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Abstract. In one-dimensional Diophantine approximation, the Diophantine properties of
a real number are characterized by its partial quotients, especially the growth of its
large partial quotients. Notably, Kleinbock and Wadleigh [Proc. Amer. Math. Soc. 146(5)
(2018), 1833—-1844] made a seminal contribution by linking the improvability of Dirichlet’s
theorem to the growth of the product of consecutive partial quotients. In this paper, we
extend the concept of Dirichlet non-improvable sets within the framework of shrinking
target problems. Specifically, consider the dynamical system ([0, 1), T) of continued
fractions. Let {z,},>1 be a sequence of real numbers in [0, 1] and let B > 1. We determine
the Hausdorff dimension of the following set: {x € [0, 1) : |T"x — z,||T""'x — Tz,| <
B~" infinitely often}.
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1. Introduction

The central question in Diophantine approximation is: how well can a given real number
be approximated by rational numbers? In one-dimensional settings, the continued fraction
serves as an important tool for this purpose, providing an algorithmic solution for finding
the best rational approximation of a given real number. The continued fraction can be
computed by the Gauss transformation 7 : [0, 1) — [0, 1) defined as

T0)=0, Tx)=1/x—[1/x]ifx € (0, 1),

where | 1/x] is the integer part of 1/x. For x € (0, 1), puta;(x) = [1/x] and a,+1(x) =
[1/T"(x)] = a;(T"(x)) for n > 1. Then, x € (0, 1) can be written as the continued
fraction expansion

1

X=—/———F=! [a1(x), ax(x),...], (1.1)
ar(x) + Zo7=
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where aj(x), ax(x), . . . are positive integers, and called the partial quotients of x. Let x =
[a1(x), ax(x), . . .] be its continued fraction expansion and the truncation p,(x)/q,(x) =
[a1(x), ax(x), . .., a,(x)] be its nth convergent. The continued fraction expansion of a

real number is widely recognized for its significant role in studying one-dimensional
homogeneous Diophantine approximation. This can be inferred from the following two
fundamental results.

THEOREM 1.1. We have two results:

(1)  the optimal rational approximation of the convergent

p ’ ‘ Pn(X)
xX—=|=|x—

q qn(x)
where || - || denotes the distance to the nearest integer;

(2) Legendre’s theorem

, min flgx[| = lgn—1(x)x|,
1<g<qn(x)

min
1<q=<qn(x),peZ

1
<_=>£_pn_(x) for somen > 1.

P
X — — 3 —
2q q  qn(x)

q

Building upon these two results, the Diophantine properties of a real number are largely
characterized by its partial quotients, especially the growth of its large partial quotients
within the consideration of the current paper.

The metrical theory of continued fractions, which concerns the size (in terms of
measure or Hausdorff dimension, etc.) of the sets obeying some restrictions on their partial
quotients, is an important subject in studying continued fractions. One focus is the study
of the following sets:

En(B) :={x €[0,1) : an(x)an41(x) - - - anym—1(x) = B" i.0.},

where m € N, B > 1 and ‘i.0.” stands for ‘infinitely often’. It is worth noting that the sets
E1(B) and E>(B) are related to homogeneous Diophantine approximation and Dirichlet
non-improvable numbers (see [18, Lemma 2.2]), respectively. The Hausdorff dimension
of E,,(B) is completely given in the following result.

THEOREM 1.2. ([26] and [13, Theorem 1.7]) We have
dimyE,,(B) = inf{s : P(T, — fu(s) log B — s log |T'|) < 0},

where dimy denotes the Hausdorff dimension, P(T, ) is a pressure function defined in
§2.2 and f, (s) is given by the following iterative formulae:

_ _ shi(s)
fis) =s,  fir1(s) = T+ 7i0)

There are many studies on Hausdorff dimensions of the sets related to E,, (B), for
example [2, 3, 8, 13-15, 22, 23, 26].

Since the partial quotients can be obtained through Gauss map, the theory also has close
connections with dynamical systems and ergodic theory. Note that

- 1 1 1
() = ar (T x) = Tr=1x € 2Tn=lx’ Tn=lx |
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and so
ap(x)>B"=T""'x <B™ and T" 'x <B™" = a,(x)>B"/2. (1.2)

In other words, the nth partial quotient being sufficiently large corresponds to 7"~ x being
sufficiently close to 0. From this simple observation, Li et al [21] came to the following
generalization of E|(B):

Ei({zn}n=1, B) :={x € [0, 1] : [T"x —z,| < B™" i.0.},

where {z,},>1 is a sequence of real numbers in [0, 1]. They further showed that the
Hausdorff dimension of this set is the same as that of E{(B). It is not difficult to deduce
from equation (1.2) that E;({z,}n>1, B) almost returns to Ej(B) if z, =0 foralln > 1.
The study of the metrical property of E{({z,},>1, B) is also referred to as a shrinking
target problem, which is initially introduced by Hill and Velani [11], and has recently
gained much attention. See [1, 4, 6, 12, 19, 22] and references therein.

Following this kind of philosophy and starting from yet another observation,

an(X)ap41(x) > B" = T" 'x . T"x < B™"
and
T" 'x . T"x < B™" = a,(x)ay4+1(x) > B"/4,
we introduce the following generalization of E>(B):
Ex({zn}n=1, B) := {x €[0,1) : |T"x — 2,||T" " 'x — Tz,| < B™"i.0.}

with {z,},>1 and B > 1 given above. The Hausdorff dimension of the set E2({z,}n>1, B)
is completely determined in the current work. For each n > 1, let us define three quantities

as follows:
Sp1 = inf {s € [0, 1]: mé}EN . .%a,,)%anz < 1},
sn2 =inf {s €[0,1]: alé;EN qn(al’a.l (Z);_)ZB < 1}, (13)
E B ZN dnlar, ... ,an;%al(zn)SB“/z = 1} '

We adopt the convention that a1 (0) = 400, in this case, set s, 2 = 1 and s, 3 = 0. The nth
pre-dimensional number is defined by

i < ,
Sy = {Sn,l L Sp1 = Sn2 (14)

max{s, 2, Sp3} ifsp1 > sp2.
THEOREM 1.3. We have

dimpE>({zn}n>1, B) = lim sup s, := s™.
n—oo
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Remark 1.4. We consider the approximation of |T”x — z,||T"'x — Tz,| instead of
|T"x — z,||T" ' x — y,| for the following reasons. The latter focuses on the interaction
between the approximation of T”x to z, and that of 7"%!x to y,. Assume for the
moment that 7"x and T"*!x are sufficiently close to z, and y,, respectively. Then,
most prefixes of the continued fraction expansions of 7"x and z, are the same. The
same applies to 7" !x and y,. These imply that y, is sufficiently close to T'z,, and so
is |T"x — z,||T"'x — Tz,| to |T"x — z,||T"'x — y,|. Therefore, our setting is not as
restrictive as it may seem.

Remark 1.5. The Hausdorff dimension of E3({z,},>1, B) depends on the location of z,,
more precisely, on a1(z,), which does not happen with E;({z,}s,>1, B). Let us illustrate
it with two simple examples. If z, = 0 for all n > 1, then E2({z4}n>1, B) almost reduces
to E2(B). This motivates the definition of s, 1. If z, =[1,1,...] foralln > 1, then by a
simple fact from the theory of continued fraction,

|T"x — z,| is small enough
= |T"x — z,| = |T"'x — Tz, up to a multiplicative constant.
Therefore, up to a multiplicative constant,
n n+1 —n n —n/2
IT"x —z,|IT" "' x = Tzy| < B™" = |T"x —z4| < B .

This motivates the definition of s, 3. As for s, 2, it can be interpreted as follows: as z,
varies from 1 to 0, the optimal cover of E2({z,}n>1, B) changes, leading to the definition
of Sn,2-

The structure of this paper is as follows. In §2, we recall several notions and elementary
properties of continued fractions. We prove the upper bound and lower bound of Hausdorff
dimension of the set E2({z,}n>1, B) in §3 and §4, respectively.

2. Preliminaries

In this section, we recall some basic properties of continued fractions and pressure
functions, as well as establishing some basic facts. Throughout, for two variables f and g,
the notation f < g means that f < cg for some unspecified constant ¢, and the notation
f =< gmeans that f < gand g < f.ForasetA, |A| stands for the diameter of A. We use
L to represent the Lebesgue measure.

