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Abstract

We study the arithmeticity of C-Fuchsian subgroups of some nonarithmetic lattices constructed by Deraux
et al. ['New non-arithmetic complex hyperbolic lattices’, Invent. Math. 203 (2016), 681-771]. Our results
give an answer to a question raised by Wells [Hybrid Subgroups of Complex Hyperbolic Isometries,
Doctoral thesis, Arizona State University, 2019].
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1. Introduction

Whether a group is arithmetic is a significant question for discrete subgroups and
lattices in semisimple Lie groups. Margulis’ celebrated super-rigidity and arithmeticity
theorems demonstrate that a lattice in a semisimple Lie group is arithmetic when
its real rank is at least two. This means that nonarithmetic lattices only exist in real
rank one, where the associated symmetric spaces are real hyperbolic spaces, complex
hyperbolic spaces, quaternionic hyperbolic spaces and the octonionic hyperbolic
plane. In the last two spaces, all lattices are arithmetic due to the work of Corlette
and Gromov—Schoen. In real hyperbolic spaces, where the Lie group is PO(n, 1),
Gromov and Piatetski-Shapiro showed that nonarithmetic lattices exist in PO(xn, 1) for
all n > 2. For the case of complex hyperbolic spaces, where the Lie group is PU(n, 1),
the existence of nonarithmetic lattices has not been widely investigated.

Let H be a Hermitian matrix with signature (2, 1) on C3. The projective unitary
group PU(2,1) of H acts as the holomorphic isometry group on the complex
hyperbolic plane Hé. The first nonarithmetic lattices in PU(2, 1) were constructed
by Mostow [9]. These lattices are the equilateral triangle groups S(p, 7), which are
generated by a complex reflection R; with order p and an order three isometry J with
tr(RJ) = 7. The equilateral triangle groups with some given values of 7 are called
sporadic triangle groups (see [3]). In [1], the authors gave a conjectural list of sporadic
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triangle groups and proved, by computer experimentation, that only finitely many of
these sporadic triangle groups are lattices. Following this, in [2, 3], they showed which
sporadic triangle groups are lattices and found new nonarithmetic lattices in PU(2, 1),
by using a systematic approach to produce their fundamental domains.

Suppose that I" is a discrete subgroup of PU(2, 1). The Fuchsian subgroups of I"
are defined as the intersection of I' with Lie subgroups isomorphic to PSL(2,R). A
Fuchsian subgroup is C-Fuchsian if it stabilises a complex line. In [12], Stover showed
that a complex hyperbolic lattice, which contains a complex reflection, must contain
a C-Fuchsian subgroup. Let the complex line L; be the fixed point set of the complex
reflection R; for j = 1,2,3. In his doctoral thesis [16], Wells studied the C-Fuchsian
subgroup stabilising the complex line L, of the complex hyperbolic lattice S(p, 7) for
p=3,4506,812and 7= —-(1 + iV7)/2. He gave the generators of the C-Fuchsian
subgroup and proved that this group is a lattice in SU(1, 1). Additionally, he asked the
following question.

QUESTION 1.1. Let R; be the complex reflection of order p so that R; fixes the complex

line L; for i = 1,2,3. Assume that Ry, R,, R; are the generators for S(p, 1), where
p=3,4,56,8,12and = —(1 + iV7)/2. Set

Gi = (RiR2)*, (RIRs), (RiIR2R3R; ), (RIRS RaR3)’).
Then G is a C-Fuchsian subgroup stabilising L,. Is the group G|, arithmetic?

Takeuchi [14] studied and characterised arithmetic Fuchsian groups of finite
covolume. Subsequently, in [15], applying these results to triangle groups in SL(2, R),
he gave a necessary and sufficient condition for a triangle group to be arithmetic
and derived a complete list of all arithmetic triangle groups. Maclachlan and Reid
in [7] generalised Takeuchi’s methods to Kleinian groups and obtained a similar
characterisation of arithmetic Kleinian groups. More effective criteria for arithmetic
Fuchsian groups and Kleinian groups can be found in [4, 6, 8].

Note that S(p, 7) in Question 1.1 is arithmetic when p = 3. Thus, G|, is arithmetic
for p = 3. In the present paper, our main goal is to study the arithmeticity of the
C-Fuchsian subgroups of nonarithmetic lattices. Our general procedure to prove the
arithmeticity or nonarithmeticity of each group is as follows. Firstly, we explore
a transformation interchanging the original Hermitian form into a more familiar
Hermitian form. Then we transform the generators of each group into elements in
SU(1, 1) and these elements can be turned into elements in SL(2, R) since there exists
a bijection between SU(1, 1) and SL(2, R). Finally, we check the arithmeticity of each
group according to the criteria for the arithmeticity of a Fuchsian group. We obtain the
following result.

