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Cut finite element methods (CutFEM) extend the standard finite element method to
unfitted meshes, enabling the accurate resolution of domain boundaries and interfaces
without requiring the mesh to conform to them. This approach preserves the key
properties and accuracy of the standard method while addressing challenges posed
by complex geometries and moving interfaces.

In recent years, CutFEM has gained significant attention for its ability to dis-
cretize partial differential equations in domains with intricate geometries. This
paper provides a comprehensive review of the core concepts and key developments
in CutFEM, beginning with its formulation for common model problems and the
presentation of fundamental analytical results, including error estimates and condi-
tion number estimates for the resulting algebraic systems. Stabilization techniques for
cut elements, which ensure numerical robustness, are also explored. Finally, exten-
sions to methods involving Lagrange multipliers and applications to time-dependent
problems are discussed.
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1. Introduction

Accurate discretization of partial differential equations (PDEs) in complex geo-
metries or domains with interfaces is crucial for many applications. For interface
problems, the governing PDEs often involve material properties and solutions that
vary across the interface. Interface conditions couple the solution on both sides,
and in some cases an additional physical process at the interface is described by
a surface PDE. In certain applications these interfaces may deform, requiring the
PDE to be discretized on evolving domains. Examples of such interfaces or bound-
aries include cell membranes, interfaces between immiscible fluids, or fluid—solid
interfaces, such as heart valves controlling blood flow, glaciers, or an aeroplane
wing undergoing shape optimization.

The standard finite element method requires boundary-conforming meshes to
perform optimally when essential boundary conditions are present. However,
for complex or deforming geometries, the mesh generation can be cumbersome.
Therefore, discretizations that perform optimally, regardless of the position of the
boundary relative to the computational mesh, are highly desirable. In such dis-
cretizations, the physical domain defined by complex geometries or interfaces is
embedded within a computational domain that is easy to mesh, with the repres-
entation of the boundary or the interface independent of the computational mesh
on which the PDE is discretized. Hence, regular meshes such as Cartesian grids,
which are simple to generate, can be used for the discretization of the PDEs. While
this simplifies mesh generation, it is not straightforward to accurately impose es-
sential boundary and interface conditions on unfitted meshes, integrate on elements
cut by the boundary, and ensure the stability and well-conditioning of the resulting
linear systems. The standard finite element method requires boundary-conforming
meshes to perform optimally when essential boundary conditions are present. Early
examples of unfitted discretizations include the following: the immersed boundary
method (McCracken and Peskin 1980, Peskin 2002), where interface conditions are
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CUT FINITE ELEMENT METHODS 3

incorporated as a source term in the PDE and discontinuities are regularized; the
fictitious domain method (Glowinski, Pan and Périaux 1994, Girault and Glowinski
1995), which uses Lagrange multipliers to impose essential boundary conditions;
the boundary penalty method (Barrett and Elliott 1986) and the volume penalty
method (Maury 2009), where Dirichlet boundary conditions are imposed weakly,
either by penalty terms directly on the boundary or within the volume.

Compared to the original immersed boundary method, which regularizes dis-
continuities in the solution and material parameters, the penalty method in Barrett
and Elliott (1986) handles discontinuities by solving separate problems in each sub-
domain and enforcing the interface conditions via a penalty approach. In Barrett
and Elliott (1986), optimal H'-estimates are derived for linear elements. However,
the L’-estimates are suboptimal, and the condition number of the resulting linear
system scales worse than that of standard FEM due to the choice of the penalty
parameter.

A different viewpoint for improving accuracy in the presence of strong or weak
discontinuities is to enrich the approximation space. Examples of such methods
include the extended finite element method (XFEM, Moés, Dolbow and Belytschko
1999, Fries and Belytschko 2010), the immersed finite element method (IFEM,
Zhang, Gerstenberger, Wang and Liu 2004) and the cut finite element method
(CutFEM, Burman et al. 2015b). In XFEM, the approximation space is locally
enriched to capture the discontinuity, with different enrichments for weak and strong
discontinuities. In the immersed finite element method, special basis functions that
satisfy the interface conditions are constructed on elements intersected by the
interface.

In CutFEM, the requirement for conforming approximation spaces is released.
Inspired by discontinuous Galerkin methods, the approximation space is enriched
(independent of the type of discontinuity) on elements cut by the unfitted interface.
This is achieved by defining active meshes that cover each subdomain separated by
the interface, with finite element spaces defined on these active meshes. Interface
conditions are imposed weakly, either using a consistent penalty method such
as Nitsche’s method (Nitsche 1971, Becker, Hansbo and Stenberg 2003, Hansbo
and Hansbo 2002, Hansbo, Hansbo and Larson 2003, Hansbo and Hansbo 2004,
Hansbo 2005) or through a Lagrange multiplier method (Burman and Hansbo
2010a). These methods are related, as shown by Stenberg (1995), where Nitsche’s
method is derived from a stabilized multiplier method.

Since the PDE is defined in the physical domain but the approximation space
in CutFEM is defined on the active mesh (which may not conform to the physical
domain), some control over the solution on the entire active mesh is desirable
and often necessary. To prove stability, independent of the boundary’s position
relative to the computational mesh, stabilization terms are often added to the weak
form. These stabilization terms also guarantee that the condition number of the
linear system resulting from the cut finite element discretization scales similarly to
that of the body-fitted discretization. For early contributions in this direction, see
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e.g. Burman (2010), Burman and Hansbo (2012), Burman and Zunino (2012) and
Wadbro, Zahedi, Kreiss and Berggren (2013).

Unfitted discretizations, depending on the relative position of the unfitted bound-
ary to the computational mesh, can lead to severely ill-conditioned linear systems.
In XFEM, strategies to address this include removing basis functions with very
small support (Reusken 2008) and preconditioning (Lehrenfeld and Reusken 2017,
Gross and Reusken 2023). In CutFEM, in addition to adding stabilization terms,
other techniques have been employed, such as using agglomeration of elements
or extension operators (Huang, Wu and Xiao 2017, Badia, Verdugo and Martin
2018, Burman, Hansbo and Larson 2022¢), both aiming at extending the approx-
imate solution from the interior of the domain to the cut elements. The idea of
agglomerating elements for stability was first introduced in the context of unfitted
discontinuous Galerkin methods by Johansson and Larson (2013).

Cut finite element discretizations require accurate integration on cut elements,
and standard quadrature rules cannot be directly applied to such elements. When
the unfitted boundary is represented piecewise linearly, integration on a cut ele-
ment is straightforward. However, for high-order approximations of the geometry,
several strategies exist. For example, when the boundary is implicitly defined by
a level set function (Osher and Fedkiw 2001, Sethian 2001), high-order quadrat-
ure schemes on hyperrectangles, based on one-dimensional Gaussian quadrature
rules, have been proposed by Saye (2015, 2022). Lehrenfeld (2016) introduced an
algorithm based on an isoparametric mapping to perform integration on a piece-
wise linear approximation of the boundary. Another strategy, proposed in Burman,
Hansbo and Larson (20185) within the CutFEM framework, drawing on ideas from
Bramble, Dupont and Thomée (1972), involves transforming the boundary condi-
tion at curved boundaries to conditions on a piecewise linear approximation of the
boundary. Unfitted methods that avoid explicit integration on cut elements also
exist. Examples include the transfer path method (Cockburn and Solano 2012), the
shifted boundary method (Main and Scovazzi 2018) and ¢-FEM (Duprez, Lleras
and Lozinski 2023). In these methods, integration is not carried out on cut ele-
ments; instead, integration is performed on elements that are entirely inside the
physical domain or on full elements that cover the physical domain. When bound-
ary conditions are transferred from the physical boundary to the boundary of the
computational mesh, there is often an underlying assumption regarding the rate at
which the distance between the mesh boundary and the exact physical boundary
should decrease.

Another unfitted discretization is the finite cell method (Parvizian, Diister and
Rank 2007), where the equations are extended outside the physical domain using
a scalar parameter that rapidly switches from being one in the physical domain to
a small positive number in the fictitious domain. The choice of this parameter is
a trade-off between accuracy and the condition number that can be tolerated. This
extension, with the discontinuous parameter, introduces other challenges, such as
accurate integration on cut elements. To reduce integration errors, all cells cut by
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the unfitted boundary are adaptively refined, and integration is performed on the
finer mesh. Dirichlet boundary conditions are enforced weakly, for example using
Nitsche’s method (Ruess et al. 2013).

The basic ideas of CutFEM. The basic ideas behind CutFEM can be summarized
as follows.

e Mesh. The domain of interest is covered by an ‘active mesh’. This active mesh
is typically created by embedding the physical domain into a computational
domain, which is equipped with a quasi-uniform mesh, referred to as the
background mesh. The elements in the background mesh that intersect the
domain of interest define the active mesh. For interface problems, a separate
active mesh is associated with each subdomain.

e Spaces. Finite element spaces are defined on the active mesh.

o Weak form. Essential interface and boundary conditions are imposed weakly
in the variational formulation, typically using either a consistent penalty
method, such as Nitsche’s method, or a Lagrange multiplier method.

e Robustness with respect to the geometry’s position relative to the mesh. A
common strategy for extending the control of the approximate solution from
the physical domain (where the PDE is defined) to the active mesh is to add
stabilization terms in the weak form. An alternative approach is to use ex-
tension operators. Agglomeration of elements can be used in combination
with both stabilization and extension, or as an independent strategy. Pre-
conditioning can be used to improve on the condition number of the linear
systems.

o [Integration on cut elements. When the unfitted boundary is represented by a
piecewise linear approximation, integration is typically carried out on the cut
elements. For higher-order approximations of the boundary, various strategies
for handling the integration are available.

The same principles used for bulk domains can also be applied to approximating
PDEs on interfaces or manifolds. This was first proposed by Olshanskii, Reusken
and Grande (2009), and the method is referred to as the trace finite element method
(TraceFEM), as detailed in Reusken (2015). The original contribution proposed
an unstabilized unfitted discretization on the surface, but later work extended the
method to elements cut by the surface by incorporating stabilization terms into the
weak form. For stabilization terms specific to linear finite elements, see Burman,
Hansbo and Larson (2015¢) and Burman et al. (2016b). For stabilization terms
that provide a uniform bound on the condition number even when higher-order
elements are used, refer to Olshanskii and Reusken (2017), Zahedi (2017), Grande,
Lehrenfeld and Reusken (2018), Burman, Hansbo, Larson and Massing (2018¢)
and Larson and Zahedi (2019).
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The presented strategy applies to both stationary domains and evolving interfaces
and boundaries; see e.g. Hansbo, Larson and Zahedi (2015a, 2016) and Lehrenfeld
and Olshanskii (2019). In this paper we focus on model problems based on second-
order elliptic PDEs. To keep the exposition concise, we discretize the equations
using standard continuous finite elements away from the interface. However, the
methods are largely agnostic to the choice of discretization in the bulk, and there
is a large body of literature on unfitted methods based on the discontinuous Galer-
kin method; see e.g. Johansson and Larson (2013), Massjung (2012), Bastian and
Engwer (2009), Burman and Ern (2018), Cangiani, Dong and Georgoulis (2021),
Giirkan and Massing (2019), Burman, Hansbo, Larson and Massing (20175) and
Cangiani et al. (2021). There is also a host of work dedicated to first-order hyper-
bolic problems utilizing cut cells, usually employing finite volume or discontinuous
Galerkin approaches.

Additional references and topics not covered in this review. There is a growing
body of literature addressing both theoretical and applied aspects of cut finite ele-
ment methods. A collection of articles on both theoretical and applied aspects was
presented in Bordas, Burman, Larson and Olshanskii (2017). While a comprehens-
ive discussion of all these developments is beyond the scope of the present review,
we provide some pointers to works on various topics below.

o FElliptic interface problems with high-order methods and geometry approxim-
ation. See Huang et al. (2017), Ji, Wang and Chen (2017), Lehrenfeld and
Reusken (2018), de Prenter, Lehrenfeld and Massing (2018), Wu and Xiao
(2019) and Burman, Cicuttin, Delay and Ern (2021a).

o A posteriori error estimation and adaptivity. Discussed in Chen, Li and Xiang
(2021), Burman, He and Larson (2022f), Chen and Liu (2023) and Chen and
Liu (2024). Associated flux recovery techniques are covered in Capatina and
He (2021) and Tchinda Ngueyong and Urquiza (2024).

o Numerical integration on cut cells. See Olshanskii and Safin (2016), Garhuom
and Diister (2022) and Aulisa and Loftin (2023).

o Efficient linear solvers. Covered in Ludescher, Gross and Reusken (2020),
Kothari and Krause (2022) and Gross and Reusken (2023).

o Recent work on moving domains. See Burman, Frei and Massing (2022b), Lou
and Lehrenfeld (2022), von Wahl, Richter and Lehrenfeld (2022), Heimann,
Lehrenfeld and Preuf3 (2023) and Badia, Martorell and Verdugo (2024).

e Linear elasticity. See Hansbo, Larson and Larsson (2017b) and Yang (2024).

e Biharmonic problems, plates and higher order elliptic problems. The bound-
ary value problem was discussed in Burman, Hansbo and Larson (2020a)
and Burman et al. (2022¢) and the interface problem in Cai, Chen and Wang
(2021).
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e Non-linear solid mechanics. Covered in Badia, Caicedo, Martin and Principe
(2021) and Poluektov and Figiel (2022).

e Contact problems. Discussed in Fabre, Pousin and Renard (2016), Burman
and Hansbo (2017), Claus and Kerfriden (2018), Claus, Bigot and Kerfriden
(2018) and Claus et al. (2021).

o Incompressible flow problems with interfaces. Covered in Court (2019),
Caceres, Guzman and Olshanskii (2020), Burman, Delay and Ern (20215b),
Olshanskii, Quaini and Sun (2021) and Garcke, Niirnberg and Zhao (2023).
Other complex fluid models such as Oseen’s equations, three-field Stokes’
equations or non-Newtonian fluids, were considered in Burman, Claus and
Massing (2015a), Massing, Schott and Wall (2018), Winter, Schott, Massing
and Wall (2018), Ahlkrona and Elfverson (2021) and Anselmann and Bause
(2022).

o Fluid—structure interaction. See Burman and Ferndndez (2014), Massing,
Larson, Logg and Rognes (2015), Zonca, Vergara and Formaggia (2018),
Schott, Ager and Wall (2019), Ager, Schott, Winter and Wall (2019), Fer-
nandez and Landajuela (2020), Dunn, Lui and Sarkis (2021), Ferndndez and
Gerosa (2021), Liu (2021) and Burman, Fernandez and Gerosa (2023a).

e Shape and topology optimization. Discussed in Burman et al. (2017a), Vil-
lanueva and Maute (2017), Bernland, Wadbro and Berggren (2018), Burman
et al. (2019a), Dilgen, Jensen and Aage (2021), Dilgen et al. (2021) and
Bretin, Chapelat, Outtier and Renard (2022).

o Wave equations. The scalar wave equation is considered in Sticko and Kreiss
(2016, 2019), Burman, Hansbo and Larson (2022d) and Burman, Duran and
Ern (2022a), the elastic wave equation in Sticko, Ludvigsson and Kreiss
(2020), and Maxwell’s equations in Guo, Lin and Zou (2023), Chen, Li, Lyu
and Xiang (2024) and Yang and Xie (2024).

o Mixed-dimensional problems, flow in fractures and in fractured porous media.
See Giovanardi, Formaggia, Scotti and Zunino (2017), Burman, Hansbo,
Larson and Samvin (2019c¢), Odseater, Kvamsdal and Larson (2019), K&ppel,
Martin, Jaffré and Roberts (20195), Koppel, Martin and Roberts (2019a),
Kerfriden, Claus and Mihai (2020), Burman, Hansbo and Larson (20200)
and Chernyshenko and Olshanskii (2020).

o Solidification and phase change problems. Discussed in Olshanskii, Pal-
zhanov and Quaini (2023) and Tchinda Ngueyong, Urquiza and Martin
(2024a,b).

e Biomedical applications. See Bui, Tomar and Bordas (2019), Farina er al.
(2021) and Berre, Rognes and Massing (2024).

o [nverse problems with interfaces. Covered in Burman, He and Larson (2021c¢)
and Burman and Preuss (2023).
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o Reduced order models and multiscale modelling. See Karatzas, Nonino,
Ballarin and Rozza (2022), Mikaeili, Claus and Kerfriden (2022) and Zhang,
Deng and Wu (2024).

o CutFEM/TraceFEM for surface PDE. Discussed in Olshanskii and Reusken
(2014), Hansbo, Larson and Zahedi (2015b), Cenanovic, Hansbo and Larson
(2016), Olshanskii and Reusken (2017), Hansbo, Jonsson, Larson and Larsson
(2017a), Jonsson, Larson and Larsson (2017), Olshanskii, Quaini, Reusken
and Yushutin (2018), Hansbo, Larson and Larsson (2020), Olshanskii et al.
(2023) and Fries and Kaiser (2023).

o First-order hyperbolic problems. See Berger (2017), May and Berger (2017),
Engwer, May, Niiling and Streitbiirger (2020), Giirkan, Sticko and Massing
(2020), Fu and Kreiss (2021) Fu, Frachon, Kreiss and Zahedi (2022), May
and Laakmann (2024) and Fu, Kreiss and Zahedi (2024).

Outline. The paper is organized as follows. In Section 2 we introduce the ba-
sic concepts of CutFEM for several model problems of varying complexity. In
Section 3 we present the basic analysis of CutFEM in a more abstract setting,
discussing stability, convergence and conditioning of the discrete system. The
analysis is then applied to the model problems. In Section 4 we explore different
stabilization methods needed to control the conditioning of the discrete system; in
Section 5 we give further details for the case of an embedded surface. In Section 6
we analyse strong stability through an extension procedure, where unstable degrees
of freedom are eliminated, and show the connection to the weak stabilization meth-
ods introduced in Section 4. Section 7 focuses on Lagrange multiplier methods,
and we demonstrate how stable and accurate methods can be developed within the
CutFEM framework. In Section 8 we give further examples of problems addressed
using Lagrange multipliers and discuss hybridization methods, leading back to the
methods introduced in Section 2. Finally, in Section 9, we introduce CutFEM for
time-dependent problems with moving domains.

2. CutFEM for basic model problems

In this section we construct cut finite element methods for stationary model prob-
lems. We consider several types of problems: a boundary value problem, an
interface problem, an interface problem coupled with a surface PDE at the inter-
face, and the Stokes equations.

2.1. A boundary value problem

The continuous problem. Let Q ¢ R be a domain with a smooth boundary 42,
and let u: Q — R be the solution to the boundary value problem

~V-(@Vu)=f inQ, u=g ondQ, 2.1)
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Figure 2.1. (a) The domain Q C R? and the background domain Q. (b) The
background mesh 7y, the active mesh 7, (consisting of the grey triangles), and
the active domain €, (the grey region). (c) Edges marked in yellow illustrate the
edges in the set F},, where the stabilization defined in equation (2.14) applies.

where @ € R is a positive constant, and f and g are given functions. Typically,
d € {1,2,3}. The corresponding weak formulation is as follows: find u € V, such
that

a(u,v) =1I1(v) forallv eV, (2.2)

where the forms are defined as
a(v,w) =(@Vv,Vw)a, (V) =(f,v)a (2.3)
with (v, w),, = fw vw, equipped with the appropriate measure, and the spaces are
={veH Q) |v=gomdQ}, Vo={veH (Q)|v=00ndQ}. (2.4)

Assume f € L>(Q)and g € H 12(9Q). Tt follows from the Lax-Milgram lemma
that there is a unique solution to the weak formulation (2.2).

The cut finite element method based on Nitsche’s method. Let Q c RY be a
polytopal domain such that Q Q, and let T, be a quasi-uniform partition of Q
into shape-regular elements, with mesh parameter 4 € (0, hg].

Let

Th={T €T, | TNQ 0}, Qh:UT. (2.5)
TeT,

We refer to Q as the background domain, Ty as the background mesh, 7}, as the
active mesh, and Qj, as the active domain. Note that the background mesh is
not required to conform to the domain €, meaning the boundary 9<Q typically
intersects the mesh elements, giving rise to so-called cut elements. An illustration
for a domain Q ¢ R? is provided in Figure 2.1.
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Let V,, ¢ C(Qp,) be a finite element space defined on the active mesh 7. To
derive the method, we start from (2.1), multiply by v € V},, and apply Green’s
formula:

(fsv)a =—(V-(@Vu),v)o
= (aVu,Vv)q — (n- aVu,v)sgn
=(aVu,Vv)o — (n-aVu,v)so

—(u—g,n-aVv)aq+Bh~ u - g, v)aq, (2.6)

=0 =0

where we have added a symmetrizing term and a penalty term, both of which vanish
for the exact solution and thus do not affect consistency. Here 8 := Soa, with Sy
a dimensionless penalty parameter. This leads to the following Nitsche method:
find uj, € Vj, such that

ap(up,v)=I1y(v) forallv € Vy, 2.7
where the forms are defined as

ap(v,w) = (a@Vv,Vw)q — (n- aVv,w)sq

— (v, n-aVw)aq + SR (v, w)aq, (2.8)
(W) = (f,w)a = (8.1 aVw)ag + Bh™' (g, W) (2.9)

To prove coercivity of the form aj, we need the inverse inequality
WPl PVvllaq < lla'2 Vi, v € Vi (2.10)

Here and below, we will use the notation a < b to mean a < cb, with ¢ being a
constant independent of the mesh size & and the way the interface intersects the
mesh. However, the bound (2.10) does not hold in general due to the presence of
cut elements. This is because, for a cut element 7, the intersection 7' N Q can have
an arbitrarily small measure in R¢ while [T N dQ| « h, and the hidden constant
in (2.10) depends on the ratio between these two measures. Therefore, to ensure
coercivity, we assume the existence of a stabilizing form sj: V, X V), — R such

that
a2V la0 < lla'?Vvllg + a5, v € Vi, (2.11)

where || v||§h = sp(v,v). Thus we consider the following cut finite element method:
find uj, € V), such that

Ah(uh, V) = lh(v) forall v € Vj, (2.12)
where
Apnv,w) =ap(v,w)+1sp(v,w), (2.13)

and the positive constant 7 o a.

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

CuUT FINITE ELEMENT METHODS 11

A stabilizing form. For continuous piecewise linear finite elements on triangles, a
common stabilizing form s, is the ghost penalty (Burman 2010), defined as

snvow) = D h([Vav], [VawDr, (2.14)

FeFy,

where v,w € Vj, JF; consist of interior faces in the active mesh 7, that are
associated with cut elements (see Figure 2.1(c)), and [V,v] is the jump in the
normal derivative across the face F.

The ghost penalty term is motivated by the estimate

IVVIi3, < 19V, + Al V]l (2.15)

where T, T, € Tj, are adjacent elements with 71 N T, = F.

Assuming that a non-cut element in € can be reached from a cut element by
passing through a sequence of faces in F,, we can apply (2.15) repeatedly to derive
the following bound:

IVVIR, < I9vI3 + VI, (2.16)

This shows that the stabilization form provides an extended control (in this case, in
the H'-seminorm) of finite element functions from the physical domain Q to the
active domain €2, where they are defined. Equation (2.11) follows from this, and
since for v € Vj, and T € Tp,, the following inverse trace inequality holds:

IVvliznoe < k™2 Vvir. (2.17)

For more details on this inverse trace inequality, see Section 3.3.
We will return to the precise requirements for the stabilizing form and present
various stabilization forms in Section 4.

2.2. An interface problem

The continuous problem. Let Q c R? be a domain with a smooth boundary 0Q,

and let Qp be a smooth, closed hypersurface residing in the interior of €. The

hypersurface € divides € into two subdomains, £ = € U 5, where €, is the

domain enclosed by the interface Qq. See Figure 2.2(a) for an illustration in R?.
We consider the following problem: find u#: Q — R such that

-V-(,Vu)=f; inQ;i=12, (2.18)
[u] =go onQy, (2.19)
[n-aVu] = fu onQy, (2.20)
u=0 ondQ, (2.21)

where @; > 0 are positive constants, and f;: Q; - R (@ =1,2), fo: Qo — R and
go: Qo — R are given functions. Assume f; € L*(Q;) and g€ H 1/ 2(Qp). The
restriction of u to €; is denoted by u;, and we define the jump conditions at the
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12 E. BurmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

interface as
[u] =ui —up, [n-aVu]l =ny-a1Vuy +ny - axVuy, (2.22)

where n; is the unit normal vector on €, outward-directed with respect to ;. For
simplicity, we assume a homogeneous Dirichlet boundary condition on Q.
Let

Vi={ve H(Q)|v=00ndQ}, V,=H" (). (2.23)

In the derivation of a weak formulation, the following jump and average operators
across the interface Qg will be convenient.

e For a scalar function v, where v; = v|q,, i = 1,2, we define the jump and
average operators as

[Vl =vi—va, W) =mvi+mva, V) =mvy +11v2, (2.24)
where 7y +12 = 1 and 1, 172 € [0, 1].

e For the normal flux,

[n-aVv] =ny-a1Vvi+ny - apVvy (2.25)

and
(n-aVv) =nn; - aVvy —mns - aaVvs, (2.26)
(n-aVv), =mni - a1Vvy —niny - aaVvs. 2.27)

We then have the identity
[n-aVvw] =(n-aVv)[w]+ [n-aVv]{w).. (2.28)

Fori = 1,2, we multiply (2.18) by v; € V;, integrate over Q;, and apply Green’s
identity:

2 2
D (fovido, = ) (=Y - (@i Vi), vida,
i=1 i=1

2
= Z(a’ivui’ Vv, — (i - a;Vu;, vi)g,
i=1

2
D (@iVuy, Voo, = ((n - @Vu), [V, = ([n - aVul, (v).)o,
1

2
D @iV, Vg, = (- aVu), [vDa, = (fo, ("))ay- (229
i=1

Here we also used the interface condition [n - aVu] = fj on Q.

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

CUT FINITE ELEMENT METHODS 13
In the case go = 0, the solution remains in V = Hé(Q), so we can take v; = v|q,
forv € Vand setvi|g, = v2|lg, = vo. Thus the weak formulation is as follows: find

u € V such that

a(u,v)=1(v) forallveV, (2.30)

where the forms are defined as

2
alv,w) = Z(aiVul-, Vv, (2.31)
i=1
2 2
1) = D (fiovidoy + (o, (Day = D (fisvidar- (2.32)
i=1 i=0

Observe that when gg = 0, the interface is present in the weak formulation (2.30)
through the jump in the coefficients @ and a@,. Since the solution remains in
H'(Q), the existence of a unique solution to the weak formulation (2.30) follows
from the Lax—Milgram lemma. However, the jump in the coefficient @ results in
a discontinuity in the normal component of the gradient across the interface. As
a result, the solution is no longer in H*(Q), and a naive discretization using finite
elements that does not account for the interface will lead to a loss of accuracy in
the approximate solution.

