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Abstract

We study the distribution of the consensus formed by a broadcast-based consensus algo-
rithm for cases in which the initial opinions of agents are random variables. We first
derive two fundamental equations for the time evolution of the average opinion of agents.
Using the derived equations, we then investigate the distribution of the consensus in the
limit in which agents do not have any mutual trust, and show that the consensus without
mutual trust among agents is in sharp contrast to the consensus with complete mutual
trust in the statistical properties if the initial opinion of each agent is integrable. Next, we
provide the formulation necessary to mathematically discuss the consensus in the limit
in which the number of agents tends to infinity, and derive several results, including a
central limit theorem concerning the consensus in this limit. Finally, we study the distri-
bution of the consensus when the initial opinions of agents follow a stable distribution,
and show that the consensus also follows a stable distribution in the limit in which the
number of agents tends to infinity.
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1. Introduction

Consensus formation is a problem in which agents initially having different opinions
mutually exchange and thereby update their opinions using a distributed algorithm in order
to achieve a consensus [5]. In the past, this problem has appeared in a number of differ-
ent contexts, including distributed computation [18], load balancing in computer networks
[11, 14], distributed data fusion [19] or clock synchronization in sensor networks [10],
coordinate control of mobile agents [13], and opinion formation on social networks [1-3, 8].

In the present paper, we consider a specific consensus algorithm, namely, the broadcast-
based consensus algorithm. In this algorithm, one agent is chosen randomly with a given
probability of broadcasting its opinion to neighbor agents. Agents receiving an opinion from
their common neighbor compute the weighted average of their opinions and the received
opinion. The broadcast-based algorithm is very amenable to implementation because this algo-
rithm can exploit the broadcast nature of the wireless communication environment and does
not require bidirectional communication among agents (nodes) [20]. The broadcast-based
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Probability laws of consensus in a broadcast-based consensus algorithm 1417

algorithm also has high affinity to social networks because, for example, Twitter users very
frequently broadcast a received tweet to all followers, which is usually referred to as retweet-
ing. In addition to these features, it has been shown that the broadcast-based algorithm yields a
consensus with probability one, and the obtained consensus value is, as expected, equal to the
average of the initial opinions of the agents if the agents broadcast their opinions with equal fre-
quency [4, 7]. Therefore the broadcast-based consensus-forming algorithm has recently been
investigated in several studies [4, 7, 17, 20].

Note that the consensus achieved in the algorithm is not generally a constant, but instead
largely varies depending on the order in which agents broadcast. For application of a consensus
algorithm to sensor data fusion or coordinate control of mobile agents, the obtained consensus
should, as far as possible, be kept around the average of the initial sensor data or the initial
coordinates of the agents. In addition, in the formation of consensus on social networks, it
is desirable that the obtained consensus is approximately equal to the average of the initial
opinions of all users without being strongly influenced by ‘influencers’. Several studies [4, 7]
investigated the mean deviation of the obtained consensus value from the average of the initial
opinions as a metric of the performance of the consensus-forming algorithm. However, little
is known about the probability laws of the obtained consensus, not only for broadcast-based
algorithms, but also for other general consensus-forming algorithms.

Previously, we investigated the distribution of the consensus obtained in the broadcast-based
consensus algorithm and found that the obtained consensus has a complicated probabilistic
behavior (e.g. it may follow a Cantor distribution), even if the number of agents is two [9, 15].
We also numerically found that if the initial opinion of the agents follows a stable distribu-
tion, such as a Gaussian distribution or a Lévy distribution, the distribution of the consensus
approaches the distribution of the initial opinion (with different parameter values) as the num-
ber of agents increases. In the present paper, we formally extend our previous results to the
case in which the initial opinion of each agent is a random variable. This extension is very
natural when applying a consensus algorithm to real engineering issues, such as sensor-data
fusion and opinion formation on social networks. For example, the data collected by a sensor,
corresponding to the initial opinion of an agent, is usually a random variable because of the
random noise included in the data. The opinion of each user of social network services is also
arandom variable that varies depending on the feelings of the user and the social environment
at that time.

In the present paper, after presenting the problem formulation, we first derive two fun-
damental equations on the time evolution of the weighted average of opinions of the agents
(Proposition 3.1 and Corollary 3.1). The derived equations, for example, reveal that the con-
sensus is expressed as a weighted average of the initial opinions of agents. Based on the derived
equations, we then investigate the distribution of the consensus in the limit where agents do not
have any mutual trust (Theorem 4.1), and show that the consensus obtained is in sharp contrast
to that with complete mutual trust in the statistical properties if the initial opinion of each agent
is integrable. Next, we provide the formulation necessary to mathematically discuss consensus
in the limit that the number of agents tends to infinity, and derive several results concerning
the consensus in this limit (Theorem 5.1 and Corollary 5.1). We also show that the central
limit theorem for consensus holds in the limit of increasing number of agents together with
decreasing mutual trust between agents (Theorem 5.2). If the initial opinions of agents follow
the common stable distribution, then the consensus is expected to follow the same stable dis-
tribution because the consensus is expressed as a weighted average of the initial opinions of
agents. Thus we finally investigate the distribution of consensus in which each agent’s initial
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opinion follows a stable distribution and derive the analytical expression for the consensus
(Theorem 6.2). The derived expression reveals that the consensus does not necessarily follow
a stable distribution, even if the initial opinion follows a stable distribution. However, we find
a simple relationship between the statistical dispersion of the consensus and that of the initial
opinion (Corollary 6.1). We finally show that the consensus follows a stable distribution in
the limit of an infinite number of agents (Theorem 6.2 and Corollary 6.1). The last result has
been numerically demonstrated in a previous study [9, 15], and the present paper presents a
mathematically formal proof.

The remainder of the present paper is organized as follows. In Section 2 we present the
problem formulation. Then, in Section 3, we derive two fundamental equations for the time
evolution of the weighted average of the opinions of the agents. In Section 4 we consider
the distribution of the consensus in the limit where agents do not have any mutual trust. In
Section 5 we provide the formulation necessary to mathematically discuss consensus in the
limit in which the number of agents tends to infinity, and derive several results concerning the
consensus in this limit. In Section 6 we consider the case in which the initial opinions of agents
follow a common stable distribution. In Section 7 we conclude the paper with some comments
on unresolved issues and prospects for their resolution.