2.1. Continued fraction. 1t is well known that if x € (0, 1) is a rational number, the
expansion of x is finite; if x € (0, 1) is an irrational number, the expansion of x is
infinite. A finite truncation on the expansion of x gives rational fraction p,(x)/g,(x) :=
[a1(x), ax(x), . .., a,(x)], which is called the nth convergents of x. With the conventions

p-1=1 g 1=0, pp=0 and go=1,

the sequence p,, = p,(x) and g, = g, (x) can be given by the following recursive relations:

Pl = an1(X)Pp + Pn—1,  Gny1 = anp1(X)gn + gn-1. 2.1
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Clearly, g, (x) is determined by a; (x), . . ., a,(x). So we may write g, (ai(x), . . ., a,(x)).
When no confusion is likely to arise, we write a, and g,, respectively, in place of a, (x)
and g, (x) for simplicity.

For an integer vector (ay, az, . . ., ay) € N" withn > 1, denote

Iy(ai,az,...,ay) :={x€[0,1):a1(x) =a,ar(x) =aa,...,a,(x) =a,} 2.2)

for the corresponding nth level cylinder, that is, the set of all real numbers in [0, 1) whose
continued fraction expansions begin with (ay, . . ., a,).

We will frequently use the following well-known properties of continued fraction
expansion. They are explained in the standard texts [16, 17].

PROPOSITION 2.1. For any positive integers ai, . . ., an, let p, = pu(ai, ..., a,) and
qn = qnlay, . . ., ay) be defined recursively by equation (2.1).
(1)  We have g, > 2"V and

n n n
[Tai<an<]J@+D<]]2a 23)
i=1 i=1 i=1

(2) It holds that

gn < (an+ Dgu—1, 1= Itie(@1, - O - - Gnh) <2,
gn(ai, ..., a)qi(Qngt, - - . 5 Qnpk)
ai +1 < gn(ay, ...,ay) <ap+1.
2 gn—1(ai, . . ., Ak—1, Q415 - - - » Ap
(3) We have
[Pn/qns (Pn + Pn—1)/(qn + qn—1)) if n is even,
In(al’---,an): . .
((pn + Pn=1)/(qn + gn-1), Pn/qn]l ifnis odd.
The length of I (a1, . . . , ap) is given by
1 1 1
— Z<I|h(a,...,a)|=—""—"—F=<— 2.4

< .
242 an(Gn + qn-1) ~ ¢}

The next proposition describes the positions of cylinders [, of level n + 1 inside the
nth level cylinder I,,.

PrROPOSITION 2.2. Let I, = I,,(ai, . ..,ay) be an nth level cylinder, which is parti-
tioned into sub-cylinders {I,+1(ai, ..., an, ay+1) : an41 € N}. When n is odd, these
sub-cylinders are positioned from left to right, as a,1 increases from 1 to co; when n
is even, they are positioned from right to left.

2.2. Pressure function. Pressure function is an appropriate tool in dealing with dimen-
sion problems in infinite conformal iterated function systems. We recall that the pressure
function with a continuous potential can be approximated by the pressure functions
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restricted to the sub-systems in continued fractions. For more information on pressure
functions, we refer the readers to [9, 24, 25].
Let A be a finite or infinite subset of N, and define

Xp={xe[0,1):an(x) € Aforalln > 1}.

Then, with the Gauss map T restricted to it, X5 forms a dynamical system. The pressure
function restricted to this sub-system (X, T') with potential ¢ : [0, 1) — R is defined as

1
Py(T,¢) = lim — log Z sup 3@ (arantxl), (2.5)
— 00
! " (@1an) AN XEXA

where S, ¢ (x) denotes the ergodic sum ¢(x) + - - - + ¢ (7" 'x). When A = N, we write
P(T, ¢) for PN(T, ¢).
The nth variation Var, (¢) of ¢ is defined as

Var, (¢) := sup{|¢p(x) —d(Y)| : [n(x) = L,(y)}.

The existence of the limit in equation (2.5) is due to the following result.

PROPOSITION 2.3. [21, 24] Let ¢ : [0, 1) — R be a real function with Var|(¢) < oo and
Var, (¢) — 0 as n — oo. Then, the limit defining Py (T, ¢) in equation (2.5) exists and
the value of Py (T, ¢) remains the same even without taking the supremum over x € X in
equation (2.5).

The following proposition states a continuity of the pressure function when the
continued fraction system ([0, 1), T') is approximated by its sub-systems (Xa, T).

PROPOSITION 2.4. [9, Proposition 2] Let ¢ :[0,1) > R be a real function with
Vari(¢) < oo and Var, (¢) — 0 as n — 0o. We have

P(T, ¢) = PN(T, ¢p) = sup{Pa(T, ¢) : A is a finite subset of N}. (2.6)

The potential functions related to the dimension of E>({z,},>1, B) will be taken as the

following forms:

(1) ¢1(x) = —slog|T'(x)| — 52 log B corresponding to the pre-dimensional number
sp,1 (see equation (4.5));

2) ¢a(x) = —slog|T'(x)| — s log B+ (1 — s)a for some o > 0 corresponding to the
pre-dimensional number s, 2 (see equation (4.22));

3) ¢3(x) = —slog |T'(x)| — (s/2) log B — sB for some B > 0 corresponding to the
pre-dimensional number s, 3 (see equation (4.31)).

2.3. Basic facts. Some lemmas will be established in this subsection for future use. The
first one involves a summation that naturally appearing in the proof of the upper bound of

EZ({Zn}nZI, B).
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LEMMA 2.5. Foranya € NV andt > 1/2, the following holds:

t

a 1—¢
L . 2.7
Z b'la — bl a 27
beN+\{a}

Proof. We are going to decompose {b € N : b # a} appearing in the left summation into
four blocks, and in each block using a particular estimate. Write

{beN:b#a}=A+B+C+ D,
where

A=beN:1<b<a/2}, B={beN:a/2<b<al,
C={beN:a<b<2a}, D={heN:b>2a}

For the block A, since | < b <a/2forany b € A, one hasa/2 < |a — b| < a. Thus,
a' 1 a2
> e xzﬁx/ v =<al
beA beA 1

For the block B, using a/2 < b < a and both a and b are integers, we have
t
1

a = _ o
th|a_b|tAZ|a_b|t_ Z Ct”‘a "

beB beB 1=<c=<a/2

The estimation for the block C is similar to B, we omit the details.
For the block D, since b > 2a for any b € D, it follows that b/2 < |a — b| < b. So, by
the condition ¢ > 1/2,

t o0

a ot 1vt 1 - A1t
2 pia—pr =9 2 < f2 o dxe=a

beD beD a

Combine the above four estimations and the proof is completed. O

Next, we explore some properties of the pre-dimension numbers s, ; and their relation-
ship to a1 (z,). Recall the definitions of s, ; in equation (1.3).

LEMMA 2.6. Letn € Nand f(s) = Zal ayeN dnl@i, .. , an) 5. We have

f(s) <00 < s> 1/2.

Moreover, f(s) is continuous on s > 1/2 and goes to infinity as s |, 1/2. Consequently:
(1) spi>1/2fori=1,2,3;
(2)  sp, satisfies

1

= 1'
25p,1 anrgl
ap,...an€N qulai, ..., ay)" ’

Similar arguments apply to s, 2 and sy 3, with the summations being replaced in the
obvious way according to their definitions.
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Proof. The proofs follow the ideas in [26, Lemma 2.6] and [9, Lemma 3.2].
By Proposition 2.1(1), for any s > 0,

Z qu(ai, ..., a,,)72S = Z l_[ ai—2s — (Z a2S>n

ap,....an€N aiy,....aneN i=1 aeN

= (/OO x2S dx) =(1-25)7", (2.8)
1

which clearly implies the first point of the lemma.
By Holder inequality, log f(s) is convex on s > 1/2. Hence, log f(s) is continuous on
s > 1/2,s0is f(s). By equation (2.8), it is easily seen that f(s) goes to infinity as s | 1/2.
Items (1) and (2) follow from the continuity of f(s) and the definitions of s,; (i =
1, 2, 3) directly. ]

f(s)

LEMMA 2.7. Let s, ; be as in equation (1.3), i = 1,2, 3. The following statements hold:
(1) if'sna < sn2, then ay(z,) = B"1;

(2)  if sn.1 > Spo, then ay(z,) < B™n2;

3)  ifsn2 < Sp3, then ai(zy) < Bn3/2;

4) lfsn,Z = Sn3 then ai(z,) > ann’Z/z-

Proof. (1) Since s,,1 < sp2, by Lemma 2.6(2) and the definitions of s,,,; and s, 2,

1=sp1
1 _ 1< Z ai(zn)

2 2s nsyq’
2s, ns ai, . .., Ady)=5n1 B"Snl
atraneN Gu@t, . .., ay)=m1 Bnl ay,..an€N anar, » n)

which is equivalent to
ai(zy) = B"n1.