In the case go # 0, a weak formulation can be obtained by introducing a Lagrange
multiplier A to replace —(n - aVu). The weak formulation then becomes: find
(uy,up, ) € Vi xV, X A such that

a(u,v)+b(1,v) =1{), (2.33)
b(p, u) = (8o, 1), (2.34)

for all (v, vo, ) € Vi X V, X A. Here the bilinear form a is as in (2.31) and

b(A,v) =@, [v])aq, (2.35)
2

1) = D (fiovidey + (o () (2.36)
i=1

Note that the trace of a function in H'(€;) on Qg belongs to H'/2(Qg). Therefore
A must be sought in the dual of H'/2(Q), i.e. in A := H™'/2(Q). The well-
posedness of the weak formulation (2.33)—(2.34) follows from Brezzi (1974). We
will formulate cut finite element methods based on discretizing this well-posed
weak formulation.
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14 E. BurmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

For gy # 0, a variational formulation can also be obtained by following Nitsche’s
strategy to enforce the interface conditions. Starting from equation (2.29), we
obtain the following:

2 2
Z(fi, vi)o, = Z(aivm, Vvia, — (n-aVu), [v])a, = (fo, (V))aq-
o1 i1

2
(CL’iVMi, VVi)Q,ﬁ - (<l’l : aVu), [v])Qo
i=1

= ([u] = go. (n- @Vv))ay +B([u] = go. [VDay =(fo, (V):)g,-

=0 =0

(2.37)

Here we used the interface condition [u] = go, and introduced a symmetrizing term
and a penalty term, where 8 € L*(£) is a penalty parameter. Both of these terms
vanish for the exact solution. Although a well-posed weak formulation cannot be
obtained directly from this approach, we note that any solution to (2.18)—(2.21)
such that u; € V; N H3/**€(Q,), e > 0, for i = 1,2, also satisfies the formulation
(2.37). Therefore this formulation can serve as a starting point for deriving accurate
cut finite element methods. If the exact solution has insufficient regularity, one may
nevertheless show that approximations obtained using (2.37) converge optimally
(Burman, Hansbo and Larson 2024b).

The cut finite element method based on Nitsche’s method. We first derive a cut
finite element method based on the formulation (2.37), where Nitsche’s method
is used to impose the interface conditions weakly. Let €2 be a polytopal domain
such that Q C Q, equipped with a background mesh 7j. For simplicity, in order
to focus on the interface, we assume that 0Q = Q. We define the active meshes
and corresponding active domains associated with the subdomains €;,i = 1,2, as
follows:

Tni={TeTn | TNQ#0}, Qui= ] T (2.38)
T€771’i

An illustration of these domains and meshes is provided in Figure 2.2.

Next, let Vj,; € C(€p,;) be finite element spaces defined on the active meshes
Th.i, for i = 1,2, with the condition that v; = 0 on dQ for v; € V}, ;. Define the
space

Wy, = Vh,l & Vh,z. (2.39)
We then arrive at the following cut finite element method: find u; € Wy, such that

Ap(up,v) =1y(v) forallv € Wy, (2.40)
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CuUT FINITE ELEMENT METHODS 15

() (b) (©

Figure 2.2. (a) The subdomains €;, i = 1,2, the interface Qo and the domain €.
The background domain € coincides in this case with the physical domain €2. (b)
The background mesh 7}, the active mesh 7j,; (consisting of the grey triangles)
and the active domain Q, ; (the grey region). (c) The active mesh 7}, » (consisting
of the grey triangles) and the active domain Qy, 5 (the grey region).

where the forms are defined as

Ap(v,w) =ap(v,w) + sp(v,w), 2.41)

2
an(v,w) = > (@ Vvi, Vwo,
i=1
— (n-aVv), [wDa, — ([v], (n - aVw))g, + (BA™ [V], [W])ay, (2.42)
2

Su(v W) = ) Tisni(vi, i), (2.43)
i=1

2
) = Y (fisviday + (for (M), = (g0, (- @V, + (BR" g0, [V])ay.

i=1

(2.44)
Here 7; are non-negative constants, and the penalty parameter
a1
B=po——"> (2.45)
a] +ap

where Sy must be chosen sufficiently large to ensure coercivity (see Section 3.7).
Note that the solution u;, € W}, consists of a pair of functions, i.e. up = (up,1, Un2),
where up; € V,; fori = 1,2. Since the two active meshes 7 ;, for i = 1,2,
overlap on the cut elements, uy, is double-valued on these elements, as illustrated
in Figure 2.3 for a one-dimensional case with continuous piecewise linear finite
element spaces V}, ;. As an approximation to the interface problem, we define iij,
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16 E. BurMmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

Up,1 € Vvh,l

Up2 € Via

Ql QU Q?
T ——,—,,,
Qh‘l
S R S N —
Qpo
Tha [ + + + + !

Figure 2.3. An illustration in one space dimension of how a solution u;, € W}, from
the cut finite element method (2.40) might look. Note that uy, = (up.1, up,2), where
up; € Vy; fori = 1,2, with V,,; here consisting of continuous piecewise linear
finite elements.

as follows:

up, ifx € Qy,

Upp ifx € Qz.

One way to minimize the required penalty § is by carefully selecting the weights
n;. We will see in Section 3.7 that by choosing the weights as

@2 @ (2.47)

= ap+ay’ = ap+ay’
which correspond to the harmonic average of @; and a; (Dryja 2003), we can
minimize the global penalty parameter S. This choice is also known to make the
error in the approximation of the fluxes robust with respect to the contrast in the
diffusion coefficients (Burman, Guzman, Sanchez and Sarkis 2018a).

In the original formulation by Hansbo and Hansbo (2002), the finite element
space V}, ; was defined as the restriction of a finite element space on the background
mesh to the subdomain ;, rather than to the active mesh and the active subdomain
Qp.;. In this case the stabilization term s; was not included (i.e. 7; = 0), and
coercivity was instead ensured by choosing the weights as

17 N Q|
nilr 7l (2.48)
for each cut element, i.e. T € Tj 0. However, the condition number of the resulting
linear system was found to be sensitive to the position of the interface relative to
the background mesh.
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CuUT FINITE ELEMENT METHODS 17

For moderate ratios of the parameters «;, i = 1, 2, this choice of the weights n;
ensures stability with 7; = 0 and with a constant penalty parameter S, as we will
illustrate in a numerical example in Section 2.5. However, without the stabilization
form (i.e. with 7; = 0), stability cannot be guaranteed independently of both the
position of the interface and the parameters a;, i = 1,2. Optimal choices of
parameters have been proposed by several authors (Barrau, Becker, Dubach and
Luce 2012, Annavarapu, Hautefeuille and Dolbow 2012, Wadbro et al. 2013).
The problem of ill-conditioning with respect to the position of the interface in
the presence of high (even infinite) contrast was solved for the fictitious domain
problem, the interface problem and PDEs on surfaces by introducing a penalty
operator extending coercivity from the physical domain to the whole mesh domain
(Burman 2010, Burman and Hansbo 2012, Burman and Zunino 2012, Burman et al.
2015¢). A different approach with the same objective was introduced in Wadbro
etal. (2013). Stability is a critical aspect in the design of cut finite element methods,
as it influences both the accuracy of the approximation and the conditioning of the
resulting linear system. To ensure stability and robustness, the common strategy
in CutFEM, first proposed in Burman and Zunino (2012), is to add stabilization
terms sp ; and to choose the weights independently of the cut configuration, but
depending on the parameters «; as in (2.47).

A cut finite element method based on Lagrange multipliers. In addition to the active
meshes and the active finite element spaces associated with the bulk subdomains
Q and €, as defined in equations (2.38) and (2.39), we now introduce an active
mesh for the Lagrange multiplier, which is associated with the hypersurface €y,
along with a corresponding finite element space on this mesh. Specifically, let

Tho={T €Ta ITNQ #0}, Qo= | ] T (2.49)
TG'Th,()

and let Aj, € L?(Qy,0) denote an appropriate finite element space for the Lagrange
multiplier on the active mesh 7, 9. We refer to Section 7 for more details of how
to choose the space Aj,.

Cut finite element methods can be constructed by directly discretizing the weak
formulation in equations (2.33)—(2.34) and adding stabilization forms. This results
in the following weak formulation: find (¢, A) € W), X A, such that

Ap(up, v) + b(Ap,v) = 1), (2.50)
b(un, un) = 105n,0((n, An) = (80, n), (2.51)

for all (v, up) € Wi, x Ay, where the bilinear form Ay, is defined as
Ap(v,w) =alv,w)+sp(v,w). (2.52)

Here a is the bilinear form defined in equation (2.31), b is defined in equation
(2.35), [ is the linear form defined in equation (2.36) and s, is the stabilization form
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Figure 2.4. The active mesh 7}, ; (consisting of the grey triangles), which are the
elements from the background mesh 7y, that intersect the subdomain ;. The edges

marked in yellow indicate the faces where stabilization is active. Here (a) i = 0,
®i=1,(c)i=2.

as given in equation (2.43), with each form sy, ; stabilizing the operator associated
with Q;, and the constants 7; are positive constants.

An example of the stabilization form s ; for i = 1,2, in the case of continuous
piecewise linear finite elements, is the ghost penalty stabilization introduced in
equation (2.14):

sniv,w) = Y h([V], [VawDr. (2.53)
FeFy,i

For i = 0 and discontinuous piecewise linear finite elements, an example is

sno(,w) = > h(v], [WDe + B (V] [Vw])r. (2.54)

FE]'-h,o

Note that the scaling with £ in the stabilization differs for i = 1,2 compared to
i = 0, as it depends on the operator being stabilized by the stabilization form. The
set Fj,; consists of interior faces in the active mesh 7y, ; that are associated with cut
elements. Thus each face in Fj,; is shared by two elements in the active mesh 7y, ;,
with at least one of the elements being a cut element. Note that boundary edges
are excluded from F, ;. For an illustration, see the yellow edges in Figure 2.4.

2.3. Aninterface problem coupled to a surface problem at the interface

The continuous problem. Using the same notation as in the previous subsection
for the interface problem, we now consider the following problem: findu: Q — R
such that
-V - (a;Vu) = f; inQ;,i=1,2, (2.55)
—n; - aiVul- = [bu],- on Qo, i= 1,2, (256)
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CuUT FINITE ELEMENT METHODS 19
—Vo . (a’()Vouo) = f() - [n . a/Vu] on Qo, (2.57)
u=0 on 0Q. (2.58)
Here the jump operators are defined by
[bv]; = biv; — bovo, [n-aVv]=n;-a1Vvi+ny-arVvy, (2.59)

a; € Rand b; € R are positive constants, f;: Q; — R, are given functions, assume
fi € L>(;), and V denotes the surface gradient.
Now let Vy = H'(Qy), and let V}, V; be defined as in equation (2.23). Define

W=Vya VeV, (2.60)

We multiply equation (2.55) by b;v; with v; € V;, for i = 1, 2, integrate over Q;,
apply Green’s identity, and use the interface conditions to obtain

2 2
D finbivido, = Y (V- (@:Vuy), bivio, 2.61)
i=1 i=1

bi(a;Vu;, Vv)q, — (n; - @;Vu;, biv)q,

bi(;Vu;, Vvi)a, — (n; - @;Vu;, biv; — bovo), — ([n - aVu], bovo)g,

2

bi(aiVur, Vv, + Y ([buli, [bv])a, = (Vo - (@oVouo) + fo, bovo)a,
i=1

D 1M I T

1l
—_

2
bi(a;Vu;, Vvi)g, + Z([bu]i, [bv]i)a, + bo(aoVouo, Vovo)e, — (fo, bovo)g, -

i i=1

We thus have the following weak formulation: find # € W such that
a(u,v)=1I1(v) forallveW, (2.62)

where the forms are defined as

P
a(v,w) = bo(ayVouo, Vovo)o, + Z(bi(aiVui, Vvia, + ([bu];, [bv]i)a,), (2.63)

i=1
2
1) = bilfi,viday- (2.64)
i=0
Existence, uniqueness and stability of the formulation (2.62) follow from the Lax—

Milgram lemma.

The cut finite element method. Let ! Qbea polygonal domain such that Q c Q,
equipped with a background mesh 7;,. We define the active meshes and the active
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domains associated with the subdomains Q;, fori = 0, 1, 2, as follows:

Tni={T €Th | TNQ #0}, Q= U T. (2.65)
TGE),’

Next, let Vj,; € C(€p,;) be finite element spaces defined on the active meshes
Tni fori =0, 1,2, with the condition that v; = 0 on 9Q for v| € Vj ;. Define

Wy = Vh,O (&) Vh,l (&) Vh,z. (2.66)

In this case we can base the cut finite element method directly on the weak formu-
lation (2.62), adding a stabilizing form. This leads to the following formulation:
find u;, € Wy, such that

Ap(up,v)=1(v) forallv e Wy, (2.67)

where [ is the linear form defined in (2.63) and

Ap(v,w) =a,w) + sp(v,w), (2.68)
with a defined in equation (2.63). The stabilizing form is defined as
2
Sh(v, W) = ) Tisn i (Vi W), (2.69)
i=0

where each form sy, ; stabilizes the operator associated with Q;, and 7; are positive
constants.

An example of the stabilization form sy, ;, in the case of continuous piecewise
linear finite elements, is the ghost penalty stabilization:

snivsw) = > RV [VawDE, (2.70)
FE}—hJ

where k = 0 for i = 0 (the surface problem: see the work by Burman et al. 2015¢),
and k = 1 asin (2.14) fori = 1,2. As before, the set F}, ; consists of interior faces
in the active mesh 7, ; that are shared by at least one cut element. We will discuss
stabilization terms for bulk problems in more detail in Section 4, while stabilization
for surface problems will be addressed in Section 5.

2.4. The Stokes interface problem

The continuous problem. Let Q C R4, where d = 2 or 3, be a domain with a
polygonal boundary Q2. The domain Q contains two incompressible immiscible
fluids, separated by the interface (. Each fluid, with viscosity u;, occupies a
subdomain ©; ¢ Q, i = 1,2. We seek the velocity u: Q — R? and the pressure
p: Q — R such that

~V . (ue@)-pD=f; inQi=1,2, 2.71)
V.ou=0  inQi=1,2, (2.72)
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[u] =0 on Qy, (2.73)
[7-(ue(m) — pI)] = ockn on Ly, (2.74)
u=>0 on 0Q. (2.75)

Here €(u) = (Vu + (Vu)")/2 is the strain rate tensor, y is the viscosity function,
defined by y = 2u; in ;, o is the surface tension coeflicient, xn is the mean
curvature vector, and f;: Q; — R? is a given external force field (e.g. the gravit-
ational force). We assume homogeneous Dirichlet boundary conditions, but other
types of suitable boundary conditions on 02 are also possible. In particular, we
may have u = u g, where u g is a given function, and by Gauss’s integral theorem,
this function satisfies

/ uB-ans:/V-udxzo, (2.76)
oQ Q

where np denotes the unit outward-directed normal vector on the boundary 9Q.
Note that the pressure p is determined from equations (2.71)—(2.75) only up to an
additive constant. This constant is typically fixed by requiring fQ pdx =0.

Let

V={vel[H@]%|v=0o0ndQ}, Q:{qeL2(9)|/qu:o}. (2.77)
Q

Take v; = v|g, for v € V and set v{|q, = v2|q, = vo. Fori = 1,2, we multiply
equation (2.71) by v € V, integrate over €;, and apply Green’s identity:

2 2
Difivia = D (= - (ue) - pI),v)a,

i=1 i=1

2 2
= > (ue@), €, = (p,V - ¥)a, + ) | ~(ue@)ni, v)g, + (p, ni - ),
i=1 i=1

2
= Z(ﬂf(u), €W)a; — (P, V- v)q, — (0kn,vo)q,, (2.78)

i=1

where n; is the unit normal vector on €, outward-directed with respect to €;, and
we used the interface condition (2.74).

Further, let ¢; = g|q, for ¢ € Q. Multiplying (2.72) by ¢ € Q and integrating
over Q; we arrive at the following weak formulation: find u € V and p € Q such
that

a(u,v)+bw,p)=I1(v) forallv eV, (2.79)
bu,q)=0 forall g € Q, (2.80)

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

22 E. BurmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

where the forms are defined as

2
av,w) = )" Quie(v), €W)o, (2.81)
i=1
2
bv,q) == (4, V Vo, (2.82)
i=1
2
1) = ) (fivdars (2.83)
i=0

with f, = okn. We next formulate a cut finite element discretization based on
Nitsche’s method.

The cut finite element method based on Nitsche’s method. We use the same notation
as in Section 2.2. Let Qbea polytopal domain such that Q c Q, equipped with
a background mesh Tp,. For simplicity, we assume that 4Q = dQ. We define the
active meshes and corresponding active domains associated with the subdomains
Q;,i=1,2, as before:

Tni={TeTn | TNQ#0}, Q= ] T (2.84)
T€771,i

An illustration of these domains and meshes is provided in Figure 2.4. On the
active mesh 7j_;, we define finite element spaces V, ; for the velocity and Qj,;
for the pressure. These pairs of spaces (V,.;, Op.;) are chosen to be either inf-sup
stable pairs or pairs that are stable with some pressure stabilization. Examples
include the stabilized P1-PO pair (Becker, Burman and Hansbo 2009), the P1 iso
P2 elements (linear elements both for the velocity and the pressure but on different
meshes) (Hansbo, Larson and Zahedi 2014), the Taylor—Hood elements (Kirchhart,
Gross and Reusken 2016) and the Scott—Vogelius pair (Liu, Neilan and Olshanskii
2023). See also the work by Guzman and Olshanskii (2018) for inf-sup stability of
various element pairs in the context of cut finite element discretizations.
Define

Wipo=Vp1®Viha, QOn=0n1®0hnpo, (2.85)

with Q, C Q.

Similar to the derivation of the weak formulation for the interface problem in
Section 2.2, we can obtain a weak formulation by integrating by parts in each
subdomain and imposing interface conditions weakly using Nitsche’s method. For
i =1,2, we multiply 2.71) by vy, = Wp.1,vn2) € Wy, where vy, ; € V5, integrate
over €;, apply Green’s identity, use the identity (2.28), and apply the interface
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conditions. This results in the following formulation:

2 2
(firvnido, = ) (= - (ue@) = pI),vi)a,
=1

1= i=1

2 2
= Z(#G(u), €V, — (P, V-vpo + Z —(ue)n;,vp)o, + (p,n; - vi)o,
= i=1

i=1
2

= > (ue), o, = (P, V - vi)a, = ((ue@) = pDn), [va])a,
i=1

2

= Z(IJE(”), €vn)a; — (P, V- -vp)a, + (p), [n - vi])a, — (ue)n), [vi]a,
i=1
— ([u], {pepIn))g, + (Bh~ [u], [vhl)a, — (Tkn, (Vr))a,- (2.86)

Note that in the derivation we rewrote the interface term and used the interface
condition (2.74) as

/Q [(ue) — pDmw] = [ ((us(@) - pDm[vy] + / () - pDn](vi)..

Q) e ————
OKn

Q

(2.87)
while the condition [u] = 0 at Qg is enforced by introducing both a symmetrizing
term and a penalty term in equation (2.86), both of which vanish for the exact
solution #. We also multiply (2.72) by gn = (gn.1,9n2) € Qn, and to obtain a
skew-symmetric coupling, we introduce the term ((gn), [u - n])q,, which vanishes
for the exact solution.

Based on this derivation, we can now state the following cut finite element
formulation: find u; € W), and pj, € Qy, such that

Ap,vp) +bp(vi, pp) =1(vp), (2.88)
bp(up,qn) —Sp =0, (2.89)

forall v, € Wy, and g5, € Qy,. Here

Ap(v,w) =ap(v,w) +Sq, (2.90)
2
ap(v,w) =) 2u;e(v),ew))q, — (ue)n), [w])q,

i=1

— ([v], (uew)n))g, + B~ ([¥], [W]Days (2.91)
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2
ba(v, @) == > (@, V - o, + ({a), [v - n)a, (2.92)
i=1
2
)= Y (Fir Ve, + (@kn, (9).)a,. (2.93)

i=1

Note that in the derivation of the weak formulation in equation (2.86) we added the
term —([u], {(ue(vy)n))q, in order to obtain a symmetric bilinear form, aj. If we
had instead added ([u], (ue(v)n))q,, we would have arrived at an anti-symmetric
version of Nitsche’s method, for which coercivity of aj can be established more
easily. Boiveau and Burman (2015) studied a finite element method based on the
non-symmetric version of Nitsche’s method for incompressible linear elasticity,
and showed that the penalty term can be eliminated. However, obtaining optimal
a priori error estimates in the L’>-norm can be more challenging for the anti-
symmetric formulation, due to the lack of adjoint consistency.

In early work, Becker et al. (2009) proposed a stabilized formulation using piece-
wise affine approximation for the velocities and piecewise constant approximation
for the pressure. Pressure stability was ensured by a term S, penalizing the jump of
the pressure across all interior element faces in the active mesh, thereby enabling
optimal error estimates independent of the boundary’s position relative to the mesh.
The stabilization form S, was not used, meaning uniform control of the condition
number was not achieved. The advantage of adding both stabilization forms to
the weak formulation is that they ensure stability and well-posed linear systems,
regardless of the position of the interface or the boundary relative to the mesh, as
discussed in Hansbo et al. (2014). We also refer to Burman and Hansbo (2014)
and Massing, Larson, Logg and Rognes (2014) for the Stokes fictitious domain
problem.

In most studies, ghost penalty stabilization has been used to stabilize both the
velocity and the pressure, with S, = s, (v, w) and Sy, = s ,(p, ). For instance,
in the case of P1 iso P2 elements (continuous piecewise linear elements for both
the velocity and pressure, but on different meshes), the stabilization terms take the
form (Hansbo et al. 2014)

d 2

Sna®@w)= > > Tui Yo W], [Vl ne])r, (2.94)
I=1 i=1 FeFn
2

sip(P-@) =) Tpi >, W(Vp-nrl,[Vg-nrlr, (2.95)
i=1 FeFn,

where nF is the normal vector associated with the face F'. The scaling with £ differs
for the velocity and the pressure, as it depends on the operator being stabilized by
the stabilization form.
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Recently, Liu et al. (2023) and Frachon, Hansbo, Nilsson and Zahedi (2024a)
demonstrated that, with the stabilization sy ,(p, q), cut finite element discretiz-
ations cannot guarantee pointwise divergence-free velocity field approximations,
even when the underlying finite element pair satisfies the divergence-free property.
To address this issue, Frachon et al. (2024a) propose a modified stabilization ap-
proach for the bilinear form bj,, where they choose S;, = sj_,(div uy,, g) for element
pairs such that V-V, ; = Op ;.

Cut finite element methods that produce pointwise divergence-free velocity ap-
proximations for the Stokes problem in domains with unfitted boundaries, where
boundary conditions are imposed weakly, have recently been developed by Bur-
man, Hansbo and Larson (2024a) and by Frachon, Nilsson and Zahedi (2024b). In
Burman et al. (2024a), a CutFEM framework for divergence-free elements using
Lagrange multipliers is proposed, and optimal a priori error estimates are derived
without the need for stabilization forms; for well-conditioning of the resulting linear
systems, a ghost penalty term for the velocity may be added. This approach was
extended to the case of Darcy flow in Lehrenfeld, van Beeck and Voulis (2023).
In contrast, Frachon ef al. (2024b) investigate compatible cut finite element dis-
cretizations that rely on stabilization, emphasizing the importance of selecting
appropriate stabilization forms to avoid polluting the divergence condition. They
stress ensuring that the condition

/ up-nds=0 (2.96)
o0Q

holds when imposing the boundary conditions weakly, and caution against intro-
ducing terms such as ({(gn), [up, - n])q, into the weak form of the mass continuity
equation. These factors are essential for ensuring robust, pointwise divergence-free
unfitted discretizations.

Frachon et al. (2024b) have developed cut finite element methods based on the
Brezzi-Douglas—Marini (BDM) and Raviart-Thomas (RT) spaces, both families
of H%-conforming finite element spaces. By combining the ideas from Frachon
et al. (2024b) with the cut finite element method based on Nitsche’s method and the
Scott—Vogelius pair proposed in Liu et al. (2023), robust, pointwise divergence-free
cut finite element discretizations can be obtained.

For extensions of the presented cut finite element discretization to two-phase
Navier—Stokes flows and insoluble surfactants, see Claus and Kerfriden (2019) and
Frachon and Zahedi (2019, 2023).

2.5. Numerical illustration

We first present some numerical solutions to the interface problem (2.18)—(2.21)
to demonstrate the performance of CutFEM based on (2.40), using the parameters
B =10% and 7; = 107!, with P1 triangular elements. In Figure 2.5 we show the
two subdomains €;, i = 1,2. We apply zero boundary conditions strongly on the
outer boundary of €.
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Figure 2.5. The domains €21 and €2, used for the numerical examples of the interface
problem (2.18)—(2.21).

(a) (b)

Figure 2.6. The standard FEM solution (a) and the CutFEM solution (b) of the
interface problem. The interface is highlighted by the black curve in (b).
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Figure 2.7. The difference between the standard FEM and CutFEM solutions.
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Figure 2.9. The CutFEM solution of the interface problem with fy # 0.

We compare the standard continuous FEM with CutFEM on the same mesh when
a; =10, @y = 1 and fy = go = 0. The mesh is not aligned with the interface, which
is represented by a piecewise linear approximation. Exact integration, accounting
for the interface position, is performed in both methods. In Figure 2.6 we show
the two solutions, and in Figure 2.7 we show the difference between the CutFEM
solution and the standard continuous FEM solution. Note that in this example there
is a discontinuity in the normal derivative of the solution and the error between the
CutFEM solution, and the standard continuous FEM solution is not limited to the
vicinity of the interface. Instead, it affects the solution globally in ;.

In Figure 2.8 we show the CutFEM solution when a; = a» = 1, fy = 0 and
go = 1, and in Figure 2.9 we show the result when | = ap = 1, fo = 10 and gg = 0.
The cut finite element approach is seen to handle discontinuities easily, both in the
solution and in the gradient of the solution.