2. Problem formulation

We consider N agents interacting on a complete graph. The agents are numbered from
1 to N. The agents have their own opinions, and the opinion of each agent is expressed

as a real number. Let X,,(t) € R denote the opinion of agent n€ N déf{l, ..., N} at time

teN &f {0, 1, 2, .. .}. The initial opinions of agents {X,,(0)},c A~ are assumed to be statistically

independent and identically distributed, and they are finite with probability one. The agents
broadcast their opinions to each other as well as update their opinions at discrete times ¢t € N
in the following manner. At each discrete time, one of the agents broadcasts its opinion to its
neighbors. The probability that agent n broadcasts its opinion at each discrete time is denoted
by p,. We assume that p,, > 0 for all n € N and Zne A Pn = 1. At each discrete time 7, agent n
updates its opinion based on the following equation:

Xo(t+ D =X+ Y Spe, K1) = Xa(1), @.1)
meN

where e; € AV is a random variable denoting the agent broadcasting its opinion at time 7 and

1, m=n,

0, otherwise.

Note that r € (0, 1] is a trust parameter that represents the confidence that each agent places
on the opinion of other agents. We assume that {e;}7° are statistically independent and iden-
tically distributed random variables. We also assume that {e;}7° and {X,,(0)},er are mutually
independent. Equation (2.1) can be expressed in matrix form as follows:

X+ DT =0“XxT,

X0 E X0, ... Xn0),

https://doi.org/10.1017/jpr.2023.9 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.9

Probability laws of consensus in a broadcast-based consensus algorithm 1419

where Q) = {qﬁ,]fz,} is a matrix expressing the opinion updates when agent k is broadcasting its
opinion, and its elements are given as

1—r, m=n,
q,(,]f,)l= r, m#n,n==xk,
0, otherwise.

Note that Q(k) is a stochastic matrix, that is, the sum of the elements of each row vector of Q(k)
is equal to 1.

We define Q def D oneN PnO™ = {gun}). The mnth element of Q is given as

rpna m 7& n7
Gmn =
1—r(1—py), m=n.
In the present paper, we mainly study X(@) déf;tX (t)T, where déf(m, ..., PN), rather than
studying the opinion vector X(#) = (X1 (?), . . -, Xn()). Note that is the left eigenvector of Q

corresponding to an eigenvalue of one. Here X(#) can be considered as the weighted average of
opinions of the agents because

X()=Y" paXu(0),
neN

and p,, which is the probability that agent n broadcasts its opinion, expresses the strength of
the influence of agent n in the formation of the consensus. There are two reasons why we focus
on X(t) rather than handling the opinion vector X(f) = (X1 (f), . .., Xy(#)). One reason is that
using X(#) simplifies the discussion. The other reason comes from the properties of X(¢), which
are appropriate for discussing the consensus. First, X(¢) converges to the consensus as ¢ goes to
infinity, and thus the consensus can be known from X(¥). Second, X(1) is a martingale if X;(0)
is integrable, because if 1 > s,

E[X() | X(5)] = E[rX(5)" | X(5)]
=E[x Q" x - x Q“X(5)T | X()]
=E[Q“ ] x - x E[Q“1X(s)"
=20 X(s)"
=7X(s)'
= X(s),
and thus
E[X() | X(5)] = E[E[X(1) | X(5)] | X(5)] = E[X(s) | X(5)] = X(s).

Because of this property, the conditional expectation of the consensus of given X(1) is equal to
X(¢) for all t > 0, which will be shown at the end of this section.
Here we give a definition of obtaining the consensus.
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Definition 2.1. If a random variable X, exists and satisfies
lim X(f)= (X, ..., X,) with probability one,
— 00

then we say that a consensus is obtained and that it is equal to X.

If agents whose initial opinions are constant and finite interact in a general directed graph,
then the irreducibility of Q is a sufficient condition for obtaining a consensus in the broadcast-
based consensus algorithm [9]. The present paper assumes that the graph is complete,
r >0, and p,, > 0 for all n € NV, under the condition in which Q is irreducible. Since the initial
opinions are assumed to be finite with probability one, consensus is reached with probability
one in the problem formulation of the present paper. Note that the consensus is obtained if, for
any € > 0,

t1_1g10 P(dX(r) > €) =0, (2.2)
where
.(0) défmax{Xl(t), LX) —min{X (D), ..., Xy()}.

To see that (2.2) holds in the formulation of the present paper, note that dX(r) = (1 — r)'dX(0),
and thus

P(dX (1) > €) =P(dX(0) > e(1 —r)™")

<P2max{|X;(0)], ..., 1XyO)} > (1 — 7"

=1 —P<maX{|X1(0)l, — XN} = %(1 - r)_t>

€ € N
=1- ]P’(z(l -nN7"<X1(0) < 5(1 - r)t>
—0, ast— o0,

where in the last line we use the fact that X;(0) is finite with probability one. A definition of
consensus formation similar to that by (2.2) will be used in Section 5 (Definition 5.1).
The notations frequently used in the present paper are summarized in Table 1.

3. Time evolution of average opinion

In this and the following sections, we denote the average opinion at time 7, X(¢), by XN(z, r)
and the consensus, X,, by XEN)(r) in order to recall the dependence of the random variable on
the trust parameter » and the number of agents N. Note that the average opinion at time 0 is
denoted by X™)(0) because this opinion does not depend on .

Proposition 3.1. We have

t—1
XM, =1 = XM0) + rZ (1 =X, (0), t=1,2,.... (3.1)
k=0
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TABLE 1. Notation.