The proofs of the items (2)—(4) follow the same lines as item (1). O

3. Upper bound of dimuE2({zn}n>1, B)
In the remainder of this paper, to simplify the notation, sequences of natural numbers will
be denoted by letters in boldface: a, b, . . ..

Let

Fpi= | J{x € i@ : |T"x — 2,||T" 'x — Tz, | < B™").
aecN"!

It follows that

Ex({zaln=1.B) = () | Fu.

N=1 n=N
Our next objective is to find a suitable cover of F, for n > 1, which depends on the
values of ay(z,). The following identity will be crucial for this purpose. Note that for any
x=lai(x),...,a,(x),...],
1
Any1(x) + T

T'x = [ap+1(x),...]=
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Then, it follows that for z,, # 0,

1 1
an1 () + T % ay(za) + Tzn
(@1(zn) — @np1 (X)) + (T2, — T"Hx)
(@nt1(x) + T"Hx) (a1 (z0) + T2n)

|Tnx — zZp| =

3.1

The proof of the upper bound relies on investigating the finer structure of F},, which will
be divided into two cases presented in the following two subsections, respectively.

Lets > lim sup,,_, o, S», Where s, is given in equation (1.4). Then, there exists an € > 0
for which

s —e > s, forall large n. 3.2)
3.1. Optimal cover of F,, when n is large enough and s,.1 < s,2. Suppose that n is large
enough so that equation (3.2) is satisfied. Since s,,1 < 5,2, we have
Sp =8p1 <S§—€ (3.3)
with s and € given in equation (3.2), and by Lemma 2.7
ai(zy) = B"n1.

Now, consider the intersection of F;, with (n 4 1)th level cylinders. For any (a, a,+1) €
N'*+! witha € N" and a, 1 < B""1/2, let

Jat1(a, any) = F, N L (a, agyr).

Let x € I,y1(a, ay1). Then, we have a,1(x) = a1, and 50 |ay11(x) —ai(za)| >
B"™n1 /2, which is much larger than |Tz,, — 7" !x|. Applying the identity (3.1) and using
0<T"x, Tz, <1, we get

lai(zn) — ant1l
8ay (zn)an+t1

2|a1(zn) — any1

< |Tnx —zul <
a1(zn)an41

(3.4)

If x also belongs to J,41(a, ay+1), then it satisfies the above inequality and |7"x —
zul|T" % — Tz,| < B™". Thus,

8ai(zy)a
|Tn+lx_TZn| < 1( n) n+1

~ lai(zn) — ap1|B" '

which implies that

8ai(zn)a
Jo1 @ ) © {x € ly1(@ ang) £ | T — Tz, | < — Gl }
|a1(zn) — ans11B

8a1(zn)ant1 >}

lai(zn) — any1|B"

= {x € Liti(a, anyr) : T x € B(Tzn,
Since for any x € I,,11(a, ay+1),

Gn1(@, an1)? < (T () < 2gu41(a, any1)?, (3.5)
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it follows that

16a1(zn)an+1
Gn+1(@, ap11)*a1(zn) — any1|B"

16a1(z,)

= qu(@)?any1lai(zn) — ani1|B"
We take this opportunity to infer that J,1(a, a,+1) contains an interval of length

comparable to equation (3.6), which will be needed in the subsequent proof of the lower
bound of dimy E2({z,}x>1, B). Note that equation (3.4) holds for any x € I, (a, an+1).
If x further satisfies

[Jnt1(a, ang1)]

(3.6)

a1(zn)an+1
7" x —Tz,| < (n)an+ -
2lai(zp) — an+11B

then by the second inequality in equation (3.4), one has |T"x — z,,||T"*'x — Tz,| < B™",
which implies

ai(z,)a
Jni1(@, ans1) O {x € L@ ansy) : T x € B(Tz,,, 1Gn)n+1 n)}
2]|ai(zn) — ant1|B

By equation (3.5), J,,+1(a, a,+1) contains an interval with length greater than

ai(zn)an+1 - ai(zn)
4qn+1(a, an+l)2|al (zn) — an41|B" ~— 16g, (a)zan+1 la1(zn) — any1|B"

(3.7)

Note that F}, can be covered by the union of the interval U 11>B"n1 /2 I,11(a, any1)
and the sets J,,41(a, a,+1) with a,+1 < B™n1/2. Therefore, by the previous discussion,
the s-volume of optimal cover of F}, can be estimated as follows:

! 16°a1(zn)° )
Z (qn (a)2s (BnSnJ /2); + . Z S o5 — Qpg1 |s Bns

gn(@»a)\lar(zn)

aeN" +1§B’”)L,l/2
_ Z < 16° ai(z,)® )
2 ", 2 ' _ :
o \a@E @R @ L ) —
B "8Sn.1 Bn.1 (1—s)—ns B "SSn,1
=Y (ot e ) < T
qn(a) qn(a) qn(a)

acN" aeN"

where we use the main ideas of the proof of Lemma 2.5 witht =5 > 5,1 + € > 1/2 (by
Lemma 2.6(1)), a = a1(z,) and b = a4+ for the inner-most summation in the second
formula. By the definition of s, | and the fact that s > 5,1 4 €, we see that

B"SSn1

—nd
—q,,(a)ZS < 7N (3.8)

aeN"

for some §; > 0 depending on s only.

3.2. Optimal cover of F,, when n is large enough and s,.1 > s,2. Suppose that n is large
enough so that equation (3.2) is satisfied. Since s,,,1 > 5,2, we have

S, = max{s,2, Sp3} <S5 —¢€ 3.9)
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with s and € given in equation (3.2), and by Lemma 2.7,
ai(zy) < B™n2,

Following the same notation in the last section, still let J,yi(a,apt+1) := F, N
Lit1(a, an+1) with (@, ay1) € N'TL Let x € Lip1(a, ang1), and $0 @pt1(x) = dn1.
The discussion is split into three subcases.

Subcase (1A): |a1(z,) — an+1] > 1. Since [Tz, — Ty < 1, applying the identity (3.1),
we can get

la1(zn) — ant1l
8ay (Zn)an+l

2|ai(zn) — an+1]
a1(zp)an41 '
Since x € I,4+1(a, a,+1) is arbitrary, by the same reason as equations (3.6) and (3.7), we

get that J,,+1(a, a,+1) is contained in an interval with length at most
16a1(z,)

< |T"x — 24| <

5 (3.10)
qn(@)ayy1lay(zn) — apy1|B"
and contains an interval with length at least
a (Zn) (311)

164, (a)2an+l la1(zp) — any1|B" .

Subcase (IB): |a1(zn) — an+1| = 1. Applying the identity (3.1) again, we obtain
1= (T2, = T"x) _ =Tz = T )

IT"x — 24| = : >
(an1 + T"Hx)(ay(zn) + Tzp) 4a1(2p)an41

Denote
1 _
I @, apy1) = {x € Lip1(@, ani1) 1T 'x = Tz,| < 8ay(zp)an41 B™")
and
2 _
I2\ (@, ani) = (x € Lip1 (@, apg1) [T = Tzu| = 1 = 8ay(za)an+1B™").

If 8aj(zy)an+1B™" > 1/2, then the union of the above two sets is 1,11 (a, a,+1), which
can obviously cover Jy,41(a, a,+1).