Finally, we consider the Stokes interface problem (2.71)—(2.75) and a static drop,
represented as a circle with radius » = 0.5. The viscosities of both fluids are set
to one, f; = 0, and we choose o = 1. Thus the exact velocity is zero, and due to
the surface tension force, there is a jump in the exact pressure across the interface,
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Figure 2.10. The approximate pressure for the Stokes interface problem: the
standard FEM solution (a) and the CutFEM solution (b). The exact pressure is
represented by the dotted line in (a).

equal to the magnitude of the curvature. We compare the standard continuous FEM
with CutFEM on the same mesh using P1 iso P2 elements (linear elements both
for the velocity and pressure, but on different meshes). In Figure 2.10 we show the
cross-section of the pressure approximation from both CutFEM and the standard
continuous FEM. We observe that the pressure solution using CutFEM is accurate,
and in this case the exact pressure is obtained. However, since the mesh is not fitted
to the interface where the pressure discontinuity occurs, the approximate pressure
solution obtained using the standard FEM with globally continuous elements ex-
hibits oscillations around the interface. The approximation of the velocity field is
exact to machine precision using CutFEM, whereas with the standard FEM we ob-
serve spurious currents (unphysical velocities) around the interface. The CutFEM
results hold for both Sy, = 55, ,(p, q) and S}, = s, p(divuy, q). The standard FEM
solution is based on the discretization of the weak form (2.79)—(2.80).

3. Fundamental analysis of CatFEM

In this section we present the fundamental analysis of CutFEM for second-order
symmetric problems. As discussed in the previous section, cut finite element
methods impose boundary or interface conditions weakly on unfitted meshes using
a consistent penalty method (such as Nitsche’s method) or via Lagrange multipliers.
The analysis of cut finite element discretizations using Lagrange multipliers is
addressed in Section 7.

3.1. Abstract formulation

Consider the following abstract problems.
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1. The continuous problem. Find u € W such that
a(u,v)=1I1(v) forallveWw, 3.1

where a(u, v) is a bilinear form and /(v) is a linear functional corresponding to
the weak formulation of a second-order symmetric boundary value problem.
The boundary conditions are incorporated in the function space W, with
homogeneous Dirichlet boundary conditions assumed for simplicity. In the
case of non-homogeneous Dirichlet boundary conditions, the trial and the test
space will differ (see the boundary value problem in Section 2.1).

2. The cut finite element method (CutFEM). Find u; € Wy, such that
Ap(up,v) =Ip(v) forallv e Wy, (3.2)
where Ay, is a bilinear form given by
Apv,w) =ap(v,w) + sp(v,w). (3.3)

Here aj and [ represent the discretized bilinear form and linear functional, re-
spectively. These forms may coincide with the continuous counterparts a and /,
or, in the case of CutFEM based on Nitsche’s method, they may differ slightly due
to the weak imposition of boundary or interface conditions (for examples, see Sec-
tion 2). The term sj, represents the stabilization form. This section states abstract
assumptions on the stabilization form that ensure stability and well-conditioned
discretized systems, independent of the cuts in the unfitted mesh. Then, in Sec-
tion 4, we provide several concrete examples of such stabilization operators. In the
abstract setting, we do not explicitly account for the dependences of the coefficients
in the forms. However, we will consider several examples below where we include
the dependences of the problem parameters.
To derive a priori error estimates, we make the following assumptions.

Al. Consistency. The exact solution u € W also satisfies

ap(u,v) =1y(v) forallv e Wy, (3.4)
where W c W.
A2. Continuity. There is a norm ||| - |||, such that
an,w) < IIVllaliwllle - forall v,w € W+ Wi, (3.5)

and |||w]||, is well-defined for all w € W + Wj,. Furthermore, the stabilization
form is an inner product on Wy, induces a norm ||v||§h = sp(v,v), and by the
Cauchy-Schwarz inequality we have

sn(v,w) < |Ivlls, Iwlls, forallv,w € Wp. (3.6)
A3. Stability. On W}, we have
Ap(v,w)

Mvillpx < sup —————— forallv e W, (3.7
wew\(0} W17, %
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uniformly, where

VI = VI + V113, - (3.83)

A4. Approximation. There is an interpolation operator 75, : H*(O) — Wy, s > 1,
such that for v € H5(O)

v = 7nvllln < B vllEso)y, 1<s<p+l. (3.9)
Furthermore, the stabilization form sy, satisfies the weak consistency
7l < B VIiEs©), 1<s<p+l. (3.10)

Note that in assumption A1 we introduce a new space W because we typically need
to assume that the weak solution to (3.1) is regular enough for (3.4) to hold, due
to the bilinear forms a and aj;. Compare the bilinear forms a and a;, in Section 2,
where the form aj, arises from applying Nitsche’s method. The norm ||| - ||| is
typically associated with a,. The domain O refers to the physical domain. In
the context of the boundary value problem in Section 2.1, O corresponds to €,
while for the interface problem in Section 2.2, it represents the disjoint union of
the different subdomains, O = | |; Q;. The norm ||v||%1s is then defined as the
sum of the norms over each subdomain,

V120, = va,nH\(gl and  ||v]?, valnsh, (3.11)

0

Next we will establish optimal order a priori estimates provided assumptions
A1-A4 are satisfied. We will then construct interpolation operators 7, satisfying
assumption A4. Finally, we will verify that assumptions A1-A3 hold for the cut
finite element methods introduced in Section 2 for the boundary value problem,
the interface problem and the coupled bulk—surface problem. We will see that
assumption A3 (stability), depending on aj, may impose an additional design
criterion for the stabilization form sy,.

3.2. Error estimate

Theorem 3.1. Foru € W N HP*'(0©), and provided A1-A4 hold, there exists a
constant such that

e = wnllln < 2P Null o o) (3.12)

Proof. We begin by splitting the error into two parts using the interpolation
operator

W = unllln < lw = mpullln + ll7pu — uplln. (3.13)

For the first term in (3.13), we directly conclude, using the interpolation estimate
(3.9) (assumption A4), that

lu = mpullln < AP Null gro o) (3.14)
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For the second term in (3.13) we use the definition of ||| - |||, % (equation (3.8))
and apply assumption A3 (stability) to conclude that

Ap(mtpu — up, w)

llwnu = upllln < ll7nu = unlllpx < sup (3.15)

wewp\ 0y Wllla %

We estimate the numerator in (3.15) by using the fact that (3.2), assumption Al
(consistency), A2 (continuity) and assumption A4 (approximation) all hold. This
leads to
Ap(mtpu — up, w) = Ap(pu, w) — Ip(w)

= ap(mpu, w) — lp(w) + sp(mpu, w)

= ap(mpu — u, w) + sp(wpu, w)

S lwnu = ulllalllwllln + llwnulls, Iwlls,

1/2

< (llzpu = ulllf + lmnull3,) 1wl %

< WP \lull oo @) 1wl 5 - (3.16)
Combining (3.15) with (3.16), we get

l7nu = unllln, % < AP llullgea o). (3.17)
Finally, the result follows from (3.13), (3.14), (3.15) and (3.17). L]
Next we shall derive an L2-error estimate. To that end, let ¢ € W be the solution
to the dual problem
a(v,¢)=(p,v) forallv e W, (3.18)
with ¢ € L%(©), and assume that we have the elliptic regularity
1l 20y S ¥ ll20)- (3.19)
Furthermore, we assume that ¢ € wn H?%(©) and the discrete form ay, is adjoint
consistent,
an(v,¢) = (v,y) forallv e W, +W. (3.20)

Theorem 3.2. Foru € WNHP*'(©), and provided A1-A4, the elliptic regularity
(3.19), and the adjoint consistency (3.20) all hold, there exists a constant such that

llu = unll 20y < WP Hlaell o - (3.21)
Setting v = u — uy, in (3.20), we get
W, u—up)o =an( —up, P)

=ap(u—up, ¢ —npd)+apu —up, THP)
=anu—up, ¢ —mpd) + lp(npd) — ap(un, 1pP)

=sp(up,th P)
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=apu —up, ¢ — 1) + sp(n, ThP)
S Ml = uplllnlllg = madllln + llunlls, I7ndlls,
S Ml = unlllnlllg = 7rgllln
+ (lup = mhulls, + llmnulls)N7ndlls,
< hp+1||u||Hp+1((9)||¢||H2((’))
< WP Ul oo o) 19l 20y (3.22)
where we used the energy error estimate (3.12) and estimate (3.17), assumption

(3.10) on sy, interpolation error estimates, and finally the elliptic regularity (3.19).
Taking ¥ = u — uy, concludes the proof.

3.3. Useful inequalities

Here we recall some inequalities that will be used in the forthcoming analysis. For
T € Ty, we have the standard trace inequality (see e.g. Brenner and Scott 2008)

I3 < A7HIVIZ +RIVVIZ. v e HY(D), (3.23)
and a trace inequality for cut elements, which is frequently used in CutFEM (see
Wu and Xiao 2019),

IVIFag, < A7 IVIE +RIVVIZ. v e HNT), (3.24)

where the constant is independent of how € intersects 7" and of h. We also
frequently use the standard inverse inequality (see Brenner and Scott 2008)

Vs S B2 Wy 0<s < j,ve W (3.25)

|2
Hi(T)
which, when combined with (3.24), yields the following for v € Wj,:

IVIFag, < 27 IVIG. v e W (3.26)

3.4. Approximation properties

Here we construct interpolation operators for bulk domains and embedded surfaces.
To simplify the description, we consider the case when there is one bulk domain
O = Q or one surface O = Q. For interface problems with several subdomains
Q;, interpolation operators have to be constructed in the same way, but for each
subdomain and finite element space V}, ;.

The main idea when constructing interpolation operators for CutFEM is to first
extend the function that we shall approximate using a stable extension operator,
and then to interpolate the extended function using a stable interpolation operator.

Bulk domain. Let Eg: H*(Q) — H*(RY) be an extension operator with s > 1,
such that Egv|g = v and

IEsVIgs®a) S lIVIlHs@@ forallv € HY(Q), (3.27)
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where we refer to Stein (1970) for details. Recall from Section 2.1 that the domain
Q is embedded in a computational domain €, and recall the definition of the active
domain €Qj, as given in equation (2.5), and also that V}, denotes the finite element
space defined on this active domain.

Let mp.c: L*(Q) — Vj, denote the Clément interpolation operator. For each
element 7' € T, we have the following interpolation error estimate:

Iw = mn.cwllamey < CHP ! M wllgoin, ), 0<m<p+1,  (3.28)
where Ny (T) C €, is the union of the neighbouring elements of 7. We now define
the interpolation operator 1, : L?(Q) — V}, by

apv =np,cEpv. (3.29)
Using the interpolation error estimate in (3.28) and the stability of the extension
operator (3.27), we obtain
v = mnvllam@) < |Epv — wn,c Egvllum@y)
< hp+1_m||EBV||Hp+l(Qh)
< hp+l_m||v||Hp+1(gz)- (3.30)
Surfaces. Let Qy c R¢ be a smooth, embedded codimension-one hypersurface.

Let dist(x, Qo) = infycq, |[x — y|lza be the distance function associated with Qy,
and let

Us(Qo) = {x € R | dist(x, Qo) < 6} (3.31)
denote the tubular neighbourhood of Qg with thickness 26 > 0. Then, for 69 > 0
small enough, the closest-point projection pg,: Us,(£9) — €29 is well-defined,

and we can define an extension operator Es: H*(Qy) — H*(Us(€p)) such that
Esv =vopgq,and

IEsvilasws@oy S 6@y, v € HS(Qo), (3.32)

for any 0 < 6 < 9. In the same way as for the bulk domain, we define the
interpolation operator 7y, : H¥(Q0) — Vj0 by
mpv =mp,cEsv. (3.33)

Recall from Section 2.3 the definition of the active domain € ¢ (see equation
(2.65)) and the finite element space V}, o, defined on this domain. From equation
(3.28) we obtain

lEsv — mp,cEsviiam@, ) S hp+l_m”ESV“HP+1(Qh,O)
S HP R || e ) (3.34)

for h € (0, ho], with hy small enough to guarantee that Q¢ C Us,(Q0) and
Qn.o € Us(Qp) with 6 < h. Note that the patch Ny(T) for T € Tj, (see equation
(3.28)) can always be adjusted so that Nj,(T)) C Q0.
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To bound the interpolation error on the surface, we use the elementwise trace
inequality (3.24) and combine it with equation (3.34) to obtain
2 -1 2
Vo' v = mnv)llg, < B IV (Esy = mn.cEsvllg,,
m+1 2
+h|IV"(Esy — mn,cEsv)llg,,

S RPN - (3.35)

3.5. Condition number estimate

Next we prove a bound of the condition number of the stiffness matrix associated

with the cut finite element method defined by (3.2). The stiffness matrix Zh is
defined by

(ApV, Wign = Ap(v,w), v, w € W, (3.36)

The operator W, > v — v € RY is the coefficient extraction operator, which maps
the function v to the vector of coefficients v = (vi,Vs,...,Vy) with respect to a
standard finite element basis {(pi}f\i , in Wy, and the expansion

N
V= Vi @i (337)
i=1
Recall that for a symmetric positive semidefinite problem, the spectral condition
number is defined as

- /lm X
cond(Ay,) = 1 oy (3.38)

min

where Amax and A, are the maximum and minimum eigenvalues, respectively, of
the eigenvalue problem

Ay = V. (3.39)

Recall that the domain O refers to the physical domain, and let O, denote
the active domain associated with O, as described in Section 2. In the context
of the boundary value problem in Section 2.1, O corresponds to j, while
for the interface problem in Section 2.2, it represents the disjoint union of the
different active subdomains, Oy, = [ |; Qp;. Let the norm ||v||p, of a function
v = (v1,v2) € W}, be defined as

VIl = D villg, - (3.40)

Here we focus on bulk problems. For coupled bulk—surface problems, we need to
precondition the problem by setting vo = h'/?% and solving for ¥y. For further
details, see Section 3.8 and Burman, Hansbo, Larson and Zahedi (2016a).

To derive an estimate of the condition number, we will need the following
assumptions.
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A5. Inverse bound. There exists a constant such that
IVllax <A~ IVI0,, v EWh. (3.41)

This inverse bound usually follows by the trace inequality and from stand-
ard inverse inequalities for standard finite element spaces on quasi-uniform
meshes; see Section 3.3.

A6. Poincaré inequality. There exists a constant such that
Ivilo, S IVIlla,%s v € Wh. (3.42)

This Poincaré inequality requires stabilization to control the finite element
functions in W, on Oy,.

A’7. Norm equivalence. There exist constants such that
dy=)12 2
h ||V||RN ~ ||V||(9hs v € Wy (3.43)

This standard estimate follows from the quasi-uniformity of the mesh and the
use of a nodal basis (Ern and Guermond 2006).

Next we will show that a similar bound on the spectral condition number, which
is satisfied by standard finite element methods, also holds for CutFEM, provided
assumptions A2—-A3 and A5-A7 are satisfied. We will verify assumption A6 in
Section 4.

Theorem 3.3. Provided A2—-A3 and A5-A7 hold, there exists a constant such
that

cond(Ay) s h™>. (3.44)
Proof. The eigenvalues are characterized by the Rayleigh quotient

ARV, Vv Ap(v,v)

RN

(3.45)

To bound Ay (v, v) from above, we use assumption A2 (continuity (3.5)—(3.6)), A5
(inverse bound (3.41)), followed by A7 (norm equivalence (3.43)). This gives the
estimate

Ao S VI s B2V IG, s A2 PR A- (3.46)

Therefore we have

Ap(v, _
A = max A2V paa (3.47)
veW, ”V”RN

To derive a bound from below, we use assumption A3 (stability (3.7)), A7 (norm
equivalence (3.43)) and A6 (Poincaré inequality (3.42)), and proceed as follows:

RPN < VIS, < VI 4 < An(v,v). (3.48)
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From this we conclude that

Ah(V, V) > d

Amin = MIn —— (3.49)
Ve, [ llan
Combining the bounds for Apax and Ay, completes the proof. ]

In the following subsections we verify some of the assumptions for the bound-
ary value problem, the interface problem and the coupled bulk—surface problem,
presented in Section 2.

3.6. Nitsche’s method for a boundary value problem

Recall the boundary value problem presented in Section 2.1. The continuous
problem is as follows: find u € V, such that

a(u,v) =1(v) forallv eV, (3.50)
where
a(v,w)=(aVv,Vw)g, IW)=(f,v)q, (3.51)
and
Ve ={veH'(Q)|v=gonaiQ}. (3.52)
For the cut finite element method based on Nitsche’s method, we seek u;, € Vj
such that
Ap(up,v) =1p(v) forallv eV, (3.53)
where the forms are defined as follows:
Ap(v,w) =ap(v,w)+tsp(v,w), (3.54)
ap(v,w) =(aVv,Vw)g — (n-aVv,w)sa
— (v,n-aVw)aq + Bh™ (v, w)sq, (3.55)
In(w) = (f,w)a = (8.1 @VW)aq + Bh™ (8. w)sa. (3.56)

By assuming that the weak solution to (3.50) belongs to W = Ve NH 3e(Q),
applying partial integration, and using the boundary condition, we obtain

ap(u,v) = p(v) = (@Vu, Vv)q = (n - aVu,v)sa — (f,v)a
=(-V-aVu,v)o — (f,v)a =0. (3.57)

Thus the method is consistent, and assumption A1 holds.
Next, we define the norm

VI =l 290G + klla' 2 VviZg + A~ e viGg, (3.58)

and we note that the following continuity result holds:

an(v.w) < max(l, §>|||v|||h|||w|||h. (3:59)
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To prove assumption A3 (stability) we begin by
an(v,v) 2 [l PVviig = 2/(n - Vv, visal + Bh IVIlze.  (3.60)

Next, we estimate the negative term using the stabilization form s;,. Assuming that
sp provides the estimate

nlla' ?Vv]3g < ' PVv]3 + lla'?v)2 (3.61)

Sh
we can bound the boundary term as follows:
2/(n - aVv,v)aal < 2lla'2Vv]laalle!?v]laq
< S1hllaVy|5g + 67 h a2y |3,
< 61C(|' v + [l )12 ) + 67 h e 2v] 5, (3.62)
with §; > 0. Hence

AR, v) = ap(,v) + Tsp(v,v) = (1 = 6,0)||la'?Vv| 3

+(B=5 D Pyl + e - aiCalVIE,.  (3.63)
To finalize the stability estimate, we add and subtract the term 6okl 2Vv||é9,
and then use the estimate (3.61) again to bound the negative term. This gives
Ap(v,v) =ap(v,v)+tsp(v,v)
> (1-60)la'*Vv|13 + dohlla'?Vv| 3,
+(B=07Hh e PvlGe + @ - sCVIG,.  (3.64)

Choosing small enough constants §; > 0 with 6 = J; + dp, a sufficiently large
Nitsche penalty parameter 8 and stabilization constant 7 (proportional to @), we
obtain the desired stability estimate.

For the condition number, assumption A5 (inverse bound) follows from apply-
ing the trace inequality (3.24) and standard inverse inequalities on elements (see
Section 3.3). We obtain for v € V,

VIG5 = VG + v,
= lla'2Vvlig + hlla' PVvliZg + A e Pvligg + v,
< h72 e Pl +allvI, - (3.65)
Thus, for assumption A5 to hold, we require the following inequality:
IVIE, < 2 72IvIlG, - (3.66)

Using, for example, the ghost penalty stabilization form discussed in Section 2.1, it
is straightforward to verify that this inequality holds. For assumption A6, we need
the bound

2 2 2
allvilg, < vill; +allvi,, (3.67)
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which, together with (3.61) and (3.66), provides design criteria for the stabilization
form s,. In Section 4 we will present stabilization forms that satisfy these con-
ditions. Finally, assumption A7 (norm equivalence) holds, as shown in Ern and
Guermond (2006) using a nodal basis.

3.7. The interface problem

We now consider the interface problem in Section 2.2. We focus on verifying
assumption A3 (stability) and, in particular, explore how the weights 7; can be
used to minimize the penalty parameter, both with and without the presence of the
stabilization form.

Recall the definition of the bilinear form Ay, as given in equations (2.41)—(2.43).
For v € W), we have

2
Apov) = Y il Villy, + willvil?,, — 20 - @y, [vDay + B V]I,
i=1

(3.68)
We will carry out the analysis in the following norm:
2 ; 1/2 2 S 1/2 2 -1_1@ 2
IvIII2 = Zl ll} Vw3, + b 21 mileg *Vvillg, + h7 T, (3.69)
Next, assuming that the stabilization ensures the inverse estimate
hlle 2 Vvillg, < lle 2 Vvilly, + lleyvill?, . (3.70)
and using the definition of the weighted average
(n-aVv) =mny - a1 Vvi —mna - @2V
=nny - a1 Vv +mon; - ap Vs, (3.7
we obtain
2((n - aVv), [vDay

2
2(77[”1 N a’l‘VVi, [V])Qo

—_

~

2
1/2 1, -
< > Gihlla;2Vvilly, + 67 nFenl V] 11,
i=1
2
1/2 1/2 — _
< > 0iCilllePVviliy, + et Pvill2, ) + 67 Pk VI, (B72)

Il
—_
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for §; > 0, with C; being the constant in the estimate (3.70). Hence

2
Ap(,v) 2 (1= 6,Cller Vi,
i=1

2 2
- (/3 - 6;1n%ai) WV, + Y (@ = siCranllvills, . (373)
i=1 i=1

To finalize the stability estimate, we add and subtract the term 6077,~h||a/; vy i ||£220,
fori = 1,2, where 0 < n; < 1, and then use the estimate (3.70) again to bound the
negative term. This gives

2 2
Apv,v) 2 Y (= 5iColley *Vvillg, +60h Y mille > Vvillg,

i=1 i=1

2
-1 2 -1 2
+ </3—?:q?§(5i );niai)h V10,

2
+ ) (@ = 6Caplvilly, (3.74)
i=1

By choosing sufficiently small constants §; > 0 and 3: = §; + d¢n;, and selecting a
sufficiently large Nitsche penalty parameter 8 such that

2

- a1
> max(6;! 2a; > _— 3.75
B > max(s; >;n, X roe (3.75)
along with sufficiently large stabilization constants 7; (proportional to ;), we can

obtain the desired stability estimate.

Choosing the weights to minimize the Nitsche penalty parameter. We note that the
Nitsche penalty parameter 8 depends on the choice of weights 7;. By selecting
these weights appropriately, we can minimize the required penalty parameter. Spe-
cifically, we observe from (3.74) that we want to select 771 such that the expression
Z%:] n?a/i = rﬁa/] + (1 = n1)?a» is minimized.

Taking the derivative of this expression with respect to 1y, we find that the
optimal weights correspond to the harmonic mean of the coefficients @ and a»

given by
(0%} aq
=— = 3.76
n a) +ap & a) +ap ( )
With these weights, we have
2 aja
2 142
E = —————, 3.77
1= v an) G-77)
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and S8 can be chosen as

B =po—22 (3.78)

(a1 +a2)

where B is a constant. It is also important to understand how the method behaves
when a» tends to zero or infinity, while @; and the right-hand side remain fixed.
We find the following.

e When @ — 0, we have 71 = 0 and 77, = 1, and the problem reduces to a
homogeneous Neumann condition for #; on €.

e When ap, — oo, we have 71 = 1 and i, = 0, the solution becomes constant
in Q;, and we obtain a Dirichlet boundary condition for ©#; on €y. However,
the constant value in € remains unknown and must be determined as part of
the solution.

Choosing the weights to handle stability without stabilization. Alternatively, we
can define weights based on how the interface cuts the element. By selecting
appropriate weights, we can prove stability with respect to the unstabilized norm
Il - llln- Let us consider piecewise linear elements. In this case, the gradient is
constant within each element, and we have the identity

1, NT| 12 12
||CY-/ /

ATl Villg, nr (3.79)

1/2
hr, z”a’ / l”QgﬂT l“QgﬁT = ”a

for any element 7' € Tj,; that intersects the interface Q, where we define

1Q; N T

T,i=

Using this, we obtain the estimate
2(¢n - aVV> [vDe,

= ZZ(T],I’L] a; Vv, [v ])Qo

2
1
Z Sihr illa;Vvillg, + 67 hplmieil V11,

2
D sillaPvvillg,  + (Z 5;1q§h;}iai) hh= N 111, - (3.81)
i=1 i=1

IA
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Next, we add and subtract 6ohr,i||al.1/ 2Vv,-llfzo, and use the identity in (3.79) to
estimate the negative term. We obtain the following estimate:

2 2
an(v,v) = Y (1= 6lla;>Vvillg, +60h > (hnihz’) ™ milla 2 villg,
i=1 i=1
2
-1 271-1 -1 2
+ <ﬁ—gﬁ>§(6i )hz;nihT,iai>h ITv1113, - (3.82)

Here 6; > 0 must be chosen small enough with 3: = 0;+00, and the Nitsche penalty
parameter S must satisfy

2
B> max(s; Hh ) mihy ha. (3.83)
o i=1

By choosing the weights 7; so that Zle n%h}licxi is minimized, we obtain the
weights corresponding to the harmonic average:

-1
hr L2 ht 122
m=— —— = : (3.84)
hzliay + hilhay  hropan + hraa
-1
hr @i htpay
me=— L . (3.85)
hzlay + hihay  hrpan + hraa

We now show that the constants in (3.82) remain bounded independently of the cut
configuration, i.e. the values of Ar and hAr . This will demonstrate coercivity
(stability),

VIl < an(v,v), (3.86)

without the need for stabilization. More precisely, we will show that there exists a
constant C > 0, independent of how the interface cuts the mesh, such that

hnihyl; < C, (3.87)
if the following conditions hold:
Qo NT| < hd! (3.88)
and
a; ~ 1. (3.89)

The first assumption means that the complexity of the interface is limited, and the
second condition is satisfied for each fixed bounded constant coefficient pair a;
and a,. Note that using 0 < 7; < 1 and @; ~ 1, we have

hnhyhai < hnihzl;. (3.90)
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AN

A

B
AP

S

N
LRIV

(a) (b)
Figure 3.1. The solution with 7; = 0.1 (a) and 7; = 0 (b).