Notation Explanation

N number of agents

/\/d:et {1,...,N} set of indices of agents

r trust parameter

X(1) opinion of agent n at time ¢

X(1) &ef X1, ..., Xn@®) opinion vectors at time ¢

dXx(r), dX™M(z, r) largest difference between opinions of agents at time ¢
er index of the agent broadcasting the opinion at time ¢
Dn &ef P(e; =n) probability that agent n broadcasts the opinion

o® o {qff,‘,i opinion update matrix when agent k broadcasts the opinion
0 def Y ke Pn o® average of the opinion update matrices

/4 déf(pl, ...»DN) left eigenvector of Q with eigenvalue of one

X(0) def X (t)T, XM, r) average opinion of the agents with weight i at time ¢
X, XEN)(r) consensus

Proof. X™)(t, r) can be written in the following form:

—1 —1
XN n=mn (1—[ Q(ek>> X7, l—[ oew L glen) . glessgles), (3.2)

k=0 k=s
Observe that

0“X(0)" = (1 — NXO)" + X, ()17 (3.3)

and
t—1
(H Q‘e“) =1, (3.4)
k=1

where 1 is a row vector having all elements equal to 1. Substituting (3.3) and (3.4) into (3.2)
yields

t—1

XM, n=0-nn (]‘[ QW)X(O)T + X, (0). (3.5
k=1
Substituting
t—1

Q(el)X(O)T =(1— r)X(O)T + rXe1 (O)IT, (l—[ Q(ek)> lT — lT,

k=2
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into (3.5) yields

t—1
XN, rn=01-r’n (]_[ Q(ek)>X(0)T + (1 = P)rXe, (0) + rXe, (0).

k=2

By iterating this procedure, we finally arrive at

t—2
XV =1 ="' VX0 + 1) (1 -1 X, (0)

k=0
t—1
=1 —rYXM©O) +r Y (1= NfX, 0),
k=0

which completes the proof.

Proposition 3.1 implies that the consensus finally achieved is expressed as

XN =rY " (1 =X, 0).
k=0

Equation (3.1) can be written in a different form, as shown in the following corollary.

Corollary 3.1. We have
XN, 1y =" Aut, NX0), 1=1,2,...,

neN
def t—1
An(t, VS prtr Y (1= 1) U gmn) — Pa),
k=0
where the sum of random variables, A1(t, r), ..., AN(t, 1), is equal to 1. That is,
> At =1
neN

Proof. Substituting X™(0) = 3", . \r paX(0) into (3.1) yields

t—1

XN, 1) =1 =XV + ) (1= )X, (0)

k=0
t—1
=Y :pnu —n'Hry (- r)’“1<ek—n>}xn(0>
neN k=0
t—1
=> {pn +r Y (= = — pn)}xn(O),
neN k=0
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where the last equality follows from (1 —r)) =1—r Z;C_:%) (1= rk. Equation (3.7) can be
shown by direct calculation as follows:

t—1
DAL= pat Y r ) (A= ig=m —pn)

neN neN neN k=0
t—1
= an +’"Z(1 - r)k(z Liey=n) — Z Pn)
neN k=0 neN neN

t—1

=1+ry (1-n'a-1

k=0
=1,
where the last equality follows from ), xrpp=1and ), s Lg=n) = 1. O
Note that A,(z, r) €[0, 1] for all e NU{oc}, and r € (0, 1], and, as shown in (3.7),
Ai(t, r), ..., An(t, r) are not mutually independent.
Corollary 3.1 implies that the consensus that is finally obtained is expressed as
XMy =" Ar)Xa(0), (3.8)
neN
def -
An()E 1im Au(t, ) =pa+r ) (1= (Liemm = po). (3.9)
k=0

Note that Zf: (1= r)k(l(ekzn) — pn) converges as K tends to infinity with probability one,
and thus the right-hand side of (3.9) is well-defined because

rpn(1 — pp) <00

> " Var [r(1 = 1) (Liey=m — pu)] = 5

k=0

(for details see Theorem 2.5.6 of [6]). Equations (3.6) and (3.8) imply that XN )(t, r) or XEN) (r)
is a weighted average of the initial opinions of agents having weights that are random variables.
The expectation and variance of A,(z, r) are given as follows:
r(d—(1-n*

9 _
As expected, if X1(0) is integrable, it follows from Corollary 3.1 that

EXM @, nl =) ElAt, NIEX, 0] =EX;(0)] Y pn=EX1(0)].
neN neN

E[An(t, )] =pn,  Var[Au(t, r)] = Pn(1 = pn).

4. Consensus in the limit of no mutual trust

In the case of » =0, the agents have no mutual trust, and thus consensus is not obtained
because no agents change their opinions after time 0. The average opinion at r =0,

)_((N)(oo, 0)= tlim )_((N)(t, 0)= E PnXn(0),
— 00
I’IGN
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exists, but it is not the consensus at » = (. Since the consensus is reached when r > 0 and
it is equal to X (o0, r), it is interesting to see whether XV (o0, r) converges to XM (o0, 0)
as r | 0. In this section we investigate the convergence of X?¥)(co, r) in the limit | 0. In
particular, we investigate whether lim, o A,(r) = p, because lim, o0 X (co, r) = X™(c0, 0)
if lim, o A,(r) =p, for all n € N. Note that the consensus in the limit r | 0 and that when
r =1 are contrasting when X (0) is integrable, which will be shown in this section.

In this section we use the notation A, (r, @) instead of A,,(r) to explicitly denote that A, (r, ®)
is a mapping from the probability space (€2, IP) to R. Note that lim, g A, (7, ) is not necessarily
equal to p, for all w € Q. For example, if agent n broadcasts its opinion for all t =0, 1, ...,
then lim, g A, (r, ) = 1, and if agent n never broadcasts its opinion, then lim, ¢ A,(r, @) = 0.
However, as shown in the following theorem, A, (r, w) = p,, for almost all of w € Q2.

