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Weighted composition operators on
weighted Bergman and Dirichlet spaces

Kobra Esmaeili® and Karim Kellay

Abstract. We study the boundedness and compactness of weighted composition operators acting
on weighted Bergman spaces and weighted Dirichlet spaces by using the corresponding Carleson
measures. We give an estimate for the norm and the essential norm of weighted composition operators
between weighted Bergman spaces as well as the composition operators between weighted Hilbert
spaces.

1 Introduction and preliminaries

In this paper, we consider weighted composition operators acting on the weighted
Hilbert spaces of analytic functions on the unit disk. Let ¢ be an analytic map of
the unit disk I of the complex plane into itself, and let u € H(ID), where H(D) is
the space of analytic functions on ). We define the weighted composition operator
uC, by

uCy(f)(2) = u(z) - foop(z), zeD.

Given a positive integrable function w € C2[0,1), we extend it by w(z) = w(|z|) for
z € D, and call such w a weight function. The weighted Bergman space A2 is the space
of analytic functions on I such that

£ = [ 1F(@Pa(2)dA() < oo,

where dA(z) = dxdy/n stands for the normalized area measure in D.
The weighted Hilbert space D? is the space of analytic functions f on ID such that
f' € A% The space D2 is endowed with the norm

11Dy = 1FOF +1f %z, feDi

Let w, = (1-[¢])%, a > 1. The Hardy space H” corresponds to D, , the classical
Dirichlet space D is precisely D2, , and finally the standard Bergman spaces A, can
be identified with A7, . The boundedness and compactness of composition operators
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Weighted composition operators on weighted Bergman and Dirichlet spaces 287

and Toeplitz operators between Bergman spaces A, and between Dirichlet spaces
Dﬁ,a have been investigated by several authors (see, for example, [1, 4-6, 8, 12-14, 16]).
Constantin in [2] extended the results of Luecking in [13] to weighted Bergman spaces
with Békollé weights and studied composition operators on these spaces. Kriete and
MacCluer in [11] studied the same problem on weighted Bergman spaces with fast
and regular weights. Kellay and Lefevre in [10] gave a characterization for bounded
and compact composition operators between weighted Hilbert spaces with admissible
weights in terms of generalized Nevanlinna counting functions. In this paper, we
give characterization for boundedness and compactness of weighted composition
operators between weighted Bergman spaces and between weighted Hilbert spaces.
More precisely, throughout the paper, we consider a weight w will satisfy the following
properties: w(0) = 1, @ is nonincreasing, () (1 - r)~(*%) is nondecreasing for some
0 >0, and lim,_,;- w(r) = 0. Such a weight function is called almost standard. We
study bounded and compact weighted composition operators on A% and D?2. We
give a direct method to calculate the norm and the essential norm of uC,, : A2 — A2,
in terms of u and the norm of ¢”, the nth power of ¢ by using the corresponding
Carleson measures. We prove that

nlug” |

sup 5 < oo, then uC, : A, - A is bounded.
n20 [2"%:
w
nlu'o"| nlug’e" |
supizﬂzw < oo an supizﬂfu < oo, then uC,: D} - D is
>0 2715 w0 2" %
@ w
bounded.

Throughout this paper, we use the following notations:

o A < B means that there is an absolute constant C such that A < CB.
« AxBifboth A< BandB < A.

2 Carleson measures for weighted Bergman spaces
A positive Borel measure y on I is a Carleson measure for A2 if the inclusion map
I AL = LP(D, )

is bounded. It means, for some positive constant C,

Llr@Pdu() <Clfl.  f e

Denote by D(z,r) the disk of radius r centered at z, D, = D(0,r). The pseudo-
hyperbolic distance which is defined via the Mobius transform ¢, is given by

a—=z

p(a:2) = [$a(2)] = |7

s a,zeD.
1-az

We associate the pseudo-hyperbolic disk of radius r centered at a with

E(a,r)={zeD:p(a,z) <r}, aeD, 0<r<l
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288 K. Esmaeili and K. Kellay
For h > 0 and 6 € R, consider the Carleson square given by
S(h,0)={z=re":1-h<r<1,|t-0|<h}.