Now suppose that 8aj(z,)an+1B™" < 1/2. Let y ¢ J,ii)l (a,an41) Y Jn(i_)l (a, an+1).
There are two cases, one is 1/2 < |T"+1y — Tz, <1 —28aji(zy)an+1B™", and the other
is 8a1(zp)ans 1 B™" < |T"Tly — Tz,| < 1/2. For the first case,

Il = (Tzy — T"1y)|
4a, (Zn)anJr]
8ay(zn)ant1B™" 1

da(z)ansr 2

IT"y — 2 |IT" Ty — Tz, | > ATy — Tz,

By employing the same strategy on the other case, one has for y ¢ J’f_lir)l (a,an+1) U
2
Jl’f-‘r)l (a’ a}’l+1)’

IT"y — 2 |IT" 'y — Tz,| > B™",
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which implies that y ¢ J,+1(a, a,+1). Summarizing,
1 2
Jo1(@, aniy) € I @, ane) U IR, @, ans),

and therefore by the same reason as equation (3.6), J,+1(a, a,+1) can be covered by two
intervals whose length is at most

16a;(z,)B™"
qn (a)zan+l la1(zn) — any1l '

(3.12)

Subcase (1C): a1(z,) = an+1. Using the identity (3.1), one has

Tn+1 -T 2 Tn+1 -T 2
HE X2 Tall png - gl mm#ix — Ty < T2 = L0l
4ay(zn) ai(zn)
Clearly, the following holds:
{x € Lip1(@, ang1) | T"'x = Tzu| < a1(za) B3}
C Jutr1(a, any1)
C {x € L@, any1) 1T = Ty | < 2a1(za) B2},
This together with equation (3.5) gives
2a1(z,)B~"/? 2B /2

Gnt1(a, a1(zx))? = gn(@)?ai(zn)

[Jnt1(a, any1)| < (3.13)

and J,+1(a, a,+1) contains an interval with length greater than
ay(z) B~ B2
Gnt1(@a, ai(zn))? ~ 4qp(a)?ai(zn)

Combining the estimations (3.10), (3.12) and (3.13), the s-volume of optimal cover of
F,, can be estimated as follows:

s p—ns —ns/2
< Z ( Z ai(zy)*B + B )

2s 45 K 2s K
a a a —d a a
acln N any i a) (zn) qn(a) n+l| 1(zn) nt1] gn(@)~*ay(zn)

1—s p—ns —ns/2
ai(z B B
o Z < 1(zn) + ),

S an(@)* an(@)*ai(zn)*

(3.14)

where we have used Lemma 2.5 with ¢ = s > max{s,2, sy3} +€ > 1/2 (by Lemma
2.6(1)), a = a1(z,) and b = a4 for the inner-most summation. By the definitions of s, »
and s, 3 and s > max{s, 2, s,.3} + € (see equation (3.9)), we have

1—s p—ns —ns/2
B B
) (al(z”) + ) <272 (3.15)

P qn(a)zs qn (@)*ai(zn)*

for some 8, > 0 depending on s only.

3.3. Completing the proof of the upper bound of dimy E>({z,}n>1, B). By the previous
two subsections, we see that for given s > lim sup,,_, ., s», by equations (3.8) and (3.15),
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there exists a cover of F;, for which the corresponding s-volume

<< 2—n min{Sl ,52}’

where §; > 0 and 8, > O are respectively given in (3.8) and (3.15) and depend on s only.
Note that for any N € N,

EZ({Zn}nzl, B) C U F,.
n=N

By the definition of Hausdorff measure, one has

o0
M (Ex({zn)n=1, B)) < lim )~ 27nminbdnd) — g,
- N—oo
n=N
which implies that dimy E2({z,},>1, B) < s. By the arbitrariness of s (> lim sup,,_, o, s»),
we have
dimygE>({zn}n=>1, B) < lim sup s,,,
n—0oo

which is what we want.

4. Lower bound of dimyE2({zy}n>1, B)
Before proving the lower bound, we list some definitions and auxiliary results which will
be used later.
For any set E C R, its s-dimensional Hausdorff content is given by
o0 (0.¢]
He (E) :=inf {Z |B;|°: E C U B; where B; are open balls}.
i=1 i=1
With this definition, the lower bound of the Hausdorff dimension of a limsup set can
be estimated by verifying some Hausdorff content bounds. The following lemma is a
variant version of Falconer’s sets of large intersection condition. For the details, see [10,
Corollary 2.6].

LEMMA 4.1. Let {Bi}k>1 be a sequence of balls in [0, 1] that satisfies L(lim sup;_, o, Bk)
= L(0,1) =1. Let {E,}y>1 be a sequence of open sets in [0,1] and E =
lim sup,_, o, Ey. Lets > 0. If forany 0 < t < s, there exists a constant c¢; such that

lim sup H. (E, N By) > c¢| Byl “.)

n—oo

holds for all By, then dimgE > s.

Remark 4.2. In fact, limsup set satisfying equation (4.1) has the so-called large intersection
property (see [7] or [10]), which means that the intersection of the sets with countably
many similar copies of itself still has Hausdorff dimension at least s. In particular, the
Hausdorff dimension of such limsup set is at least s. This property is beyond the subject of
this paper, so we will not go into detail.

The Hausdorff content of a Borel set is typically estimated by putting measures or mass
distributions on it, following the mass distribution described below.
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PROPOSITION 4.3. (Mass distribution principle [5, Lemma 1.2.8]) Let E be a Borel subset
of R. If E supports a strictly positive Borel measure [ that satisfies

w(B(x,r)) <cr’
for some constant 0 < ¢ < oo and for every ball B(x, r), then H{ (E) > pn(E)/c.

Since

N U ww=m01\q

n=1 ueN"

the sequence of balls demanded in Lemma 4.1 can be taken as the set of all cylinders. We
will show that for any 0 < ¢ < s™* (recall that s* = lim sup,,_, o, s»), there exists a constant
¢; depending on ¢ such that for any & > 1, and an arbitrary kth level cylinder I () with
u e NF,

lim sup Hog (Fu N Ik () > ¢k (w)], (4.2)

n—oo

where recall that

Fo=|Jtx €@ : |T"x — z,||T"'x = Tz,| < B™").

aeN"

In view of mass distribution principle, to establish equation (4.2), we will construct a
measure u supported on F;,, N I (u) and then estimate the p-measure of arbitrary balls.
Here and hereafter, # and ¢ will be fixed. The proof is divided into three cases according
to how s* is attained, presented section by section.

4.1. Case I: s* =lim sup,_, o, Sn is obtained along a subsequence of {sp.1}n>1. Note
that r < s*. There exist infinitely many » such that

Sp = 8p,1 > 1. 4.3)
For such n, by the definition of s,
Sn,1 = Sn,2,
which by Lemma 2.7(1) gives
ai(zy) = B"n1. (4.4)
Following the same argument as [26, Lemma 2.4] with some obvious modification, we
have
st = nsmisﬁesleiqugﬁon ws) sp.1 =inf{s > 0: P(T, —s log |T'| — 52 log B) < 0}. 4.5)

Fix an € < s* — . By Proposition 2.4 and Lemma 2.6(2), there exist integers £ >
max{logg 4/€, 2t /e + 1} and M > 0 such that the unique positive number s = s(¢, M)
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satisfying the equation

=1 (4.6)

is greater than ¢ 4 €. It should be emphasized that £ > max{logp 4/€, 2t /e 4+ 1} implies
that

B >4 4.7)
and that for any a € N¢,
qe(@) ™% < q(@) 2 < gpa)H27 D < gp(@) 27 4.8)

Choose n € N so that n — k > £kt /e and equation (4.3) is satisfied, and write n — k =
ml + £y, where 0 < £y < £. By the choice of n, one has m > kt/e.

From now on, let £, M and n be fixed. Let 10 be the word consisting only of 1 and of
length €. Let &t = (u, 1%) € N*T and consider the following auxiliary set defined by
(n + 1)th level cylinders:

(1@, ar, ... amb)ia; € {1, ..., M}, 1 <i<m,

B™ < b < 2B" and b is even)}. *3)

The additional requirement here, that b be even, is that any two cylinders in the above
set are well separated (see Lemma 4.4 below). By equation (3.7), there is an interval,
denoted by 7 (u, a1, . . . , an, b) (given that there are three cases (§4.1-8§4.3) to consider,
each requiring the construction of subsets and measures, we will use subscripts 1, 2, 3 or
superscripts (1), (2), (3) to distinguish and avoid burdening of notation, where there is no
risk of ambiguity) such that

Ti(u,ay,....an,b) C FN 1L 1(1,ay,...,a,,b). (4.10)

It is easy to see that Z1 (&, a1, . . . , @, b) C F,, N Iiqe, () C F, N I (u). Moreover, the
length of this interval can be estimated as

. a1(zy)
\Zi (@, ay, . .., am, b)| > - =
16q,(w, ay, . . ., am)*blai(z,) — b|B"
- _ 1
~ 16q, (1, ay, ..., a,)*bB"
1

> , 4.11
= 32g,(, ay, . .., a,)>Brd+n @10

where we use aj(z,) > B™»! > B" B"¢ > 4B™ (see equations (4.4) and (4.7)) and b <

2B™ in the second and third inequalities. In what follows, we call Z (&, a1, . . . , @, b)
in Fy, N Ixqq, (@) as fundamental interval, and the cylinders 1,1 (&, ay, . . ., a,,, b) and
liyogpe(@, ay, ..., a,) with 0 < p < m as basic cylinders.
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Define a probability measure 11 supported on Fy,, N Iy, (@) C F, N I (u) as follows:

- 1 2
CEP SRR VD S| P R

a efl,...M}¢ anef(l,. .M}t BM<b<2pn =]
b is even

where

0 . LIT, Gay,...amb)
Gontmh T L(Ty (@, @y s @, b))

denotes the normalized Lebesgue measure on the fundamental interval Z;(u, ay, . . .,
a,, b). Roughly speaking, we assign each word (ay, . .., a,, b) a different weight: the
weights corresponding to a; and b are respectively
1 d 2
——— and —.
qe(a;)® B B
The definition of s (see equation (4.6)) ensures that w| is a probability measure.