Lemma 4.1. We have

liﬁ)l A, (r)=A,(0)=p,, with probability one.
r
Proof. Tt suffices to show that B, (r) — 0 as r | 0 with probability one, where

B E Y (1= Lty — pu).

k=0
It follows from the Chebyshev inequality that

Var [B,,(r)] _ rpp(1 —pp)

P(|B,(r)] > €) < 2 = 2 ne

Let r; défoc_i for any o > 1. The Borel-Cantelli lemma implies that B,(r;) — 0 as i — oo with
probability one because

ZP(|B,1(I’,-)| >€) < Z Ot_lpn(] —Pn) _ p”(l —Pn) <00

2 T 1 _ a2 :
i=0 i=0 € (1 o )6
Let &, def {w € Q| lim;_, o B,(r;) =0}. As we proved above, P(E,) = 1. Let

o0 oo
def def
BY(n = E B,'il(re[ri,r,ur]))v Bl-i = E (1 = ris 1) (Liegmn) — Pn)s
i=0

k=0
def def i
(S C!
B'(n'= ZBiTl(rE[ri,r,'H))’ BiT = Titl Z (1 = 1) (Legmn) — Pn)-
i=0 k=0

Since rit1(1 — ri)k <r(l— r)k <ri(l— ri+1)k for relr;, rit1), we have BY(r) < B,(r) <
BY(r), and thus

lim BT (r) < lim B,(r) < lim BY(r).
rl0 rl0 rl0
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Observe that

o0
B} =r Z (1 = ris) (A egmm) — i)
k=0

[e¢]

= aii Z (1 - ai(iﬂH))k(](ek:n) _pn)
k=0

00
_ Ol()l_(l+l) Z - a—(l-i-l))k(l(ek:n) —pi
k=0

= Oan(rHl)
and

o
Bl =ri1 Y (1= (Ug=m — p)
k=0

o
= DN (1 =™ gz — )
k=0

]
=a o™y (=™ diemn) — p)
k=0

=a 'By(ry).
It follows from these observations that on &,
lim BY(r)= lim aBy(ris1) =0, lim BY(r)= lim ™' By(r)) =0,
which completes the proof. U
Lemma 4.1 readily yields the following result.

Theorem 4.1. XV)(co, r) is right continuous as a function of r at r =0 with probability one.
That is,

11£X§N>(r) = 1%15((”(00, r)=XM (o0, 0) = § puXu(0)  with probability one.
r r
neN

In order to compare with the results for |, 0, we also show the results for r = 1, in which
the agents trust each other completely. It follows from A, (¢, 1) = 1(,y=) that

XN, 1)=>" Tey=nmXn(0) = X, 0). 4.1)
neN
Since (4.1) holds for t=1,2, ..., we have lim;_, o XM(z, 1) = X,,(0). The consensus is

readily reached at 7 =1 when r = 1 and X,,(0) 4 X1(0). As such, we finally obtain
d
xM1) = X,(0), (4.2)

d. .. . N
where = indicates equality in the distribution.
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Theorem 4.1 and equation (4.2) provide very contrasting results. In the limit r | 0, the con-
sensus converges to the average of the initial opinions of agents, and, when r = 1, the consensus
is probabilistically equal to the initial opinion of an arbitrarily chosen agent. It is rather ironic
that the consensus converges to the average of the initial opinions of agents as r |, 0 because the
agents do not trust each other at all in the limit r |, 0. We also note that if X;(0) is integrable,
then the consensus at » = 0 reaches E[X(0)] as N — oo due to the law of large numbers, while
the consensus at r =1 does not depend on N. However, this is not always the case. If X;(0)
follows a Cauchy distribution (and thus is not integrable), the achieved consensus also follows
the same Cauchy distribution with Xj(0) independently of the trust parameter r and the number
of agents N, as shown in Section 6.

5. Limit of infinite number of agents

Numerically we found that the consensus tends to gradually approach a Gaussian distri-
bution as the number of agents N tends to infinity while the trust parameter » tends to zero
(an example of the numerical results will be shown at the end of this section). This fact sug-
gests that the central limit theorem for the consensus will hold by increasing N to infinity at
an appropriate speed while decreasing r closer to 0. Thus, in this section, we first provide the
formulation necessary to study the consensus in the limit N — oo while letting p,, = 1/N for
all n € N. Under the formulation provided, we then derive several results concerning the con-
sensus in the limit N — oo, which will be used in Section 6 to study the consensus when the
initial opinions of agents follow a stable distribution. At the end of this section we discuss a
central limit theorem for the consensus.

Proposition 5.1. If X1 (0) is integrable, then
-1

1\}Lmoo E[eiw‘((N)(z,r)] _ ei(l—r)’@E[Xl(O)] l—[ ox(r(1 — r)k9)7 (5.1)
k=0

where @x(0) is a characteristic function of X1(0).

Proof. It follows from Proposition 3.1 that
E[eie)'((N>(z,r)] _ ]E[ ei(l—r)fe)'(<NJ(0)+ir P (1—r)kax(gk)(0)].

Let

A% {a) eQ ‘th XM (0) = E[X, (0)]}.

Since X1(0) is integrable, the strong law of large numbers implies that P(A) = 1. Let B™(r)
denote the event whereby each agent broadcasts its opinion at most once during [0, t — 1],
defined as follows:

B(N)(t)dzef{a)eﬂl‘v’ke(o, e =1V, ..t =D\ (K}, ejw)#e(w)}.

Note that P(BN) (7)) converges to 1 as N — oo because

N—1x---x(N—1)
m =

lim P(BM@) = li 1.
N1—>moo ( ) N1—>c>o Nt
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Thus it follows that

lim E[el(1-n X" O+ Yo 0¥ 0)]
N—oo

. i(1— Y (N) i =1 1 _ )k
_ngnooE[el(l POXN)+ir Y _o (1-r) QX(ek)(O)l_AﬁB(N)(t)]
. 1\t v (N) . —1 ok
+ngnoo [T 2 (70 X1 gommy]

. i(1— X(N) i =1 q1—pk
=E|: llm e1(1 r)fQX 0)+ir th(:o(l r) GX(ek)(O)l_AﬁB(N)(t)i|

N—o00

. . -1 k
_ Qi1-D/OELX; <0>]E[ lim el Zico =1 QX("“(O”B(N)(;)]

N—o0

Since X(eg)(0), . - . , X(e,_,)(0) are mutually independent on BN)(z), it follows that

-1
: —1 k : k
]E[Nl im e Fico (1) QX(ek)(O)lB(N)(t)] =[] E[e"! X ®]
— 00
k=0

-1
— l—[ E[eir(l—r)kGXl(O)]
k=0
-1

=[] extr = r¥e),

k=0
which completes the proof. (]

Remark 5.1. The assumption that p,, = 1/N for all n € N\ is only used to prove that P(BM (1))
converges to 1 as N — oo. Thus this assumption can be replaced by a looser assumption, under
which P(BM (1)) — 1 as N — oo.