Now,
hria; ha; h

hnih7L = hh7 dantl = J ~ . (391
T Tl hraar +hryay  hraay +hriay  hry+hro ©-91)

By observing that

QiNT| |QNT| [|QNT|+|QNT| |T|

h +h = + = = , 3.92
T2 = 000nT] " [QoNT| Q0 N T Qo N T (3-92)

we conclude that

hQyNT

hnihy); ~ g0l o (3.93)

IT|

where we finally used (3.88). Thus we have shown that stability holds.
Note that to ensure that the condition number remains well-behaved, we need to
add a stabilization form such that the following Poincaré inequality holds:

2 2
2 2 2
D aillvilly, , < VIR + " aillvil?, - (3.94)
i=1 i=1

This demonstrates that while coercivity with respect to an unstabilized norm is
achievable, at least for linear elements and each fixed and bounded pair of coef-
ficients a; and «;, stabilization is required to guarantee that the stiffness matrix
remains well-conditioned.

Numerical illustration. We first show the cut finite element solution to the problem
in Section 2.5 with 7; = 0 and compare it with the case where 7; = 0.1 (see
Figure 3.1). The weights are chosen according to equations (3.84)—(3.85), ensuring
stability also without stabilization.
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— Diffusion weighted average, 7=0

- - Diffusion-size weighted average, 7=0
- Diffusion weighted average, 7= 0.1

- Diffusion-size weighted average, 7= 0.1

Smallest eigenvalue

0 0.1 0.2 0.3 0.4 0.5 0.6
Alh

Figure 3.2. Smallest eigenvalue of the system matrix for different choices of
weights, with and without stabilization. A denotes the distance from the interface
to the node at x = 0.5.

To investigate the effect of the interface position on the eigenvalues and the
conditioning of the discrete problem, we consider a one-dimensional interface
problem defined on x € (0, 1) with diffusion parameters a; = 1 (to the left of the
cut) and @, = 10 (to the right of the cut). We set go = fy =0, f; = 1, and impose
zero boundary conditions at x = {0, 1}. The domain is discretized with ten linear
elements of equal size, and the position of the interface is varied, moving it from
x = 0.55 towards the node at x = 0.5.

Figure 3.2 shows the effect on the smallest eigenvalue. We compare the diffusion-
weighted average (3.76) with the diffusion—size average (3.84)—(3.85), both with
and without stabilization. We observe that the diffusion-weighted average (3.76)
eventually leads to a singular system matrix when stabilization is not applied,
whereas the diffusion-size average does not. In Figure 3.3 we illustrate the effect
of stabilization on the condition number of the system matrix. While the diffusion—
size average remains stable, it still leads to severe ill-conditioning for a small cut.
Stabilization effectively remedies this problem.

3.8. Coupled bulk—surface problem
Recalling Section 2.3, we have

Ap(v,w) =alv,w)+ sp(v,w), (3.95)
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—7=0
--7=0.1
e = |

log of condition number

0 0.1 0.2 0.3 0.4 0.5 0.6
Alh

Figure 3.3. Condition number with and without stabilization, Here we use the
diffusion—size weighted average.

with

a(v,w) = bo(apVovo, Vowo)a,

2
+ ) i@ Vvi, Vwia, +([bv];, [bwlay), (3.96)
i=1

and thus in this case a, (v, w) = a(v, w). The energy norm is defined by
VIl = a(,v). (3.97)

As a result, we obtain consistency, continuity and stability (assumptions A1-A3),
and thus we directly obtain error estimates.

To derive a condition number estimate, we first precondition the problem by
using the substitution

vo = h'/%¥, (3.98)

and then we solve for (¥g, v, v2). Note that the same substitution is done for the
test function.

We will need to verify the inverse bound (assumption AS5) and the Poincaré in-
equality (assumption A6). For the preconditioned problem, the Poincaré inequality
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takes the form

2
~ 112 2 1/2 ~ 112 ~ 12
bollFollgy, , + D | billvilla, , < bohllay*Vovollg, + bohllFoll3, ,

i=1

2
+ > billey PVvilld, + ITbv1illg, + billvill3, .-
i=1
(3.99)

To establish this inequality, we assume that the stabilization forms sy, ; are such that

v = DI, , < Nl 2Vvilld, +lvill3, . i=1.2, (3.100)

Sh,i’

For i = 0, we assume that we have

150 = G0l , < hlley > Vooll3, + hllvoll2 (3.101)

Sh,0°

where we note that we have an additional 4 factor multiplying the first term that
compensates for the difference in the dimension of Qg and €y, 9. Here 4;: Vj,; —
Po(L2p,;)is amap that takes v € V}, ; to a constant function such that 4; is the identity
map on constant functions v;. Here Py(w) is the space of constant functions on w.
We also note that in the preconditioned form we have control over the right-hand
sides (3.100) and (3.101).

Choosing A; such that

bi(vi = 2;(vi)),w)g, =0 forall w € Py(L), (3.102)
which is the L?-projection onto constant functions on ), we obtain
([b(v = A(W)]i,w)g, =0 forall w € Po(£20) (3.103)

and

I[6v]illg, = 160 = AN, + 1 [bA0)]:IG, (3.104)
Using (3.100), we proceed as follows:

2
~ 12 2
bollFollg, , + > billvilla,,
i=1

» 2 T
< bollVo = A0(Po)llg, , + bollo(o)llg, ,

2

2 2
+ ) bilvi—4ivillg, , + billiillg,
i=1
~ 112 ~ 12 =~ 312

< bohl|Vovollg ollPollg oll2o(Mo)llg
< bohl[Vovollg, , + bollVolly, , + bolldo(Wo)llg, ,

3 bille Vil + billvil,, + ball ool (3.105)

Sh,i

2

i=1
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Here we used the fact that A;(v;) is a constant function and the definition (3.102).
It remains to bound

2
bolloGo)llg, , + Y bill il |

i=1

2
< bohlldoGo)llg, + D bill ilg, = *, (3.106)
e e 2
=b0||/10(vo)||§lo
where we used the fact that we have constant functions on domains with measures
such that |Qp 0| < h|Qo| and |y ;| < |Qi] < |Qo| for i = 1,2, and finally for the
first term the definition vy = h'/2%,.
First, using a trace inequality on Q (which holds since we have the homogeneous
boundary condition on the outer boundary), we get

1/2
laoDIE, < Ivilld, < lley >V, (3.107)
Next we use this to bound the term involving A¢(vg):

||1?0/10(V0)||é0 < l1bodo(vo) — bl/ll(Vl)ngO +191||/11(Vl)||§20

< NBAWT1IZ, + billa, > Ivil,. (3.108)
Proceeding in the same way, we get
2
ballawo)lig, < D NBAG NG, + billey Vi3, (3.109)
i=1

and we conclude that

2
* < ) IbAW NG, + billay >Vl
i=1

I[6v]ilI, + billey > Vil (3.110)

M-

Il
—_

<
i

where we used (3.104). Finally, by combining this bound with (3.105), we arrive
at the desired estimate (3.99).
Finally, we comment on assumption AS. For the bulk terms we have

billVvillg, < billVvillg,, < bih~IIvillg, - (3.111)
and for the surface term
bohl[VoTollg, < bollVoTollg, , < boh~?IITollg,, - (3.112)

The coupling terms can be estimated in a similar way, which completes the verifi-
cation of the inverse inequality.
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4. Weak stabilization

This section introduces weak stabilization forms for cut finite element methods
in bulk domains. These forms are added to the weak formulation to improve
control over the solution in the active mesh, beyond the physical domain. When the
solution is not adequately controlled across the entire active mesh, problems such
as ill-conditioned linear systems, loss of accuracy and severe time-step restrictions
in time-dependent problems can arise, depending on the position of the boundary
or the interface relative to the computational mesh. The fundamental idea behind
the weak stabilization technique is to control the variation of the discrete functions
between neighbouring elements. A standard approach for achieving this is by
controlling the jump in normal derivatives across element faces, typically by adding
appropriately scaled stiffness proportional to these jumps. However, we will also
explore how this technique can be generalized in several directions.

In this section we assume that the physical domain is denoted by € and the active
domain by €, (for notation, refer to Section 2). In problems involving multiple
bulk domains €2; separated by interfaces, stabilization must be applied in each
active mesh Qy, ; corresponding to each subdomain €2; individually. Therefore, all
results presented in this section apply to each subdomain separately.

4.1. Abstract properties
A weak stabilization form for a second-order problem is a positive semidefinite
bilinear form sy, acting on Vj, that satisfies the following assumptions.

e There exists a constant such that

VI3, < V™13 + VIR, . v e Vi @.1)

Sh,m’
where we recall that Q;, = Ure7;, T and ||v||éh = XreT, ||v||:‘}. Here m = 0 or
m=1.
o There exists a constant such that the weak consistency condition (3.10) holds,
vl < B ls@, 1<s<p+l, (4.2)
where 7y, : H*(Q) — V), is the interpolation operator introduced in Section 3.4
for bulk domains.

In the previous sections we used s ; to denote the stabilization associated with
the domain €2;. When necessary for clarity, we may write sy, ;_»,,, where the index i
indicates that the stabilization form is associated with the domain ;. However, in
this section we consider only one bulk domain, so we adopt the simplified notation
Sh.m» where m represents the order of derivatives that we control.

4.2. Examples of stabilization forms

We classify the elements in the active mesh into small and large elements, where
small elements have a limited intersection with the domain € and therefore require
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stabilization. More precisely, an element is considered large, given a parameter

0<y<l,if
|T N Q|
Y < —. 4.3)
7|
Otherwise, the element is considered small.
We decompose the active mesh 7, and the domain Q, as
Th=TEUT>, Q=0QFuQ;, (4.4)

where Qﬁ and Qi represent the domains formed by the large and small elements
of the active mesh, respectively.

Face-based stabilization forms. The most common stabilization term for cut ele-
ments is the face or ghost penalty (Burman 2010), defined as

r
S w) = D TRV, [VawDr, (4.5)

FeFy, j=1
where m = 0,1, 7; are positive constants, and F}, is the set of all interior faces

shared by an element in 7,(0Q) = {T € T, | TNOQ # ¢}. The term [Vﬁ;v] denotes
the jump in the jth normal derivative across the face F shared by two elements 7
and 7>, that is,

[Viv] = Vavi = Vi, (4.6)
where v; denotes the function v on element 7;, and 7 is the unit normal to the face
F outward directed with respect to 7.

For simplicity, let us consider the case of linear elements, i.e. p = 1. In this

case, for elements 77 and 75 sharing a face F, there exist constants such that for all
v eV,

VIZ, < I3, + NVl (VYIS IV, + ANV, 4.7)
which correspond to m = 0 and m = 1, respectively. To derive these estimates, let
v; denote the polynomial on 7;, for i = 1,2, and extend its definition to 77 U T5.
Taylor expansion around a point xr € F yields

vi(x) =va(x) = vi(xp) = va(xp) + (x —xp) - V(vi —v2)
=n-(x—-xp)n- -V —vy), (4.8)
since v — v = 0 on F. For the first estimate in (4.7), we subtract and add v,, use
the triangle inequality, and then apply the Taylor expansion,
Ivillg, < v =vallg, + Iv2llf, < 1= xp) - Vi = v)ll3, + vl
S K IVai = vl + v2llz, = BNy + 2l (4.9)

Here we used the estimate ||v2||7; < ||v2]|7,. which holds because v; is a polynomial.
The second estimate in (4.7) follows in a similar manner. However, note that
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Q Q

T I T

T i)

(b) (©

Figure 4.1. The idea behind stabilization. The dotted yellow edges and purple
elements represent the edges and elements involved in the stabilization process. (a)
Full stabilization. Stabilization is applied across all interior faces in the active mesh
that are shared by an element in 7,(0Q) = {T € T;, | T N 0Q # ¢}. (b) Macro-
element stabilization with y = 1. In this case, all cut elements are considered small,
and each small element is connected via stabilization to only one large element.
The elements 7} and T; belong to 7;15, but are connected to 73 € 7;[L via edges, on
which stabilization is applied. (c) y = 0.3. Here 7; is small, while 75 is classified
as large and belongs to ThL. Each small element is connected to one large element.

Vv — Vv, # 0 on F, and the higher-order terms in the Taylor expansion vanish
since the gradients are piecewise constant (for p = 1), leading to an A-scaling factor
instead of the /3-scaling factor.

Using the pairwise bounds, either directly or through a chain of neighbouring
elements that share faces (see Figure 4.1), the degrees of freedom on small elements
in ’7;15 can be controlled by the degrees of freedom on large elements in 7;lL, for
which we have the robust inverse estimate

IVVIIF < IVVllFng. T €Ty, (4.10)
and thus

2 2 2 2 2 2
IVvilg, s IVvlig+IvIl, . IIvlg, s lIvlig+ VI, - (4.11)
h s h s

Note that the constants in these estimates depend on the lengths of the paths
connecting cut elements to interior elements, or, more generally, small elements
to large elements. The length of these paths depends on both the properties and
resolution of the boundary, as well as the mesh properties. It can be shown that
the path length is uniformly bounded for smooth boundaries and locally quasi-
uniform meshes with sufficiently small mesh sizes. For higher-order piecewise
polynomial approximations (p > 1), the bound in equation (4.1) is derived in a
similar manner to the p = 1 case, by simply including the higher-order terms in the
Taylor expansion.
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The stabilization term also satisfies the bound
Vllspm S IV™IQ,, Vv €V, (4.12)

for m = 0,1. Recall the definition of sj_,, in equation (4.5). The inequality in
equation (4.12) follows from the triangle inequality, a standard trace inequality (see
(3.23)) and standard inverse estimates (see (3.25)). These inequalities allow us to
pass from the face F to the neighbouring elements 77 and 75, and removing the
term V{,_l using the factor /71,

2
2(j— 1 j 2 2(j— 1 j 2
PRIV < D R
I=1

2 2
< DRIV E < IV, (4.13)
=1 =1
Thus we have the equivalence
IVl + VI3, ~ IV™VIlG,, m=0,1. (4.14)

Finally, stabilization can be applied more restrictively by connecting each small
element in T;lg to only one large element in 7>, and by choosing y < 1 so that cut
elements with a large intersection with the physical domain €2 are classified as large.
In this case the set F}, in equation (4.5) will contain fewer faces compared to the full
stabilization, where all interior faces shared by an element in 7,(0Q) = {T € T}, |
T N0Q # ¢} are included in Fj. An illustration can be found in Figure 4.1. We
refer to Larson and Zahedi (2023) for further details of this so-called macro-element
stabilization.

Element-based stabilization forms. An alternative implementation of the face pen-
alty, which is particularly convenient for higher-order polynomials (as it avoids the
need for higher-order derivatives), is given by (see Preuf3 2018)

S w) = D Th(V], [WDee, (4.15)
FeFy,
or equivalently
shm(v,w) = > TV, [YW]) e, (4.16)
FeFy

where for each face F' € F},, P(F) denotes the union of the two elements sharing
the face F. Here the jump is defined as

[Viv] = Ve = VIS on P(F) =T\ UT,, [=0,1, 4.17)

where v¢ represents the polynomial v; extended from 7; to 71 U T3 in the canonical
way.
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Projection-based stabilization forms. For this approach we consider stabilization
on patches or macro-elements, where each small element is associated with a patch
of neighbouring elements that contains a large element. We then penalize the
difference between the finite element functions restricted to the patch and a global
polynomial defined on the patch. More precisely, let {Mr: T € 7;lP } be a set of
patches, where 7;1P C 7;} is a subset of large elements that enumerate the patches,
such that the patches cover all small elements, that is,

Q) C Urerr My (4.18)
We then define the stabilization form,

S w) = > T2 = Py ), V= P Dag, (4.19)
TeTF

form =0, 1, where Py, : Vi|pmy — Pr(Mr) is the Lz—projector for m = 0 and the
Ritz projector for m = 1. The choice of the global polynomial is not critical; for
instance, we may take the canonical extension of the polynomial on a large element
in the patch.

Stabilized bilinear forms. We may alternatively take the viewpoint that we stabil-
ize the inner products involved in the formulation, rather than adding a separate
stabilization term. A typical formulation will involve L?(Q)-inner products, and we
can define the stabilized L2-inner product on the space of discontinuous piecewise
polynomials X}, as

V. Wn,a =, w)a + sp(v, w), (4.20)
where, for example,
p
suow)= 0 (VY] [VawDr. @.21)
FeFy j=0

Since the jump in the function itself is included in s, we can, as before (see (4.13)),
show the following equivalences:

Ivllne ~ Vlle,.  [1VVilna, ~ IVVile,- (4.22)

This approach is of particular interest when we have a finite element space that
satisfies an inf-sup condition for standard elements:

b(v,q)
mllqllg < sup ,
vev, VIlv

(4.23)

where b(v, q) = (Bv, q)q for some operator B, such as the divergence operator, and
the finite element spaces are such that BV, = Qj. Then we stabilize the L2-inner
product, leading to

br(v,q) = (Bv,q)a + sn(Bv, q). 4.24)
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Taking v such that Bv = g, we get

bi(v,q) = (Bv, Qo + sn(Bv,q) = (¢, Do + sn(q, @) 2 413, (4.25)
which, together with the inequality ||v||v < [|gl|o. establishes the inf-sup condition.
Specifically,

br(v,q) bpv,q) |lv bp(v,
lallo, < 22 9 (v, q) Ivilv < K 61). (4.26)
llgllo vilv liglle = livliv
On the other hand, if we take ¢ = Bv, we obtain
bu(v, Bv) = (Bv, Bv)q + sn(Bv, B) 2 ||BV||3,, - (4.27)

Thus both ¢ and the constraint are controlled on the active mesh. This is a powerful
tool whenever the two above choices of test functions are allowed. For instance,
this is the case when approximating the Stokes equations or the Darcy equation,
where the finite element space for the velocities has a divergence-free subspace
with approximation properties. In such cases, both the pressure and the divergence
can be controlled. See Frachon et al. (2024a,b) in the context where B is the
divergence operator and the curl operator.

4.3. Generalized pairwise stabilization

We can generalize the construction of the stabilization form by assuming access
to a mapping S 7;15 — 7;1L , which maps a small element 7 onto a large element
S (T) such that

diam(S,(T)UT) < h. (4.28)

Such a map exists for domains with Lipschitz boundaries and sufficiently small
mesh sizes h; see Burman et al. (2022¢). For each small element T € 7;15 , we
define the jump as

vlr =vir = Ols,a)’Ir, (4.29)

where (v|s,())¢ denotes the canonical extension of the polynomial on the large
element S, (7).
A generalized stabilization form is then defined by

Shmv,w) = Y Th* br(V]r, [wlr), (4.30)
Te’I;S

where br is a positive semidefinite form, and a,, is chosen so that sy, ,, stabilizes
the H™-norm:

2 2 2
V2 S I 2pmey + VI3, - 431
Further, the following weak consistency holds:
I7nvllsym S B " IVIlES @, m<s<p+]. (4.32)

We now provide examples of generalized pairwise stabilization forms.
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H™ stabilization. Let

br(vlr, [wlr) = (vlr, [WlT)EmT) (4.33)
and a,,, = 0 in equation (4.30). This gives
Sh,m(V, W) = Z ([vIr, [WIT)Emr), (4.34)
TeT?S

with [v]7 as in equation (4.29). We then have, forv € V, and T € 7;15 ,

2 2 2
”VHHm(T) < v- (VlS/,(T))eHHm(T) + ||(V|Sh(T))e”Hm(T)
2 2
< [V]T”Hm(T) + ||V||Hm(Sh(T))' (4.35)

This gives the global bound

2 _ 2 2
oy = 10y + D IV Iy
TeTS

2 2 2
S W pmgry + D NIy + 1V s, ey
TeThA
2
+vll (4.36)

Sh,m’

2

where we used that Sy maps 7 to a large element in 7;1L. Thus we directly get
stabilization of the H™-norm.

Normal gradient and L? control. We now present a stabilization form specifically
designed to address the inverse inequality for the normal gradient, which is essential
for proving coercivity in Nitsche’s method, as well as the L? control needed to bound
the condition number. Let

sn(v,w) = Z T1h(Vu[v]7, Valwlr)rnee + 7([v], [WDr- (4.37)
TeT(09Q)
The first term gives precisely the inverse inequality

RIVavlZg S IVVIE + VI3 (4.38)

Sh?
while the second term ensures the L? control

Vi, < Ivlig+ Iz, (4.39)

5. Weak stabilization on surfaces

As with bulk problems, we ensure adequate control of the approximate solution
to surface PDEs across the entire active mesh by incorporating stabilization terms
into the weak formulation of CutFEM. These stabilization forms are necessary to
obtain a uniform bound on the condition number, and, in certain cases (e.g. for
Lagrange multipliers), they are also required for stability, as discussed in Section 7.
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5.1. Abstract properties

Let Qg be (d — 1)-dimensional surface embedded in R4, with d = 2 or 3. Consider
an active mesh 7 o of d-dimensional elements that cover Q. The union of the
elements in 7 o forms the domain Qj, o, and we have a finite element space Vj, o
defined on this active mesh, as described in Section 2.

A weak stabilization form is a positive semidefinite bilinear form sy, ,,, acting on
Vi.0, which satisfies the following conditions.

e There exists a constant such that

2 2 2
VIR, , < AIVEVIR, + VIR, veEVio, m=0.1,  (5.1)
where V( denotes the tangential gradient on €y, and the factor 4 compensates
for the difference in dimensions.

e There exists a constant such that weak consistency holds:
lmnvlls,, < B "IVl @Q), 1<s<p+1, m=0,1, (5.2)

where 7y, 1 H*(€29) — Vp, 0 is the interpolation operator defined in Section 3.4
for surfaces.

When necessary for clarity, we may write sp,0.,,, Where the additional index 0
indicates that the stabilization form is associated with a surface €. In this section
we only consider surfaces, and therefore we use the simplified notation sy, ,,,, where
m indicates the order of derivatives that we control.

Depending on the problem, stronger control than that stated in equation (5.1)
may be required. In such cases, the stabilization form sj,_, may scale differently,
satisfying a modified version of (5.1). For instance, both sides of (5.1) could be
multiplied by 27!, and the stabilization form may then satisfy that estimate instead.
However, the stabilization must still scale in such a way that weak consistency (5.2)
is satisfied.

As an example, in Section 2 we presented a ghost penalty stabilization form in
equation (2.70) (for i = 0) for continuous linear elements and m = 1. This was the
first stabilization form introduced for cut finite element discretizations of surface
PDEs; see Burman et al. (2015¢). Later, Zahedi (2017) and Larson and Zahedi
(2019) incorporated normal derivatives at the interface, which, together with the
ghost penalty, could achieve a uniform bound on the condition number, even for
elements of higher order than linear. It was then demonstrated that a weaker ghost
penalty term (with an 4 scaling) can be chosen when normal derivative control at
the interface is included. Next we provide further details of how such stabilization
forms can be constructed.
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5.2. Construction of a surface stabilization form

On a surface, we say that an element T € T, is large if

h|T N Q|
YE
7|
where the factor 2 compensates for the fact that 7 N € is (d — 1)-dimensional and T’
is d-dimensional. We divide the elements into large and small, i.e. 7j, = 7;1L U 7;15 .

Let {Mr: T € T,”'} be a set of patches, where 7,” c T,F is a subset of the large
elements that enumerate the patches, such that

max diam(Mr) < h, 5.4)
TeTF

5.3)

and the patches cover all elements,

Qh,O C UTEEPMT’ m=0,1. (55)

We define the stabilization form as
S W)= > Spm (), m=0,1, (5.6)

Te771P

where sp, 1,0 (v, W) is a stabilization form for each patch, such that

2 2 2
V7137, S BIVE gy + VI, - (5.7)

Thus we obtain the global bounds

V™I, , < 2IVEVIG, + VIS, ,,. m=0.1. (5.8)

Sh,m’

The term ||V{'v ||f20 is controlled by the form associated with the partial differential
equation. For instance, for a second-order elliptic partial differential equation on
Qq, we have

IVovllg, < a(v,v), v e H'(Q), (5.9)

and for m = 0, the operator may directly provide the L? control. If not, we work in
H'(Q)/R and use the Poincaré inequality

Ivlla, < IVovlla,, v € H(Qo)/R. (5.10)

The patch stabilization form sp,_,,, ar,-(v, w) needs to control both the variation of
the function on the patch and the variation in the direction normal to the surface.
An example of such a stabilization form is given by (see Larson and Zahedi 2019,
2023)

p
S M (VW) = St (0, W) + ) 70 2TV, Viw)g,,  (5.11)
j=1
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where sy, v, % (v, w) is a form such that

IV = vo)llar < Vs nryweo (5.12)
with vy = (v|7)¢, the canonical extension of the polynomial on the large element
TeTrl.

For simplicity we verify (5.1) for p = 1. Adding and subtracting v and using
the triangle inequality, we obtain for m = 0, 1 the following estimate:

2 2 2
IV 2 < IV = vl + IV V72,

2 3-2 2 2
SV, B2 I0vr g, + AV VIR g,

2 3-2 2 2
SV, H 2 IY0 B ngy + BIVE VIR gy (513)

Here we used the inverse inequality
2 3-2 2 2
IV"wrllpg < B IVawr 70, + VG WTll70g,, m=0,1, (5.14)

which holds since wr is a polynomial and 7 is a large element. Furthermore, we
assumed that the form sy, ,,, a7, % provides the control in (5.12).
To achieve this, we may use the ghost penalty form

p

Stk W)= >0 RUTIVIV], [Viw))p, (5.15)
FeFp(Mr) j=1

where F5(Mr) is the set of internal faces in M. Alternatively, we could use the
element-based stabilization in equation (4.15), or a patch stabilization form,
Shom, Mz, % (Vs W) = Z (V" =), V(W = wr )1, (5.16)
T7eTS.T'cMy

where we control the difference between v and the extension vy of v restricted to
the large element. For the latter, we directly obtain the estimate in equation (5.12).
For the face-based stabilization, we connect every element to the large element via
a chain of elements and use the control of the variation across the faces; see (4.7).

Finally, we verify the weak consistency (5.2) for the patch stabilization form.
We have

[ SR [\ AL C AR e A 1) (5.17)
T'eTS. T cMy
For any polynomial w on M7, we know that (7,w)r = wp = w, and therefore
V" (mp(u = w) = (wp(u = w)r)ll7
IV (rp(u = w)llr < B[l = wllary

< RPHMu g, (5.18)

V™ (mpu = (mpw) )|l 7

IA

where we used an inverse estimate to remove the gradient, the L2-stability of the
interpolation operator, and finally polynomial approximation.
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It remains to verify the consistency for the normal stabilization term. We use
the fact that V,,Esu = 0, where Esu = u o pg, is the extension of u via the closest
point mapping pq, associated with €. Using the definition of the interpolation
operator and the interpolation estimate (3.35) (see Section 3.4), we obtain

3-2 2 3-2 2
h mllvnﬂhunrmgo =h mllvn(ﬂ'h“ - ES”)”ngo

S h3—2mh217||u“i1p+1(90)' (519)

This completes the verification. Note that the normal stabilization term could scale
with weaker h-dependence and still satisfy the weak consistency in equation (5.2).