The following theorem of Stevic-Sharma [15, Theorem 1] characterizes the Carleson
measures for AZ. For the case of A2 , a > -1, the result was proved by Hastings [9]
(see also [5, 17]).

Theorem 2.1  Let w be an almost standard weight, and let u be a positive Borel measure
on D. Then the following statements are equivalent:

(i)  uis a Carleson measure for A% and /D IflPdu s ||‘u|\w\|f|\i%

u(E(a,r))

(i) Julo= sup (- laP)2e(a) <00, r€(0,1).
) sup LM gt )P Su(z) < o
(IV) Sup #(S(h’ 6))

0<h<1 hzw(l - h)

Note that (iv) is not announced in [15, Theorem 1]. By similar arguments given in
[7, p. 65] and from Theorem 2.1, we have

o HE@N) o #(S(,0))
lele adg (1-|a]*)2w(a) o<hP<)1 Rao(1-h)

5
" sup wg)) f|¢ W *du(z).

For obtaining our main results, we need some auxiliary results.

Lemma 2.2  Let w be an almost standard weight, then

112

T ANy S N ]D)) 'AZ)
—Pre(’ 2P T

f(a)l <C

for some positive constant C.

Proof  Since |f|* is subharmonic,

4

PO < 05 oo OFAA©:

Let Dy = {&€€ D(z,(1-|2]*)/2) : |€| < |z|]} and D, = {& € D(z, (1-|2[*)/2) : |&] > ||}
For z € Dy, wehave w(z) < w(&),andforz € Dy, (1- €)' /w(&) < (1-|2))*°/w(2).
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Thus,

(®)
T o O S A

-1 (@
|z|2)2f TOF 0 e

1 2
S ) Jo OFe(©)

f(2)F 5

1 (-

TPy w(z)

o, FORe®IA®)

S T R0(2) Joteaopyy VPO
1%z

0 Pre() -

Lemma 2.3 [10, Lemma 2.4]  Let w be an almost standard weight. Then,

/ z)dA(z) w(a)
i

az|t+2e ¥ (1-|af?)2+20"

For r € (0,1), let y, = p [p\p,> and let

#(8(h,0))

N, = su .
" ona (1= h)

Analogous to [5, Lemma 1], we have the following result.

Lemma 2.4 If u is a Carleson measure for A2, then so is u, and

1—1al)?
@ ko 8 5 sup C= 80 [ 1 () dp(a),

la|>r

Proof  Asin the proof of [5, Lemma 1], we get sup,_;, };,(Zi((l; eh))) S N;and

=su M su M
HMer = ae]]r)? (1_ |a|2)2w(a) < 0<;£1 hzw(l—h) .

This implies that

K(S(1,6))
(2.2) rle SNy= sup —————=
el peher-r B20(1=h)’
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Now, let 0<h<1-r and a = (1-h)e’. Then, |a|>r, and for each z € S(h, 0),
lpa(2) 2 % Therefore,

u(S(h.0)) _ hou(S(h.0)) _ (1-laP)° LR
h2w(1_h) h2+6w(1_h) w(a) /S(h,0)|¢“(Z)| 6d/"(z)

a| )8 2+0
Ul o LIs@Pauca).
Applying (2.2) ensures that
|a|) 2+6
Hyruwsls;g ey LB (). .

3 Boundedness properties of weighted composition operators
between weighted Bergman and Dirichlet spaces

Let u € H(D) and ¢ : D — D be an analytic self-map. For every Borel set E ¢ D, we
define the pullback measure

paB)i= [ (2P 0(2)dA).

It can be easily seen that

(1) lu-Cof Iy = [ F(@) (), f Al
For a € D, let
_ | 4]2)1+6
(32) fo(z) = - 1aP)” eD.

Vo(a)(1-az)2+e’

By Lemma 2.3, f2’ € A2 and sup,,.p, || | 42 < oo. We have the following result.