Since the right-hand side of (5.1) satisfies the properties of a characteristic function,
Proposition 5.1 implies that, as N — oo, X )(t, r) weakly converges to a random variable,
denoted by X(®)(z, r), the characteristic function of which is equal to the right-hand side of
(5.1). Here, X(®(z, r) corresponds to the average opinion of the agents in the limit N — oo. It
follows from (5.1) that

t—1

X, LA - EXO]+7 Y (1 -z, (5.2)
k=0
where Zy, Z1, . . . are independent and identically distributed random variables with the same

distribution as X (0).

Equation (5.2) implies the following. For finite ¢, X,, on the right-hand side of (3.1) can
be replaced by Z; in the limit N — oo. Instead of the right-hand side of (3.1), the right-hand
side of (5.2) is easy to calculate because {Z;}72, is an independent and identically distributed
sequence. If, as ¢ goes to infinity, the left-hand side of (5.2) converges to the consensus in the
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limit N — oo, that is,

oo
lim XV = lim X6 <r Y (1 -1z, (5.3)
k=0

then the calculation of the consensus seems easy. However, it is not ensured that (5.3) always
holds even if X (0) is integrable. This is because the difference between the largest and smallest
opinions of agents

XM, 1) max (X, @), . .., Xn(0)) — min{X,(0), . . ., Xn ()}

can go to infinity as N — 00, and, in such a case, the formation of a consensus is not mathemat-
ically clear, even in the limit r — oo. In order to define the consensus in the limit of an infinite
number of agents, it is necessary to increase the number of agents N together with the elapsed
time ¢ to infinity so that the discrepancy among opinions of agents is kept sufficiently small in
order to ensure that a consensus is reached. Based on the consideration mentioned above, in
the following we introduce the definition of the consensus formation in the limit N — oco. In
the definition, we assume that a sequence of trust parameters {ry}5_, is given.

Definition 5.1. If there is a sequence of non-negative integers {ty}5_, such that ty — oo as
N — o0, and dX™(zy, ry) converges to 0 as N — oo in probability, that is,

lim PAX™(ty, rv)>€)=0 forall e >0,
N—oo

then we say that the consensus in the limit N — oo, X§°°), is obtained, and X£°°) is given as
limy s 00 XMty ry).

In this definition, {ty}37_; represents how the time required to build a consensus increases
with N for a given {ry}3_,. Note that {ry}3’_; does not necessarily decrease to 0, and ry can
be equal to a constant value r for all N. The definition of consensus formation in such a form
has not been used before in the existing literature. Definition 5.1 is related to the definition of
consensus formation by (2.2), in which only the time ¢ is scaled to infinity.

In what follows, after deriving supplementary results (Lemma 5.2 and Corollary 5.1), we
derive the main results (Theorem 5.1 and Corollary 5.2) on the consensus in the limit N — oo
when ry =r for all N=1, 2, ..., which will be used in Section 6. The following result is
repeatedly used to derive the results in this section.

Lemma 5.1. (Lemma 3.1.1 of [6].) If ¢; — 0, aj — oo, and ajcj — A, then (1 + ¢;))¥ — et

The next lemma gives the condition for reaching the consensus in the limit N — oo.

Lemma 5.2. Suppose that

Nlim NP(1X1(0)| > e(1 —ry) ™)=0 foralle >0. 5.4
—00

Then the consensus in the limit N — o0 is obtained.

Proof. Let

AN, ) ¥ w e Q121 — ry)™ max{|X;0), . .., [Xn(O)]} <e€).
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Since dAX™M(z, r) = (1 — r)'dX™M(0) and dX™(0) < 2 max{|X;(0)|, . .., |Xn(0)|}, we see that
on A(N, €)

dXM(ay, rv) <2(1 = ry)™ max{|X; O)], . ..., Xn(0)]} <e.
This means that {dX(N Nty, ry) < €} D A(N, €). To complete the proof, we observe that

PAN, €)) = P(2(1 — ry)™ max{|X1(0), ..., IXn(O)]} <€)

= P(maXHXI(O)L o XN = %(1 - VN)IN>

N
= IP(|X1(0>| < g(l - rN)’N)

N
_ (1 - ]P’(|X1(O)| > %(1 _ rN)’N>> .

N
Jim PAN, ) = Nli_)moo(l - IP’<|X1 )] > %(1 - rN)—fN>>

= Jim exp<—NIP’<|X1 ) > %(1 - rNY”’))

Thus, if (5.4) holds, then

=1, (5.9)
where the second equality follows from Lemma 5.1. Since {dX™(ty, ry) <€} D AN, €), it
follows from (5.5) that

lim IP’(dX(N)(tN, ry) < e) =1 foralle >0,
N—o00
which completes the proof. U

Corollary 5.1. If X1(0) is integrable, then the consensus in the limit N — 00 is obtained.

Proof. Choose {ty}3_, satisfying the conditions that tyry/log N — oo and ty — oo as
N — oo. (For example, letting ty = N /ry meets these conditions.) It follows from Lemma 5.1
that for any € > 0

. € _ i _
lim _(1 _ VN) IN — eth_,oo tyrv—log N+log e

= Q.
N—oo N

The above result means that there exists Ng such that N < e(1 — ry)~™ for all N > Ny. Since
X1(0) is integrable, it follows that, for all N > Np,
NP(1X1(0)| > (1 — ry)~™) < NP(1X1(0)| > N)
=E[N1x,0)>N]
<E[X1(0)|1jx;0)>n]

— 0, asN— oo.

Thus the desired conclusion follows from Lemma 5.2. O
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Remark 5.2. According to Corollary 5.1, in order to obtain a consensus we should increase ty
with N faster than log N/ry when X;(0) is integrable.

The next theorem gives the condition for (5.3) being ensured.