The stabilization forms presented here essentially follow the approach intro-
duced by Larson and Zahedi (2023), who proposed patch-based stabilization forms
involving both normal control on the surface and variation control on the patch.
Alternatively, one can use normal stabilization on the elements, as proposed by
Grande et al. (2018) and Burman et al. (2018¢), and defined as

Shm(Vs W) = B2 (Ve v, Ve Wg,, o, (5.20)

where n® = n o pg,. The analysis with only this stabilization is more complicated,
butif we add a stabilization form s, ,, ps,., % satisfying (5.12), we can adopt the proof
outlined above. For linear elements, one may opt for full gradient stabilization, as
described in Burman er al. (2016b).

6. Strong stabilization

An alternative to weak stabilization is instead to strongly stabilize the finite element
space by eliminating unstable degrees of freedom so that optimal approximation
properties are preserved. The approach may also be viewed as constructing a dis-
crete extension operator, which was introduced in Johansson and Larson (2013) for
discontinuous finite element spaces and in Badia et al. (2018) for continuous finite
element spaces. Burman et al. (2022¢, 2023b) have developed an abstract general
framework for constructing the extension operators, which we will follow here.
The relation between stabilized formulations and formulations using extension was
discussed in Burman, Hansbo and Larson (2022e¢).

6.1. Construction of a discrete extension operator
Recall that an element is considered large if
YIT| < T NG, (6.1)

for a positive parameter y; otherwise the element is classified as small. Consider a
finite element space V}, with a standard locally supported basis B = {go,-}f\:’ - We
say that a basis function is small if its support does not contain any large element;
otherwise the basis function is large. By decomposing the basis into the set of large
and small basis functions B = B U BS, we may also decompose our finite element
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space into two subspaces
Vi, = VhL ® V;lq = span(BL) @ span(B%), (6.2)

where VhL is spanned by the large basis functions and V;? by the small basis functions.

For v € V), we can write v = v5 + vl where the superscript S denotes the
component in V;f and L the component in VhL. We also introduce the set of indices
corresponding to large basis functions, which we denote by I~.

The extension operator will essentially use information from VhL to construct
an element in VhL ® V,f with proper stability and approximation properties. With
natural assumptions, the extension operator will also preserve VhL.

Recalling the mapping S;,(T), which maps an element 7" onto a large element
such that

diam(S,(T) U T) < h, (6.3)

we introduce a preliminary extension operator By, that extends V[; into a dG-space
X}, that contains V}, defined by

lp, T 11,
By = Vsl T sma (6.4)
viT, T large.

Here v¢ denotes the canonical extension of a polynomial v on T to a polynomial on
R<. Next we use an interpolation operator 75, to map Xj, onto Vj,. By composing
By, with the interpolation operator 7, we will obtain our extension operator. To
that end, let 5, : X;, — Vj, be an interpolation operator

v = ) i)ers (6.5)
iel
such that
Il i@y S V@ v € Xa- (6.6)

Typical choices are operators of Clément type. Finally, we define the extension
operator E}, as the composition of By and 7j,:

Ep: VEsvE e mBpvt e VE c v, (6.7)
where we define the extended finite element space by

VE = En(VE) c Vi (6.8)

6.2. Basic properties

The extension operator Ep, : VhL — Vj, is linear and injective. If the interpolation
operator is such that

v =v, VeV, (6.9)
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and the functionals ¢; are chosen to preserve the finite element space and such that

{1//,1 L*(supp(p;)) NQF) - R ifi e 1L,

6.10
i LZ(Supp(tpi)) — R otherwise, ( )

where Q,Ll denotes the domain formed by the large elements (see (4.4)), then the
extension operator has the following structure:

Envl = (EpvD)E + (EpvD)S =vE + (EpvD)S. (6.11)
To show that (E;vE)l = vE, we have the following identities:

(Env)" = By = > piBiv)gi = ) gi(v)gi =vE, (6.12)
ielt ielk
Here we used the identities ¢;(w) = wi(wlgﬁ) fori € I* and B,v = v on Q{: which
are consequences of (6.10) and (6.4), respectively. These identities together imply
that Ej, preserves VhL.

6.3. Matrix formulation

Here we summarize the basic steps in the matrix calculations involved in solving a
problem using the discrete extension operator.
e Assemble the square linear system of equations for the original method
Aiiy, = b, (6.13)
where i € RE™Vi) gre coefficients for the full approximation space Vj,.

e Given ¥ > 0 and the small-to-large element association Sy, assemble the
discrete extension matrix Ej, € RAMVi)xdim(Vi) quch that

vE = EjvL = B9t (6.14)
following the construction above. If y = 0, this reduces to the identity matrix.
e Solve the reduced system
(Ey AEp)at = E]b, (6.15)
where i}, € RIMVY) are coefficients for the extended space vE.

e Expand in coefficients for Vj,:
it = Ejik. (6.16)
6.4. Theoretical results
We have the following theoretical results.
e Stability. Forv € VE c H'(Qy),
IV™laq, S IIV™|e, m=0,1. (6.17)
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e Approximation. Let ﬂf = Epmy, where 7y, is an interpolation operator
constructed as in Section 3.4. For v € HP*(Q),

lv = 7 vllzm@, < AP Il gy, 0<m<p+l.  (6.18)
o FEquivalence to DoFs-norm:
2 2 d |52
Vil ~ vlig, ~ hIVIEN, v e Vi (6.19)

We refer to Burman et al. (2022¢, 2023b) for proofs of these results.

6.5. The relation between weak and strong stabilization

This section explores the relationship between the strong and weak stabilization
approaches. More precisely, we show that there is a weak stabilization form such
that the strong stabilization is obtained in the limit when we let the stabilization
parameter tend to infinity.

For each small basis function, ¢; associates an element 7; C supp(¢;) C QS and
we define

shm(v,w) = > B ([wl), (6.20)
ielS

where IS is the index set for the small basis functions and /P L*T;)) —» Ris a
functional that provides the value of the degree of freedom such that

v= Y Ui)gi v E V. 6.21)
iel
For this stabilization form, we have the following stability estimate:
2 2 2
”V”Hm(gh) <v - EthHm(Qh) + ||EhV”Hm(Qh)
-2 2 2
< W7y = Envll3, +1Ew 12mcg,,
< B2 i = Enn) 2+ 1EnvIme,)
iel
2 2
S I, + IV IEmq)- (6.22)

Note that we can change Ej, to By,.
Next, to investigate the relationship between the strong stabilization and the
degree of freedom stabilization, we note that

Yi([vl7) = i(v) = wi(Byy) = ¥ (v) — yi(Epv™) = (v — Epvt),  (6.23)

since
YiEv") = (Z l//_;(Bth)so_;) = > wiB Y i) = vi(Bavh). (6.24)
J j *f—’_éu
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We thus have
Shm(V, w) = Z Ry (v ([wl )
ielS
= TRy = Epvgi(w — Epw). (6.25)
ielS
This means we control the distance between a function v € V), and the stable
extension E,v.

It follows that when the stabilization parameter 7 tends to infinity, the solution
to the stabilized problem

an(Up,z,V) +TSpmUp,<,v) =1lp(v) forallv eV, (6.26)

will converge to the solution uf of the strongly stabilized problem

ap (uf, v) =1I,(v) forallv e Vf, (6.27)
since
an(n, o, V) + TSpmQn,7,v) = [h(v) = ap (ul,v), (6.28)
and thus we get
anp (uh,T - uf, v) + TSh.m (uh,f - uf, v) =0 forallv eV, (6.29)
Let ||| - |||» be an energy norm associated with aj, such that a,, + s, is coercive
and aj, is continuous with respect to ||| - |||5. Setting w = up - — uf and using
stability bounds for the finite element solutions, followed by the consistency (6.29),
yields
Il + I, . < anOw,w) + 700, w)

=ay (w,uf) +Tsh,m(w,uf)
= an (w.uf)
< wllllleeg Nl a- (6.30)

Here we used the identity sj, (w, uf ) = 0, which follows from the definition of
Sh,m in (6.25). We keep 7 outside the norm || - |, ,,, for clarity.
We conclude that

E E
Tl = wy sy < Mugllln < 1, (6.31)

and now keeping % fixed and letting 7 — oo, the result follows. Indeed, since
lim; oo [|Up,+ — uEHSh’m = 0, we conclude that u;, . € VhE and hence uy = u;’f.
We remark that this result shows that there are no locking effects for large values
of the stabilization parameter T for weak stabilization as defined by (6.25). In
contrast, a standard ghost penalty stabilization (without the use of macro-elements)
forces the solution into the kernel of the stabilization form as the parameter 7 tends
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to infinity, which typically leads to locking for large values of the stabilization
parameter. For instance, when ghost penalty stabilization penalizing derivative
jumps is applied on all faces, the kernel of the stabilization form acting on the
space of continuous piecewise polynomials of degree p is the space of global
polynomials of degree p.

7. Lagrange multiplier methods

In the previous examples we considered Nitsche’s method for the imposition of
boundary and interface conditions. Another approach for weak imposition of
interface constraints is to use Lagrange multipliers. The use of Lagrange multipliers
for the imposition of constraints in finite element methods dates back to the seminal
works of Babuska (1972/73) and Brezzi (1974). In the case of fictitious domain
methods using finite element methods, they were introduced and analysed by Girault
and Glowinski (1995), and on cut meshes, using stabilization, by Burman and
Hansbo (2010a).

To design cut finite element methods with Lagrange multipliers, we add an ad-
ditional variable on the interface that allows us to impose boundary or interface
conditions as an additional equation. This has the disadvantage of adding addi-
tional degrees of freedom, and the linear system to solve is that of a saddle point
problem, which is more demanding than the symmetric system from Nitsche’s
method. On the other hand, the multiplier gives an independent variable for the
approximation of the flux variable, which can be advantageous in some cases. It
can enhance conservation for fluid problems, and for problems with non-linear
diffusion the interface terms of the formulation remain linear. For cut elements,
the Lagrange multiplier approach has some advantageous stability properties, and
indeed methods can be designed that do not require any stabilization for optimal
accuracy. Nevertheless, stabilization can be useful to facilitate the satisfaction of
the so-called inf-sup stability condition that appears due to the saddle point struc-
ture, and also to improve on the conditioning of the linear system. Using Lagrange
multipliers can also allow for coupling methods that are much less invasive in the
solvers of the coupled sub-problems, as we shall see in the next section.

In the context of the fictitious domain problem, below we will first discuss how to
design cut finite element methods using Lagrange multipliers that are stable without
stabilization, and then we will discuss some known stabilization techniques. In this
section we only consider the fictitious domain problem. Interface problems dis-
cretized using Lagrange multipliers will be treated in the next section on hybridized
methods.

7.1. Model problem

Let Q be a domain in R¢ with piecewise smooth Lipschitz-continuous boundary
Qo and exterior unit normal n. More precisely, let g be defined by the union of
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smooth manifolds Qo ;, i = 1,..., N, defined by a differentiable map %; : Qo,i -
R4 — Qg ; ¢ RY. Collecting the £;, we define a map £, from {Qg;}V, to Q.
We consider the following problem: find u:  — R such that

—aAu=f inQ, (7.1)
u=g ondf, (7.2)

where f € L*(Q), g € H'/?(Qy), are given functions.

7.2. Modelling using calculus of variations

In many applications the above model is obtained from an energy argument. Indeed,
the solution sought is the one minimizing a certain energy, in our case the Dirichlet
energy

j(v)z/(%Wvlz—vf) dx. (1.3)
Q

An equivalent formulation to the one above is obtained by minimizing (7.3) over
the subset of functions in H'(Q) for which u = g on Q.

The idea of Lagrange multipliers is to instead minimize over H'(Q), i.e. relaxing
the optimization to the whole space, but introduce the boundary condition as a
constraint. To make this more precise, it is useful to introduce the corresponding
Lagrangian functional:

L) =TW)+ (4, v = 8)ay- (7.4)

Here u is the Lagrange multiplier, and the second term on the right-hand side
should be interpreted as the duality pairing between H~'/2(Qq) and H'/%(Q). We
recall that g € H'/?(Qp), and if v € H'(Q), its trace on Qq, yv € H'/*(Q), so
for u € H™'2(Qp) the form is well-defined. The solution is now obtained as the
saddle point of (7.4).

Formally deriving the Lagrangian results in the following Euler—Lagrange equa-
tions: find u € H'(Q), 1 € H~'/2(Q) such that

a(u,v)+bA,v)=1(v)  forallv e H'(Q), (7.5)

b(p,u) = b(u,g) forall p € H™'(Qq), (7.6)

where a(u,v) = (@Vu, Vv)q, b(u,v) = (u,v)q, and I[(v) = (f,v)q. This is the
weak formulation for the constrained minimization problem. Observe that now the
boundary condition is enforced through an additional equation and the additional

unknown A makes the number of equations and unknowns match. We introduce
the norms || - ||a and || - ||y that for the model problem would be chosen as

12 12
- lla =2l gy and (- llv = @'l llmq)- (1.7)
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7.3. Existence and uniqueness of the weak solution
The forms a and b are bounded linear operators,
a(u,v) < Mgllullv|lvlly and = b(u,v) < Mp|lpliallvily, (7.8)

with M, and M}, positive constants. Continuity for b follows since by duality,
followed by a trace inequality, for all (v, ) € H'(Q) x H~'/2(Qo)

b < @Il @ PV gy < Mpllullalvily, (7.9)

where we applied a global trace inequality in the second step and we see that M),
coincides with the trace constant.

In this case we cannot apply the Lax—Milgram lemma immediately, since the
form b(-,-) does not enter the framework. However, if we rewrite the solution as
u =uo+ug, where ug € Hé (Q)and u, € H'(Q) is the harmonic extension of g, ie.
Aug = 01in Q and yu, = g, we obtain the following formulation: find ug € Hé(Q)
such that

a(ug,v) =1(v) —a(ug,v) forallv e Hé(Q). (7.10)
This weak formulation is well-posed by the Lax—Milgram lemma since a is coercive
on Hé (). The form b(-, -) vanishes here since b(-,v) = 0, forallv € Hé (), that is,
a is coercive on the kernel of . The existence and uniqueness of the Lagrange
multiplier is a consequence of Brezzi’s theorem (Brezzi 1974). The key condition

is that the form b(-,-): H~2(Qy) x H'(Q) — R is a bounded linear operator and
there exists ¢; > 0 such that, for all u € H™'/2(Qy),

b(u,v)
il € sup it (7.11)

veH!(Q)\{0} ”V”H'(Q)'
If this condition is satisfied, there exists a unique solution A to (7.5). In our case
b(-,-) is simply the duality pairing between H ~12(Q) and H'/%(Qy), and since

(4, v)a
Il g-120y) = sup - (7.12)

vertr@on oy IV IlE12a@y)

the condition (7.11) holds, by harmonic extension. Hence there exists a unique
A € H™Y2(8Q) such that

(A, v)g, = l(v) —a(u,v) forallv e H'(Q). (7.13)
The multiplier also satisfies the stability estimate
(4,v)o
||/l||H—1/2(QO) = sup — 70

ver@\ (o} IVl

[(v) —a(u,v)
= sup
vem@my@ Wlaeey)

W@y + 18l a2y (7.14)

N
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If we assume f € L*(Q), apply the divergence theorem on the right-hand side of
equation (7.13) and use that u satisfies —aAu = f, we obtain

AV, =(=n-aVu,v)q, forallve HI(Q). (7.15)

It follows that if u# is smooth enough that the trace of the normal gradient is
well-defined in H~1/2(Qp), then 1 = —n - aVu.

For sufficiently smooth interfaces, one may also show the following elliptic
regularity estimate:

||u||Hr+1(Q) + ||/1||Hz—1/2(go) $ ”fHHt—l(Q) + ”g”H”l/z(Qo)’ t 2 1 (716)

7.4. Cut finite element method using Lagrange multipliers

If we assume that u is discretized using the unfitted bulk finite element space,
such that the restriction of the functions are in H'(Q), Vi|lo ¢ H'(Q) and A is
discretized using a finite-dimensional subspace of H “12Q), Ap, we may write
the discretization of (7.5) as follows: find (uy, ) € Vi X Ay, such that

a(up,v) + by, v) =1(vy) forallv € Vy, (7.17)
b(u, up) — 105p,0(An, p) = b(u,g) forall u € Ap. (7.18)

Here sj,0 is a symmetric positive semidefinite form introduced to stabilize the
formulation and 7( is a non-negative constant. We assume that 55 o is weakly
consistent; see Section 5. For 19 = 0, this is a standard Lagrange multiplier
formulation on the non-standard cut space Vj,. As long as all elements have non-
zero intersection with the physical domain, however small, the method can be
designed so that it has optimal convergence without additional stabilizing terms.
The caveat is that, as usual for Lagrange multiplier formulations, the stability of
the formulation depends on the choice of the spaces V), and Ay. Indeed, for the
formulation to be uniformly stable, the spaces must satisfy a discrete equivalent
to (7.11).

Satisfying the inf-sup condition on the discrete level is a bit more subtle than in
the continuous case and will be discussed below. First let us consider the question
of invertibility of the linear system associated with (7.17)—(7.18), on cut meshes.
Let us assume that Vj, is the cut finite element space introduced in Section 2,
satisfying (3.30), and that we have a space for the multipliers Ay, that satisfies the
following condition with respect to Vj:

b(Ap,v)=0 forallv eV, implies A =0. (7.19)

This is the minimum condition needed for the linear system to be invertible. As
we shall see later, a discrete version of (7.11) will be needed for the error analysis.
If the active mesh is defined so that all elements have non-zero intersection with
the physical domain, then the resulting linear system is invertible under minimal
assumptions.
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Lemma 7.1. Assume that ||Vuh||§2 < a(up, up) and that the condition (7.19) is
satisfied. Then the linear system defined by (7.17)—(7.18) admits a unique solution.

Proof. Since (7.17)—(7.18) defines a square linear system, it is enough to show
that the solution is unique. Consider the case f = g = 0 and take v = uy, u = Ay,.
Then ||Vuh||§2 + 7051,0(An, An) = 0. Take p = 1 in (7.18) to see that

/ upds =0. (7.20)
Q

It then follows by Poincaré’s inequality that u;, = 0. It is immediate by (7.19) that
Ap =0. ]

For simplicity we consider the case without ghost penalty for the bulk discretiza-
tion below, and show that this leads to a method with optimal order of convergence.
If control of the condition number of the system is required, ghost penalty stabiliz-
ation can be added to the a form. The extension to that case is straightforward.

Several different choices of V}, and A, are possible in the CutFEM framework.
Observe that Ay, and V), do not have to be defined on the same meshes even if the
subscript is the same. Below, V}, will always be chosen to be the unfitted finite
element space defined on the active mesh. For A; we will distinguish two situations
that are both of interest for applications. The first case is when a surface mesh X,
is available on Q. This is feasible if an explicit parametrization of the boundary is
available. Then the discrete multiplier can be approximated in a boundary element
space. The second situation is when the boundary is given implicitly. The meshing
problem of the boundary can then be almost as complex as that of the bulk, and
it may be attractive to define the discrete multiplier approximation using the bulk
mesh in the unfitted fashion, as discussed in Section 2.3. Before discussing the
different possible choices of spaces Ay, we consider the basic stability and error
analysis for Lagrange multiplier methods of the form (7.17)—(7.18) on unfitted bulk
meshes.

Stability and error estimates in an abstract setting. We will now adapt the frame-
work of Section 3 to the case of Lagrange multipliers.
Define the triple norm

R 1i)lII7 = IVally + lanllx +olluall3, (7.21)

where the stabilization seminorm is defined by ||ulls, = sn.0(u, p)'/? for u € Ay,
and |||(vn, un)lllo denotes the triple norm with 79 = 0. When ¢ > 0, the norm is
typically only well-defined on V X Ay,.

Consider the following compact formulation: find (uy, A5) € Vi X Ay, such that

Al(up, An), v, W] + 108h,0(An, 1) = L(v, ) forall (v, ) € Vi X Ap,  (7.22)

where
A[(Mh, /lh)’ (V, M)] = a(uha V) + b(ﬁh’ V) - b(ﬂ’ uh) (723)
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and
L(v, ) =1(v)+Db(u, g). (7.24)

For the analysis below, we require the following assumptions to be satisfied.

Al. Consistency. By construction, for u, € Vj, and 1, € Ay, we have

Al(up, Ap), v, ] = Al(u, 1), (v, W) =705n,0(An, p) forall (v, u) € VpxAyp.
(7.25)

A2. Continuity. Assume the bound (7.8). Then the following continuity holds for
v,yeV,uneA:

AL, ), (v, M1 < [I[e, DIl Ml mllo- (7.26)

Below we will sometimes use the individual constants of continuity M, and
M), for the forms a and b respectively, as introduced in (7.8). For uy, {n € Ap,
assume that

Sn.0(tns $n) < Nunlls, 1nlls, - (7.27)

This condition holds by the Cauchy—Schwarz inequality for the symmetric
stabilizations considered below.

A3. Stability. Assume that the following two stability conditions are satisfied for
CutFEM using Lagrange multipliers.

o [nf-sup stability of the form b. For all u, € Ay,

b(un, v)
a + Té/zsh,o(llh,ﬂh)l/z (7.28)

llnlla < sup
vevinfor  IvIlv

for some 15 > 0.

o Coercivity of the form a. For the bulk variable, on the other hand, we
assume that there exists @ > 0 such that, for all v € V},, there exists
Uy € Ay such that

VIR < a,v) +b(uy, v), (7.29)

with [luylla < IvIly and 752 sm,0(0, 1) < Cellvlly, where C; de-
pends on 79 and can be made small by reducing this parameter. Note
that the classical condition that a is coercive on the kernel of b can be
misleading when working on cut meshes.

A4. Approximation. Let p and / denote the polynomial degrees of the spaces Vj,
and Ay, respectively. Assume that there is an V-stable interpolation operator
7 H(Q) — V, satisfying

||V - ﬂhVHV < hr|v|Hr+l(Q)’ r= min(p7 ty — 1)a Vv E HtM(Q)a (730)
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with p > 1 and #,, > 1 and an interpolation operator @y : A — Ay, such that

lu—@npllatll@nplls, $h 2 ulur @y,  r=min(+1,1,), u € H*(Q),
(7.31)

with/ > Oandz, > 0.

The approximation assumptions on Vj hold using the theory of Section 3.4.

On Aj, we typically need approximation in negative norm. On fitted meshes

this is a standard result, and in the unfitted case we will show how to achieve

(7.31) in the Section 7.6 below. The approximation result for the stabilization

norm || - ||5, is standard in the fitted case, and in the unfitted case it follows
from arguments similar to those in Section 5.2 for the methods introduced
below.

The stability of the form Ay, is quantified in the global inf-sup condition.

Proposition 7.2. Assume that A2—A3 hold and that 7y is sufficiently small. Then,
for all Vh, Up € Vi X Ap,

AlOn, pn)s (v, m)] + 10SK,0(1R 1)
h, upllle < sup ) (7.32)
¥, 1€V XAy, 1y, Il

Proof. First, by (7.29),

Callvally, + 10s,0(ns ) < ALV 1) (s i = k)] + Tosn0(kns tn)- (7:33)
By the arithmetic—geometric inequality and the stability of u,,, Tol s no(tty, )2 <
Cellvallv,

T0Sh,0(Un, Hy) < C%TO/ZC;ZSh,o(,uh,,uh) + 1/2cfl||vh||%,. (7.34)
Then we see that by taking 7 small so that C2/c2 < 1,

2 1/20villy+1/2708n.0(ns 1) < ALOhs )y iy = )] +T08 k.0 Ky i — 1)
(7.35)

Next (7.28) implies that there exists x;, € Vj,, with ||x,|lv = Mp||unl|a such that,
with ¢! the hidden constant of (7.28),

1/2¢7 lnllk < b(ttnsxn) + T0Sn,0(ins Hn)- (7.36)
To see this, take squares of both sides of (7.28):
b(gn, vi) ?
cn’ il < (M * rg/zsh,o(ﬂh,uh)‘/2> : (7.37)
vallv
b(up, vi)?
ep?llunl} < 2(W + 70810 h) ) - (7.38)
hlly

Using the continuity of b, the first term on the right-hand side is bounded by
< b(pn, vi)

2
) < b(un, vi/llvelvV)Mpl il A- (7.39)
IVallv
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Take x, = Mp||unllavn/llvullv. As a consequence,

1/2¢p*lunlli < ALns ), n, 0)] = @i, Xp) + ToSn.o(n, tn).  (7.40)

Using the continuity of a, from (7.26) followed by the arithmetic—geometric in-
equality and the stability property of xj,, we have

2
- 22
a(vn,xp) < e MM llvally, + == llunlz- (7.41)
It follows that

cu?/Mlpnlli = co 2MEMEVANE < Al(vh, pn), (ns O)] + Tosno(in, ). (7.42)

Adding (7.35) and (7.42) together, using a weight € > 0 on the second relation, we
see that

(1/2 = ec2er 2 MEME) EIIvally + (1/2 = €)708n,0(tn, n) + €cp” /4 unlly

< AlOns pn), Vi + €xpy i = )] + T08Sk,0(HRs i — Hy)- (7.43)
Choosing
e <min(1/2, (cacp)’/ (2MIM})), (7.44)
we see that

N )12 < ALns 1) O + €Xny pin — )] + To5n.0(kn, fn — i1y).  (7.45)

We conclude by observing that by using a triangle inequality and the stabilities of
xp and u,,, we obtain

vn + exn, un = p)llle < NVhs )z + lCexn, p)llle < NVas un)lll=. (7.46)
]

We can now prove a best approximation estimate for the discretization of (7.5)—
(7.6).