THEOREM 1.2. The group G|y, is nonarithmetic for p = 4,5, 6,8, 12.

Recently, Sun [13] also considered the C-Fuchsian subgroups of some complex
hyperbolic lattices S(p, T) appearing in [2, 3]. For each C-Fuchsian subgroup, she
forced all pyramids of the side representatives to have the same base L;, and obtained
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a polygon in L; which is a fundamental domain of the C-Fuchsian subgroup. Applying
the Poincaré polygon theorem, she gave the following presentation for each C-Fuchsian
subgroup.

THEOREM 1.3 [13]. Let Ry, Ry, R3 be three complex reflections of order p so that R;
fixes a complex line L; for i = 1,2,3. Suppose that Ry, Ry, R3 are the generators for
S(p, 7). Then there exist C-Fuchsian subgroups fixing the complex line L, that have
the following structure according to (1, p).

(i) T=-1+4iV2,p=3,4,6:T =(g1,82 83 84 85), where
g1 = (RIR;'RoR3)’,  g2= (RiR3)’, g3 = (RiR)’,
g4 = (RIRR3R;' )P (RiRy),
85 = (RIR:R3RRy 'Ry ) (RIRR R, (RIR,) .
(i) 7=-1+iV7/2,p=3,4,5,6,8,12:T; = (g1, g2, &), where
g1 = (RiR)’, g =RRsR'RIJRJ, g3 = (RiR3)”.
(i) 7=1+V5/2,p=3,4,510:T3 = (g1, g2, g3), where
g1 = RiR;'R'R3RoRs, g0 = RIRsRIRR)'RS,
g3 = (RIR;'RyR3)’RiR;' Ry RyRR;.
A natural question is whether these C-Fuchsian subgroups are arithmetic. Notice
that the groups S(3, —(1 + iV7)/2) and S(p, (1 + V3)/2) for p =3,4,5,10 are arith-

metic. Hence, their C-Fuchsian subgroups are also arithmetic. For the remaining cases,
we prove the following theorem.

THEOREM 1.4. The C-Fuchsian subgroups I') and I'; have the following properties.

 The group I'y|, is nonarithmetic for p = 3,4, 6.
* The group I';|, is nonarithmetic for p = 4,5, 6,8, 12.

2. Preliminaries

In this section, we recall some basic material on the complex hyperbolic plane,
equilateral triangle groups and the arithmeticity of Fuchsian groups.

2.1. The complex hyperbolic plane. Let C>' be the complex vector space of
dimension three equipped with a Hermitian form of signature (2, 1). For H a Hermitian
matrix of signature (2, 1), the Hermitian form is defined as (z, w) = w*Hz. Consider
the subsets

V_={zeC> |(z,z) <0},
Vo ={z € C*' —{0} | (z,2) = 0},
V,={zeC> |(z,z) > 0}.
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Let P: C>! — {0} — CP? denote the projection map. Then the complex hyperbolic
plane is HZ = P(V_) and its boundary is defined to be dHZ = P(Vq). Let p(z, w) be
the distance between two points z, w € Hé. The Bergman metric on Hé is given by

COSh2 (p(z, W) ) _ <Z’ W><W’ Z)

2 ) (zZXw,w)’

where z, w € C>! are lifts of z, w. Note that the Bergman metric is independent of the
lifts of z and w.

A matrix A € U(2, 1) is unitary if (Az, Aw) = (z, w) forz, w € C>'. A unitary matrix
preserves the Bergman metric. The holomorphic isometry group of Hé is

PU2, 1) = U2, 1)/{e" | 0 < 6 < 2x)},

where I is the identity matrix in U(2, 1).

Let n be a vector in V, and let n* be the orthogonal complement of n with respect
to H. Then the intersection of the projective line P(n*) with Hé is a complex line L.
The vector n is called the polar vector to the complex line L.

2.2. Equilateral triangle groups. Let p € Z. Equilateral triangle groups S(p, 7) are
generated by three reflections Ry, Ry, Rz of order p (p > 2) with the property that there
is a regular elliptic element J of order three such that these reflections satisfy the
relationships R, = JR;J~! and R3 = JR,J~!. They can be parametrised by the order p
of the generators and the complex parameter 7 = tr(RJ).