Theorem 5.1. Suppose that ry =r for all N=1,2,.... If (5.4) holds with the choice of
{tNYjL, satisfying tn/vN— 0 as N — oo, then X§°°), the consensus in the limit N — 0o,
is obtained and

o0
XLy (1 -tz (5.6)
k=0
where Zy, Z1, . . . are independent and identically distributed random variables with X1(0).

Proof. Suppose that (5.4) holds with the choice of {ty}3., satisfying tn/vN— 0 as
N — o0. Since (5.4) holds, it f_ollows from Corollary 5.1 that the consensus is obtained in
the limit N — oo and limy_, oo XM (ty, r) is equal to the consensus. According to Proposition
3.1,

tn—1

XNy, iy =1 =r"XNO) + 7 Y (1= )X, (0).
k=0

Since for any € > 0
(1= PYXMO)] > €} {1 = ™ X1(0)] > €} U+ - U{(1 = N™|Xy(0)] > €},
it follows that
P((1 = ™XM(0)] > €) < NP((1 — 1) [X1(0)] > €)
= NP(IX1(0)] > e(1 = r)™™),

where the last term, Iy}P’(|X1 (0)] > e(1 — r)™™), goes to 0 as N — oo because of (5.4). This
means that (1 — )™ |[X™(0)] — 0 as N — oo in probability. Next, observe that on BN (1y)
(defined in the proof of Proposition 5.1), X, . .. ’Xfwf , are mutually independent. Thus, if

P(BM(ty)) — 1 as N — oo, we obtain

tn—1 o)
. k d k
Jim ; (1 — X, (0) = r; (1 —nr*z.

The following observation proves limy_, oo P(B™ (1y)) = 1:
Nx--+x(N—ty+1)
NN

lim P(BM(y) = li
Nl)moo ( (N)) N1—>moo
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where the last equality follows from Lemma 5.1 and (ty — 1)ty /N — 0 as N — oo because
tn/~/N — 0 as N — oo. Thus the proof is completed. ]

Remark 5.3. The assumption 7y /+/N — 0 as N — oo is not necessary for consensus building
but for the consensus to be given as the right-hand side of (5.6). Thus, even if 7/ /N does not
go to 0 as N — oo, the consensus may be obtained in the limit N — oo, but it is not given as
the right-hand side of (5.6). Note that the condition 7y /+/N — 0 as N — oo may need to be
replaced by another condition if the assumption p, = 1/N for all n € A used in this section is
replaced by another condition.

Corollary 5.2. Suppose that ry =r for all N=1,2, .... If X1(0) is integrable, then X§°°) is
obtained and is given as (5.6).

Proof. Choose {ty}5_, such that #y tends to infinity faster than log N but slower than VN
as N — oo. With this choice of {tN}]OV"zl, (5.4) holds, as shown in the proof of Corollary 5.1,
and thus applying Theorem 5.1 completes the proof. U

In the remainder of this section, we assume {ry}3_; meets the following conditions:

lim ry=0, lim logN/(ryv/N)=0. (5.7)
N—o0 N—o0

Then we investigate the behavior of D™ (ry, rv) = XM (zy, ry) — E[X1(0)] in the limit
N — oo, where ty increases faster than log N/ry but slower than «/IV .

Theorem 5.2. Suppose Var [X1(0)] = o2 < 0. If {tN}/?,OZ] satisfies log N/(tyry) — 0 and
tN/\/]V—> 0as N — oo, then

1
—— D1y, rn) = N(O, 62/2), as N — oo,
TN

where = denotes weak convergence and N(0, 62 /2) is a Gaussian distribution with mean 0
and variance o /2.

Proof. Observe that on BN (r),
t—1
DV, 1) £ (1= XM~ EX O]+ Y (1 = 17,

k=0

~ —1

= (1= r/&XN©0) - EX; 0D +r Y (1 = "z - EIX1(0)])
k=0
t—1

= (1= r/&XN©0) - EX; 0D +r Y _ (1 = "z — EIZ)),

k=0
where Zy, Zi, ... are independent random variables having the same distribution as X;(0).
Thus, on BM(zy), we have
D(N) t ,
NG (N, TN)
1 tn—1
= —1—r)"EMO) -EX (0D + —— Y (1= "Z—EZD. (58
g Na g !
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Note that if £y /+/N — 0 as N — 00, then P(B™N)(ty)) — 1 as N — 00, as shown in the proof of
Theorem 5.1 The first term on the right-hand side of (5.8) converges to 0 as N — oo because

1 _
ﬁ<1 — )™M XM (0) — E[X,(0)]]

1 _
< W|N1/2<X<N><0) — E[X1(0)])|
- r—V:;VN V2N (0) — ELX; (0)))]
N

—0, asN— o0,

where N'/2(X")(0) — E[X;(0)]) converges to a random variable following a Gaussian dis-
tribution, rN«/ﬁ—> oo, and ry — 0 as N — oo. Next, let Yy « def Jry(l — rN)k(Zk — E[Z]).
Observe that

tn—1 tn—1

lim " Var [Yy ] = lim Var[X,(0)lry > a—rm*

N—o00

k=0 k=0
5 o (1 — (1 —ry)™)
= 1
N—o0 2—rnN
=5

where the last equality follows from limy_ o (1 — ry)? = e~ iMV=00 2NN = () because of
the assumption log N/(ryty) — 0 (and thus ryty — 00) as N — oo. We can also see that for

alle >0
tn—1
> EYnil®: Yni > €]
k=0
tn—1
< > ElYnal* [Yivol = €]
k=0
tn—1
<ry Y (1 =) El|Z — BIZ]*; /7N I (Zo — E[Z0))| = €]
k=0
1
< 5Bl — EZ0l1%; v/rwl(Zo — ElZoD)| = €]
—IN
€
= E|1Zo — E[Zo11%; 1Zo — E[Zo]| = —
Y. [Io [Zo]I™; 120 [o]I_ﬁ}
—0, asN— 0.
Thus Yy 0, . .., Yn,y—1 satisfies Lindeberg’s condition, and applying the central limit theorem
to ZZ": _01 Yy x completes the proof. |
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FIGURE 1. Convergence of distribution of consensus to Gaussian distribution. (a) Initial opinion follows
uniform distribution. (b) Initial opinion follows exponential distribution.

