. The commuting
graph I'(sp(2l, F)) of sp(2l, F) is a graph whose vertex set is the set of all nonzero
elements in sp(2/, F), and two distinct vertices x and y are adjacent if and only if
xy = yx (or equivalently, the bracket product [x,y] = xy — yx of x and y is zero). The
symplectic algebra sp(2/, F') is important because as a Lie algebra (with respect to the
bracket product [x, y] = xy — yx), it is one of the nine simple Lie algebras over F. To
reveal the commuting relations of elements in sp(2/, F), we determine the diameter of
the commuting graph ['(sp(2/, F)) of sp(2/, F).

TueoreM 1.1. Let F be an algebraically closed field of characteristic zero. If 1 > 2, then
the diameter of the commuting graph I'(sp(2l, F)) of the symplectic algebra sp(2l, F)
is 4.

Remark 1.2. When [ = 1, sp(2/, F) is the Lie algebra of type A, consisting of all 2 x 2
matrices of trace 0. By [5, Remark 8], we easily find that the commuting graph of
sp(2, F) is disconnected. However, the diameter of I'(sp(2/, F')) with [ = 2 seems quite
different from the cases where [ > 2. We conjecture that the diameter of I'(sp(4, F))
is 5.

2. Proof of Theorem 1.1

Let My (F) be the set of all 2/ x 2] matrices over I and let e;; € M»;(F) be the matrix
with 1 at the (i, j)th position and 0 elsewhere. Put

Eij=eijj—eji, 120,j<],
Epq=epgritegp, 1<p<qsl,
E_ s=eqistesny,, 15r<s< L,

and put

E, p,=e,pu, forl<p<li,

E_ ., =en,, forl<r<lL
The set
S={Ej:1<i,jSBULE, 4:1<p<q<BU{E :1<r<s<l)

forms a basis of sp(2/, F) and the dimension of sp(21, F) is 21> + .
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Let
o1 o0 --- 0
- 00 1 - 0
J= > ein=]|: O
=l 0 0 0 1
0 O 0 O

The lemma below follows from the proof of [4, Theorem 3].

Lemma 2.1. If 1 > 2, the distance between J and J' in T(My(F)) is 4, where T(M,,(F))
denotes the commuting graph of My(F).

Let xo = (X/2} E;js1) + Ej—; and let yg = Xy = () Ein) + Eyy.
Lemma 2.2. If 1 > 2, the distance between xy and yy in I'(sp(21, F)) is 4.

Proor. Let
i i
7= (Z e,-l-) + (Z(—l)l_iel+i,21—i+l)-
i=1 i=1

By direct calculation, one can verify that
-1 __ 1. _ gt
Z xoz=J, 7z yoz=1J.

Since the distance between J and J' in I'(M,(F)) is 4, the distance between xo and y,
in ['(sp(2[, F)) is at least 4. Indeed, if xo ~ u ~ v ~ yg is a path in I'(sp(2/, F)), then
J ~ 77 'uz ~ z7vz ~ J' is a path in T(M,(F)), in contradiction to Lemma 2.1. It is easy
to verify that

Xo~E-1~En~E_j;~y
is a path of length 4 between x( and yy. Consequently, d(x, yo) = 4. O

In view of Lemma 2.2, the diameter of ['(sp(2/, F)) is at least 4 when / > 2. In
what follows, we will prove that the distance between any distinct vertices x and y in
['(sp(2l, F)) is at most 4 when [ > 2.

For x € sp(2, F), denote by C(x) the centraliser of x in sp(2/, F). That is,

C(x)={yesp2LF):[x,y] =0}
We investigate the dimensions of C(E};), C(E| _1) and C(E| _»).

Lemmva 2.3. Let [ > 2:

(i)  the dimension of C(E1y) is 21> = 31 + 2;
(i1) the dimension of C(E1_1) is 21 -1
(iii) the dimension of C(E| ) is 2P - 31+2.

https://doi.org/10.1017/5S0004972719000583 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719000583

422 X. Geng, L. Fan and X. Ma [4]

Proor. Write any y € sp(2/, F) as a linear combination of the basis X of sp(2/, F):
y= ( Z aijEij) + ( Z bp,—qu,—q) + ( Z C—r,sE—r,s)
1<i,j<I 1<p<q<l 1<r<s<i

with a;;, b, 4, c_.s € F. One easily verifies that y commutes with Ey; if and only if
ajj=aj =0forj=2,3,...,landby_j=c_;; =0for j=1,2,...,1. As alinear space,
C(Ey) is spanned by a basis