Theorem 7.3. Assume that A1-A4 hold and that 7y is small so that Proposi-
tion 7.2 holds. Then

—up, A=A < inf — v A — +7/2 , (747
Il — up mlllo (Vh,#hl)IéVhXAh(“l(u vi A = u)lllo + 75 llenlls, )» (7.47)

Ially, < inf (G = vis A= idlllo + 70 * Nl ) (7:48)

Vi MR )€ Vi X Ap
and if the regularity assumption (7.16) holds and min(p,/+ 1) > ¢ > 1, then
G = ups A=Al + N nlls, < A (I1F 1) + gl i) - (7.49)

Proof.  Using the triangle inequality, we have

I = wp, A= 2Ap)lllo < (= v, A = uplllo + |(Ve = un, tn — Au)lllo.  (7.50)
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Recalling the consistency (7.25), we see that

Al(vp —up, i = Ap), (v, ] + 108R,0(R — Aps 1)
=A[(vp = u, up — ), ]+ 10SK,0(HR> 7). (7.51)

The first bound now follows by Proposition 7.2, the consistency (7.51) and the
continuity of A and sy, o, leading to

Wn = un i = e S @ = vis A= )lllo + 7 lnllsy - (7.52)

The second bound is an immediate consequence of the triangle inequality and
(7.52):

-1/2
Inlls, < M = mnllsy + inllsy < 75 2N On = s itn = A)llle + el
(7.53)

The a priori error estimate is a consequence of the approximation estimates (7.30)—
(7.31). O

Note that of the assumptions A1-A4 necessary for the abstract analysis, it is
only the stability (7.28) in A3 that cannot easily be shown to hold in the CutFEM
framework using the theory of the previous sections. The coercivity (7.29) follows
by taking u, = @ fQo v ds and applying the Poincaré inequality:

Ivllv < a'2|Vv]la + al/z/ vdsl|. (7.54)
Qo
Note that
sl @ [ vas| < vl (7.55)
Qo
using a global trace inequality on the domain €. The inequality
70 2sn,0(ttv, 1) < Cellvlly (7.56)

will be satisfied by the forms introduced below, but we observe here that the scaling
of the parameter must be 7y = foa~!, where 7y is a dimensionless parameter that
can be chosen small and C; « Tj. For approximation error estimates in the bulk, we
refer to Section 3.4. Estimates in negative norm for unfitted surface approximations
will be derived in Section 7.6. The consistency (7.25) holds by construction, and
the continuity (7.26)—(7.27) follows using the Cauchy—Schwarz inequality for the
forms a and s and by using the scaling in @, the Cauchy—Schwarz inequality and a
global trace inequality for b, as in (7.9). In the following sections we will therefore
focus exclusively on assumption A3: how to obtain stable Lagrange multiplier
discretizations on cut meshes. This discussion will use the model problem of the
previous section but can easily be extended to the applications of the next section.

When working on cut meshes and using stabilization, it is inconvenient to work
directly in the H~'/2(Qq)-norm. It is easier to prove stability in the h-weighted
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L?-norm in the spirit of Pitkiranta (1980). An important observation is that the
low frequencies of uj; can always be controlled provided that the bulk space has
approximation properties, and that therefore it is enough to prove stability in the
weighted L?*-norm. Below we will work directly in the H ~12(Qq)- and HY(Q)-
norms. Hence there is no @ and no 1y weight in front of the stabilization.

Lemma 7.4. For all uy, € Ay,

b(pn, v)
ltnllg-12g) < 1A P pnlla, +  sup  ————. (7.57)
veV,\{0} ||V||Hl(s2)
Proof. Since Ay, C A,
b(up,v)
lunllg-120y) S SUp =" (7.58)

vewvioy IVl

We must show that the right-hand side is upper-bounded by the right-hand side of
(7.57). Given v € H'(Q), let v¢ = Egv denote its stable extension to Q;,, from
Section 3.4, such that [|v¢|| g1 (q,) S [IVIlg1 - Letmyve be an H'-stable interpolant
of v¢ with optimal approximation. Then

b(un,v) = b(up, v — mpve) + b(up, Tpv°). (7.59)

For the first term on the right-hand side we use the Cauchy—Schwarz inequality, the
multiplicative trace inequality and approximation

b(un, v — muve) < 1B 2 unllagh ™" 2lv — 70v¢ gy (7.60)
1/2 1/2
v = v lley < IV = 7l IVOe = vl < B2 vllpq). (7.61)

For the second term we use

I7nvllae) < lmnvllmg,) S IV Iy S Ve Q)- (7.62)
Then
12 IVlla @ .
b(un, v) < 1B unlleolvila @) + e b(pn, Tpv©). (7.63)
l7nvell o)

The proof follows by dividing through by [[v|| 41, and taking the sup over v €
HY(Q). O

A naive way of achieving control of the high-frequency part in the formulation
(7.22) is to use the stabilization term

sno(ns An) = (B up, )y (7.64)

This, however, results in a non-consistent method that is equivalent to the penalty
method (after elimination of the multiplier). The lack of consistency restricts the
method to O(h'/?) convergence (Corti et al. 2024) and it is therefore not suitable
to use in combination with cut elements. Below we will focus on stabilization
methods that achieve stability while being weakly consistent to the right order.
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7.5. Ny, defined on a surface mesh X,

We let X denote a decomposition of each component Qg ; of €2 in shape-regular
(curved) simplices F such that diam(F) = O(h). We let F c R4"! denote a
reference element and define a differentiable map 7 : F — F. As before, V),
is taken as the unfitted finite element space in the bulk. We may then define a
multiplier space by

A ={vi € L*(Q) | v o T € Py(F) forall F € X;}. (7.65)

We will consider the formulation (7.22) with 79 = 0. It is well known that the
estimates (7.30)—(7.31) are satisfied by these spaces. The bound (7.28), on the
other hand, depends on both Vj, and 2. In a nutshell: if // h is small enough then
(7.28) is satisfied (Babuska 1972/73). To see this, observe that since A; C A, we
have

b(un,v)
||,Uh||1-171/2(90)$ sup DMk, V) (7.66)

vewvioy IVl

Now we want to replace the sup over V by one over V. In view of Lemma 7.4, this
follows if we can bound the term A'/?| ]| @, Following Babuska (1973), for this
term we will apply an inverse inequality.

Lemma 7.5. Forall g, € Aj,

lgnliey S 2™ llgnllg-12y)- (7.67)

Proof. The proof of the lemma follows Lemma 3.3 of Nédélec (1976). For each
element F € X, let o = @(T~1(x)) be the function which is zero on dF and such
that @(x) = dist(X, F). Then, by the finite-dimensionality of g,

llanlig, S/Q an D erands, || > erqn
0

FGZE FGZ;I

< llgnllg, - (7.68)

2
Qo

First note that by duality

lanlly 5 [ an Y orands < laulla-veay| O eran 7.69)
Qo Fey; Fex; H'/2(Q)
Now apply the interpolation inequality (Taylor 2023, Proposition 3.1)
“V”%.I.s*(go) < ||V||Hs—1/2(90)||V||Hs+1/2(go) (7.70)
with s = 1/2,
1/2 1/2
D, erdn <D0 eranl| (DD eran| (7.71)
Fe3 H'/2(Qp) Fex; Q llFes; H'(Q)

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

CuUT FINITE ELEMENT METHODS 73

For the last term on the right-hand side, we see that

2
Z YFqhn

FEZI,;

= leranllz - (7.72)
HY(Qp) Fezzﬁ ")

Considering the H'-seminorm, we see that
rang, = fF I (BT DTy )P d

= /F ™1V (@@)gn@)*|7] dt, (1.73)

where J~! is the Jacobian of T !"and |J| is the absolute value of the determinant
of the Jacobian of the mapping 7. Then, using an inverse inequality on F, we see
that since ||J 7! || or) < hz! and |77 ] Logp) 1] Loy = O(1), we have

2 -12 2
|90FQh|H1(F) |V ||Loo(F)||J”Loc(ﬁ)”9h||L2(1$)

S hE2 W e I oy lanlg - (7.74)

Collecting the above bounds, we see that
lgnlig, < llgnlla-12@llanlla i, (7.75)
which proves the claim. U

Applying Lemma 7.5 in the first term on the right-hand side of (7.57), it follows
that h'/2 || upllq, < hl/zh‘l/z||,uh||H-1/z(Qo). Therefore

7 - b(/.lh,V)
(1 - Ch'?h 1/2)“#11”11-1/2(90) S sup T ———

(7.76)
vevi\ (o} IVlle @

Here the inverse constant C depends on the mesh geometry of X;. Clearly, for
Ch'\?h~ 1% < 1, (1.77)

the condition (7.28) is satisfied.

We conclude that for 4'/2h~1/2 sufficiently small, the spaces V}, and Aj; satisfy
the inequality (7.28) and hence Theorem 7.3 holds for this choice. Note that
this analysis can be made local, allowing for mesh refinement using the ideas of
Pitkdranta (1980).

Violation of the mesh condition: interior penalty stabilization. This time Ay is
defined by (7.65) on a shape-regular surface mesh X violating the mesh condition
(7.77). Hence it will not satisfy the inf-sup condition (7.28) with Vj,. Howeyver,
under the a priori assumption that the space Aj satisfying the inf-sup condition
exists, it is easy to design stabilized formulations where the distance to the space
satisfying the inf-sup condition is penalized, in the spirit of Brezzi and Fortin
(2001). Such stabilized formulations were first introduced for interface problems
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and fictitious domain problems by Burman and Hansbo (2010a,b), then further
developed by Barrenechea and Chouly (2012), Burman (2014) and Fournié and
Lozinski (2017).

Note that from Lemma 7.4 it follows that only ||2'/2 || Q, has to be controlled.
Let nj;: L*(Qg) — Aj, denote the L?*-projection on the inf-sup stable space Aj,
such that b(zj;u, £n) = b(u, &) for all €, € Aj;,. Then

12 anlg, = 1Y Gan = mip)llg, + Ih Prpnlle,— (7.78)

Functions in Aj; satisfy an inverse inequality and the inf-sup condition (7.28), with
70 = 0 therefore
b(mjpn,v)

||h1/27fﬁﬂh||90 S ||7Tﬁﬂh||H-1/2(gzO) S sup ———, (7.79)
vevi\(oy IVIlm @)

and
b(njun,v) = b(mppun — pp,v — mj;v) + b(up, v). (7.80)

Using the Cauchy-Schwarz inequality and the approximation property of 7, ||[v;, —
mivillo, S hl/zll\}h”Hl/Z(QO), followed by a trace inequality, we have

~

b(rin = v = 75v) < 102 = )l IVl (7.81)
We conclude that the following proposition holds.

Proposition 7.6. Assume that h/h = O(1). Then, for all Un € Ap,

lnllr ey < 102G, - mimllay + sup Tl g)
veVu\{0} ||V||H1(Q)

It follows that for s, o(tp, un)'’? equivalent to ||A'/?(uy, — 7 un)llQ,, the inf-sup
condition will be satisfied. The other assumptions for the analysis are verified as in
Section 7.5. One possibility for the design of the stabilization is to decompose the
boundary in (possibly overlapping) patches of diameter / and penalize the differ-
ence of the multiplier and its projection on a polynomial on the patch (Barrenechea
and Chouly 2012). This approach, however, requires explicit knowledge of the
necessary size of /1/h. Next we will show how to design an operator sy, that does
not require such explicit knowledge of the space Aj. This can be achieved using
the stabilization operators discussed in Section 5.2. We will give an example using
penalties on gradient jumps, but any equivalent stabilizing form may be used such
as (5.16).

Lemma 7.7. Assume that the meshes X; and X, are defined as unions of tessel-
lations 2;1’1- and ih,i of Qo,i- Also assume that the associated spaces Aj; and Ay, are
defined using (7.65), with the mappings Tz = £ o T for all F € YpandTp =Xo Tr
for all F € ¥;,. Here Tr and TF are affine maps that map the reference element £
to a simplex F € ¥ and F € X, respectively.
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Assume that /2/h = O(1). For all un € Ap,

WA Y2, = 7y < Shaolns un)'?, (7.83)
with

N
Sh,0(lns An) =Z Z ./F\aQ < h2j+2 [D{lﬂh] [D{;/lh]> ds, (7.34)
0,0 =0

i=l Fe

where [ is the polynomial degree of the space Ay, D7, denotes the jth normal
derivative on the boundary of F in the mesh ﬁ)h,,- in the reference plane flo,i, and
[Dhun] = [un].

Proof. It is enough to consider one of the ih, ;. For each face F' C ifz,i’ we let £
denote the set of edges of f)h,,- intersecting /. We map F to the reference element
F with |F| = 1. The set of scaled edges is denoted by £. The cardinality of & is
uniformly upper-bounded for all F' and & by the shape regularity of the elements in
flh,,- and since i/h = O(1). The spaces A, and Aj; use the same parametrization of
Qo,i and therefore 1y, = uy — mjup is a polynomial with zero average on F € iﬁ’i.
Let 7j;, denote the 7, function after scaling to £. It follows that by norm equivalence
on discrete spaces,

il < ZZ / [D%n]|,)" ds. (7.85)

ec€ j=0

where the hidden constant depends on the cardinality of £, i.e. on the shape-
regularity of the meshes £, ; and ifz, ; and the ratio h/ h. Then note that [fy]]. = 0
implies that the jumps of tangential derivatives of all orders are zero too. Scaling
back to F and summing over F € £ j.i» 1t follows that

123 ﬂh—”h,uh)”szo Z /F\asz (ZhZHZ nin )ds (7.86)
0,1

FeE

The conclusion follows after summing over i. Ll

Violation of the mesh condition: Barbosa—Hughes stabilization. Another approach
to stabilization of the Lagrange multiplier was introduced by Barbosa and Hughes
(1991, 1992). The idea was to circumvent the inf-sup condition by adding a least-
squares term penalizing the distance from the multiplier to the normal derivative of
the bulk variable on the boundary. In the context of unfitted finite element methods
this approach has been considered by several authors (Haslinger and Renard 2009,
Fournié and Lozinski 2017). Observe that by Lemma 7.4 the stabilization must
ensure control of ||A'/2uy || Q,- The idea is to modify the penalty term (7.64) using
that formally A = —an - Vu on the boundary. Let

sh,O(Vh’ Hhns Y, g) = (h(,uh tn- a’VVh), g +§:7’l ' CVV)’)QO- (787)
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Clearly, then, for a sufficiently smooth exact solution (u«, A) the stabilization is
consistent, since sp, o(u,4,y,{) =0 forall y € Vj, and € Aj. Here the parameter
& € {-1,0, 1} defines different flavours of the method. Since the stabilization
depends on both bulk and surface variables, it does not enter the framework above
directly. In particular, for the non-symmetric variants the norm [||(-,-)||| must be
modified as well as the continuity of s, 0. Most importantly, the method destroys
the advantage of the previous multiplier method, in which the bulk variable does
not need to be stabilized for accuracy. To see this, observe that

3 —
S0 s i Vi Hp) 2 Tgnhl/z#hnéo = &?||h' 0 - Vvullg, . (7.88)

The first term gives the necessary control of the h-weighted L?-norm of the
multiplier. The second term on the right-hand side must be controlled using the
coercivity of the form a. This cannot be done without some stabilizing modification.

o Ghost penalty. Note that by the trace inequality,
IR0 - Vvpllg, < CrllVvallg, - (7.89)
A ghost penalty term can be added to a, ap = a + s so that

2 1/2 2 2 2 1/2 2
ann.vi) — €0 |0 - Voulig, > allvallg, — eoa?||hn - Vv, I,
2 2
> (o — Cretpa )||Vvh||gh. (7.90)

The stability of Proposition 7.2 is then achieved for e oc @' small enough.

e Local extension. On some triangle T with a bad cut, the functions v |7, y|r
of (7.87) can be taken as extensions from elements with large intersection
with the physical domain, S,vy|7 and S,y|r. Here, recall the mapping Sj,
of Section 4.3. That is, if we let w;, denote a function in V}, then v,|7 =
(Whls, ()¢ and similarly for the test function y. This implies the trace
inequality

1520 Vvillg, < 1Vvallg, (7.91)

and stability is achieved without ghost penalty stabilization. This extension
approach was first considered in Haslinger and Renard (2009).

An important aspect of the Barbosa—Hughes stabilization is that it produces stable
discretizations for any space Ay,. This was exploited in Stenberg (1995) to eliminate
the multiplier. Indeed, for A;, = L*(Qq), on every E = Qo N T we may use the
equation

(Un, ey + T0Sh,0(n, 4,0, 1) = (8, o, (7.92)
to deduce that

Ag =-n-aVup|g + (10h) (g — up)|e. (7.93)
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Eliminating 4 in the formulation, we get

a(up,v) — (- aVup,v)g, —Em - aVv,up)g, + ((toh) " Lup, V)Q,
= (f,v)a+ (g, (toh)"'v = én - aVv)q,, (7.94)

and recognize Nitsche’s method, with £ leading to the different variants, symmetric
(¢ = 1), skew-symmetric (¢ = —1) and incomplete (¢ = 0). If, as proposed above,
the n - Vuy, and n - Vv contributions in the boundary terms are replaced by normal
derivatives taken on extended functions S,uy and Sy, v, the method is stable without
further stabilization. This last method, which mirrors the construction for the
Barbosa-Hughes method using extension, coincides with the approach proposed
in Buffa, Puppi and Véazquez (2020).

7.6. Ay, defined by the trace on the bulk mesh T o

If the geometry is given implicitly, e.g. via a level set function, it can be inconvenient
to create a surface mesh, in particular if the interface moves. It is then advantageous
to define the multiplier using an approximation space defined on the bulk mesh
but restricted to the cut elements. This type of approximation was introduced in
Burman and Hansbo (2010a) and applied to problems with a moving boundary in
von Wahl and Richter (2023). In this section assume that €2y is smooth. How to
handle complications due to corners will be discussed later. We recall 7 o from
equation (2.65), the collection of elements in the bulk mesh intersected by the
boundary €2p. We assume that all elements in 7 o are connected through at least
one face with another element in 7 o. If this is not the case, the set can be enriched
with some elements whose vertices are intersected by the interface. Now define Ay,
using a finite element space defined on the elements in 7 o. The simplest possible
choice is to take, for p > 2,

An = {unla, € H' (Q0) | un € H'(Qn0) and py |y € P(T) for all T € Tp 0}
(7.95)

for 1 <[ < p. That is, we let the functions in Aj, be defined by the traces on g
of functions in a bulk space of polynomial order at most p, where we recall that
p is the polynomial degree of the space V). Even though the functions in Ay are
constructed on the bulk mesh, we write A;, C A, here considering the restriction to
Q. For stabilization and in the analysis, on the other hand, it is necessary to use
the fact that the functions in Aj, are constructed on the bulk mesh. Observe that
Anlg, is not a linear space but a frame in the spirit of TraceFEM. This means that
even if (7.28) should hold, the linear system may not be uniquely invertible and we
have to resort to a stabilized formulation.

Approximation estimates. Using this trace space requires special care in designing
the interpolation operator @y, if error estimates are desired in the H~'/2-norm. Error
estimates for the L2-norm can readily be derived using a standard bulk interpolant
applied to the extended function as in Section 3. We recall the interpolant mj,
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from (3.29) and consider the following bound for the h-weighted L?-norm, for
u € H'(Qp):

A2 (u = mnp)lla, < W P ullry), 7 =min(l +1,7,) > 1/2. (7.96)

To obtain an interpolant that also has optimal approximation in the H~'/2(Q)-
norm, one may proceed as follows. Let 7j o be decomposed into N disjoint patches
P; of diameter O(h) in the direction tangential to €. Assume that each patch
is sufficiently large that there is a piecewise affine positive bump function ¢;,
i =1,...,N, with support in the patch and /Pi o 2 1. We refer to Burman
et al. (2024a) for further details of this construction. Define

N
Wpp = Tpit+ ) &ipi. (7.97)
i1

We now determine the &; so that @y, u satisfies a patch test on the P; N Qg,

-1
/ (u —wpu)ds =0, thatis, & = - </ Pi dS) / (u — mpp)ds.
P;NQqy P;nQy P;NQqy
(7.98)
We then obtain the following approximation result.

Lemma 7.8. For p € H'*(Q), 1, > 1/2,
Il — Wh,u”H-l/z(go) < hr+l/2|l~l|Hr(Qo), r = min(/ + l,l‘y) >1/2. (7.99)
Proof. By definition,

(1 — Thi, V)
It = onpllg-ngy = sup e (7.100)
veH2(Qo)\ {0} ”V”HI/Z(QO)
Using the construction of @}, we have
N
(= Daft V)ay = D (1= Tnit, v = 1) pincy, (7.101)
i=1
where
v = |P; mgo|1/ vds. (7.102)
PNy
Noting that ||v — ;|| p,ne, < h1/2||v||H1/z(QO), it follows that
it = nsell =120y S 1P = @1p0)llgy - (7.103)
For the estimate in the L>-norm, we have
N 1/2
17" (4 = wnpllgy < I8 (1 = mpo)llg, + h? (Z 53) L (7104

i=1
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For the first term on the right-hand side we apply (7.96). For the second term we
observe that using Cauchy—Schwarz inequality,

&l < h~ @D / (u = mpp)ds| s B~ PN u = mppllpng,,  (7.105)
P;Ny
and hence
N
WY €< hllu = muplly,, (7.106)

i=1
and we conclude by applying the previously derived bound on the approximation
error in the L?-norm. L]

Stabilization and stability. To stabilize the trace variable, we recall the stabilization
forms of Section 5. For example, consider the normal stabilization on the bulk,

sho(hs ) = ) / WV -, Vi - n, dx, (7.107)
TE'Th,() T

for which the following stability estimate holds:
linllgs, , < WA unllgy, + snolns mn). (7.108)

In this case we directly prove a discrete inf-sup condition in the h-weighted L?-
norm exploiting the fact that traces of functions in V}, are in Aj,. This allows us to
conclude that (7.28) holds by applying Lemma 7.4.

Proposition 7.9. For all uj, € Ay,

||h1/2

b(un, v)
tnllay € sup ey oGt )2, (7.109)

vevi\(oy IVIle@

Proof.  Firstlet v, be defined to be equal to iy, in T, o, with all the nodal degrees
of freedom in 7, \ Tj.0 set to zero. Then it is easy to see that

IVulla, < llhunlle,, and  [vullgiq,) < lunlla,,- (7.110)

In the second inequality we applied a standard inverse inequality. It then follows
by (7.110) and the bound (7.108) that

Vel S Ninllan, < 1B unllay + sno(un, ). (7.111)

Using this inequality and the construction of v,,, we see that

1Vl 1 12 P 1l S ||h1/2/lh”5220 + Sh0(Uhs th) = D(tn, Vi) + Sho(Uns ().
(7.112)

Dividing through by [|v |l g1(q,) and noting that
b(pn, vy) - b(pn,vy)

Wullzig,y =~ Wullgie’

(7.113)

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

80 E. BurmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

it only remains to bound the term

Sh,0(Kns Mn)

. (7.114)
”Vu”Hl(Qh)
Noting that by construction
sinons i)' < 1l @n ) S Vil (7.115)
we obtain
Sh,0((hs Kn)
S P S sho(pny i)' (7.116)
“V,u“Hl(Qh)
U

Discontinuous multiplier space. One can also consider the case of a discontinuous
multiplier defined on the bulk mesh. For 0 <[ < k, let

Ap.n = {tnla, € L*(Q0) | tn € L*(Qn0) and pup|7 € Py(T) for all T € Ty 0}

(7.117)
Methods using discontinuous multipliers on the bulk mesh can be analysed by
combining the arguments of Sections 7.5 and 7.6. The key idea is to exploit the inf-
sup stability of the continuous bulk space approximation space, Ay, and penalize
the distance from a function in Ap j to Ay. Let Ic: Ap.n — Ap (where Ay, is the
bulk-based space defined in (7.95)) denote the discrete quasi-interpolant defined by
taking nodal averages in the nodes of 7 o of the functions in Ap . It then follows
by discrete interpolation that

lien = Iepnlls, o < $7Cn, ), (7.118)
with the jump penalty defined by
$oGun A = D Al [ARDr, (7.119)
FE]'—;,’()

where Fj, o denotes the set of interior faces F' in 7y o, i.e. faces such that for some
T.,T" € Tho, F=TNT'. Thenlet Ic: Ap n — Aj be defined by taking /¢ and
adding local bubbles to the interpolant, as in the construction of the interpolant of

Lemma 7.8. It is straightforward to show (7.118) for Ic. One may then show a
1/2

discrete approximation result in the H~"/“-norm.
Lemma 7.10. Forall u € Ap p,
i = Temnll3 gy S lin = Ieunlly, o < s5Cn. tn)- (7.120)

Proof. The proof is similar to that of Lemma 7.8, using (7.118) instead of ap-
proximation. By definition,

- (tn — Icpn, v)a,
”,Uh - IC,Uh”H—Iﬂ(QO) = sup
vermz@onoy  IVIlE12@)

(7.121)

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

CuUT FINITE ELEMENT METHODS 81

Using the construction of I, we have
N

(un = Iepn, v)g, = Z(,u —Iep,v =90 pinay < 10 i = Tepm)lla IV g12gy)-
i=1

(7.122)
Observing that, by the arguments of Lemma 7.8,
12, = Tepmllay < lin = Icttnllan.,s (7.123)
we conclude by applying (7.118). L]
Proposition 7.11. For all u, € Ap s,
10 2ullay = sup 2 ) 2, (7.124)

vevi\(oy IVla @)
where sp = sp.0 + 57, with 55, o defined in equation (7.107).

Proof. By the triangle inequality,

122 nllay < 1A' Icpnllay + 18" (un = Te ey (7.125)
By Proposition 7.9,

s b(Icup,,
|h" 2 Tcunlla, < sup blcpn,v)

+ sn.ocpn Tepn)''. (7.126)
vevi\(oy IVlla @)

Adding and subtracting uj and using the duality in b,
b(iC/Jh, V) < b(/"lha V) + ||/~1h - iC/Jh”H—l/Z(QO)||V||H1/2(QO), (7127)

and since s;,.0(un = I ptn, tn = Icpn) < llun = iC,uh”éh’O,

snolcptn, Ieumn)'? < snoCn un)"? + ln = Icunllay,,- (7.128)
Collecting the bounds, using |[v|| 512, < IVIlg1 @) and applying Lemma 7.10,
we conclude that

||h1/2

b(up,v)
unlloy < sup 2 o )+ s )2, (7.129)

vevi\{0} IVl @)
]

Numerical illustration. We consider a problem with discontinuous multiplier space
defined as piecewise constant functions on the elements cut by the boundary, and
the field variable is approximated by C°-continuous P1-elements. The penalty
operator s; defined in (7.119) is applied. For constant multipliers the stabilizer
(7.107) is zero. The mesh domain is shown in Figure 7.1, meshing a circle of radius
ro = 1/2 with centre at (0.1,0). On this domain we pose a problem with a = 1
and right-hand side and boundary conditions corresponding to the exact solution

u=9(r3 — 2%), where z = y/(x — 1/10)2 + (2y/3)?.