The next two lemmas describe the gap between fundamental intervals defined in
equation (4.10) and their @ 1-measures, respectively.

LEMMA 4.4. Let Iy =1i(@t, ay, . . ., ap, b) and I} =1 (@t, a}, . . ., a,,, b') be two
fundamental intervals defined in equation (4.10). Then, the following statements hold.
) If(ar,....ap-1)=(aj,... ,a/p_l) buta, # a/pforsome 1 < p <m, then
Ui yegrpelt, ay, ... ap)l
2(M +2)*
2 If(ai,....an)=(a), ..., a,)butb #V, then

dist(Z, I}) >

|Il’l+1(ﬁ7a1’ AR 7am’ b)l

dist(Z1, ) > 5

Proof. (1) Bear in mind that Z; and I{ are two fundamental intervals contained in the
(n + Dth level cylinders I,41(@, a1, ...,an,b) and I, 1(@t,a), ..., a,,b’), respec-
tively. For further discussion, we write (ay, . .., @y, b) = (c1,¢2, . . ., Cme, Cme+1) and
@ay,....a,,b')=(c|.ch....Chy C;MH) for the moment. Assume that 1 <i < mf +
1 is the smallest integer such that ¢; # ¢;. By the assumption in item (1), we have
(p — D)€ < i < pt < md. Therefore, the distance between Z; and Ii is majorized by

dist(Ixteg+i+1(@, €1, - . ., i1, Cis Cig1)s Degtorie1 @, €1, ooy i, €fh Clyp)). (413)

Now, we consider two cases.

Case 1: 1 <i <mf. Since i < m¥f, we have c;11, c;+1 < M. By the distribution
of cylinders (see Proposition 2.2), either lxyg,1i+1(u,cy,...,ci—1,¢i, M +1) or
Ietegtit1@@, c1,y .00y Cit,y clf, M + 1) lies between two cylinders listed in equation (4.13).
Without loss of generality, assume that this is satisfied by the former one. Then, by equation
(4.13) and using Proposition 2.1(2) repeatedly, we have
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dist(Z1, Z2) > |Ixqegti+1@, c1, . . ., ciz1, ¢i, M+ 1)]

- 1

T 2qkttotit1(@, c1y ., ity i M+ 1)?

1

2(M +2)%(ci + D% qryegri—1@@, c1, . .., cim1)?
- [ Titeg+i—1(@, C1, - .oy Ci—1)]
= 2(M + 2)
> |Ik+€o+pl(l~4a ai,...,ap)|
- 2(M +2)*

(4.14)

as desired.

Case 2: i =m¢. In this case, ¢;+1 =b and ¢ ; =b". By the distribution of
cylinders (see Proposition 2.2), we see that either I,,1(&,cy, ..., Cme—1,Cme, 1) or
Ly (a,cty. .., Cme—1, C;nw 1) lies between two cylinders listed in equation (4.13). By
the same reason as equation (4.14), we can obtain the same conclusion.

(2) Without loss of generality, assume that b < . Note that by equation (4.9), both
b and b’ are even. Then, for any b” with b < b” < b/, the (n+ 1)th level cylinder
Liv1(@, ay, . . ., @y, b") lies between Z; and Z|. This means the distance between Z; and
T is at least

1
L (i, ay,...,an 0" > -
| n+]( : " )| - 24n+1(u7a1,~--,am,b”)2
1
> ~
T 2-4q,(u, ay, . ..,a,)2B"
1
> ~
T 2-4q,(m,ay, .. .,a,)?bH%
1 -
2 ilI}’Z‘Fl(u’ ai,...,qpy, b)|7
where we use B < b”, b < 2B™ in the second and third inequalities. ]

LEMMA 4.5. Let i1 be as in equation (4.12). Then, the following statements hold.
(1) Forany (@, ay,...,a,) withO < p <m,

Qk+€0+p£(ﬁ, ai, ..., ap)_2t
ke @)

wiUiqegrpe(@, ay, ..., ap)) <

(2) Forany (u,ay,...,any,b),
64|Il(ﬁ9 al& LR} am’ b)|t
kteo (@)

Proof. (1) The conclusion is clear if p = 0. Now suppose that p # 0. By the definition of
(L1, one has

M](I](fl,(l], A ’am,b)) S

w1 Tktegtpe(@, ay, . . ., ap))
P 1 LS|

. - 1—[ equatio<n (4.8) ﬁ 1
c Y qe@nBtt T T qe@)® T L Qqe(an))*
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- ! _ e @ !

N 221‘]17((“1, ces ap)Zt Qk+£o(ﬁ)2t 221‘]17((“1’ cees ap)zt
it (@)

T Grtorpe(@, ay, ..., ap)?

~ )
Gktto+pe(@,ay, ..., ap) """

4.15
Ter ey @) (“15)

(2) Recall that n = k + €y + m£. It should be noticed that equation (4.15) is actually an

upper bound of ]_[f?:1 qe (a;)~%.In the spirit of equation (4.15), by the definition of 11,
m
1 2
W (T ar, . am, b)) = ( _> 2
" E qz(ai)ZsBZsz Bnt
- Qhttorme (@, @, ... ay) " L2
B iteo @) pmes2  pnt’

Since m > kt /e (which follows from the choice of n), one has

mls® > me(t + €)> > met> + 2mlte > mlr> + 20kt>

> mlt*> + (€ + k)i> > nt?. (4.16)
Therefore,
3 Qhrtgrme(@, ar, ... an)™ % 1 2
w1 (T (@, ay, . .., ap, b)) < 2ot —— “ e B
[T y00 (@) Bnt* B"
= ! 2 4.17)
T gty @ ga(@t,ay, . .., @) BrA+D '
equation (4.11) 64|Z (&, a1, . . . , am, b)|'
- [it¢ (W)|*
O

LEMMA 4.6. Let w1 be as in equation (4.12). For any r > 0 and x € [0, 1], we have

16(M + 2)*(M + 1)2¢1

B r)) < -
p1(B(x, 1) < | Tt (@)1

Proof. Without loss of generality, assume that x € Z,(u, ay, . . . , a,,, b). Obviously, if
r > |lg+e,(@)|, then

t

= < —_—
mBEm=1= g @

Hence, it is sufficient to focus on the case r < |[Ixy¢,(#)|. Lemma 4.4 suggests that we

need to consider three cases.

Case 1: r <|I,y1(u,ai,...,ay,b)|/32. By Lemma 4.4, we see that the distance

betweenZ; (i, ay, . . ., a,,, b) and other fundamental intervals contained in F,, N Iy, (&)

is at least . So B(x, r) only intersects the fundamental interval Z; (&, ay, . . . , a,;, b) to
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which x belongs. It follows that
~ 1 2
)]
pi1(B(x,r)) = ( —) L (B(x, 1))
E qe(@p)> BUs* ) Bnt Tarand
= (@@, ar, ... am b)) LY (B(x,r).
Since

| 2r }< 2r!
..... ’lzl(ﬁ,al,---aam’b” - |Il(i1’al7"‘7an’l7b)|t’

where the last inequality follows from min{a, ¢} <a’c!™" for any ¢ € [0, 1]. By
Lemma 4.5(2), we have

64|Zi (i, ai, . ..., am, b) 2r!
ni(B(x, 1)) < - P
| e (@) Zi@. ar. . ... am. D)
18!
ey @)1

Case 2: |1 (it, ay, . .., an, b)|/32 <r < |I,(it,ay,...,ay|/Q2M +2)*). In this
case, the ball B(x, r) intersects exactly the nth level basic cylinder I, (&, ay, . . . , a,;), but
may intersect multiple (n 4 1)th level basic cylinders inside it. Therefore, by the definition
of w1 and equation (4.17),

Hi(BOx, 1) <#Ai(x) - max ui(L(@,ay, . ... am, b))

"’5]7523”
bis even
<#A1(x) 2 (4.18)
X) - . S .
= e @I ga(@,ar, @) B0

where
A(x) ={B"™ <b<2B™: bisevenand I, (@, ay, ..., ay,b) N B(x,r) # 7).