(E\}ULE;:2<i, jSIULE, 4:2<p<q<IU{E_,:2<r<s<l),

which altogether has 2/ — 31 + 2 elements.
Similarly, y commutes with E;_; if and only if the first column and the (/ + 1)th
row of y are zero vectors. As a linear space, C(E; _;) is spanned by a basis

{Eij:1<i<L2<j<BU{E, :1<p<q<IU{E_ :2<r<s<l}

which altogether has 2/> — [ elements.
By calculation, we find that y commutes with E _, if and only if

ap = —an,
aj =ap=0, forj=23,...,I,k=1,3,4,...,]
coj=cr=0, forj=12,...,1, k=23,...,L
Thus C(E; -») is a space with basis
{Enn—EpyUE; i 1<i<I3<j<NBU(E, 4:1<p<q<BUIE_:3<r<s<l,
which altogether has 21> — 3/ + 2 elements. O

The automorphism group of sp(2/, F) is denoted by Aut(sp(2/, F)). We now study
the action of Aut(sp(2l, F)) on the basis of sp(2[, F). Let « € My /(F) be invertible. If
o 'xa € sp(2l, F) for any x € sp(2l, F), then the mapping @ on sp(2/, F) defined by

a(x) = o 'xa, forall xe sp(2n, F),
is an automorphism of sp(2/, F) (see [6]).
LeEmmaA 2.4.

() If1<i< j<l thereis aninvertible a € My(F) such that a(E;j) = Ey;.

(i1) There is an invertible B € My(F) such thatE(Ep,_p) =FE|_,wherel < p<IL
(iii) If1 < p < q <, thereis an invertible y € My(F) such that y(E, _;) = E _».

(iv) There is an invertible 6 € My (F) such that O(E;;) = E .

(v) If1<i< j<lI thereis an invertible & € My (F) such that E(Eij) =E .

Proor. For 1 <i# j </, let P;; be the permutation matrix obtained by permuting the
ith and jth rows of the identity matrix of order /, and put

_ (P O
oz,j— 0 Plj .
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Since a[‘jl xa;j € sp(2l, F) whenever x € sp(2/, F), the mapping

;X a/i_jl xa;j, forall x € sp(2/, F),

is an automorphism of sp(2/, F).

If 1 < j <, then the automorphism @ sends E; to Ey;. If 1 <i< j, then the
automorphism ay; sends E;; to Ey;. If 1 <i < j <[, then the automorphism aj; - a1; =
«1; - aj; sends E;; to Ey;, which proves (i).

If p # 1, then the automorphism a;, sends E,, _, to E; _;, which proves (ii).

For 3 < j <, the automorphism a3; sends E;_; to E|_,. For 2 <i< j<I, the
automorphism @y; - @1; = @1; - az; sends E; _; to E1 _,, which proves (iii).

Let 8 = Ip; — ey — ep121 + €121 — ex1;. One easily verifies that the mapping 6 defined
by

0:x— 0 'x0, forall xe sp(2L, F),
stabilises sp(2/, F), thus is an automorphism of sp(2/, F'). The proof of (iv) is completed
by 0(E1) = Ey .
Finally, (v) follows immediately from (i), (iii) and (iv). O
Four particular subalgebras of sp(2/, F) are defined as follows:

H = {(g —(zit) A e M|(F)is diagonal},

V= {(8 g) :Be M|(F)is symmetric} ,

U= {(g _?4,) : A € Mi(F) is strictly upper triangular} ,

T = {(A _i,) : A € M|(F) is upper triangular, B € M;(F) is symmetric} .

Then H, U, V,T are all subalgebras of sp(2/, F). The following assertions are well
known,
e T is a Borel subalgebra (that is, a maximal solvable subalgebra) of sp(2/, F) (see
[10] or [11]),
The dimension of H is [ and the E;;, fori=1,2,...,1, form a basis of H,
The dimension of U is %l(l — 1) and the E; ;, for 1 <i < j <[, form a basis of U,
e The dimension of V is %l(l + 1) and the set {E, _, : 1 < p < g <[} forms a basis
of V.

