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Abstract. The principles are set out for the construction of a theory of
the motion of the orbit plane of Hyperion, using the mixed set of angle
parameters, using different reference planes for different angles, which it
has proved convenient to use. It is found that this leads to additional
terms, which have not been shown in previous published theories. The
theory is developed in general principles exactly, and in detail as far as
is needed to enable comparison to be made with the observational data
at present available, and, from parameters which have been derived from
opposition means from the period 1875 to 1922, the co-efficients of some of
the larger long-period terms are computed.

1. Introduction

It has become usual, when developing theories of the motion of Hyperion
in its orbit plane, including the effects of the very close resonance of orbital
period with Titan, to use longitudes, including the longitude of the apse,
referred to the Ecliptic and Equinox (i.e. First Point of Aries), of course of
some specified date. However, when dealing with the motion of the orbit
plane, the governing equations are very much simplified by using parameters
which refer the orientation of the plane to the equator plane, or ring plane,
of Saturn, since the orbit planes of Hyperion and Titan (and in fact of
all the satellites except Iapetus) are inclined at quite small angles to that
plane, and the differential equations for the rectangular-type orbital plane
parameters may be treated as linear, for any precision of the theory which
has been so far required.
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2. The parameters employed

Let us now examine the effects of using this mixed set of parameters, re-
ferred to two different reference planes, in work on the motion of Hyperion.
Let us use the following notation:

¢ for the inclination of the orbit plane to Saturn’s equator plane,

h for the longitude of the ascending node of the orbit, on Saturn’s equator
plane, measured from the ascending node of Saturn’s equator on the
Ecliptic,

I for the inclination of the orbit plane to the Ecliptic,

Q for the longitude of the ascending node of the orbit, on the ecliptic,
measured from the Equinox,

I, for the inclination of the equator plane of Saturn to the Ecliptic,

Q. for the longitude of the ascending node of Saturn’s equator on the
Ecliptic, also measured from the Equinox.

A consistent canonical set of orbital parameters may be constructed by us-
ing Saturn’s equator plane as the reference plane, which has the advantage
of being effectively fixed in orientation, since the gravitational couple on
Saturn is so small. One way to remove one source of complication from
the task of comparing results with those obtained by the use of more usual
reference systems, would be to measure all longitudes from the equinox,
along the Ecliptic to the to the ascending node of Saturn’s equator on the
Ecliptic, and then along Saturn’s equator to the ascending node of the or-
bit on Saturn’s equator, and then (except for the longitude of the node
itself) along the orbit. (Then longitudes so defined would be subject to
precession, almost entirely due to the precessional motion of the equinox
along the ecliptic.) A canonical set of orbital parameters may be set up in
which all longitudes are defined in this way, thus avoiding any complica-
tion arising from the use of different reference planes in the construction of
a perturbation theory (including the use of a Lie series transformation to
separate the long-period effects from those of short period.) Let us denote
by 1 a longitude defined on this basis (i.e. using the Ecliptic, equator plane
of Saturn, and orbit plane).

Since, however, most reduction of observational data proceeds on the
basis of longitudes measured in the more conventional way, 1.e. from the
Equinox along the Ecliptic to the ascending node of the orbit on the Eclip-
tic, it is necessary, in interpreting longitudes predicted by such a canonically
consistent theory as is considered above, to relate the two systems of lon-
gitudes. Let us denote by 1 a longitude defined in the conventional way
(i.e. using only the Ecliptic and orbit planes). Usually the theory will in-
volve differences of longitudes of the two satellites, of the type ¥y — ¢ (or
corresponding differences of their apse longitudes, etc.). Such a difference
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will differ from the corresponding difference g — 91 by quantities of the
second order in the inclinations iy and i1 of the satellites’ orbits to Sat-
urn’s equator plane, and that will, in most aspects of the motion, lead to
negligible consequences in the predictions to any precision which has so far
been required. But, as observational data of finer precision are acquired, it
will become necessary to take these differences into account.

3. The equations for the perturbations

As mentioned above, the differential equations for the motion of the orbit
plane will be approximately linear if expressed in terms of the rectangular-
type parameters

p =sin ¢ sin h = sin I sin (Q — Q,) 1)
g =sin ¢ cos h =sin I cos I, cos (@ — Q) —cos I sin I,

The Lagrange equations for the mixed set of orbital parameters (A, w,a,
e, q,p), with the disturbing function, R, expressed in terms of this same set,
are found to be, without approximation,

d _ 2 om
dt = na X’
de _ Y OR X OR
dt =~ na? 8\ na?dw’
& _ _20R Y OR Z
dt na 8a na’ e nab ’
dw _ X0R 7
dt =~ na?2de nab ’
dg = cosidR Z . OR OR
@ = g maee Tty + g0
dp cosiOR Z OR OR
T = Y w3t e
where
X = \/1—62,
e
2
Yy = X—l e,
e
1
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OR . OR
P = pcosI i (gcos I+ sin Ie)a—q,

and we note that
cos I = cos icos I, —gsin I

and

cos 1 =4/1 — (g2 + p?).