For i = 1,2, 3, the fixed point set of R; is the complex line L;. Let n; be the polar
vector to L; and set u = ¢?™/3_ By the trace formula of tr(R;J), the parameter T can be

written as
n.,n;
= tR) = (- )
[ || [
Let vectors n;, n,, n3 be a basis of C3. We write
1 0 0
111=0, 112=1, Il3=0.
0 0 1
We obtain matrices for the Hermitian form H and the permutation isometry J, given
explicitly by
a B B 0 0 1
H=|8 a B|, J=|[1 0 0],
B B «a 010

where @ =2 — u® — ii® and 8 = (#* — u)7. For H to have signature (2, 1), its determi-
nant must be negative, namely,

o’ + 2Re(B?) - 3a|BP < 0.
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TABLE 1. Values of p, T such that S(p, ) are lattices.

T p
-1+iV2 3,4,6
-1+ V)2 3,4,5,6,8,12
e7m9(=e~m3 — (1 - V5)/2) 2,3,4

(1 ++v5)/2 3,4,5,10

According to the formula of the complex reflection,

Ri(z) = P37 4 (2913 _ o~i13) (z,1n1) n.
(ny,my)
where ¢ = 27/ p, and we have a representation of R, in SU(2, 1) given by

w T —ut

Ri={0 u O
0 0 u

The corresponding matrices of R, R3 can be obtained from the relationships
R, =JR\J', Ry=JRJ.

It is difficult to determine the values of p and 7 such that the equilateral triangle
group is a lattice or discrete. A necessary condition for a group in PU(2,1) to be
discrete is that all its elliptic elements have finite order. For an equilateral triangle
group, assume that R;J and R|R, are elliptic. If this assumption holds, then the
equilateral triangle group is a Mostow lattice or a subgroup of a Mostow lattice, or a
sporadic triangle group (see [10]). Following this, the conjectural list of lattices among
sporadic triangle groups is given and proved in detail (see [1-3]). The values of p and
7 for a sporadic triangle group S(p, 7) to be a lattice are listed in Table 1.

2.3. Arithmetic Fuchsian groups. To state the criteria for the arithmeticity of
Fuchsian groups, we recall the notion of the trace field and the invariant trace field. Let
I' be a finitely generated group of SL(2,R). The trace field of I' is the field generated
over Q by the traces of the elements in I', and is denoted by Q(tr(I")). We write tr(y) as
the trace of an element y in I" and set tr(I') = {tr(y) | y € ['}.

The subgroup I'® of T is generated by the set {y*> |y € T'}. Since T is finitely
generated, I'® is a normal subgroup of finite index. The invariant trace field of I is

kT = Q(tr(T'®)),

which is an invariant of commensurability class of ' (see [11]). The following two
propositions provide an easy computation for the invariant trace field I".

PROPOSITION 2.1 [6]. Letyy,...,y,bein SL(2,C) suchthattr(y;) # Ofori=1,...,n.
Let T be (y1,...,yn) and let T°¢ be (y2, ..., y2). Then Q(tr(T'®)) = Q(tr(I’S9)).
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PROPOSITION 2.2 [8]. Let I be generated by y1,7v3,...,Y, where y; € SL(2,C) for
i=1,...,nandy €T. Then tr(y) is an integer polynomial in {tr(d) | 6 € Q}, where

O={yi,-—v,lr>land1 <i; <---<i, <n}
Next, we state results about the arithmeticity of Fuchsian groups.

THEOREM 2.3 [6]. A finitely generated subgroup T of SL(2,R) is arithmetic if and
only if T® is derived from a quaternion algebra.

THEOREM 2.4 [14]. LetT be a Fuchsian group of finite covolume. Then T is a Fuchsian
group derived from a quaternion algebra if and only if T satisfies the following
conditions.

(1) Ifky is the field Q(tr(T)), then ky is an algebraic number field of finite degree and
tr(I') is contained in the ring Oy, of integers of k.

(1) If ¢ is any isomorphism of ki = Q(tr(I')) into C such that ¢ is not the identity, then
o(tr(I')) is bounded in C.