Theorem 3.1 Let w be an almost standard weight, let u € A%, and let ¢ : D — I be
analytic. The following statements are equivalent:

(i)  uC,: AL — Al is bounded.
(i) g, is a Carleson measure for A2,
(iii) sup,ep 1 Cofe’ I3 < oo

Furthermore, let {2 be the function given in (3.2), then
(3.3)

I | )°
JuCyls -y ~ s0p 4Gy 5, = 1~ sup U2 [yt oyt
¢ ¢ aeD ¢ aeD
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Proof  The equality (3.1) implies that the boundedness of u - C,, is equivalent to the
measure d .“$,u is a Carleson measure for A2 . Therefore,

248 0 (1-]aP)>2 1 dug.(2)
d -
i‘ig (a) f"M W k(2 = oy Jo i

_ w 2 W
= sup fD Ifa (@) dug, . (2)

S l#gullosup £ |z, < oo
ae

Again by Theorem 2.1, we get

i = sup (L2 (L )
e =@ ey

1- 2\d 1- 2\2+4
cap O G
E

«n w(a) (ar) |1—az|*+2d

<Sup ~laP)°
" aeD w(a)

[ 1642 dug () < . .

Let

1
= Hz”Hf% :2-/0 "o (r)dr.

We have the following lemma.

Lemma 3.2  Let w be an almost standard weight. Then,

w(a) o~ 2842( |2n
(1-|af?)20+2 an:%” |a|™ @,

Proof LetA =§+ 2. By Lemma 2.3, and since w(z) = w(|z]), we have

w(a) [ w(z)dA(2)
(1—|a|2)25+2 “ b |1—EZ|25+4

oo 1 2r
Z F(m"'A)F(n-"/l)aman/‘ rn+m+1w(r)drf et(n—m)ﬂﬁ
n= 0 0

moneo m!n!T(1)? 27
(0]
~ Z nZA—2|a|2nwn. -

In the following theorem, we estimate the norm of uC, : A% — A2 in terms of u
and ¢”.

Theorem 3.3  Let w be an almost standard weight, let u € A2, and let ¢ : D — D be
analytic.
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_ nlug” % ,
(i) Ifsup ————* < oo, then uC, is bounded.
17T
) o lug™ %
(ii) Conversely, ifuC, is bounded, then sup ————=* < oo.
n0 (277

Proof By (3.3) and applying Lemma 3.2, we get

8
o ez =sup U [ i )pesans, )
N |a|2>25+2 ju(2)Pa()dA(2)
aed  w(a) D [1-agp(z)x+
(1—|a| 2042 &0 2843 12n 2n 2
Ssup —————— " n**"*|q| flsv(Z)l [u(2)["w(z)dA(z)
aeD w(a) n=0

(1 _ |a|2)26+2 oo

20+3| |2n niy2
~ SU n a u
up (T o g
1- 2120+2 oo
Ssup( la[*) n25+2|a|2"wn < 400,
aeD w(a) n=0

Conversely, let uC,, : A2 — A2 be bounded. Then,

|ug™ | n 2
sup o A cupuc, () uCylspy <o m
nz0 275 n20 Iz 14z /1l 42 o
w
Remark 3.4 Note by (3.3)
H ug" (% nlug™ |’
< luC,y | Ssup —=
T el Gl SR

Now, we study the composition operator in the weighted Dirichlet spaces. We need
the following lemma.

Lemma 3.5 Let w be an almost standard weight, then for some positive constant C
and for each f € D% and z € D,

1713

(3.4) f(2)I < CW-
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Proof Let f € D%, and we have

|z|>dt

£(2) - FO) < f01|fl(zt)|2|z|2dt5 ||f,Hili AIWMQW

T
- P)eG)

Since (1 - |z]*)?*w(z) < w(0) =1,

(3.5)

2 ()
(3.6) lf(O) < (-2 2e(@)

It then follows by (3.5) and (3.6) that

£
(- P w(z)

Theorem 3.6 Let w be an almost standard weight, let u € D%, and let ¢ : D - D

be analytic. If pg . and pg . are AZ-Carleson measures, then uC, : D% — D2 is
bounded.

f@F 51f(2) = fFOF +1f(0) 5

Proof For f € D%, by (3.4),

u(0)?
w(9(0))(1-p(0)[*)?
where C depends only on w(¢(0)), ¢(0), and u(0). Thus,

[uCy £z = [1(0) £ (@(0))[ + fD ((uCof)' (2) w(2)dA(z)

u(0)f(p(0)* 5 11D = Clf 52

SIfhy+ [ @PIf (o) u(2)dA()
(37) + [P (o(2)Plg' ()P w(2)dA(2).