As in the proof of Corollary 5.1, if log N/(tnyrn) — 0 as N — oo, then limy_, o )_((N)(tN, r)
is the consensus in the limit N — oo and thus Theorem 5.2 can be considered as the central
limit theorem for the consensus.

Figure 1 shows the results of simulation experiments concerning Theorem 5.2. In
Figure 1(a) we assume that the initial opinions of agents follows a uniform distribution on the
interval [ — 1, 1]. The dotted lines in the figure show the probability density function (PDF)
for XE.N )(rN) /+/Tn obtained from the results of 107 simulations, and the solid black line shows
the PDF for the Gaussian distribution N(0, o2 /2). We set ry = N—04 which satisfies (5.7).
The figure confirms that the PDF of the consensus converges to the PDF of the Gaussian dis-
tribution as N increases. In Figure 1(b) we assume that the initial opinions of agents follow
an exponential distribution with a mean of 1, and we also set ry = N4, The figure also
confirms that the simulation results converge to the Gaussian distribution N(0, 02/2) as N
increases.

6. Initial opinion follows stable distribution

As shown in (3.8), the consensus can be expressed as a weighted average of the initial
opinions of agents. If the initial opinions of agents follow a common stable distribution, the
consensus is expected to follow the same stable distribution, and an analytical expression for
the distribution of the consensus might be available because the sum of independent random
variables following a common stable distribution also follows the same distribution. In this
section we consider the case in which the initial opinions of agents, X(0), . . ., Xy(0), follow a
common stable distribution represented by S(«, B, v, §; 0) [12], where « € (0, 2] is the stability
parameter (characteristic exponent), 8 € [ — 1, 1] is the skewness parameter, y € (0, c0) is the
scale parameter, and § € ( — 0o, 00) is the location parameter. The integer ‘0’ in S(«, 8, y, 8;0)
is used as a distinction between the different parametrizations [12].

Theorem 6.1. ([12].) If {S,,}f;’:1 are mutually independent and S, (n=1,...,N) fol-
lows a stable distribution S(«, By, Vn, 6n;0), then 22\1:0 anS, follows a stable distribution
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S(a, B, 7, 8;0), where ay, . . ., ay are arbitrary real numbers, and
N 1/a N . o
- o 2 Zn:O Bn(sign ap)lanynl
Y= Z |Gn Yl , B= p )
14
n=0
T
. ZnN:O a8y + tan 7(,3)/ — ZnN=o Bnan¥n), o #1,
S =

2
ZnN:() and, + _(,BV logy — Zi‘lvzo Bnanynloglayynl), a=1.
b4
Applying Theorem 6.1 to a broadcast-based consensus-forming model yields the following
result.

Theorem 6.2. If X1(0) follows a stable distribution S(«, B, v, §;0), then xXw )(t, r) also follows
a stable distribution S(«, B, v:, 8:; 0) for a given outcome of {A, (¢, r)} ey Where

1/a
87 a#l’
Vt=V<ZAn(t7 r)C() ) 8t=

ne ¥ 8= LY yAnt, D logAn(t, 1), a=1.
Proof. Applying Theorem 6.1 to Corollary 3.1 with a,, =A,(t, r), B, =B, yu» =7V, and §, =
§ readily gives the desired conclusion. (]

According to Theorem 6.2, X™(z, r) follows a stable distribution when the outcome of
{An(t, N)}en1s given. Note that the scale parameter of XM, r), Vs, 1s a random variable
because y; depends on {A,(¢, r)},,c_y- However, there is a deterministic relationship between y;
and the scale parameter of X1(0), y, as shown in the following corollary.

Corollary 6.1. We have

Proof. First note that ), A, (1, r)=1.1f a > 1, A,(t, )* < Ay(t, r) and thus

1/a 1/a
vi=vy (Z An(t, r)"‘) <y (Z An(t, r)) =y1le =y,

ne N neN

Similar arguments yield Yo, > ¥y when a < 1. If « = 1, then

yz=y<ZAn(t, r)>=y. 0

neN

The consensus obtained by the consensus formation algorithm is expected to be around an
intermediate value of the initial opinions of agents. At least, the statistical dispersion of the con-
sensus obtained by the algorithm should be smaller than the dispersion of the initial opinions
of agents. However, Corollary 6.1 shows that the scale parameter for the obtained consensus,
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representing the statistical dispersion, does not become smaller than the scale parameter for the
initial opinions when o < 1. This means that the consensus obtained by the broadcast-based
algorithm is not a representative opinion of agents when o < 1.

Corollary 6.1 readily yields the following interesting result.

Corollary 6.2. If X1 (0) follows a Cauchy distribution with scale parameter y, then X™(t, r)
also follows a Cauchy distribution with scale parameter y .

Proof. A Cauchy distribution is a stable distribution with « =1 and g =0. Theorem 6.2
implies that XN )(t, r) also follows a stable distribution, and its location parameter § is the
same with X1(0). In addition, Corollary 6.1 implies that the scale parameter of XMz, r) is the
same as that of X7(0). These observations complete the proof. U

Since X™(z, r) converges to the consensus as f — oo, Corollary 6.2 implies that if the
initial opinion of each agent follows a Cauchy distribution, the consensus has exactly the same
distribution as the initial opinion. Although these findings have been numerically demonstrated
in previous studies [9, 15], in the present paper, Corollary 6.2 presents a mathematically formal
proof.

Even if the initial opinions follow a stable distribution, the consensus as well as XM, r)
does not follow a stable distribution unless the initial opinions follow a Cauchy distri-
bution because the scale parameter is generally a random variable. However, in the limit
N — oo, while letting p, = 1/N for all n € N, the scale parameter becomes a constant, and
the consensus, as well as )_((N)(t, r), follows a stable distribution, as shown in the following
theorem.