4. The terms from the perturbations by Titan

The most important part of the disturbing function, R, is that correspond-
ing to the effect of Titan:

1
Rt = Gmr {— ~TH (o5 S},
A rr
in which

G is the constant of gravitation,
mr is the mass of Titan,
A is the distance between Hyperion and Titan,
rg is the distance between Hyperion and Saturn,
rr is the distance between Titan and Saturn,
S is the angle subtended at the centre of Saturn by Hyperion and Titan,

so that
A? =1} + 13 — 2rgrrcos S.

Now let us put

Rt = Ro + R,

in which Rg is R as evaluated with S replaced by ¥g — ¥, the difference
between the true longitudes of Hyperion and Titan, and with A replaced by
Ao, which is A also evaluated with S replaced by ¥ — 1. Thus R is that
part of Ry giving the main part of the perturbations in the orbit plane,
and R contains all of the terms in Ry involving the parameters of the
orbit plane. Then we find, taking proper account of the use of the different
reference planes used in the definitions of the various angles, that, to second
order in gy and py (the values of ¢ and p, respectively, for Hyperion), we
obtain
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6R = GmT{"HTT{é-%}}-
0 T

2.2
+ Z:I ) TZ%T tan? (%) (pr — pr)*{1 — cos 2 (Y5 — ¢T)}}’

where

F o= i{—{(QH — g7)? + {1+ 2 tan’ (éf)}(zm - p:r)z} cos (Yu — Y1)
+{(qu — ar)* - (pr — p1)?} cos (Yu + Y1 — 2Q)
+ 2 (¢ — qr) (pr — pr) sin (YH + Y7 — 2Q,)
+ 2{(quT - qupT) + 2tan (%)(py - pr)

+ tan? (%) (P — quT)} sin (v ¢T)}.

Substituting these terms into the Lagrange equations for the rates of change
of g and py, we find some cancellation of terms, leading to some simplifi-
cation in the terms of lowest order (as the comments at the end of section

d .
2 lead us to expect), and that S9H pas to first order, in fact the terms

dt
nHm'/C{(PH — pr){cos (Yu — Y1) + cos (Yu + ¥r — 2Qc)}
+(gx — ar){sin ($u — ¥r) - sin (¥ + ¥ - 20.)}},
dpr

and that TE has, also to first order,

nm'K{(an - qr){~ cos (¥u — ¥r) + cos (Yur + $r — 202.)}

+(pr - pr){sin (¥m — ¥r) + sin (¥ + ¥r - 22.)} },

where
—2HHT :8 ’I'% ’

1M1
m=-—,
mg

and
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where mg is the mass of Saturn. The extra terms arising from the use of

mixed reference planes do not cancel out in the expressions for d_tH and

d .
%, even to first order, and, to this order, both have the terms

ngm'K tan (%) {((IH - qr){— cos (Y — ¥r) + cos (Yu + ¢ — 295)}

+(pr — pr)sin (¢¥u + ¥ — 2Q)
+{pT + {cos I sec? (%) — 2tan <—I§) }py} sin (¢Yg — z[:T)}

3 rgrr
4 A}

Now from the results of the theory of the motion in the orbit plane
(Message, 1989, 1993), we find the expressions, in which we indicate by
“< F >” the result of averaging a quantity “F” over Ay — Ar, to isolate
the long-period and critical terms,

< K cos (¥g — 1) > = ZZAM cos (it — 5¢),
4 J

+

tan? (-Iée—) cos I.pp{l — cos 2(¢g — ¥1)}.

< Ksin (Y — ) > =Y > Bij sin (it — 5(),
iy
< Kexp {t(¥g+vr—2Q)} >=>_Y Cijexp {t (ir - jO)},
L

where 7 is the argument of the free libration (of about 21 month period),
and ( is the linear part of the argument wy — wr (of about 18% year

period), and ¢ is /1.
5. The terms from other perturbations

From the solar perturbations, the main term in R is

1
Engr%{ (3 cos? Sp - 1),

where ng is the mean motion in the relative motion of the Sun and Saturn,
and Sp is the angle subtended at the centre of Saturn by the Sun and
Hyperion. The largest long-period parts of this term are
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gngr';}{l + cos? I, — g sin 21, — g% cos 21, + p% cos? I,

+{sin2 I, + gy sin 21, + g% cos 2I, + p% (cos® I, — 2)} cos2 (Ao — )

+2{pH sin I. + qupH cosIe} sin 2 (Ao — Q,)},

from which the largest long-period solar terms in dde are
3ng 1, 2 2
m{l + ¢ }{{cos I, + {cos* I. — 2} cos 2 (Ao — Qe)}pH

+{sin I, + qp cos Ie} sin 2 (Ao — Qe)},

dpy

and the largest long-period solar terms in 4 e
3n(2) 1 2 1 .
m{l + 56 }{—5 sin 21, — qg cos 2I. + py cos I sin 2 (Ao — Q)

+%{ sin 21, + 2qy cos 2I.} cos 2 (Ao — Qe)}.