Since pig o is A2 -Carleson measure, we have
(3.8)

L @PL ()Pl (2)Pa(2)dAR) = [ 17'(2)Pdig () 5 1F -
On the other hand,

[ W @PIf (o) w(z)dA)

< [ (o [ 17 Coe)lo@lar) W' @)Pot)iac)

<2 [ If(0)PI ()P w(2)dA(2)
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2 [ ([ 17 to@lo@lar) W @)Pot)iac)
SUtut @+ [ [17GPdue @) e
For 0 < t <1,let g;(z) = f'(tz). Then,

leeie = [ 1 ()P u(@dAR) = [ 17 (a)Pa(a) 5 dAG) < 1T,

w(z
w(t

which guaranties that g, € A2 . Therefore,

[ (fireoras.@)a= [ [la@rag.)a

1
$lugulo [ gyt

<ugulolf1%: -

We conclude that
(3.9) fD W' (2)1P|f (9(2))w(2)dA(2) S | #g,urllo f7s-
By (3.7)-(3.9), we deduce that uC, : D% — D? is bounded. [

Corollary 3.7.  Let w be an almost standard weight, let u € D%, and let ¢ : D — D be
analytic. If

nlu'o" % nlug’e" %,
sup —————* < 00 and sup ——>——* < 00,
>0 2" Hf“w 0 |z Hﬂzw

then uC, : D — DY is bounded.

Proof By Remark 3.4,

nlug’¢" % nllu'e" %
|tg,upr e Ssuggw ¢ < oo, and lttgule Nsup4 ¢ < oo
nx

n >0 n

Applying Theorem 2.1, we deduce that g, ., and pg ,, are A2 -Carleson measures,
and by Theorem 3.6, we deduce that uC,, : D — D2 is bounded. ]

Corollary 3.8.  Let w be an almost standard weight, then
qu "% , nle’'e" 1%

$1Col D2 p2 S sup

SN PT 2

Proof Let D, ={feD%: f(0)=0}. The boundedness of C,|;; implies that
¢'Cy A7, — A% isbounded and [|¢'Cy |l a2 -2 < ||Cyllp2 - p2. Conversely, if ¢'C,, :
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A% — A2 is bounded, then by Theorems 3.1 and 3.6 and (3.8), we deduce that C, :
D7, - D7, is bounded and | Cy|p2 ~p2 S |9 Cyl.a2-.42. Then, by Remark 3.4, we
get the result. |

4 The essential norm of weighted composition operators between
weighted Bergman and Dirichlet spaces

In this section, we characterize the essential norm of bounded weighted composition
operators between weighted Bergman and Dirichlet spaces.

Let X be Banach spaces. The essential norm of a bounded linear operator T': X —
X is its distance to the set of compact operators K mapping on X, that is,

[T|e,x>x =1inf{||T = K| x-x : K is compact},

where | - | x-x is the operator norm. By representation theorem for bounded linear
functionals on a Hilbert space, to each z € ID, there is unique element K¢ in A2, such
that

f()=(f.K),  feAq.
The function K¥ (&), with (&,z) e D x D, is called the reproducing kernel for AZ.
Let

1
Wy, = Hz”HiL%u = Zf "o (r)dr.
0

o Z" En
n=0 g,
provide an estimate of the reproducing kernel of A2 on the diagonal.

A simple computation shows that K¢ (&) =3

. In the following lemma, we

Proposition 4.1.  Let w be an almost standard weight, then

1
(4.0) IKS 2 ® g e D.