Theorem 6.3. Suppose that X1(0) follows a stable distribution S(a, B, y, §;0), and p, = 1/N
foralln € N. If (5.4) holds with the choice of {tn}j_, satisfying tn/vN— 0as N — oo, then
the consensus X§°°) in the limit N — o0, is obtained, and X£°°) follows a stable distribution
S(«, B, Yo, 8;0), where
_ yr
S A==l

Proof. Tt follows from Theorem 5.1 that the consensus is obtained in the limit N — oo, and
XE-OO) is given as (5.6). Applying Theorem 6.1 to (5.6) proves the result. U

Voo

Corollary 6.3. If X1(0) follows a stable distribution S(a, B, v, §;0) with o > 1 and p, = 1/N
forallne N, then X£°°), then the consensus in the limit N — 00, is obtained and X£°°) follows
a stable distribution S(¢, B, Yoo, 8; 0), where
yr

A==l

Proof. If X1(0) follows a stable distribution with o > 1, then X1(0) is integrable. Thus it
follows from Corollary 5.2 that the consensus is obtained in the limit N — oo and X£°°) is
given as (5.6). Applying Theorem 6.1 to (5.6) proves the result. (]

Voo

Suppose that X;(0) follows a Gaussian distribution with mean p and variance o2. This is
a stable distribution with « =2, y =0, and § = u. Since a Gaussian distribution has a finite
mean, it follows from Corollary 6.3 that XEOO) follows a Gaussian distribution with mean g,

. . 2 . .
and its variance o2 is given by

o5 = . (6.1)

https://doi.org/10.1017/jpr.2023.9 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.9

1436 S. SHIODA AND D. KATO
(a) (b)
0.8 T 0.25
\
N=100 ----- " 4o e
N=10 —-—- L N =100
c N=2 - - - c o2 1 N=10 ----
S 0.6} N =infinite s N=2---
2 ° P N = infinite
2 = o
2 20150\
g .Z, ! \
0.4
3 g |
2 Z oap
: 5|
1
802 g |
o a 0.05H
1
|
I
o3

K 0 2 5 4 5 6 7 6 6 1011 12 13 14 15

Obtained consensus Obtained consensus

FIGURE 2. Convergence to distribution in limit N — c0. (a) Initial opinion follows Gaussian distribution.
(b) Initial opinion follows Lévy distribution.

Figure 2(a) shows the results of simulation experiments when X1 (0) follows a Gaussian dis-
tribution with mean 0 and variance 1. The dots in the figure show the PDF for the obtained
consensus, which was obtained from the results of 107 simulations, and the black line shows
the PDF for the Gaussian distribution with mean 0 and variance o, which is given by (6.1).
The trust parameter r was set at 0.5. The PDF for the obtained consensus of the simulation
results converges to the black line as N becomes large, and the simulation results with N = 100
are almost identical to the results indicated by the black line.

Next, suppose that X;(0) follows a Lévy distribution with scale parameter y and location
parameter &, and choose {ty}37_; such that #y tends to infinity faster than log N but slower than

+/N as N — oo. With this choice of {tN}]?,O: 1» (5.6) holds because

N N

Vean/? N JeNlogaty/(21logN) =0, asN-— o0,

NP(X1(0) > e(1 —r)"™) ~

where a =1 /(1 —r), and we use the fact that the complementary cumulative distribution
function for the Lévy distribution can be approximated by a power-law distribution with an
exponent of 3/2. Thus it follows from Theorem 6.3 that the consensus in the limit N — 00 is
obtained, and Xéoo) follows a Lévy distribution with location parameter § and scale parameter
Yoo, Where

yr
SR AA— 6.2
Yo T 62

Figure 2(b) shows the results of simulation experiments when X1 (0) follows a Lévy distribution
with scale parameter 1 and location parameter 0. The dotted lines in the figure show the PDF
for the obtained consensus, which was obtained from the results of 107 simulations, and the
solid black line shows the PDF for the Lévy distribution with mean 0 and variance Y., which
is given by (6.2). The trust parameter r was also set at 0.5. The figure also shows that the PDF
for the obtained consensus of the simulation results converges to the black line as N becomes
large, and the simulation results with N = 100 are almost identical to the results indicated by
the black line.

https://doi.org/10.1017/jpr.2023.9 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.9

Probability laws of consensus in a broadcast-based consensus algorithm 1437

7. Concluding remarks

In the present paper we studied the distribution of the consensus when the initial opinions of
agents are random variables following a common distribution. The extension to cases in which
initial opinions are random variables created mathematically in the present paper would enrich
the consensus formation problem. For example, as shown at the end of Section 4 or some
of the results in Section 6 (e.g. Corollary 6.1), the effectiveness of the consensus algorithm
largely depends on the integrability of the initial opinion and the consensus algorithm may
not be useless when the initial opinion is not integrable. This finding comes from extending
the problem when the initial opinion is a random variable. The consideration of the consensus
formation problem in the limit in which the number of agents is infinite is also mathematically
valuable, and we believe that further interesting results will be obtained.

Some of the results obtained in the present paper can be extended relatively easily to cases in
which agents interact on a graph with more general topology. For example, we showed that the
consensus is expressed as a weighted average of the initial opinions of agents (Corollary 3.1).
We found that the expression of the consensus as a weighted average of the initial opinions
of agents is also possible when agents are interacting on a non-complete graph. Since some
of the results in Section 4 (Theorems 4.1) and Section 6 (Theorem 6.2, Corollary 6.1, and
Corollary 6.1) are derived based on this expression, these results can be extended to cases
in which agents interact on a non-complete graph. We also found that the expression of the
consensus as a weighted average of the initial opinions of the agents is available not only for
a broadcast-based algorithm, but also for a wide range of consensus algorithms, including a
gossip-based algorithm. On the other hand, we derive (3.1) in Proposition 3.1 by fully using
the completeness of the graph and the homogeneity of the trust parameter, so (3.1) may be able
to be extended to more general cases but will have a much more complicated expression. Since
most of results in Section 5 are derived based on (3.1), the extension of these results to more
general cases will have some difficulties, although this is a very interesting research subject.

Recently, we showed that the time reversal process for the consensus formation process is
ergodic when the initial opinions of agents are constant [16]. This allows us to numerically
obtain the distribution for the consensus by observing the time reversal process for consensus
formation for a fixed sample path. It is also interesting and worth considering to extend this
result to cases in which the initial opinions of agents are random variables.
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