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AN INTERPOLATORY RATIONAL APPROXIMATION

BY
A. MEIR

1. The classical Hermite-Fejér interpolation process is a positive linear
mapping from C[-1, 1] into the space of polynomials of degree <2n—1. If
T,(x) denotes the Tchebisheff polynomial of degree n and x =x,
(k=1,2,...,n) its roots, then for any given fe C[—1, 1] the Hermite-Fejér
image H,f of f is defined by

(L1) (HH0) = Y hu(0)f(x)
k=1

where

(12) mmvﬁ%%wﬂw

for k=1,2,...,n It is known ([2], p. 69) that

(1.3) 2&@#1

and
hiu(x;) =0, k,j=1,2,...,n

As to the behavior of H,f as an approximant, it has been shown ([1]) that if
w(+) denotes the modulus of continuity of fe C[—1, 1], then the approximation
error ||f— H,fl|is of the order n™'Y_, w;(k™"). This quantity is essentially larger
than wy(n'), the best order of approximation achievable by polynomials of
degree n. The purpose of this paper is to present a sequence of positive, linear,
interpolatory operators A,(n=1,2,...), which map C[-1,1] into the set of
rational functions of degree <4n—1 and for which the error bound ||f — A,fl| is
fo the order w¢(n™").

For functions in particular subclasses of C[—1, 1] it is known ([3]) that there
exist rational approximations of degree n which yield an error bound better
than wy(n™'); the specific rational operators A, to be introduced here are
interpolatory, positive and linear. In addition, the denominator of each A,f is
independent of the function f and it remains between the fixed bounds 3 and 1
for all n.

2. For n=1,2,..., let T,(x) denote the classical Tchebisheff polynomial of
degree n with roots x, <x,_;<-- <x, in [-1, 1]. It is easy to verify that the
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polynomials p,,(x) of degree 4n—1 defined for k=1,2,...,n by

@1 pnk(x)=5~ﬂ7jf(———f—);k;{(1—x2><1-xi)

2—-1

+(1—xxk)2+4n (x—xk)Z(l—xxk)}

satisfy the relations
pnk(xj)zakj, k,j=1,2,...n

p:tk(xj) = p,r:k(xj) = plr’:'k(xj) 20’ k,]-_— 1a 2’ o5

(2.2) i pnk(x)E 1.

If we set for k=1,2,...,n

(2.3) M) =521 (1= )+ (1 -,
2n*(x—x;)

then by (1.2) and (2.1)
4n>—1

Ank(-x) = pnk (x) __675— ’I?L(x)hnk(x),
so that
(2.4) /\nk(xj) - 8kj9 k, ] = 1, 2, PR (B
Moreover, (1.3) and (2.2) imply that
n 4n*-1
(2.5) Y Aux)=1- on? Th(x).
k=1 n
3. For any given fe C[—1, 1] we define the rational function A,f by
(3.1 ANE) = Y A ()f ()] Q, (x)
k=1
where
2_
(3.2) 0. =1-2"1 12y,
6n

It follows from (2.4) and (2.5) that (A,f)(x;)=f(x;) for j=1,2,...,n,i.e. A, is
an interpolatory operator. From (2.3) and (3.1) it is clear that A, is a positive
and linear operator. Observe also that the denominator Q,(x) of every A, f is
of degree 2n and that $<Q,(x)<1 for xe[—1,1]. We now state our result
concerning the error of approximation.

Tueorem 1. Let fe C[—1, 1] with modulus of continuity w(-). Then for
n=1,2,... we have (in the max norm)

(3.3) I~ Afll= (1 +V3)ap(n™).
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Proof. Let xe[—1, 1]. Then by (3.1)

169~ AH@I={ £ A0 - 0| @, 0.

Since for all x, x,, one has
Ifx) = fl ={1+nlx — x|} op(n™),
we get from the above

G4 If@-anel=(1+

n

Q();

Now, using the inequality of Schwartz and (2.5), we obtain

Anic(x) |x — xkl) wi(n™Y).

n n 1/2
(3.5) y Ank(x)lx—xkis<o,.<x)>m(Z A,.k<x)(x—xk)2) .
k=1 k=1

In order to estimate the last sum on the right hand side, we first rewrite (2.3) as

Ty(x)

—n_“—(x——x)“ {1 — XX — x2(1 - xi)/z "Xi(l —xz)/2}.
k

/\nk (x) =

It is then clear that

T? T2
At (2)lx =3 ;(ZX) ' nz(xnixx)k)z

which, on account of (1.2) and (1.3), yields that

(3.6) Z T

(1—xx,),

Combining (3.4)—(3.6) we obtain the inequality

(3.7 () = (AN ={1+(Q.(x) 7%} - wy(n™).

Since (3.2) implies that Q,(x)>% for all xe[—1, 1], the required result follows
from (3.7).

4. For functions that satisfy a Lipschitz condition, we can state a somewhat
stronger result.

TueoreM 2. LetfeLipy, 1in[—1,1]. Thenforxe[-1,1]andn=1,2,..., we
have
J6(1-x%) 3
F0 = AP = M=)
Proof. We again rewrite (2.3). We have for k=1,2,...,n
Tx) . Tax)

n*(x—x)* 2n*(x—x.)*

(4.1)  Au(x)=Q1-x*)(1-x7) = U (x) + v (x).
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It is easy to see that for all x, x, €[—1, 1], the inequalities |x — x,|<1—xx, and
1—x7=2(1-xx,) hold. Hence by (1.2) and (1.3),

(42) i vk(x)lx —xk| < Tf'(x)/znzsyi_z

and

“.3) i U () (x —x.)*=2(1-x?) Trzn(zx)sz(l—zx ).
k=1 " -

From (4.3), on using the Schwartz inequality and the fact that u, (x) <A, (x),
we get

c V2(1—x2

(4.4) 3 (0)x —x] = (0, ()" - —(n———)

k=1

The result now follows from (4.2), (4.4) and the inequality Q,(x)>3, since
[fX)—fx)|=M - |x—x,.| for all x, x,.

Remark. The estimates given for ||f—A,f|| by Theorem 1 and for |f(x)—
(A.f)(x)| by Theorem 2 are poor if n=1. In fact we have ||[f —A,f||< w,(1) and
Ilf — A fll= M respectively.
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