(1-1z*)2w(z)’
Proof FixzeD. By Lemma 2.2,

K¥? w
K ()P K2 1%z . K{(2)

(1-[zP)2w(z) ~ (1-]21?)?w(z)’

which means that

o

(1-12*)?w(z)’

For the other side, for a € D, define g,(z) = W By Lemma 2.3, | g, ”f‘li ~
wla) . Thus,

(1-]af?)?%+2

1 w(a)

_ 52 _ w\2 2 w |2
(= Jap)y 8a(a) = (ga> K7')" < [ gallaz [KZ |2 S (= [ap)=

|2 1%z = K2 (2)

IKE 2
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which ensures that
o r
(1-[aP)*w(a)

Theorem 4.2 Let w be an almost standard weight. Let uC, : A% — Al be bounded.

|2 1Az 2 U

Then,
#(E(a,1/2))
uCy |2, 22 % limsup - —— -
e e (1= [aP?)?w(a)
. |a| )6 2+6
(4.2) ~ lim su f dug ,(z
\uH—p w(a) e () dug, . (2).

Proof  Since uC, : A7, - A7 is bounded by Theorem 3.1, ug , is a Carleson mea-
sure for A2 and u € A2 . Considering the compact operator S, : A2 — A2 by S, f =
Yioo f(k)z* and letting R, = I - S,,, we have

[uCollesnz—nz < [uCq o Sullesnz—nz + [uCy 0 Ryl esaz a2 = [uCq 0 Ryl ez a2
Thus,

(4.3)
[uCylle;n2 a2 <liminf [uCy o Ryleya2 a2 < liminf [uCy o Ry 4242
@ w n—oo @ @ n—oo @ @

Fixing f € A2 and r € (0,1), let D, = D(0, ). We get

uCy o Rofly = [ [u(2)PIRuf(9(2))Peo(2)dA(2)
= [ IRaf(2)Pdug o 2)
= [ IRuf@Pdg @)+ [ IRuf() P (2)

= Il,n + 12,11-
In view of
2 w\|2 2 w2 2 |Z|2k
(44) [Ruf ()" = [(fs Ra KW <[ fl 2 [RaKZ [ 52 = [ f a2 Z or
k=n+1
we get
I < 2 w D .- |r|2k
n = Hf”ﬂzwﬂgo,u( r) Z :
k=n+1 Wk
Therefore,

limsup sup I, =0.
n=>oo ||f] 4z st
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By Lemma 2.4, yg ,, . is an A2 -Carleson measure and

L= [ RSP b (2) S [l Rof

a 8
< 1t sop o [ 2 2,

al>r
Thus,
limsup [|uCy o R, ”‘Az‘)Az =limsup sup [uC,oR,f|%:
n—o0 n=ee | ff 42 <1 !
a| )°
ssup U [ )P oags o).
la|>r

Letting r — 17, by (4.3), we conclude that

4
(4.5) H”Cf/’”e;ﬂi—’fli Sli‘nllsup ia|)) f |¢ Z)|2+8dy$u(z)
al—=1—

By the similar arguments given in the proof of Theorem 2.1, we have
uCy o Ruf s = [ IRuf(2)Pdi ()
<f Ruf(§)I*1,. (E(£1/2))
“dp o (1= [EP)2e(8)

IR, f(E)P s, (E(£1/2))
" fmw (1- [E2)2w(E)

w(§)dA(8)

w(§)dA(E)

= ]l,n + I2,n-

Clearly, limsup,_, . Ji,» = 0. Since

limsup sup Jaon S sup /";},u(E(a,l/Z))
on S Cout A DT
noo Il e (1= a)20(a)
we have
“ (E(a,1/2
(46) H”C(pHe;Ag—»Azw < lim sup ‘u‘l’»u( (a,1/2))

ao1i-  (1=]a?)?w(a)
Now, let {a, } be a sequence in D with |a,| >1/2 and |a,| - 17 such that
i BB lD) L (Ba1/2)
nooo (1= ag?)2w(an) o (1-lal?)?w(a)’