PROPOSITION 2.5 [14]. Let I" be a Fuchsian group of finite covolume. Assume that
I satisfies conditions (i) and (ii) of Theorem 2.4. Then k; = Q(tr(I)) is totally real.
Moreover, if ¢ is any isomorphism of ki into R such that ¢ is not the identity, then
o(tr()) is contained in the interval [-2,2].

From Theorems 2.3 and 2.4 and Proposition 2.5, we have the following corollary.

COROLLARY 2.6. Suppose that I is an arithmetic Fuchsian group of finite covolume.
If ¢ is any isomorphism from kT to R such that ¢ is not the identity, then @(tr(T®)) is
contained in the interval [-2,2].

It is more convenient to determine the arithmeticity of a noncocompact Fuchsian
group by the following theorem.

THEOREM 2.7 [6]. A finitely generated noncocompact lattice I' of SL(2,R) is derived
from a quaternion algebra if and only if the following conditions hold.

(1) tr(y) is an integer for all y € T.
(i) Q(tr(T)) = Q.

3. Proof of Theorem 1.2

In this section, we give a proof of Theorem 1.2. The group G, is the subgroup
stabilising L;, and hence it is naturally identified with a subgroup of SU(I, 1). Since
there is a bijection between SU(1, 1) and SL(2,R), this group in SU(1, 1) can be
transformed into the corresponding group in SL(2,R), which is denoted by Gy;.
The procedure of obtaining Gj; can be seen below. After that, we determine its
nonarithmeticity by using Theorem 2.3, Corollary 2.6 and Theorem 2.7.

The C-Fuchsian subgroup G is generated by x;, x2, X3, X4, where

x1 = (RiR2)?,  x2=(RiR3)?, x5 = (RIRR3R,')’, x4 = (RIR;'RaRs)’.
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Arithmeticity of C-Fuchsian subgroups
Let Ry,Ry,R3, H,ny,u, @ and B be defined as in Section 2.2. Then every point in L;
has the form [z, —(az + B)/B, 1]’ € Hé for a complex parameter z.

We start by choosing a suitable transformation P. Let v; = [1/+/a,0,0]’,
V2 = [0,-B/B, 11, v3 = [a, ~(aa + B)/B, 11', where a = (B — 22|81 + B°)/(¢*B— af>).
The vector v; is orthogonal to L, and the vector vj satisfies (v3, Vo) = 0 and v3 € L;.
Normalising these vectors to have unit norm, we take

— Vi — \2) — V3
Vi=—, V1= ——, V3= ——.
VvV, V1) V(v2, v2) iV=(v3,V3)
Let P denote the matrix [V, V2, v3]. Then
1 0 O
PHP=|0 1 O |=H,.
0 0 -1

For i =1,2,3,4, the element x; preserves the Hermitian form H, so y; = P lx;P
preserves the Hermitian form H;, and, by a straightforward calculation,

a; 0 O
yi=10 bi cf,
0 dl‘ e;

where a;, b;, ¢;, d;, e; € C. _

We now work in the Hermitian form H;. Let L; = P~Y(L,) be the corresponding
complex line. Then the polar vector of L; is P'(m)) = [va, 0,0] with respect to Hy,
and hence each point in L; has the form [0,z, 1]’ € Hé for a complex parameter z.

Consider the action of y; on L;, namely,

0
) 0 o biZ+Ci
Yi: i diZ+ei )
1

If u; is the element in SU(1, 1) corresponding to the action of y; on Ijl then

w = N |

Let w; = o(u;) € SL(2,R), where o is the bijection between SU(1, 1) and SL(2,R)

Ci
€; ’

given by
o :SU(1, 1) - SL(2,R)
A B Hl A+B+C+D —-iA-B+C-D)
C D 2|-i(cF-A-B+C+D) A-B-C+D

Then we obtain a Fuchsian group Gy = (w, wa, wz, wy), which is isomorphic to G|,
Set

0={w, -

wicr>land1<i; <---<i, <4}.
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We call w; for i = 1,...,4 the corresponding matrices and Gy; the corresponding
Fuchsian group. One computes that tr(w;) # 0; therefore Q(tr(G(z))) = Q(tr(G )) from
Proposition 2.1.

For p =4, Proposition 2.2 gives Q(tr(G(lzl))) = Q(tr(Gle)) = Q(\ﬁ). Consider the
isomorphism ¢, from Q(V7) to R given by ¢; : a + b\V7 — a — b\/7. A direct compu-
tation yields

gpl(tr(w2w3w4)) =-90 +32V7 ¢ [-2,2].