The largest long-period term from the effect of the figure of Saturn in

d
o 3
é‘n%{Rz J. 2PH,
d
and the corresponding term in —% is
3
—§n%IR§J2¢IH-

Here R, is the radius of Saturn’s equator, and J; is the co-efficient of the
second zonal harmonic in the external gravitational field of Saturn.
6. The solution of the equations.

To proceed to a solution of the equations for ¢y and pp, introduce the
complex variable

L
Z =k(qu — q1) + ;(pH - 1),
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where k is a constant to be chosen. The equations may then be written, to
the precision to which we have been working,

dz

T = LnH{—aZ—a'Z—63+Zﬂj exp (tu;) 2
J

- Z')’j exp (tw;) 2
j

+ ij exp (Lv;) },
j

where a, o, 65, B;, 7j, and p; are constants, and u;, w;, and v; are linear
functions of the time (corresponding to the various terms in the equations

for dq—H and dpi

dt

zero. This is found to require that, approximately,

). The constant k is chosen so that o’ takes the value

3 nd sin? I,

4
Kr=1- —p——
4n%{m'Ao,o,

which gives k the value 0.999565..... The constant a is given by
a= mI.Ao,o + ngJz + R 1.403771’,

and
2

8, = ™0 ginal. ~ 0.0000011S.....
8n?
H

We note that, if the §; were all zero (as would be true in the presence only
of those terms which Woltjer (1928) took), then the linear equation for 2

would be solvable exactly. However, some of the 3; are in fact significant.
The solution may be written in the form

Z = coexp(-iv)- %
+2_a; exp (uv;)
F 30 exp (a5 + )
£ 38 o (0w )
+ XZ:;% exp {¢(uj — vi)}
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+ Z zk: ik exp {«(w; + i)}
i
+ Z;d',k exp {¢(u; — up — v)}
j
+ Z Xk: zt: e;ke exp {e(u; — up + ve)}
i

+etc...

in which the constants of integration are the amplitude, ¢, of the free os-
cillation, and the phase of the linear argument, v, of the free oscillation.
Substituting this solution into the differential equation, and equating the
co-efficients of each of the (infinite number of) periodic terms, leads to
an array of algebraic equations which may be solved by iteration to give
the values of the amplitudes a;, bj, b, ¢jk, ¢jk» djk, €jk,es €tC,. .., of the
forced terms, and the rate of change, x, say, of the argument v of the free
oscillation.

7. Identification of some of the ma jor terms.

Let us now identify some of the main forced terms in the motion of the
orbit plane, beginning with those of type a; exp (¢v;).

Corresponding to j = 1 let us set the term arising from the precession
of the orbit plane of Titan. This has a period of about 690 years and the
relevant argument is v; = 41.4° — 0.5213°(¢t — 1880.25), with ¢ in years.
Then the solution gives a; = 0.041° and the main contribution to gy is
0.333° cos vy and to py is 0.333° sin v;.

Corresponding to j = 2 let us set a term with argument vy = €, the
node of the orbit of the relative motion of the Sun and Saturn. Since the
mean motion of this is about 6 seconds of arc per century, it is effectively
constant in this context. The contribution to gy is —0.745° and that to
py is —0.037°.

Corresponding to j = 3 let us set a term with argument
vy = 2Xg — Qo + . For this we find that a3 = —0.018°; the contribution
to gy is —0.018° cos (2Ao — ) and that to py is —0.018° sin (2Xg — Qo).

A significant term of the type b; exp {¢(u; 4+ v)} is associated with that
term in the disturbing function which has argument 8\ — 6Ar — 2Qy and
appears in the present theory with u; = 2(¢ + wr — Q) + 7, which has
period 10.3 years. The theory gives b = —0.013° and the contribution to
qH is

0.013° sin {2(¢ 4+ wr — Q) — v},

and that to pg is
0.013° cos {2(¢ + wr — ) — v}.
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It remains, to the precision to which we are at present working, to
consider the free oscillation. A fresh analysis of the values of the opposition
means of orbital parameters which derive from the observational data from
the time interval 1875 to 1922 gives for the amplitude ¢ = 0.521° £ 0.012°
and, for the argument v, 94.91°4+1.41° —(2.651°+0.097°)-(¢t—1900.0). This
rate gives an estimate for the mass of Titan, in terms of that of Saturn, of
(2.73£0.11) - 10~*, but since the data span only a fraction of the period of
this free term, about 136 years, this estimate cannot be considered to have
very high weight.

Work is in hand to make an analysis of all the available observational
data in one solution in comparison with this theory, which it is hoped will
improve the estimates of the parameters. To make comparison with more
precise observational data, as may become available for example from the
“Cassini” mission, would require the retaining in the theory of more terms
than we have considered in section 7, and perhaps also of terms of higher
than second order in ¢z and py in the expression for § R in section 4 above.
Also it might possibly be necessary to include, in the theory of the motion
in the orbit plane, those terms of second order in the mass of Titan resulting
from the effect of terms in 6 R on Ay and wy (and perhaps also a and e),
though such terms will be very small indeed, however, having as factors the
square of Titan’s mass and also the very small angle of inclination of the
orbit plane to Saturn’s equator plane.
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