Defining f,(z) = m%, we have that {f,} is a bounded sequence in

A2 converging to zero uniformly on compact subsets of . Fix a compact operator
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T : A2 — A2. 1t follows from [3, Lemma 3.3] that T'f, — 0 in A2 whenever n — oo.
Therefore,

|uCy = T34z - a2 2 limsup [uCy £ |52

n—oo

~timsup [ [u(2)PLfy (p(2)Pw(2)dA(2)

n—oo

P (1-la,|?)>+?0
‘hﬁi‘jpfu)' (1—lan|*) w(2)dA(2)

w(an) 1 - anp(z)[*+2

(=)’ 0-leaf)

= lim sup b 1=yt

noo  @(an)

dpg.u(2)

(1-]anl)® / (1-ad[)**

(aw1j2) [1-apz[++2d Hou(2)

> i (1_|an|2)2+25 nuz)),u(E(aml/z))
~ 13:501:}) w(ay) (1-|a,|?)*+20 ~

2 lim sup
noo  @(an)

Thus,

bou(E(a,1/2))
4.7 C 2 , =i f Co-T 2 2 2 2 i TR von
47) [uCylFnz-n2 inf [uCy ~ Tlaz-nz 2 lfzrll_ilf (1-1aP)?w(a)’

By the similar arguments given in the proof of Theorem 2.1, one can state that

H$u(E(a 1/2)) al )° 248
@8) timsup 2T i up LT [ g proae ),
\al%l‘ (1-]a?)?w(a) ~ jaor- e
Applying relations (4.5)-(4.8), we obtain the desired result. ]

As an immediate consequence of Theorem 4.2, we have the following result.

Corollary 4.3.  Let w be an almost standard weight. Let uC,, : A%, — A2 be bounded.
Then, the following statements are equivalent:

(i)  uC, is compact.

u(E(a,1/2))

(i) I‘S?EEPU—WW_O‘
iy timsup I gy, <o

|al—>1-

Corollary 4.4.  Let w be an almost standard weight. Let uC,, : A%, — A’ be bounded.

Then,
ey nlug" %
limsup ———5—* < [uCy[ 02 a2 S limsup ———=
A ET N T
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.
Proof  Since {”IZ';ZT} is a bounded sequence in A2, for every compact operator
‘Aw

T:A2 - A2,
a2

111’1’1 " =0.

n—oo HZ H‘A%u Az
Therefore,

z" 2
|uCy = T|%2 42 limsup uC‘/’(n) ,

© © n— oo ”Z H-Af,, A

which implies that
Jug™ %

(49) I C 2y 2 limsup ™

27152

Let M = limsup n|lu¢”|%. /|z"|%. and e > 0 be arbitrary. Then, for some ny € Nand
n—00 @ w

every n > no,
2
nlug" 2,
EIE
Arguing as in the proof of Theorem 3.3 and applying Theorem 4.2, we have

(1_ |a| )25+2
[uCy Heﬂz ~az S lim sup ~——+—

20+3| |2n
E:" |al*" |ug™ %2
%1|u\>r w(a) Aa

n=0

lug™ (%
(4.10) + n* 30, |2“7“’ )
n%oz+l n

Fix r € (0,1). Since

(1_ |a|2)25+2 (1_r2)28+2 (1_r2)8+1

sup < < = (1-r%)",
jaj>r  @(a) w(r) w(0)
Therefore,
(1=1al)**" & 553 any ny2 28+
(4.11) sup > n* " al ug |2 < C(e)(1-17)""

la|>r w(a) n=0

In view of Lemma 3.2, we get, on the other hand,

Py & g
su ( |a| ) Z n28+3wn|a|2n Az
lal>r w(a) n=ng+1 Wy

oo -1 oo
(4.12) < sup (Z 2042, |2”) ( > n25+2wn|a|2”) (M+¢e) <M+e.

lal>r \n n=ng+1

https://doi.org/10.4153/50008439522000297 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000297

300 K. Esmaeili and K. Kellay

Using relations (4.10)-(4.12) and letting r — 1, we obtain
Huc<ﬂ ”i;ﬂzw—)flzw SM+e,
and since € > 0 is arbitrary, we have

nflug” %
Huc‘l’”i;‘AZ —A2 S llmsup 7&” -

n—oo n

In the proceeding theorem, we estimate the essential norm of weighted composi-
tion operators on D2 .