Since T =H® U &V, any given ¢t € T has a unique decomposition in the form
t=h+u+v, heHuelUveY,

where &, u, v will respectively be called the H-term, the U-term and the V-term of z.
We write the V-term v of ¢ as the linear combination of {E, _,: 1 < p<g <1},

v= Z cp-aEp—g>

1<p<q
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and put
A = {(P> _CI) 2 A, Cp,—qu,—q] # 0}
If A(t) # 0, we set
d(r) = max{p + g : (p,—q) € A1)},

roff gee)

Ifa= (6’ g) € ¥, then the mapping @ : x — o' xa for x € sp(2/, F) is an automorphism
of sp(2/, F). The set {a : @ € ¥} forms a subgroup of Aut(sp(2/, F)), which will be
denoted by G. Direct calculation shows that G stabilises 7. In addition, if @ € ¥, then
a(t) and t € T have the same H-term and the same U-term. Now we consider how to
simplify the V-term of ¢ by applying @ € G.

and call it the degree of ¢.
Let

Lemma 2.5. For any givent € T, there exists a € ¥ such that A(a(t)) = 0.

Proor. Suppose to the contrary that A(a(z)) # 0 for any @ € ¥. Choose B € G with
B € ¥ which minimises d(8(¢)) and suppose that d(8(t)) = k. Assume that

Bt)=h+u+v, wherehe HuecUvevV,

and represent A, u, v as linear combinations of the bases of H, U, V, respectively:

!
h:ZaiiEii, u= Z biEj, v= Z Cp—qEp—q-
p

1<i<j<l 1<p<q<l
Thus [A,cp—yEp 4] = 0 when p + g > k, and there is (p’, —q’) such that p’ + ¢’ = k and
s Cp g Ep ) = @p p + ag g )Cp ¢ Ep g # 0.
Put

_ -1
y=1Iy- Z Cp—g(app + agq)  Ep .
prq=k, app+a.#0

Then y € Y. By calculation,
= -1
YW =y'hy=h- > cpgEpy
P+q=k, app+au#0
YW =y lvy =v,

and
Yu) =y luy=u+v, withv €V,

where Vj_; denotes the subalgebra of V spanned by {E,, _, : p + g < k — 1}. Since

FEO) =h+u+ (v D Y v')

pra=k, a,p+a.q#0

with v/ € V,_;, we have d(?(ﬁ(t)) < k — 1, a contradiction to the assumption for B O
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We need a known result about the Borel subalgebras of an arbitrary Lie algebra to
simplify elements in sp(2/, F).

Lemma 2.6 [10, Theorem 16.4]. The Borel subalgebras of an arbitrary Lie algebra L
are conjugate under E(L), a subgroup of the automorphism group of L.

LemMA 2.7. For a given x € sp(21, F), there exists an automorphism o of sp(2l, F), such
that o(x) € T and the H-term of o(x) commutes with both the U-term and the V-term

of o(x).

Proor. Since x lies in a Borel subalgebra of sp(2/, F) and T is a standard Borel
subalgebra of sp(2/, F), by Lemma 2.6, there is an automorphism 7 of sp(2/, F') such
that 7(x) € T. For convenience, we assume x € T and that

(A C
<l 4
where A € M;(F) is upper triangular and C is symmetric. By Jordan’s theorem, there is
an invertible matrix X € M;(F) such that X"'AX = D + W and [D, W] = 0, where D is
diagonal and W is strictly upper triangular. Let & = diag(X, (X")~"). Then the mapping
@ :z+ a 'za on sp(2/, F) is an automorphism of sp(2/, F). Denote @(x) by y. The
H-term and the U-term of y are respectively diag(D, —D') and diag(W, —W"), and

[diag(D, —-D"), diag(W, —-W")] = 0.

By Lemma 2.5, there exists 8 € ¥ such that B(y) has the same H-term (respectively,
U-term) as y and such that A(3(y)) = 0. The condition A(B(y)) = @ implies that the
H-term of B(y) commutes with the V-term of B(y). O

Levmma 2.8. Let x € spR2LF), x #0. If 1 > 2, there is y € C(x), y # 0, such that the
dimension of C(y) is greater than half the dimension of sp(2l, F).

Proor. By Lemma 2.7, there is an automorphism o of sp(2/, F), with o(x) € T and
such that the H-term of o-(x) commutes with both the U-term and the V-term of o(x).
Assume o(x) = h + u + v, where h € H commutes withu € U andv € V.