To get the best upper bound for 11 (B(x, r)), we need to use two methods to bound #A 1 (x)
from above. First, there are at most B™ /2 choices for b and so

#A1(x) < B" /2. 4.19)
On the other hand, each (n 4 1)th level basic cylinder I,,4(u, ay, . .., ay, b) is of
length at least
2 qun1@, a1, .. an, b)) =327 g (@ ar, @) TP BTY,

which means that
#A(x) <2r-32q,(@t, ai, . .., an) B>,
This together with equation (4.19) gives
#A1(x) < min{B"/2,2r -32¢,(@t, ay, . . ., am)> B>}
<64B" " (r gy, ay, ..., an)* B

=64B "D g (i, ay, .. am)?.
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Substituting this upper bound for #A1 (x) into equation (4.18), we get

i 1
pi(B(x,r) < 648" pt @ ay, . )
k100 ()]
2
gn(@, ay, . .., a,)% B+
ko (@)1
Case 3: |1k+€0+(p+1)€(12, ai,...,app)|/2M +2)4) <r< |Ik+go+l,@(ﬁ, o

apy)|/2M + 2)4) for some 1 < p < m — 1. In this case, the ball B(x, r) only intersects
one (k + £o + pf)th level basic cylinder, that is, Ixy¢ytpe(#, ay, ..., a,). Hence, by
Lemma 4.5(1), we get

u1(B(x, r)) < 1 Ukteg+pe(@, ay, . .., ap))
_ Qertorpe (@ ai, . .. ,a,)”
B et @) !
 Grrbgipe(@an, . a)" qelap)TY
- | g @I qe@prn
< 4‘]k+£o+(p+l)€(l~47al~7 S P M+ 1)

[ Tite @)|*
_ 1o + )M + 1)yt
- iet-¢o @)
Combining the estimation given in Cases 1-3, we arrive at the conclusion. O

Completing the proof of Theorem 1.3. Recall that &t = (u, 1%) € N¥+to_ By Proposition
2.1(1), a simple calculation shows that

Hiteo @I Greeo @)~ 1 1 1
> > > >
|Ik(u)|’ - 22t . qk(u)—Zt - 241 . qeo(lﬁo)Zt — 24t . 2150 — 2€+4’

Therefore, for any u € N¥, by Lemma 4.6 and mass distribution principle, we have

Heo (Fn N I (@) = Hoo (Fy N Dty (@)
- 1
= 16(M +2)4(M + 1)2
. 1
2R3 (M 4 2)4(M + 1)
- 1
T 268(M 4+ 2)%(M + 1)

7 Mo @) 11 (Fy N Ly, (&)

e (w)|"

[k ()],

where the last inequality follows from ¢ < s* < 1. Since £ and M depend on ¢ only, and
since the above Hausdorff content bound holds for infinitely many » € N, by Lemma 4.1,
we have

dimHE2({Zn}nzl, B) > s*.
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4.2. Casell: s* =lim sup,_, ., s is obtained along a subsequence of {sy2},>1. In this
case, there exist infinitely many n such that
Sp = Sp2 > L. (4.20)
For such n, by the definition of s,,,
Sn,l > Sn2 = Sp,3,
which by Lemma 2.7(2) and (4) gives
B2/ < q(z,) < B™n2. 4.21)

By taking a subsequence, assume that integers satisfying equation (4.20) will ensure the
existence of the following limit:

loga
(s* log B)/2 < lim logaiGn) _. < ¢ 1og B,
n satisfies equation (4.20) n

Recall the definition of s,2 and using the continuity of pressure functions, the above
discussion gives

s* =inf{s € [0, 1] : P(T, —s log |T’| — s log B + (1 — s)a) < 0}. 4.22)

Since most of the arguments in this subsection are quite identical to the last subsection,
we will follow the same notation when there is no risk of ambiguity. In addition, to keep
the paper of a manageable length, some proofs will not be detailed here if they are similar
to those in §4.1. Instead, we will present only the main ideas.

Fix an € < s* — t. By Proposition 2.4, there exist integers £ > 2¢/€ + 1 and M such
that the unique positive number s = s(€¢, M) satisfying the equation

eaZ(l —s)

2 s ! 429

acfl,...M}*

is greater than 7 + €.
Choose a large integer n € N so that equation (4.20) is satisfied and

n—k>40 €99 <q(z,) < @O, (4.24)

Write n — k = mf + £o, where 0 < £y < £.
Analogously, let # = (u, 140y € Nkt and consider the following set defined by (n +
1)th level cylinders:

(1@, ar, ... amo): aiefl,... .M} 1 <i<m,
2@+ < ¢ < 3@+ and ¢ is even).

Similar to §4.1, we restrict ¢ to be even for the only reason that any two cylinders in
the above set are well separated (see Lemma 4.7 below). By equation (3.11), there is an
interval, denoted by 7, (&, a1, . . . , @, ¢) such that

D, aq,...,an,c)C FyNl(@,ay,...,ay,,c). (4.25)
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Moreover, the length of this interval can be estimated as

ai(zn)
16g, (@, ai, . . ., ay)*clai(z,) — c|B"
> — 1 s
~ 16 -3e%¢q, (i, ay, . . ., ay)*cB"

|, ay, . .., am, )l

(4.26)

where the last inequality follows from ¢ < 3¢@+9” and " @~€) < g/ (z,) < €"@T) (see
equation (4.24)).
Define a probability measure 11, supported on F, N Iyye, (@) C F, N I (u) as follows:

m eiot(lfs) 2 @
= Z o Z Z (1_[ Qe(a')ZSB“> " enlate) Lar.ap.e
are{l,..M}t  ape{l,.. .M} 20@+e) <c<3enlate) Ni=1 !

cis even

o theaano
@t = LT @, ar, -y Ay €)

The next two lemmas describe the gap between fundamental intervals defined in
equation (4.25) and their wy-measures, respectively. The first one follows the same lines as
the proof of Lemma 4.4.

LEMMA 4.7. Let Ip =Tr(@t, ay, . . ., @y, c) and I =Tr(a,ay, ..., a,,c’) be two
intervals defined in equation (4.25). Then, the following statements hold:
) if(ay,....,ap_1)=(aj,... ’“;;—1) buta, # a;, or some 1 < p < m, then
Uk+eg+pe(say, ..., ap)|

2(M +2)* ’
2 if(ar,...,an) =(a),...,a,) butc#c, then

dist(Z. T}) >

. 1 -
dist(Z», Z5) > E|In+1(u,al, ce @y, O

Instead of giving a complete proof of the following lemma, we merely point out which
changes have to be made.