By Corollary 2.6, Gy, is nonarithmetic for p = 4.
For p =5,

Q(G)) = Qr(GD) = Q(V5, VT x 10 - 2V5).
Consider the isomorphism ¢, from Q(V5, V7 x 4/10 — 2v/5) to R given by

<p2:a+b\/§+c\/7x\/10—2\/§+d\/§x\/10—2\/§
> a - bV5 — VT x V10 + 2V5 + dV35 x 10 + 2V5.

We calculate that
535v7 x /10 + 23
222 839 185v5 -

@2 (tr(w; w2w3w4)) =5 - 3

24135 x /10 + 2V5

+ A ¢ [-2,2].

By Corollary 2.6, Gy; is nonarithmetic for p = 5.
Similarly, in the case when p = 6, Q(tr(G(z))) = Q(tr(Gle)) = Q(V21). Consider

the isomorphism ¢3 from Q(V21) to R given by @3 : a + bV21 - a — bV21. A direct
computation yields

@3(tr(wiwiwd)) = =212 + 45V21 ¢ [-2,2].

By Corollary 2.6, Gy; is nonarithmetic for p = 6.
In the same manner, for p = 8, we obtain Q(tr(G(2))) = Q(tr(G 9)) = Q(V2, V7).
Consider the isomorphism ¢4 from Q(V2, V) toR given by

<p4:a+b\/§+c\/7+d\/ﬁl—>a—b\/§—c\/7+d\/ﬁ.

A straightforward calculation yields
ea(tr((wyw3)?)) = 10 — 4V2 = 2V7 + 3V14 ¢ [-2,2].
By Corollary 2.6, Gy; is nonarithmetic for p = 8.
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For the case when p =12, one can deduce that Q(tr(G(z))) = Q(tr(G )) =
Q(V3, V7). Consider the isomorphism ¢s from Q(V3,VT) toR given by

(,05:a+b\/§+c\ﬁ+d\/ﬁ|—>a—b\/§+c\ﬁ—d\/ﬁ.

A simple calculation yields

@s(tr(wiwiwiw?)) = 34 — ﬂ 25\/_ ~7V21 ¢ [-2,2].

It follows, from Corollary 2.6, that G is nonarlthmetlc for p = 12.

4. Proof of Theorem 1.4

In this section, we prove Theorem 1.4 using methods analogous to those used in the
proof of Theorem 1.2. Let Ry, Ry, R3, H,ny, u, @ and 8 be defined as in Section 2.2.

7=-1+iV2. The C-Fuchsian subgroup I'; stabilises L; and is generated by
81, 82,83, 84, 85, Where
g1 = (RIR;'RR:Y, g2 = (RiR3), g3 = (RiR)®, g4 = (RiIRyRsR; )P (RiR2),
g5 = (RIR:R3R.R; Ry ) (RIR R R, ) (R1Ro ).
A fundamental domain of I'; in L, is a decagon with some vertices in L; and others on
the boundary of L; (see [13]). It follows that I'; is a noncocompact lattice.

By the procedure described in Section 3, we have a corresponding Fuchsian group
'y = (t1, 1, 13, 14, t5) that is isomorphic to I';|,. Set

0 ={tl-1-~t,»r|r2 land 1 <i; <--- <, <5}
(1) The cases p =3, 4. Since F(lzl) is a normal subgroup of finite index, it is
a noncocompact lattice. It follows, from Proposition 2.2, that tr(y) is an integer
polynomial in {tr(9) | 6 € Q1}. Observing that Q; is a finite set, we check that the trace

of each element in Q) is an algebraic integer. This implies that tr(y) is an algebraic
integer for y € I'y;. Thus, the traces of elements in F(lzl) are algebraic integers.

For i=1,...,5, note that tr(#;) # 0 and set s; =¢* and I“fIQ = (81, 52, 53, 54, 55).
According to Propositions 2.1 and 2.2 and a direct computation, for p = 3,

Q') = Q(tr(T;2)) = Q(V6) # Q.
Similarly, in the case when p = 4,
Q') = Qr(I9)) = Q(V2) # Q.

Therefore, F(lzl) is not derived from a quaternion algebra by Theorem 2.7. Thus, I'j; is
nonarithmetic for p = 3,4 by Theorem 2.3.