Case 1: [h,E,_,]1 =0 for some p,qwith1 < p<g<l

Suppose that £, _, belongs to {E, _,; : [, E, 41 =0,1 < p < g <!} and minimises
p +q. We claim that o(x) commutes with E, _,. For if [o(x), E,y ;] # 0, then
[u, Epy —¢] #0. Write u = 3. aijEij. Since [u, Ey ] # 0, there are i, j with
1<i < j <Isuchthat [a;yEyj, Ey_4]# 0. The condition [A, u] = 0 implies that
[h,Ey 7] = 0. Note that [Ey ;, E,y _,] is either E; _, (when j' = p”) or Ey _,» (wWhen j' =
q'). From [h,Eyj] = [h,E, _y1 =0wehave [h,[Eyj,E, 11 =0. Thus [, Ey _,]1=0
or [h,Ey_,y] =0. In either case, we have a contradiction, since i’ + ¢ < p’ + ¢’
(when j=p’) and i’ + p’ < p’ + ¢’ (when j' = ¢’), which completes the proof of
the claim. If p’ =¢’, then E, _, is conjugate to E;_; under an automorphism
of sp(2/, F) (by Lemma 2.4(ii)), thus C(E,  _,) has the same dimension 27 -1 as
C(E|-1), which is greater than %(2[2 +0). If p" # ¢, then E, _, is conjugate to
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E|_» under an automorphism of sp(2/, F) (by Lemma 2.4(iii)), thus C(E, _,) has
dimension 2/? — 3 + 2, which is greater than %(212 + [) (recalling that [ > 2). Choose
y=0NYE »—¢) so that [x,y] = 0. As C(y) and C(E,, _, ) have the same dimension, the
dimension of C(y) is greater than %(212 + 1), that is, half the dimension of sp(2/, F).

Case 2: [h,E,_41# 0 forall p,qwith1 < p <q<landlh, E;] =0 for some i, j with
1<i<j<l

In this case, the condition [/, v] = O forces v = 0. Thus o(x) = h + u. Suppose that
Ey; lies in {E;; : [h, E;j]1 = 0,1 <i < j <1} and maximises j —i. We claim that o(x)
commutes with E; . Indeed, if [o(x), Ey 7] # 0, then [u, E; ] # 0 and there are i, jo
with 1 <iy < jo <1 such that [a;, j, Ej) j,» Evj] # 0. The condition [A, u] = 0 implies
that [A, E; j, ] = 0. Note that [E; ;, Ey 7] is either E; y (when jo =i’) or —Ej j, (When
jl = l()) From [h, Eio,jo] = [l’l, E,‘/jl] = O, we have [l’l, [Eioajo’ E,‘/jl]] = 0. Thus either
[h, Ej, 71 =0 (when jo =i") or [h, E; j,] =0 (when j" = ij). In either case, we have a
contradiction, since j' — iy > j* — i (when jy =i") and jo — i > j — i’ (when j' = iy),
which completes the proof of the claim. By Lemma 2.4, Ey; is conjugate to £ _,
under an automorphism of sp(2/, F), so C(E ;) has the same dimension 2% -3/ +2as
C(E| -»), which is greater than %(212 + [) (recalling that [ > 2). Choose y = o~ (E; i)
Then [x,y] = 0. As C(y) and C(E7 ) have the same dimension, the dimension of C(y)
is greater than %(212 + ).

Case 3: [h,Ep_4] #0 for all p,q with 1 < p < q<land [h, E;;] #0 for all i, j with
I1<i<j<l

In this case, the condition [4, v] = [k, u] = 0 forces u = v =0. Thus o(x) =h is a
diagonal matrix. Let y = 0~!(E};). Then [x, y] = 0 and the dimension 2/> — 3/ + 2 of
C(y) is the same as that of C(E};), which is greater than %(212 +1). O

Proor or THEorEM 1.1. We have found two distinct vertices in I'(sp(2/, F)) with
distance 4. Now it suffices to prove that the distance between any pair of vertices x,y
of ['(sp(21, F)) is at most 4. Let x, y be nonzero elements of sp(2/, F). By Lemma 2.8,
there are nonzero elements x’, y” with x’ € C(x) and y’ € C(y) such that the dimensions
of C(x") and C(y’) are both greater than half the dimension of sp(2/, F)). Thus a nonzero
element, say z, lies in C(x") N C(y’). Consequently, x ~ x' ~z~y" ~y is a path in
['(sp(2l, F)). Therefore, d(x,y) < 4. O
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