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

82 E. BurmaN, P. HansBo, M. G. LARSON AND S. ZAHEDI

0.3 i KOOI
/ T

.
e
-
:
L
=

%wwwf@\‘ OO0
OB
s

-0.4 -0.2 0 0.2 0.4 0.6

Figure 7.1. The mesh domain for the numerical illustration.
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Figure 7.2. The numerical solution of the field variable (a) and multiplier (b) with
T0 = 1071

In Figure 7.2 we show the solution for a stable choice of 7y, and in Figure 7.3
with a 7y chosen too small. We note the effect on the accuracy of the multiplier,
whereas the field variable is not affected. Finally, in Figure 7.4 we show the field
variable obtained without stabilization; the lack of stability is then affecting the
field variable as well.
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Figure 7.3. The numerical solution of the field variable (a) and multiplier (b) with
7 =10""%
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Figure 7.4. The numerical solution of the field variable with 7y = 0.

7.7. Domains with corners

To get an optimally convergent method in the case where the domain has corners, the
multiplier must be allowed to jump across the corner. The arguments of Section 7.5,
where the boundary is meshed, carry over to this case without modification. Note
that for the inf-sup stable case of Section 7.5, special care must be taken to satisfy
the inf-sup condition also when corners are present. The stabilized methods do not
have this concern.
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In the case where the multiplier is defined on the bulk mesh, the situation is more
delicate. Define Tp0; = {T € Tn | T N, # 0} and Qp 0; = UreT;,,,T. The
multiplier space must be defined as the union of the spaces

Ani =A{vhlay,, € H' Qo) | vi € H'(Qu0,) and vp|7 € Pi(T) for all T € Ty, 0,5},

(7.130)
0<l<p-1,i=1,...,N,ie. Ay = U;A:, Ap,;. The previous argument can then
only be used to obtain control of the multiplier in the interior of each € ;. As in
the bulk fictitious domain problem, full control of the multiplier over ¥~ || - ||£22h o
is obtained by adding a ghost penalty term to the multiplier, extending the stabilify
obtained by the inf-sup argument up to the boundary 0€ ; of Qo ;. We will sketch
this in the case of the continuous multiplier and for p > 2; for the case p = 1 and
discontinuous multiplier with / = 0, we refer to Burman and Hansbo (2010a). It
is enough to show stability on one of the €y ;. We assume that the stabilization
sp,0 consists of terms defined independently on each €2y ; that do not couple the
different Ay ;. Let & € V), be a piecewise affine function such that &;|7 = O for
T € Thoi wWith T N 0Qp; # 0 and set & = 1 in the remaining nodes in 7j 0 ;.
&; is extended to a function in Vj, by setting &; to zero in all remaining nodes in
Tn \ Tho,i- It follows that v, = &ipy € Vi, where up € Ap; and uj denotes the
canonical extension to Qj setting internal degrees of freedom to zero. We then
have

IIhl/zuhfil/zHéOJ = (1, hunéiq,; - (7.131)

Hence, using the same argument as in Section 7.6, we obtain for all uy, € Ay,

+ $n,0(tns )" (7.132)

N b(p, v)
2 5

DR g Pligy, s sup

P vevi\(oy VIl

We then recall from Section 4 that there exists a stabilization so ; with the property
that

1/2
18" il < 1A'y s + so.Cuens )12, (7.133)

and we have the stability:

b )
2l < sup 2 Y)

+ 5000y )" + s0.i(uns un)?. (7.134)
vevi\(oy IVIla@

Note that, as in the bulk case, the ghost penalty is used here to extend the stability
of an O(h) layer close to the boundary of the Qo ;, where it would otherwise fail.
To summarize, in the presence of corners the stabilizer acts to counter two different
sources of instability. First it ensures the inf-sup condition (7.28), but only in the
interior of each € ;. Then another stabilizing form of ghost penalty type must be
applied to ensure stability up to the boundary of € ;. In particular, for low-order
elements a stabilizing form can be designed that serves both purposes.
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8. Further examples and hybridization

In this section we illustrate how the cut finite element Lagrange multiplier method
can be applied to the model problems of Section 2. First we consider the two-
domain problem with discontinuous diffusivity using a Neumann—Dirichlet coup-
ling, then a bulk—surface problem. Finally we will show how the Lagrange mul-
tiplier approach can be used to create a method for multi-domain problems using
Dirichlet-Neumann coupling when a cut finite element solver for the fictitious
domain boundary value problem is available.

8.1. Example: elliptic problem with discontinuous coefficient

We consider the interface model problem discussed in Section 2.2. There are two
coupling conditions, (2.19), [u] = go, and (2.20), [n - @Vu] = fy, that have to be
expressed in the form of a multiplier and a constraint equation. We have some
liberty in doing this, depending on which one of the conditions (2.19) and (2.20) is
built into boundary conditions imposed by the PDE in the bulk in each subdomain.
If the condition (2.19) is imposed weakly we say that it is a Dirichlet coupling, and
if (2.20) is imposed weakly we say that it is a Neumann coupling. This reflects the
fact that the local problems to be solved in a domain decomposition approach are
Dirichlet problems in the former case and Neumann problems in the latter.

Neumann coupling. The classical way is to introduce an equation imposing the
condition (2.19) on the primal variable:
(ur —uz, 1o, = (80, H)Qy- 8.1

This leads to the Lagrange multiplier formulation (2.33)—(2.34) derived in Sec-
tion 2.2. We recall it here for the readers’ convenience: find (11, up, 1) € VixXVa XA
such that

2 2
D (@iVur, Voo, 4 v =vadgy = D (fisvida, + (o, Moy (82)

i=1 i=1
(w1 —uz, wa, = (80, H)Qy» (8.3)

for all (vi,vo,u) € Vi XV X A, where Vi, V, were defined in (2.23) and A =
H2(Q).
We see that by (2.20) we can set

A =—ny-aVuylg, + mfo = na - @2Vuz|a, — 11 fo, (8.4)

and with this notation
(—aiAui, vi)o, = (@;Vui, Vo, + (D™ L vi)a, — MG-0fo, vida,  (8.5)

a;(u;,vi) b;i(4,v;)

This defines the following local Neumann problem: find u; € V; such that

ai(ui,vi) = =bj(A,v;) +(fi,vi)a, + M3-i fo,vi)o, forallv; € V. (8.6)
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To connect with the earlier derivation, observe that we also have
A=mA+md =-mny - a1Vuy|g, + mna - axVua|gy = —(n-aVu).  (8.7)
This immediately leads to a formulation of the form (2.33)—(2.34) by defining

2
Cl(u, V) = (aivui’ Vvi)Qi and b(ﬂ; V) = (ﬂ, Vi — VZ)QO' (88)

i=1

The right-hand side for each subdomain €; is defined by

Li(vi) = (fi,vida: + (13- fo, Vi)a,- (3.9)

This is the classical mortar coupling where the equation (2.19) is imposed through
the added constraint equation and (2.20) is imposed weakly. Well-posedness in the
spaces V;, i = 1,2 and A follows using the arguments of the previous section.

CutFEM formulation of the Neumann coupling. For the discretization of (8.2)—
(8.3), we recall the space W}, defined by (2.39) for the approximation of u;,i =1, 2.
For a multiplier space Aj; and a stabilizing form satisfying the approximation
assumption (7.31), the formulation is now given as follows: find uy, = (up,1,up2) €
Wy, and A, € Ay, such that

a(up,v) + by, v) =1(v) forallv = (vi,vp) € Wy, (8.10)
b(p, up) — 75,08m,0(An, 1) = (80, g, forall u € Ay, (8.11)
where the forms a, b and [ are defined above. For the analysis we introduce the
norms
2
IR =) eillvil?i g, (8.12)
i=1
KR = @inlll 312y @min = min(ar, 2). (8.13)

The coercivity of a holds by choosing ), = @min /Qo [vn] ds and proceeding as for
the fictitious domain case. To see that the continuity (7.26) holds, we apply the
Cauchy-Schwarz inequality to a, and for b we observe that

b(,u’ V) = (:u’ [v])Qo

2
-1/2 1/2
< a2l 1200yt D Ivill

i=1

S lullallvilv. (8.14)

If the multiplier space Aj, and the stabilization sj ¢ are chosen so that the condi-
tion (7.28) is satisfied for the space Vj, ;, such that ; = ami, and the parameter
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Ts,0 = Toa';liln, then Theorem 7.3 holds. If robustness with respect to the contrast is
not necessary, either side can be used to satisfy the inf-sup condition. If the spaces
satisfy the inf-sup condition without stabilization, optimal preconditioners can be
derived using the framework of Bertoluzza and Burman (2023). The design of
efficient preconditioners for the stabilized system is an open problem.

8.2. Example: bulk—surface coupling

We now revisit a model for the interaction of concentrations in the bulk and on the
surface, with a prescribed jump between the two similar to (2.55)—(2.57). This time,
to simplify the problem setting, the surface PDE acts on the boundary as a non-
local boundary condition. This is a model for proton transport in cell membranes
introduced in Georgievskii, Medvedev and Stuchebrukhov (2002), with absorption
in the bulk. Below we will apply a Neumann-type coupling for this problem. For
simplicity, we let Q be a smooth subset of R® with boundary Q) and outward-
pointing normal n. The model we consider takes the form

-V. ((YBVMB) +up = fB in Q, (815)
—V() . (CL’5V()I/£5) +n- CL’BVMB = fS on Q(), (8.16)
§n'CXBVMB+bBMB—b5MS=0 on ). (8.17)

Here V is the R? gradient and V) is the tangent gradient associated with Qg defined
by
Vo = PoV, (8.18)
with Py = Py(x) the projection of R3 onto the tangent plane of Qg at x € Qy,
defined by
Py=1-n®n. (8.19)
Further, b g, bs, ap and a5 are positive constants, and fg: Q@ — Rand fs: Qp — R
are given square-integrable functions. To see how the problem can be cast in
the abstract framework, we define the spaces Vs = H 1(Qo), Vg = H'(Q) and
A = H Y2(Qy) (the dual of the space of traces on £ of functions in V). Then we

multiply (8.15) by a test function vg € Vg and (8.16) by a test function vg € Vg, to
obtain

(=V - (apVup)+up,vp)a
= (apVup,Vvp)a + (up,vp)o — (n- (apVupg),vp)q, (8.20)
and, noting that the surface € is closed,

(=Vo - (asVous),vs)a + (n- (@pVup),vs)a,
= (asVous, Vovs)a, + (n - (apVup),vs)q,- (8.21)
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It follows that the last term in the above equations couples the two systems, so we
define A = —n - (agVup). Then we introduce the weak forms ag: Vg X Vg —» R
and ag: Vg x Vg — R,
ap(up,vp) = bp((apVup,Vvp)a + (up,vp)a), (8.22)
as(us,vs) = bs(asVous, Vovs)a,, (8.23)

and the coupling form

b(v, 1) = (1, bpve — bsvs)a,. (8.24)

Weletb(vp, u) = (1, bpvp)a, and b(vs, u) = —(u, bsvs)q,. The weak formulation
may then be written as follows: find {up, us, 1} € Vg X Vs X A such that

ap(up,vp)+b(vp,A) = (bpfp,vp)o forallvg € Vg, (8.25)
as(us,vs)+b(vs,A) = (bsfs,vs)q, forallvg e Vs, (8.26)
—¢ (A, oy + b, 1) = 0 for all i € A. (8.27)

Consider the norms
2 2 2 2 -1 2
IVlly = bpaglvellg + bsaslvslia,,  llully = bsa) llully-izq,, (8:28)

The Poincaré inequality for us can be shown using arguments similar to those
in Section 3.8. This formulation is well-posed in the indicated spaces using the
arguments of the previous section. By using equation (8.27) one may, however,
eliminate the multiplier to arrive at a formulation similar to that of equation (2.62).
The advantage of keeping the multiplier is that the formulation is robust for all
¢ — 0. In applications, typically ¢ may be very small.

CutFEM formulation of the bulk—surface coupling. A discretization for the bulk—
surface problem is most easily achieved by choosing the spaces Vj, g and Ay
together with a possible stabilization s; ¢ so that an optimal unfitted fictitious
domain method of the type discussed in Section 7 is obtained, using these spaces in
a formulation similar to (7.17)—(7.18). For the approximation space of ug and the
form ag, it is convenient to use a discretization of a surface PDE, with stabilization
similar to that proposed in Sections 2.3 and 5. Together this leads to a formulation
that will satisfy the error estimate of Theorem 7.3.

Observe that it is not possible to choose the multiplier space to be inf-sup stable
with the space used for discretization of the PDE on the surface, (8.26). Such
a choice will lead to inf-sup stability in the weaker H~'(Qq)-norm instead of
H~'2(Qp) and suboptimal estimates.

8.3. Combining local Dirichlet solvers to solve multidomain problems

Assume now that we have at our disposal solvers for the fictitious domain problem,
using either a Lagrange multiplier approach or Nitsche’s method (see Sections 2.1
and 7.4), and we want to use these codes as building blocks in a multidomain solver.
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Since a Dirichlet condition is imposed by the local solvers the coupling will instead
become of Dirichlet-Neumann type. Then (2.20) is imposed through the added
constraint and (2.19) is imposed weakly. This leads to the following bilinear form
for the local solver if Lagrange multipliers are used:

Ai(“ie ¢i’ Vi, lﬁl) = (aivuie Vvi)gi + (¢ia vi)Qo - (l//ia ui)Q07 (8'29)
—_—
a;i(ui,vi)

where u;,v; € Vi = HY(Q;) and ¢;,y; € A; = H™'2(0Q; N Q). Since by (2.19)
we may define A = uy — 180 = Uz + 17280 = Mou1 + niuz = {u), on Ly, where A is
in the space A = H 1/ 2(Q), consisting of traces of functions in V; on Qg, withi = 1
or 2, we must have, fori =1, 2,

Ai(ui, iy vi i)
= (fi,vi)a — (L, ¥, + 1i(=1) g0, ¥i)q, forall (v;,¥;) € Vi x A;. (8.30)

Observe that this coincides with the formulation (7.5)—(7.6) for the imposition of
the Dirichlet boundary data A — n;(=1)'go. In this case, the spaces V; and A;
must satisfy the inf-sup condition (7.11) separately on the two subdomains. To
close the system we add the equation for the constraint (2.20). Since in this case
¢; = —n;-a;Vu;, the constraint equation can be written (¢1 +¢2, 1)a, = —(fo, 1),»
for all u € A.

We see that the resulting method can be interpreted as a coupling scheme of the
form (2.33)~(2.34) if u = {(ui, $)}2 . v = {(vi-¥)}2, and where the a(u,v) =

%:1 Ai(u,-, ¢i, Vi, lﬁi), with Ai defined by (829) and b(/L lﬁ) = (/l, lﬂ] + lﬁz)go. We
write the scheme as follows: find (u;, ¢;) € (V; X A;), 4 € A such that fori = 1,2

Ai(ui, @i, vis i) + (L ¥i)a, = Li(vi, ;) forall v, € Vi X A, (8.31)
where [;(vi, ) = (fi, vida + (80, 1:i(—=1)'¥)q,, and
(P01 + d2, W, = —(fo, g, forall u e A. (8.32)

The spaces V;, A; must satisfy the inf-sup condition (7.11) for i = 1,2. The space
A must also satisfy an inf-sup condition with either Aj or A;.

This Dirichlet coupling is what is sometimes known as the three fields formula-
tion (Brezzi and Marini 1994, Bertoluzza 2003, 2016). The analysis of the previous
section cannot be immediately applied to this case, but the results still follow using
similar arguments and we refer to the above works for details. The formulation
(8.31)—(8.32) may appear significantly more complicated than (8.2)—(8.3), but the
objectives of the two formulations are different. Assume that a method for the
approximation of a boundary value problem with Dirichlet data is available. Then
this solver serves as a building block for the local problem (8.31) of the coupled
problem. In (8.2)—(8.3), local solvers use Neumann boundary conditions.
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CutFEM formulation of the Dirichlet coupling. To discretize (8.31)—(8.32), we
replace the spaces Vi, A;, i = 1,2 and A by their discrete unfitted counterparts
Wh, Ap,i, i = 1,2 and Ay, as before. We arrive at the following formulation: find
WMn,i> On,i) € (Vi X Ap;)and A, € Ay such that fori = 1,2

AniUnis Onisvi )+ An, Uiy = Lih,, ¥i), (8.33)

for all v;, ¥; € Vi ; X Ap i, and where

Api(UnisOnisvi,¥i) = Ai(Un,is Pni» Vi Wi) + T5,0,i51,0,i(Ph,is ¥i) (8.34)

with A; defined in (8.29), and

(Dn,1 + Pn2s 0y — Ts,05m,0(An, 1) = =(fo, e, forall u e Ay. (8.35)

Then, assuming that the pairs V}, ;, A ; and the stabilizer sj, o are chosen to satisfy
the inf-sup condition (7.28) for the local solvers, and that Aj, together with one of
the Ay, ; satisfies the inf-sup condition (7.28), we obtain a result similar to that of
Theorem 7.3.

Clearly the above approach is attractive only if two unfitted solvers using multi-
pliers are already available for the two local problems. Otherwise the accumulation
of inf-sup conditions may be intimidating. To reduce the number of multipliers on
the discrete level, one may proceed by formal elimination on the discrete level in
the spirit of Stenberg (1995).

For the spaces A;, instead of introducing additional variables we then use ¢; =
—n; - a; Vu; to substitute ¢; in the discrete approximation for some approximation
of the flux —n; - @;Vu;. Any stabilization associated with the ¢; is omitted. We
propose two substitutions that result in different hybridized Nitsche methods.

o The simplest approach is to make the direct substitution ¢ ; = —n; - @; Vuy, ;
and ¥; = —n; - @;Vv;, where uy; and vy, ; are functions in Vj, ;. This leads
to a hybridized version of the penalty-free skew-symmetric Nitsche method
first analysed in Burman (2012) and in the unfitted framework in Boiveau,
Burman, Claus and Larson (2018), which takes the following form: find
{(uh’1, uh’z), A} € Wy X Ay, such that

Ai(up,i,—n; - a;Vup i, vi, —n; - @;Vv;) — (Ap, n; - @; Vi),
+ Ts,iSh,i(Un,i, vi) = L;(vi,—n; - @;Vv;) fori=1,2, (8.36)
2

D ni - @i Vun ey + To.05n00n, 1) = (fo ey, (8.37)
i=1

for all {(vy,v2), u} € Wi, x Ay. Now only Ay and one of the sides need to
satisfy the inf-sup condition using the flux functions n; - @;Vvy_ ;. On unfitted
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meshes the inf-sup stability only holds together with a ghost penalty (Boiveau
etal.2018). Then an unfitted method that is stable with optimal approximation
estimates in the H'-norm is obtained, as was shown in Boiveau, Burman and
Claus (2017) and Boiveau et al. (2018). Writing out the terms in A;, this
formulation can be written as

2
Z (aiCun,isvi) = (i - @;Vupi, vi — ay + (1 - @;Vvi, upi — Ap)gy

i=1

+ Ty iSh,i Wiy Vi) + Ts,05n,0(An, 1)

2
= > L, =ni - @i Vvi) + (fo ey (8.38)
i=1

e Approximating ¢n; & ¢ i(Uni, An) = —n; - @;Vup, +,30/2C¥ih_1(14h,i - An)
for some positive real dimensionless parameter 8o > 0, and for ¥;(v;, i) =
n; - o;Vv; — Bo /2a,~h‘1(v,~ — u), leads to the hybridized Nitsche method
originally introduced in Egger (2009) and applied as proposed here in the
framework of CutFEM in Burman et al. (2019a). It takes the following form:
find {(uh,l, uh’z), /lh} € Wy, X Ay such that, fori = 1,2,

AiUn iy Bnisvio i) + TsiSniWnis vi) + A, Fida, = Li(vi, ), (8.39)
(s D1 + Pn2)ay — Ts.05m.0(An, ) = —(fo, ), (8.40)

for all {(v1,v2), u} € Wi, X Aj,. Writing out the terms in A;, this formulation
can be written as

2
(ai@un,i,vi) = (i - @;Vupi,vi — oy — (i - @ Vvi upi — An)e,
i=1
+(Bo/ hai(un,i = An), vi = ey + Ts,iSh,i(Un,is Vi)

+ 75,051,0(An, 1))

2
= D Ln ) + (fo, ey (8.41)
i=1

For results on stability and optimal error estimates we refer to Burman et al.
(2019b). The conditioning of the Schur complement (i.e. when the bulk de-
grees of freedom have been eliminated) was shown to be optimal irrespective
of the mesh interface intersection in the unfitted case too.

We have now derived both the Neumann and the Dirichlet coupling with Lagrange
multipliers and two hybridized Nitsche methods. Finally, we can eliminate the
hybridization variable in the hybridized Nitsche method. Using the definition of
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Qs
Qy

21

Figure 8.1. Illustration of the model problem geometry. The unit square [0, 1]?
is divided into three subdomains, Q;, €, and Q3, according to the figure with
material coefficients @1 = 1, ap = 2 and a3 = 3.

the trace variable we can also eliminate ;. Recall the weighted average (v). =
mvy + n1va. Now replace A, with (up). and the associated test function u with
(v)« in (8.41), and take 75 o = 0. Writing out the resulting method, we arrive at our
original formulation of Nitsche’s method (2.40).

Numerical example hybridization: three subdomains. To illustrate the performance
of the hybridized methods, we will reproduce a numerical example from Burman
et al. (2019b, Section 5.2). The method (8.41) is applied to an interface problem,
with f =1, fo = go = 0, coupling three different subdomains. The unit square is
partitioned into three subdomains €;, i = 1, 2, 3 with a different constant material
coefficient @; in each subdomain; see Figure 8.1. In this problem we have three
interface subdomains. We consider the following two unfitted mesh constructions
(for details see Burman et al. 2019b, Section 5.1).

e Global background grid. Here active meshes associated with each subdomain
are extracted from the same background grid; see Figure 8.2. We use Q2-
elements on each mesh. Note that all subdomains have cut elements and
that some skeleton subdomains are curved within elements. In this setting
there are no locking effects due to non-matching approximation spaces when
choosing the penalty parameter 8 large. A sample solution and the magnitude
of its gradient are presented in Figure 8.3.

o Single element interfaces. Here the mesh and the space on each subdomain is
constructed independently, some as quadrilateral meshes with Q2-elements
and some as triangular meshes with P2-elements. On each skeleton sub-
domain we use a single Q4-element. Sample meshes in this set-up are visu-
alized in Figure 8.4 and the corresponding numerical solution is presented in
Figure 8.5.
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(a) subdomain meshes (b) skeleton subdomain meshes

Figure 8.2. Meshes in the three subdomain example extracted from a global
background grid. (a) Unfitted meshes with Q2-elements. (b) Skeleton subdomain
meshes also with Q2-elements.

I~ iR

(a) solution (b) gradient magnitude

Figure 8.3. Approximate solution (a) and the gradient magnitude (b) in the three
subdomains using the construction illustrated in Figure 8.2.
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(a) subdomain meshes (b) skeleton subdomain meshes

Figure 8.4. Meshes are constructed independently for each subdomain in the three
subdomain example: (a) Q2-elements on quadrilateral meshes for subdomain Q,
and Q3, and P2-elements on triangular meshes for the subdomain Q;. (b) Each
skeleton subdomain is embedded in a single Q4-element.

(a) solution (b) gradient magnitude

Figure 8.5. Approximate solution (a) and the gradient magnitude (b) in the three
subdomains using the construction illustrated in Figure 8.4.
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9. CutFEM in time-dependent domains

For time-dependent PDEs in evolving domains in R¢, three main strategies have
been proposed in connection with cut finite element discretizations.

The first strategy approximates the material derivative by following the char-
acteristics, allowing information from previous time steps to be retrieved. This
approach is combined with cut finite element discretizations in space by Hansbo
et al. (2015a), where a convection—diffusion equation on a moving interface is
considered. The method in Hansbo et al. (2015a) uses backward Euler, and the
unfitted scheme is proved to be first-order accurate in the L?>-norm. More recently,
this strategy has been extended to a fourth-order backward differentiation formula
(BDF) and applied to convection—diffusion equations in a moving bulk domain in
Ma, Zhang and Zheng (2022). In this extension, the moving boundary is expli-
citly represented using cubic spline interpolation, and integrals on cut elements are
subdivided, with high-order Gauss—Legendre quadrature applied. The resulting
scheme is fourth-order accurate in the energy norm, as demonstrated in Ma et al.
(2022).

The second strategy involves approximating the time-dependent PDE in an unfit-
ted space—time domain. The discontinuous Galerkin (DG) method is used in time,
combined with an unfitted spatial discretization, allowing the space—time domain
to be partitioned into space—time slabs. Approximations can then be computed one
time slab at a time. Space—time unfitted finite element methods have been presen-
ted in Chessa and Belytschko (2004) and Lehrenfeld and Reusken (2013) for bulk
problems and in Grande (2014), Olshanskii and Reusken (2014) and Olshanskii,
Reusken and Xu (2014) for PDEs on evolving surfaces. For both bulk and sur-
face problems, first-order accuracy is shown in the energy norm, and second-order
convergence is demonstrated in a weaker norm than the L2-norm.

Implementing these unfitted space—time methods requires integration over R4*!-
dimensional space-time elements, which may have complex shapes due to the
unfitted evolving boundary; see e.g. Lehrenfeld (2015) for an implementation in
three space dimensions for a bulk problem. It is important to note that these
methods use approximation spaces defined by restrictions of finite element spaces
from a space—time unfitted mesh to the space—time domain where the PDE is
defined. This differs slightly from cut finite element discretizations, where the
approximation spaces are defined on the entire active mesh, not just where the PDE
is defined.