Theorem 4.5  Let w be an almost standard weight, let u € D2, and let ¢ : D — D be
analytic. If g ., and pg . are Ai—Carleson measures, then

)6
G 2 o s timsup 1 o1 @ 2

la]—1-

8
+lim sup ~laf)

moup 00 [0 (2

Proof  Clearly,uC, : D — D2 isbounded and u € D} As in the proof of Theorem
4.2,

|\uC¢ ”e;’.Dﬁ,»’.Dzw < llrrlr_l)Ll;lf Hqu, oR, Hgywﬁjjzw.
For f € D2 with | f|p2 <1, we have
[4Cy o Rufl D2 < [u(0) R f(@(0))[ + fD [/ (2)*[Rn f (9(2))F w(2)dA(2)

+[D|M(Z)|2|(Rnf)'(fp(z))|2|<P'(Z)|2w(z)dA(Z)
= [u(0)R, f(9(0))]* + |u'Cy 0 Rnf”ilfu +|ug'Cy o Rnf,Hilg-

By (4.4), we have

2k
timsup sup [u(0)R, f(p(0))F < Jul limsup 5 OO

n
o | flpz nooo kimn 12152

=0.

Fix r € (0,1). Arguing as in the proof of Theorem 4.2, since g ,,, is an A? -Carleson
measure, we have

8
limsup sup [u¢'CyoR,f’ HAZ S su p (-laP)"
n=eo | fllpag lal>r w( )

L I8P g (2).

Since pg ,/ is an A2 -Carleson measure, by (3.9), we have

)
limsup sup [u'C, ORanAz S sup ~lal)
oo [ flpg Jl>r w(“)

NG
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Thus,

limsup [uCy o R, H@z%@z =limsup sup [uC, ORanDz

n—o00 n—oo ” ”D2<l

8

sap I g vt e sup U 6@ a0,
la]>r la|>r (a)

Letting r — 17, we obtain the result. ]

Corollary 4.6.  Let w be an almost standard weight, let u € D2, and let ¢ : D — D be
analytic. If g ., and y, . are A2 -Carleson measures, then

nlu'e"| nlug’e" |
(4.13) [uCoplle;p2 ~ 12 Slimsupniﬂf” + imsupniﬂf”
el e, e TR,
Proof By Theorems 4.2 and 4.4,
Houp (E(2:1/2)) |a| )? 208
lim su —thsup f|<p ()" °duy 4o (2)
\z|41* (1-1z*)w(z)  jaor- ¢ e’
. nllug'o"%:
S 1msupW
n—oo ‘Ai
and
o w(E(2,1/2)) (1-|a]?)® L e
limsup ——————+~ 1msup7f|(pa(z)| dug . (2)
- (I-[2P)?e(z) - w(a)  Jp "
el
§hmsupW
Therefore, by Theorem 4.5, we get (4.13), and the proof is done. ]

Corollary 4.7.  Let w be an almost standard weight. Let C, : D2 — D2 be bounded.
Then,

lo"o" |12 nlo’o" |
llm sup T‘Ai S ”C(P Hi’:DE,"DE, S llm Sup 7%
v TN o T,

Proof  Clearly, |Cyl .55 _p2 # [ Cylle;p2-m2. By Theorems 4.2 and 4.5, we have
ICollesp2 ~p2 S 9" Cyllesa2 a2 . We define B, = DC, D", where the differentiation
operator D is defined by Df(z) = f'(z) and its inverse by (D7 f)(z) = [, f(£)dE.
Both D and D" establish an isomorphism between D, and A2. Using standard
arguments gives that

1Coless,~m2 2 [Bollesaz~nz = 9" Collesnz .z
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Therefore, | C,|

~n / i
02502 & [9'Cy 42 a2 The proof is done by Theorem 4.4.  m

As an immediate consequence of Corollary 4.7, we have the following result.

Corollary 4.8. Let w be an almost standard weight, and let ¢ : D — D be analytic
such that C, : D2, - D2 is bounded. Then, C, is compact if

, nllo'e" %2
limsup ———>—= =
A PTTEN
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