LEMMA 4.8.
(1) Forany (@, ay,...,a,) withO < p <m,

CIk-&-ZO-i-p(Z(a, al’ LI ] ap)_2t
ke @)|*

m2(Tkgegrpe@, ay, . . ., ap)) K

2) Forany (u,ay,...,ay,c),
|IZ(l~l, als cee aM’ c)|l

wa(l(m, ay, . ..,an,c) <L —
" | ltey ()]
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Sketch proof. (1) Note that
) P pta(l—s)
w2kregrpe@, ay, . .., ap)) = 11 @)= BE

By equations (4.21) and (4.24),

Y < eneal(zn) < "€ BSn2 < eneBn(s+0(e))’

which is equivalent to
e < e BSTOO, (4.27)

By decreasing € if necessary, we have

ea(l—s) < B,

Therefore,

P

~ l ‘Zk+€o+p€(l~4a ala AR ) ap)_2t
woIgegtpe(tt, ay, ..., ap)) < < — , (4.28)
o ! 11 qe(ap)? st @)1

where the last inequality follows the same argument identical to equation (4.15).
(2) By the definition of u»,

m eZa(lfs) 2
ua(T@, ay, . . ., ap, ©)) = (]"[ ) TS

Pl qe(a;)> B

(ﬁ 1 > emla(l—s) 2
= )2 ’ mis ’ (a+e€)”
W@y ) s o

Although the setting is slightly different, one can follow the proof of equation (4.16) and
show that whenever 7 is large enough,

n(l—e)<ml<n (4.29)

since n = k + mf + £o and £ is fixed. Hence, using 2¢"(@T€) < ¢ < 3¢"@+€) we get

ta(1—- 1-
R S B It
Bmes elate) —  pns ena T enas gns
_ 1 . 000
- S Bns :
Again, by decreasing € and increasing s if necessary, we have
L owe o 1
cS Bns — e2ntept gnt’
By equations (4.28) and (4.26), it follows that
~ -2t
y Gicttg+me(W, @y, ..., Q) 1
D(u,ai,...,a,,c)=< —~ .
w2(Ia(u, ay m» €)) eres T Tanie i g
L@, ay, ..., an, 0
< Ve
kg (@)
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Remark 4.9. We present an inequality that will be also used in a later discussion:

SO o G g a,)? - ﬁ fei=n \ 2
quu,aiy, ..., a, ' qz(ai)szeS enlate)
i=
< en(a+€)(l+l) . ! . emea(l_S) . 2 by equation (4 28)
[kseo @) BmEs - en(@to) '
1 ena(l—&-t—‘v)
= — . .09 by equation (4.29)
[Tc+e, (@) B
1 an(l+t—s)
< — . 00 by equation (4.27)
[T+e, (@) B

1

B INTE
ireo @)

where the last inequality follows from the fact that the error term ¢?"€) can be made
smaller than B"S¢~0),

Next, the following lemma gives the estimation of the p-measure of any ball B(x, r)
with x € [0, 1] and r > O.

LEMMA 4.10. Foranyr > 0 and x € [0, 1], we have

ua(B(x, 1) < (M + 24 M + 1> - ————,
irgo (@)

where the unspecified constant is absolute.

Sketch proof. It suffices to focus on the case r < |Ix4¢,(#)|. We need to consider three
cases according to Lemma 4.7.

Case I: r < |Iy1(@,ay,...,ay,,c)|/18. In view of Lemma 4.7(2), B(x,r) only
intersects the fundamental interval 7, (u, a1, . . ., a,,, ¢) to which x belongs. By the same
reason as Case | in Lemma 4.6, and using Lemma 4.8(2) instead of Lemma 4.5(2), we
deduce that

t

p2(B(x,r)) <

it @)[1
Case 2: |I,1\(u,ay,...,an,0)|/18 <r <|L(u,ai,...,ay)|/2M + 2)4). In this
case, the ball B(x, r) intersects exactly the nth level basic cylinder I, (u, ay, . . . , a,,), but

may intersect multiple (n + 1)th level basic cylinders inside this cylinder. Let
Ar(x) = (2" < ¢ < 3"@H) : cisevenand L1 (i, ay, . . ., apm, ) N B(x, r) # @}

In comparison to Case 2 in Lemma 4.6, here the choices for ¢ are at most e (ete) /2 and
each (n + 1)th level basic cylinder I, (&, a1, . . . , ay, c¢) is of length at least

> 27 gui@@,ar, . . a0 > 2712723 2, @, ay, . ag) Rem OO,
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This gives
#82(x) < min{e"F)2, 1 - gy (@, ar, ... @) )

< en(a+€)(l—t) . (V . qn(ﬁ’ ai,..., am)ZeZn(oH-e))t

n(o+e)(1+t t ~ 2t
= ate) )-r-qn(u,al,...,am).

By the definition of w, and the inequality presented in Remark 4.9,

w2(B(x, r)) <#Az(x) - max wo(Ir(m, ay, . .., am, c))
2 (a+e) 5(.§3en(ot+e)
¢ is even

m ta(1—
<@ Lt G g an)? - 1—[ la(1=s) ) 2
qn [0 RN 7] qg(al)Zs Be& en(oH—G)

i=1

rt

<—.
icte, (@)

Case 3: |Litegr(prnye(i, ar, ..., ape)l/ QMM +2)%) <1 < |Ikstorpe(@, ay, . . .,
ap)|/2(M + 2)4) for some 1 < p < m — 1. In this case, the ball B(x, r) only intersects
one (k+£o+ pOth level basic cylinder, that is, Iyi¢y1pe(@t, ai,...,a,). Hence,
following the same line as Case 3 in Lemma 4.6, we have

t

teo (@)

Combining the estimation given in Cases 1-3, we arrive at the conclusion.

12(B(x, 1) < (M +2)*(M + 1)* .

Completing the proof of Theorem 1.3. The proof is the same as that at the end of §4.1, we
leave out the details.

4.3. Caselll: s* = lim sup,_, o, sy is obtained along a subsequence of {sy3},>1. There
exist infinitely many » such that

Sp = Sp3 > 1. (4.30)
Fix an € < s* — r. By the definition of s,,,
Sp3 > Spo.
With Lemma 2.7(3), it follows that
ai(z) < B"3/% < B2,

By taking a subsequence, assume that integers satisfying equation (4.30) will ensure the
existence of the following limit:

. log ai(zy) log B
llm u = ﬁ S g_ .
n satisfies equation (4.20) n 2

n—00

Recall the definition of s, 3. By the continuity of the pressure functions, we can infer from
the above discussion that

s* = inf{s € [0, 1]: P(T, —s log |T’| — (s/2) log B — sB) < O}. (4.31)
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By Proposition 2.4, there exist integers £ > 2¢t/e + 1 and M such that the unique
positive number s = s (£, M) satisfying the equation

Z B—ts/2
- = (4.32)
2s ,BLls
ae(l,...M}t qe(@)™e
is greater than 7 + €.
Choose a large integer n € N so that equation (4.30) is satisfied and
n—k>40 9 <a(z,) <P (4.33)

Write n — k = mf + £y, where 0 < £y < £.
Let &t = (u, 1Y) € N+t and consider the following set defined by (n + 1)th level
cylinders:

{Ins1@@, a1, ... am o ar(zn) : @ €{1,..., M}, 1 <i <m}. (4.34)

We stress that for the (n + 1)th position, there is only one choice, that is, aj(z,). This
makes the discussion much easier than the previous two. By equation (3.14), there is an
interval, denoted by Z3(#, @y, . . . , @, a1(z,)) such that

Ly, ay,...,an,a1(z,) C F, N L@, ay, ..., ay, a1(z,)). (4.35)

Additionally, since aj(z,) < B"/?, by equation (3.14),
B—n/2

|Z3(w, ay, . . ., am, a1(zy))| = ~ .
" " 4g,(@t, ay, . . ., am)2ai(z,)

Define a probability measure (3 supported on Fy, N Ii4¢, (i) as follows:

m
1 3)
M3 = Z U Z <1_[ qe(a.)ZSeﬁZSBZS/Z) ' Eal aaaaa am,ai(zn)’
arell,... M)t amel(l,. .M}t " i=1 !
where
3 . LI ay,...ama1 ()

Gt @1 @) T L(Ty (@, @, - @y @1(20)))

The next two lemmas describe the gap between fundamental intervals defined in
equation (4.25) and the p3-measures of these fundamental intervals, respectively. The first
one follows the same lines as the proof of Lemma 4.4.

LEMMA 4.11. Let I3 = I3(@t, ay, . . . , @y, a1(zn)) and Ty = I3(i, @}, . . . , a,,, a1(z,))
be two intervals defined in equation (4.25). If (a1, . . . ,ap_1) = (a}, . . ., a;)fl) buta, #
a’pfor some 1 < p < m, then

|Ik+€0+pl(ﬁ’ a, ..., ap)|

dist(Z3, T}) > TR

Instead of giving the complete proof of the following lemma, we merely point out which
changes have to be made.
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LEMMA 4.12. The following statements hold.