To simplify the implementation of space—time methods and avoid integration over
R4*!_dimensional space—time elements, a time-stepping strategy can be used. In
the framework of CutFEM, Hansbo et al. (2016) and Zahedi (2017) demonstrate that
space—time integrals can be approximated by first applying a quadrature rule in time,
provided that appropriate stabilization terms are included in the weak formulation.
These terms help to extend and control the solution across all the elements of a
suitably defined active mesh. The method extends CutFEM, originally developed
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for stationary domains, to time-dependent domains by approximating the solution
over an active mesh that encompasses the time-dependent domain over a small time
interval. Numerical studies have shown that this scheme is stable and robust with
respect to the position of the boundary relative to the mesh. It has been successfully
applied to multiphase flow problems in Frachon and Zahedi (2019, 2023). In
Zahedi (2017), high-order discretizations for surface PDEs are presented, using an
explicit representation of the interface via spline interpolation and the introduction
of appropriate stabilization terms. For high-order discretization of bulk problems
in a moving domain represented by a level set function, Heimann et al. (2023)
propose a method based on isoparametric mapping for integration on cut elements.
They also introduce adaptive quadrature rules for time integration that adjust to the
evolution of the moving domain. In Frachon and Zahedi (2023), Reynolds’ transport
theorem is applied to achieve mass conservation for surface PDEs. Additionally,
Myrbick and Zahedi (2024) propose mass-conservative high-order discretizations
for both bulk and surface PDEs, also leveraging Reynolds’ transport theorem to
derive a weak formulation that inherently ensures mass conservation. To ensure
convergence and robustness, especially for high-order elements and independent of
the cut configuration, this weak formulation must be efficiently stabilized (Myrbéck
and Zahedi 2024). For integration on cut elements, represented by the level set
method, Gaussian quadrature rules based on the algorithm of Saye (2015) are used.
The third strategy also includes methods based on the method of lines, where time
derivatives are replaced by finite difference schemes. Lehrenfeld and Olshanskii
(2019) proposed an unfitted discretization, where the time derivative is discretized
using BDF1, combined with a cut finite element method in space. This method
utilizes an active mesh that covers the time-dependent domain from the previous
time step. For BDF1, which is an implicit Euler discretization in time, optimal
error estimates are derived for the solution in the H'-norm in space, as detailed
in Lehrenfeld and Olshanskii (2019). We show here that when BDF1 is used,
the scheme is identical to the one presented in Hansbo et al. (2016) when the
lowest-order elements in time (i.e. piecewise constant polynomials) and a first-
order quadrature rule are used. See also Remark 3.2 in Frachon and Zahedi (2019).
In Lou and Lehrenfeld (2022), the focus is on high-order BDF schemes and the use
of isoparametric mapping for integration on cut elements.

To illustrate this third strategy based on time-stepping, we first consider a bulk
problem, followed by a coupled bulk—surface problem.

9.1. A space—time method using time-stepping by quadrature

Let us first consider the following bulk problem: given Q(¢) with boundary Qq(),
evolving with velocity Bg, for 7 € [0,T], find u: [0,T] X Q(r) — R such that

Ou+V-(Bu—aVu)=f in Q(1), 9.1)
n-aVu=0 on Q(1), (9.2)
u(0,x) = up(x) in Q(0). 9.3)
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Here, B is the fluid velocity, and we assume B-n = Bq - n on Qo(7), and that Qo(7)
is a closed, smooth surface.
Recall Reynolds’ transport theorem:

d
— udx = Btudx+/ n - Bo,uds. 9.4)
Q(t) Q) Qo(1)

dr
Combining (9.4) with the given PDE (9.1), using the divergence theorem, and the
condition B - n = Bg, - n on Q(t), applying the boundary condition (9.2), and
finally integrating in time yields the mass conservation law:

T
/ udx — udx:/ f dx dr. 9.5)
QT) Q(0) 0 Q(t)

We now present the methods introduced in Hansbo ef al. (2016) and Myrbéck
and Zahedi (2024), followed by a discussion of the methods in Lehrenfeld and
Olshanskii (2019) and Olshanskii and von Wahl (2024), which are based on finite
difference approximations of the time derivative using BDF1, and how they are
related.

Let I, = [t,_1,t,] C [0,T] be a time interval and let V = Hl(Uteln {t} X Q(1)).
By multiplying the PDE by v € V, integrating in space and time, and applying
integration by parts in space, we obtain the weak formulation:

/ (Oru+V - (Bu), v)o) dt + / (aVu, Vv)qe dt = / (fsv)aq dt. (9.6)
In In In

Next, applying Reynolds’ transport theorem to the product uv and integrating over
I,,, we obtain

()o@, = W, V)aa, )
= /I Oru+V - (Bu), v)qq) dt + '/I (u, 0pv + B - Vv)gu dt. 9.7)
By combining (9.7) with the weak formulation (9.6), we arrive at
(W, vV)aw,) = Vo, 1)

- f (u, 0yv +ﬂ . Vv)g(t) dr + [ (aVu, VV)Q(;) dr = ,/1 f, v)g(,) dr. (9.8)
We now define two cut finite element discretizations, one based on the weak
formulation (9.6), as presented in the works of Hansbo et al. (2016) and Zahedi
(2017), and the other based on the weak formulation (9.8), as introduced in Myrback
(2022) and Myrbick and Zahedi (2024).

We will demonstrate that the advantage of the cut finite element discretization
based on the weak formulation (9.8) is that it inherently ensures mass conservation.
However, this approach requires efficient stabilization to maintain robustness and
accuracy.
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Mesh and finite element spaces. To define a cut finite element discretization, we
need to specify the active mesh, the finite element space and the weak formulation.
We use discontinuous elements in time, meaning that the approximate solution will
be computed one time slab at a time, with each solution depending on the solution
from the previous time slab. This approach avoids the need to solve a fully coupled
problem over the entire time interval [0, T'].

Let 0 =ty < t; < --- <ty = T be a partition of / = [0,7] into time
intervals (¢,-1,1,], each of length At,, = t,, —t,—y forn = 1,...,N. Let Q be
the computational domain, which is assumed to be easy to mesh and such that
Q) c Qforall r € I. Let Tj, denote the background mesh of €, which is unfitted
with respect to the boundary Qg (). _

For simplicity, we assume that the background mesh 7} is time-independent
and generated independently of the position of €y(¢#). However, depending on
the specific application, a time-dependent background mesh may be required for
efficiency. For instance, the mesh diameter 4 near €2y(¢f) may need to be smaller
than that of elements farther away from the boundary.

For t € I, the mesh associated with Q(¢) and Q(?) is defined as

Th@®) ={T € Th: TN Q1) # 0}, Tho®) ={T € Tn: TNQ() # 0}. (9.9)

We define active meshes associated with each domain and each time interval
I, = [tn—latn], as

Tot = | AT} =T € Tu: T 0 Q1) # 0 for some 1 € I}, (9.10)
tel,

o= | {Tho®} ={T € Tu: TN Qo(t) # 0 forsome t € I,}.  (9.11)
tel,

Each active mesh constitutes an active domain:

Q= U T, Q.= U T. (9.12)

TeTy TeTy

For a visualization of the active meshes 7," and 7;1"“, along with the corres-
ponding active domains associated with the time intervals 7,, and I, refer to
Figure 9.1. Note that €(#,) is a subset of both the active domain ) and the active
domain Q)+,

Let Vi, p, (7;1") be the finite element space with basis functions of order pg (in
space), defined on the active mesh 7,". For example, this could be the space
spanned by Lagrange basis functions of order p;. On a Cartesian mesh, one can
use the tensor product space of Lagrange basis functions of order p; in each spatial
direction. Let Pr(l,) denote the space of polynomials of degree k in I,,. The
space—time cut finite element space is then defined as

Wi =P, (1) ® Vi p, (T} (9.13)
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-
A L

(a) (b) (©

//

Figure 9.1. (a) The initial configuration, i.e. €(0), embedded in the computational
domain Q. (b) The elements in the active mesh for the time interval I,,. The grey
domain is €2 and the grey triangles belong to the set 7,". Marked faces (in yellow)
belong to elements in T" that are involved in the stablhzatlon process. The blue
curves represent Qo(t;,— 1) and Qq(,). (c) Similar illustration for the time interval
I,+1, where the blue curves show the boundaries Q(#,) and Qy(#,+1). The grey
domain is QZ“ and the grey triangles are the elements of the active mesh 7;1"”.

A function v € W;l‘ has the form

Pt J
t—1,-
vt x)= vh,j(x)(#> s Vi €Vip (T])s 1 € I, x € Q. (9.14)
=0 "
Here,

N

Vi) = ) er i), (9.15)

=1

where ¢; ; € R and N; is the number of degrees of freedom of Vj, (7;1") for which
{(pl};\i‘l is a basis.

The weak formulation. Foreachn =1,..., N, given the solution from the previous
time slab at Qy(#,-1), denoted by u, (r,-1,x) (With u, (f9,x) = upo(x) for x €

we seek

Q,(0)), and a quadrature rule with weights and nodes {(wq,tg)}flvjl,

uy € W;: such that
AZ(uh, V) + SZ(uh, Vh) = LZ(Vh) for all vy, € W;: (9.16)

Following Hansbo et al. (2016) and Zahedi (2017), the weak formulation is derived
from (9.6), and the solution u,; defined on the active mesh from the previous time
slab is imposed onto the new active mesh 7;1” at Q(z,,_1). Stabilization is then used
to extend the solution uy, to the entire active mesh QZ Thus the weak formulation
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is given by the forms

Ng

A, v) = W, V)ag, )+ ) wgalthu,v), 9.17)
gq=1

at,u,v)= O+ B-Vu,v)gn + (V- Bu,v)au + (@Vu, Vv)oq). (9.18)

L") = Wy V), + ) @g(f> Ve, 9.19)
q:l
nu, V)—/ sy (u, v)dt—quTsh (t ), V([Z)). (9.20)
g=1

Here, 7 > 0 is a sufficiently large constant. The stabilization form can take the
form of either the face-based or the element-based stabilization, defined in (4.5)
and (4.15) respectively (with m = 1). In the case of full stabilization, all the faces
in the mesh T” that are shared by two elements in 7," belong to the set Fj,, as
shown in Flgure 9.1. Within a given time interval [,,, both the active mesh and the
subset where stabilization is applied are time-independent. The quadrature rule is
chosen to ensure that the integral in (9.20) can be computed exactly. For instance,
when sy, is the element-based stabilization form, the quadrature rule must integrate
polynomials of degree 2p, exactly. In practice, higher-order quadrature rules are
often chosen to ensure the accuracy of the other integrals in the weak formulation,
which involve time-dependent domains. In the numerical examples we have used
Lobatto quadrature.

Lowest-order elements in time. When using the lowest-order elements in time, i.e.
pr =0, we have for v € W} that

V(1,x) = vpo(x), 1€, x €Q}, vyo@x) € Vi, (T)), (9.21)

and thus d;v = 0. We will show that using the one-point quadrature rule (wy, #}') =
(At,t,—1) in (9.16) yields the backward Euler discretization. For simplicity, let
us take f = 0. The method from Hansbo er al. (2016) is then as follows: for
each n = 1,..., N, given the solution from the previous time slab u, (x) (with
u, (x) = upo(x), forn = 1), find u, € W} such that

Wh, V)Qa,_1) + Ata(ty—1, up, vi) + TALS, (U, vi) = (U}, Vi)Q@,_ ), (9.22)
for all v, € Vi, (T,"), where
at,u,v) = (B - Vu,v)ou + (@Vu, Vv)ou) + (V - Bu, v)ae). (9.23)

Since discontinuous elements are used in time, the approximate solution is
double-valued at each time instance ¢ = t,,, with one solution from the left (from
the time slab 7,,) and one from the right (from 7,,,1). Let u} (x) denote the solution
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associated with the time slab /,.;, and MZ‘I(x) = uy, (x) (with u?l(x) = upo(x)

given). The solution u, lies in W;:” forn=1,...,N, and satisfies
-1
(”Z’Vh)gh(t,,) - (”Z ’Vh)Qh(tn)

A +a(tn,u2,vh) +TSZ+1(MZ,vh) =0, (9.24)
forall vy, € Vi, p, (7;1”“), which corresponds to the scheme proposed and analysed
by Lehrenfeld and Olshanskii (2019) based on the BDF1 discretization in time.

Note that uj is defined on the active mesh 7;1"“, which includes both €(z,,) and
Q(tp+1). Similarly uZ‘l is well-defined on the entire active mesh 7;1" and hence on
Q(t,). The active mesh, as defined in Lehrenfeld and Olshanskii (2019), is

a=1{T € T dist(x, Q(t,_1)) < 6 for some x € Ty, Q= U T, (9.25)
TeT}

where ¢ is proportional to Az but chosen sufficiently large that Q(#,) C €. This
definition of the active mesh should be compared with that in (9.10) (from Hansbo
et al. 2016), as the two definitions differ. However, the key point in both cases is
that Q(¢,,) € Q7, and the stabilization term controls the approximate solution over
the entire active mesh.

Under the condition of a sufficiently small time step At, the following stability
estimate (in the case f = 0) is derived by Lehrenfeld and Olshanskii (2019) (see
Theorem 5.1):

N
N 1+ A D (@/201V 13, ) + 55 (i) < explertn) I,
n=1
(9.26)
where c7 is independent of 4 and A¢, and
Wunllly = lunllg, o) + @/21Vunllg, @) + TShns un). (9.27)

Here, Q(¢) is an approximation of Q(z) such that dist(Q(t,,), Qn(t,)) < hPstl
To derive this stability estimate, Lehrenfeld and Olshanskii (2019) rely on the
stabilization form and also a strictly positive diffusion coefficient & (see Lehrenfeld
and Olshanskii 2019, Lemma 5.4).

The conservative formulation. Following the weak form in (9.8), the bilinear form
A} in (9.16) can be defined as

Nq
A, v) =, V)ag,) + ) wgae(th,u,v), (9.28)
q=1
ac(t,u,v)=—u,o0v+p- Vv)g(tg) + (aVu, Vv)g(,;). (9.29)

The stabilization form is chosen such that S} (u, 1) = 0. Thus, by taking v, = 1 in
the cut finite element discretization (9.16) with the bilinear form A} as defined in
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(9.28), we obtain

/ up, dx — uj, dx = Z (9.30)
Q(tn) Q(tn-1) Q(t")
Summing over all time intervals, we obtain the following discrete mass conserva-
tion:
N Ng
/ updx — [ wpdx = ZZ 9.31)
Q) Q(0) oy sz(z"

Thus the cut finite element discretization based on the weak form in (9.8), which
utilizes Reynolds’ transport theorem, ensures mass conservation. In contrast, the
discretization based on the weak form in (9.6) and the bilinear form A} in (9.17) does
not naturally conserve mass. However, the discrete mass conservation condition
(9.30) can be imposed using a Lagrange multiplier, as done in Hansbo et al. (2016),
Zahedi (2017).

Numerical simulations have shown that this conservative formulation is more
sensitive to the position of the boundary relative to the computational mesh. As a
result, stronger stabilization, smaller time steps or more quadrature points are often
required, particularly when using higher-order elements beyond linear elements. To
address this, the formulation is combined with macro-element stabilization. This
approach enables efficient stabilization of both bulk and surface problems, applying
more stabilization where needed without increasing the overall error. Macro-
element stabilization was introduced in Larson and Zahedi (2023) and extended to
time-dependent problems in Myrbick and Zahedi (2024).

Next, we extend these discretizations to coupled bulk—surface problems.

9.2. Coupled bulk—surface problems

The same strategy can be used to solve coupled bulk—surface problems in evolving
domains. Consider the following problem modelling the dynamics of soluble
surfactants: find ug: I x Q(r) — R and ug: I x Qo(r) — R4~! such that

oiup+V - (Bup)—V - (aVup) = fp in I X Q(1), (9.32)

Orus + B - Vus + (Vo - Blus — Vo - (@oVous) = fs + fc  on 1 X Qo(t), (9.33)
—n-(aVup) = fc onl X Qy(), (9.34)

up(0,x) =upo(x) inQ(0), (9.35)

us(0,x) =ugs o(x) on p(0). (9.36)

Here, @ and aq are the bulk and surface diffusion coefficients, respectively, and
fB and fs are source terms. The operator V( denotes the tangential gradient. The
coupling term fc describes the exchange of surfactants between the bulk and the
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surface. An example is the Langmuir isotherm,

fc =bpup — bsus — bpsugus, (9.37)

where bp, bs and bps are physical constants related to the adsorption and de-
sorption of the surfactant. The case of bps = 0 gives the linear Henry coupling
model.

As before, we define active meshes corresponding to the evolution of each
subdomain in a small time slab. On these active meshes, we define finite element
spaces consisting of discontinuous elements in time and continuous elements in
space. One may also use discontinuous elements in space. Recall the definitions
of 7, and 7;20 from (9.10) and (9.11), respectively. Let Vj_ (’7;1”) be as before,
i.e. the finite element space with basis functions of order p (in space), defined
on the active mesh 7,". Similarly, define V}, p, (7;1”0) as the finite element space
with basis functions of order pg (in space), defined on the active mesh 7;20. On
a Cartesian mesh, we use the tensor product space of Lagrange basis functions of
order p; in each spatial direction.

Recall the space P, (1,); we now define the space—time cut finite element space
for the coupled problem as

Wi = (Pp,(In) @ Vi, (T77)) X (Pp, (1) ® Vi p, (Ti)),  (9.38)

where v € W' is of the form v = (v, vs).

The cut finite element method reads as follows: for eachn = 1,..., N, given
the solution from the previous time slab at €(t,—-1) and Qp o(f,,—1), which is
u, = (”Z,B’ ”;_z,s) (with u}, = (up,0,us,0) for n = 1), and a quadrature rule with

Na find up € W, such that

weights and nodes {(wq, tg) }qzl,

Ay(up,v)+Sp(up,v)=Ly(v) forallv, e W) (9.39)
Here, as before, we have

L*(v) = bp(ug ,, vB)aw, 1) + bs(Ug 1 Vs)ay, 1)

Nq NLI
+ ) wabs(fa,vR)aw + ) webs(fs, vs)aywn, (9.40)
q=1 g=1
Ny
Spow.v) = ) wq (bisiy (wi (7). vs (1)) + bssiy o (ws (1) vs (17))). - 9.41)
g=1

and we can have a non-conservative formulation with the bilinear form A and a,
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similar to equations (9.17) and (9.18), but including the surface terms

Nq
Ap(w,v) =bp(WB,VB)aw, ) + bs(Ws, Vs)Qyt,_1) + Z wga(th,u,v), (9.42)
g=1
a(t,w,v) =bg(0;wp+ B -Vwp,vp)aw) + bs(Ows + B - Vws, vs)ayr)
+bp(@Vwg, Vvp)ar) + bs(aoVows, Vvs)ayr)
+(bpwp — bsws —bpswpws,bpvp — bsvs)ay ), (9.43)

or a conservative formulation with A and a similar to equations (9.28) and (9.29):

Nq
Ap(w,v) =bp(WB,VB)au,) + bs(Ws, Vs)a,) + Z wya (IZ u,v), (9.44)
g=1
a(t,w,v)=—-bp(wg,0;vp+B-Vvp)ar — bs(ws,0;vs + B - Vvs)a,r)
+bp(aVwg, Vvp)an) + bs(aoVows, Vovs)ay)
+(bpwp —bsws — bpswpws,bpvp — bsvs)ayr)- (9.45)

Thus we have two different methods for discretizing the problem: a non-conservative
and a conservative cut finite element discretization. Stabilization is associated with
each subdomain. Examples of stabilization forms s} for the bulk are as before.
For the numerical examples of this bulk—surface problem, we will use (4.15) (with
m = 1 and 7 > 0 a sufficiently large constant). A macro-element stabilization
with y = 0.7 is used to classify elements as large (see Section 4). Examples of
stabilization terms for the surface problem are given in Section 5. We choose the
following stabilization term:

p<
spo@®Ow®) = > 10 ph (], Whean + D 1070 (Vhv, Viw) g -
FeFy, Jj=1

s

(9.46)
Here, 79 r > 0 and 79 > O are sufficiently large constants, and compared to the
bulk stabilization, F;, now contains only the interior faces in 7;:?0 in the case of full
stabilization.

Due to (9.37), we have a linear problem if bps = 0 and a non-linear problem if
bps # 0, which can be solved using Newton’s method, as described in Hansbo ez al.
(2016) for the non-conservative scheme and Myrbick and Zahedi (2024) for the
conservative scheme. Myrbick and Zahedi (2024) have shown that in every Newton
iteration, mass conservation holds for the linearized solution of the conservative
scheme.

Next, we consider numerical examples to illustrate the conservation error and
the convergence order of the two methods.

Downloaded from https://www.cambridge.org/core. IP address: 10.2.212.216, on 25 Jul 2025 at 12:50:31, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50962492925000017


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0962492925000017
https://www.cambridge.org/core

CUT FINITE ELEMENT METHODS 105

9.3. Numerical example

We consider two numerical examples in this section. The first example involves the
bulk problem defined by equations (9.1)—(9.3), and the second example involves
the coupled bulk—surface problem defined by equations (9.33)—(9.36). The code
used to generate the numerical results in this section is available in Frachon and
Myrbick (2024).

Bulk problem. We consider an example of two colliding spheres from Olshanskii
and von Wahl (2024). The two spheres have radius 0.5 and are centred at (0,0, t —
3/4) and (0, 0,3/4 — t), respectively. The velocity field is defined as

. (9.47)
(0,0,1) if(z<0andr<0.75o0r(z>0andr > 0.75),

5= {(o, 0,-1) if(z>0and?<0.75)or (z < 0and > 0.75),
and the diffusion coefficient @ = 0.1. The initial solution is uy = sign(z), and the
source term f = 0 in equation (9.1).

We discretize equation (9.1)—(9.3) over time ¢ in / = [0, 1.5] using the method
from equation (9.16) with p; = ps = 1 and Simpson’s rule for quadrature. Recall
that for p, = 0 and using a one-point quadrature rule, the method is equivalent
to backward Euler time-stepping. Therefore, in the lowest-order case, the non-
conservative method from Hansbo ez al. (2016), i.e. with AZ as in equation (9.17),
is equivalent to the method proposed in Lehrenfeld and Olshanskii (2019), while
the conservative method from Myrbick (2022) and Myrbéck and Zahedi (2024), i.e.
using A} as in equation (9.28), is equivalent to the method proposed in Olshanskii
and von Wahl (2024). _

The computational domain is Q = [-0.6,0.6] x [-0.6,0.6] x [-1.35,1.35],
and we generate a uniform background mesh of tetrahedra with & = 0.5625.
We choose At = h/3 and 7 = 0.1. The two spheres and the solution u;, at times
t =0,0.25,0.75, 1.5 are shown in Figure 9.2. The conservation error is measured as

/ up dx — ugy dx
Q(tn) Q(0)

and shown for 7,,, the endpoint of each time interval I,, = [f,,—1, t,,], in Figure 9.3.
The conservation error for the conservative method is of the order of machine
epsilon, while the error for the non-conservative method increases rapidly as the
two spheres approach and merge. In the non-conservative method, a Lagrange
multiplier can be used to set /Q(tn) uy at each time instance ¢,,, as in Hansbo et al.
(2016), in order to prevent this mass loss.

ec(tn) = ) (9.48)

Coupled bulk—surface problem. Consider the coupled bulk—surface problem given
by equations (9.33)—(9.36), with the following parameters: the initial surface Q¢(0)
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Figure 9.2. Bulk problem: two colliding spheres. The solution u; using the
conservative method (equation (9.16) with A} as in (9.29)) with linear elements in
time and space, i.e. p; = ps = 1, and Simpson’s quadrature rule.

._‘.__....,.--.-.--.-.4-.--.-.--.-.'-.--.-.--.-.--.
e

Figure 9.3. Bulk problem: two colliding spheres. The conservation error as a
function of time.

is acircle centred at (0, 0) with radius 1, the velocity fieldis 8 = (0, 1 —x2), @ = 0.01,
ag=1,bp =bs = bps = 1. The domain €(¢) is defined by

Q1) = {(x,y) | ¢(x,y) <0}, where ¢(x,y) = x> +(y = (1 =x*)1)* = 1. (9.49)
We choose the source terms so that the exact solution in the bulk is
up = 0.5+ 0.4 cos(nx) cos(my) cos(2nt), (9.50)

and ug is chosen to satisfy the coupling condition (9.34). The problem is solved
for ¢ € [0, 1], with the computational domain Q = [-1.5,1.5] x [-3.5,3.5], and
we use a uniform Cartesian mesh. The time step is chosen as At = /3, and a
tolerance of 107'? is used in Newton’s method to solve the nonlinear problem.
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Figure 9.4. Coupled bulk—surface problem. The initial solution and the approxim-
ate solution (uy, g, up,s) at the final time ¢ = 1, using the space—time method defined
in equation (9.39) with a as in (9.45), p; = ps = 1, and Simpson’s quadrature rule.

For p; = ps = 1 we apply Simpson’s quadrature rule and set T = 79 = 79 = 1.
The approximate solutions for the bulk and surface, as well as the background mesh
and the active meshes, are shown at the initial and final times for the mesh size
h =0.1 in Figure 9.4.

In Figure 9.5 we show the convergence order of the non-conservative and con-
servative schemes. Both the bulk and surface solutions show optimal convergence
order. For p, = p; = 2 we use a five-point Lobatto quadrature rule in time for the
non-conservative scheme and a nine-point Lobatto quadrature for the conservative
method. For the conservative scheme we also use higher stabilization constants
(70.r = 10). To prevent an increase in the L2-error due to the large stabilization
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Figure 9.5. Coupled bulk—surface problem. The L2-error at the final time 7 = 1 as
a function of mesh size h, illustrating the convergence order of the bulk solution
(left), where u = upg, and the surface solution (right), where u = ug. Results for (a)
the non-conservative method, and (b) the conservative method. Circles represent
results with p = p, = p; = 1, and squares represent results with p = p, = ps = 2.

parameter, we apply macro-element stabilization, ensuring that strong stabilization
is only applied where necessary.
The conservation error is measured as

/ uB,hdx— uB,de+‘/ Up,S ds—/ ug,ods
Q(tn) Q(0) Qo(tn) Q(0)

N, Ng
_Zzwq(/ fgdx — des>
Q) Qo(ty)

n=1 g=1

ec(tn) =

. (9.51)
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Figure 9.6. Coupled bulk—surface problem: the conservation error as a function of
time. Circles represent results with p = p, = ps = 1, and squares represent results
with p = p; = ps =2.

Here N, is such that N;At = t,, where t, is the endpoint of each time interval
I, = [tn—1,t,]. The conservation error is shown in Figure 9.6. The conservation
error for the conservative method is of the order of machine epsilon, while the error
for the non-conservative method depends on the mesh size and the polynomial
order used in the approximation space.
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