(2) The case p = 6. Again, F(121) is a noncocompact lattice since F(ﬁ) is a normal
subgroup of finite index. By Proposition 2.2, tr(y) is an integer polynomial in
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{tr(6) | 6 € O1}. Since Q; is finite, we can check that the trace of each element in Q;
is an algebraic integer. Thus, tr(y) is an algebraic integer for y € I';; and the traces of
elements in F(lzl) are also algebraic integers.

For the trace field of F(lzl),

tr(ty) = tr(t3) = 0. Consider

the case is a little different from the previous ones where

— 1
[y =(t, 1 0,1 13,14, 15).

In fact, I:T] =T, but the traces of generators of ﬂ are not equal to 0. By a
computation,

Q) = Qe 7)) = Q™) = Q) # Q.
Therefore, I'y; is a nonarithmetic lattice for p = 6.
7= —=(1+4iV7)/2. The C-Fuchsian subgroup I'; stabilises L; and is generated by
81> 82, 83, Where

g1 = RiR), g =RR3R;'RIR, g3 = (RiR3).

By the procedure described in Section 3, we construct a corresponding Fuchsian group
I’y = (t1, 2, t3) that is isomorphic to I'2|,. Set

0 = {tr(ty), tr(12), tr(83), tr(21 12), tr(t1 13), tr(1213), tr(t 12 13)}.
A fundamental domain of I'; in L; is a hexagon (see [13]).

(1) The cases p = 4, 6. Since some vertices of the hexagon are on the boundary of
L, it follows that I';; is a noncocompact lattice, and the same is true for 1"(221).

It follows, from Proposition 2.2, that tr(y) is an integer polynomial in O, and one
can check that every element in Q; is an algebraic integer. Thus, tr(y) is an algebraic
integer for y € I';; and the traces of elements in l“(zzl) are also algebraic integers. Note

that tr(z,) = 0. We consider the group l:; = (tl,tl‘ltz,t3>. In fact, 1:;1 =I5, but the
traces of generators of I';; are not equal to 0. By computation, for p = 4,

Q) = Q(tr(Ty ) = Q%) = Q(VT) # Q.

Similarly, in the case when p = 6,

Q) = Qtr(Ty 7)) = Q%)) = Q(V2D) # Q.

Consequently, l"(zzl) is not derived from a quaternion algebra by Theorem 2.7. Thus, I'y
is nonarithmetic for p = 4, 6.

(2) The cases p =5, 8, 12. As all vertices of the hexagon lie in Ly, it follows that
I'; is a cocompact lattice.

It follows, from Proposition 2.2, that tr(y) is an integer polynomial in the set O,
and one can check that every element in Q; is an algebraic integer. Hence, tr(y) is
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an algebraic integer for y € I';; and the traces of elements in 1"(22]) are also algebraic
integers. .
Observe that tr(;) =0 and tr(f;'t2) # 0. Consider I'y = (t1,1;'12,13). In fact,

— B — S0
Doy =To. Letsy =17, 50 = (17')%, s3 =53 and T = (s, 52, 53).
Forp =35,

Q) = Q') = Q) = Q(V5. V7 x y/10 - 2v5),

which is totally real.

Consider the isomorphism ¢, from Q(V5, V7 x V10 - 2V5)to R given by

02 a+bV5 + VT x 10 = 2V5 + dV35 x 410 - 2V5
> a = bV5 — V7 x Y10 + 2V5 + dV35 x 10 + 2V5,

By a direct calculation,
433v5  627VTx/10+2V5  285V35 x /10 +2V5
- +
2 8 8

@a(tr(s3)) = 497 —
¢ [-2,2].

It follows, from Corollary 2.6, that I'5; is nonarithmetic for p = 5.
For p =8,

Q) = Aty ) = Q) = QV2, VD).
Consider the isomorphism ¢4 from Q(V2, V) toR given by
<p4:a+b\/§+c\/7+d\/ﬁr—>a—b\/§—c\/7+d\/ﬁ.
A direct computation yields
04(tr(s2)) = 284 — 164V2 — 88V7 + 76V14 ¢ [-2,2].

By Corollary 2.6, I';; is not arithmetic for p = 8.
In the case when p = 12,

Q) = Aty ) = Q) = V3. VD).
Consider the isomorphism ¢s from Q(V3, V) toR given by
©s ca+bV3+cVT+dV2l > a—bV3 + VT - dV2L.

One computes that

@s(tr(s3)) = %3 —60V3 +40V7 - ﬂ ¢ [-2,2].

It follows, from Corollary 2.6, that I';; is nonarithmetlc for p = 12.
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