(1) Forany (u,ai,...,a,) withO < p <m,
~ —2
~ Qk+€0+p€(uv a,..., ap)
w3Ugyogrpe(, ay, ..., ap)) K =
e g Tt @)
(2) Forany (i, ay, ..., ay,a(z,)),
~ Ly, ay,...,an a(z))|
@ ar, .t a1 @) < 2 e 61 G)
ict-¢0 (@) ]

Sketch proof. (1) Following the same lines as in Lemma 4.5(1), one has

P p
1 1
U3 (Tteg+pe(@, ay, . .., ap)) = | —=
0Tp p E qe(ai)Zseﬂ(ZsBés/Z 11] CI((ai)zs
Qk+£0+p£(i2’ ag,..., ap)izt
< ——
Tkt (@)]
(2) By the definition of u3,
- 1

/1/3(1-3(12? a19 LR} am, al(Z}’l))) = 1_[

i=1

In view of item (2), we only need to estimate H?"zl(eﬁ“B“/z)’] = e~ Mmths g—mts/2,

Although the setting is slightly different, one can follow the proof of equation (4.16) and
show that whenever » is large enough,

qge (ai)ZSeﬁés Bs/2°

n(l —e) <mf <n,
since n = k + mf + £¢ and ¢ is fixed. Hence, by equation (4.33),

efmeﬂstmEs/Z — efnﬂstns/Z X eO(ne) — al(zn)fstns/Z . eO(e)'
Since aj(z,) = "P+0©) by decreasing € if necessary, we have
ai(z) B0 < ay@) T BT,
This together with item (1) yields the conclusion.

Next, the following lemma gives the estimation of the p3-measure of arbitrary ball
B(x,r) withx € [0, 1]and r > 0.

LEMMA 4.13. Foranyr > 0and x € [0, 1], we have

t
p3(B(x,r) < (M +2* M + D> .
400 @) "
Proof. Assume that x € Z5(u, ay, . . ., a;, a;(z,)) and r > 0. To estimate w3(B(x, r)),
compared with Lemmas 4.6 and 4.10, only two cases need to be considered instead of
three, because there is only one choice for the (n 4 1)th position of the basic cylinder
(see equation (4.34)), namely aj(z;,). According to Lemma 4.11, the proof is split into two
cases.
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Case I:r < (|Iitegrme(@, ay, . .., ap41)))/2(M + 2)4,

Case 2: (I Ikt + (prnye(iar, ..., apr DD/ QM +2)%) < 1 < (Ukgegrpe(@t, ar,
coap)/2(M + 2)* for some 1 < p<m-—1.

The argument is similar to Cases 1 and 3 in Lemma 4.6 (or Cases 1 and 3 in
Lemma 4.10), respectively. We omit the details. O

Completing the proof of Theorem 1.3. The proof is the same as that at the end of §4.1, we
leave out the details.

Acknowledgement.  This work is supported by the Fundamental Research Funds for the
Central Universities (No. SWU-KQ24025).

REFERENCES

[1] D. Allen and B. Bardny. On the Hausdorff measure of shrinking target sets on self-conformal sets.
Mathematika 67(4) (2021), 807-839.

[2] A. Bakhtawar, P. Bos and M. Hussain. The sets of Dirichlet non-improvable numbers versus
well-approximable numbers. Ergod. Th. & Dynam. Sys. 40(12) (2020), 3217-3235.

[3] A.Bakhtawar, P. Bos and M. Hussain. Hausdorff dimension of an exceptional set in the theory of continued
fractions. Nonlinearity 33(6) (2020), 2615-2639.

[4] B. Barany and M. Rams. Shrinking targets on Bedford—-McMullen carpets. Proc. Lond. Math. Soc. (3)
117(5) (2018), 951-995.

[S5]1 C.J. Bishop and Y. Peres. Fractals in Probability and Analysis. Cambridge University Press, Cambridge,
2017.

[6] Y. Bugeaud and B. Wang. Distribution of full cylinders and the Diophantine properties of the orbits in
B-expansions. J. Fractal Geom. 1(2) (2014), 221-241.

[7]1 K. Falconer. Sets with large intersection properties. J. Lond. Math. Soc. (2) 49(2) (1994), 267-280.

[8] I J. Good. The fractional dimensional theory of continued fractions. Proc. Cambridge Philos. Soc. 37
(1941), 199-228.

[9] P. Hanus, R. D. Mauldin and M. Urbanski. Thermodynamic formalism and multifractal analysis of
conformal infinite iterated function systems. Acta Math. Hungar. 96(1-2) (2002), 27-98.

[10] Y. He. A unified approach to mass transference principle and large intersection property. Adv. Math. 471
(2025), Paper no. 110267.

[11] R. Hill and S. Velani. Metric Diophantine approximation in Julia sets of expanding rational maps. Publ.
Math. Inst. Hautes Etudes Sci. 85 (1997), 193-216.

[12] R. Hill and S. Velani. The shrinking target problem for matrix transformations of tori. J. Lond. Math. Soc.
(2) 60(2) (1999), 381-398.

[13] L. Huang, J. Wu and J. Xu. Metric properties of the product of consecutive partial quotients in continued
fractions. Israel J. Math. 238(2) (2020), 901-943.

[14] M. Hussain, B. Li and N. Shulga. Hausdorff dimension analysis of sets with the product of consecutive vs
single partial quotients in continued fractions. Discrete Contin. Dyn. Syst. 44(1) (2024), 154-181.

[15] M. Hussain and N. Shulga. Metrical properties of exponentially growing partial quotients. Forum Math.
doi: 10.1515/forum-2024-0007. Published online 30 November 2024.

[16] M. Iosifescu and C. Kraaikamp. Metrical Theory of Continued Fractions (Mathematics and Its Applications,
547). Kluwer Academic Publishers, Dordrecht, 2002.

[17] A.Y. Khintchine. Continued Fractions. P. Noordhoff, Groningen, The Netherlands, 1963.

[18] D. Kleinbock and N. Wadleigh. A zero-one law for improvements to Dirichlet’s theorem. Proc. Amer. Math.
Soc. 146(5) (2018), 1833-1844.

[19] H. Koivusalo, L. Liao and M. Rams. Path-dependent shrinking targets in generic affine iterated function
systems. Preprint, 2022, arXiv:2210.05362.

[20] B. Li, L. Liao, S. Velani and E. Zorin. The shrinking target problem for matrix transformations of tori:
revisiting the standard problem. Adv. Math. 421 (2023), Paper no. 108994.

[21] B. Li, B. Wang, J. Wu and J. Xu. The shrinking target problem in the dynamical system of continued
fractions. Proc. Lond. Math. Soc. (3) 108(1) (2014), 159-186.

https://doi.org/10.1017/etds.2025.10139 Published online by Cambridge University Press


http://dx.doi.org/10.1515/forum-2024-0007
https://arxiv.org/abs/2210.05362
https://doi.org/10.1017/etds.2025.10139

On Dirichlet non-improvable numbers and shrinking target problems 29

[22] B.Li, B. Wang and J. Xu. Hausdorff dimension of Dirichlet non-improvable set versus well-approximable
set. Ergod. Th. & Dynam. Sys. 43(8) (2023), 2707-2731.

[23] T. Euczak. On the fractional dimension of sets of continued fractions. Mathematika 44(1) (1997), 50-53.

[24] D. Mauldin and M. Urbanski. Dimensions and measures in infinite iterated function systems. Proc. Lond.
Math. Soc. (3) 73(1) (1996), 105-154.

[25] D. Mauldin and M. Urbarski. Conformal iterated function systems with applications to the geometry of
continued fractions. Trans. Amer. Math. Soc. 351(12) (1999), 4995-5025.

[26] B. Wang and J. Wu. Hausdorff dimension of certain sets arising in continued fraction expansions. Adv.
Math. 218(5) (2008), 1319-1339.

https://doi.org/10.1017/etds.2025.10139 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10139

	1 Introduction
	2 Preliminaries
	2.1 Continued fraction
	2.2 Pressure function
	2.3 Basic facts

	3 Upper bound of dimH E2({zn}n≥1,B)
	3.1 Optimal cover of Fn when n is large enough and sn,1sn,2
	3.2 Optimal cover of Fn when n is large enough and sn,1> sn,2
	3.3 Completing the proof of the upper bound of dimH E2({zn}n≥1,B)

	4 Lower bound of dimH E2({zn}n≥1,B)
	4.1 Case I: s*=limsupn →∞ sn is obtained along a subsequence of {sn,1}n≥1
	4.2 Case II: s*=limsupn →∞ sn is obtained along a subsequence of {sn,2}n≥1
	4.3 Case III: s*=limsupn →∞ sn is obtained along a subsequence of {sn,3}n≥1

	Acknowledgements
	References

