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Abstract Given a Gromov hyperbolic domain G C R™ with uniformly perfect Gromov boundary, Zhou
and Rasila recently proved that for all quasiconformal homeomorphisms i¢: G — G with identity value
on the Gromov boundary, the quasihyperbolic displacement kg(z,¢(z)) for all z € G is bounded
above. In this paper, we generalize this result and establish Teichmiiller displacement theorem for quasi-
isometries of Gromov hyperbolic spaces in a quantitative way. As applications, we obtain its connections
to bilipschitz extensions of certain Gromov hyperbolic spaces.
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1. Introduction and main results

1.1. Background

Let G C R" (n > 2) be a domain, where the closure G and the boundary G of G are
taken in the topology of the Riemann sphere R” = R™ U {co}. We define

Tu(G) == {¢: G — G | 1 is a homeomorphism such that
the restriction | is H-QC and |oc = idag },

where the abbreviation H-QC is used for H-quasiconformal and idgg denotes the identity
map on 0G.

Originally, Teichmiiller displacement problem is to determine how far a given point
x € G can be mapped under a map ¥ € Tx(G). For the domain G = R?\ {(0,0), (1,0)},
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it was shown by Teichmiiller [19] that the displacement with respect to the hyperbolic
distance hg of G satisfies inequality

ha(z,(x)) <logH for all z € G.

From then onwards, many researchers considered the same problem in several different
settings and applied Teichmiiller type results in the study of quasiconformal homogeneity
of domains, see [11, 12, 14, 23, 30] and the references therein. The recent monograph by
Hariri et al. [8] provides a chapter which systematically introduces many results and
background information about Teichmiiller displacement problem.

For example, Manojlovi¢ and Vuorinen [14] investigated spatial quasiconformal
homeomorphisms of the unit balls onto itself with identity boundary value and
obtained an analogue of Teichmiiller’s result. In [23], Vuorinen and Zhang stud-
ied the Teichmiiller displacement problem with respect to the quasihyperbolic metric
on uniform and convex domains with uniformly perfect boundaries. It was proved
by Bonfert-Taylor et al. [1] that all quasiconformal homeomorphisms of hyper-
bolic manifolds onto itself with identity boundary value are uniformly close to
isometries.

Inspired by these investigations, Zhou and Rasila [30] recently studied the Teichmiiller
displacement problem from the point of view of Gromov hyperbolic geometry [4, 5].
On the one hand, it was shown in [30, Theorem 1.1] that both the displacements with
respect to the distance ratio metric jg and its modification 3@; are bounded above for all
quasiconformal homeomorphisms ¢ € Ty (G) provided G is uniformly perfect. For the
Gromov hyperbolicity of these two metrics, we refer to [7, 28].

On the other hand, the authors [30] investigated Teichmiiller displacement problem
for the class of Gromov hyperbolic domains which was introduced by Bonk et al. [2].
Recall that G C R™ is said to be a Gromov hyperbolic domain if the domain G
equipped with its quasihyperbolic metric kg is d-hyperbolic for some § > 0. For a given
Gromov hyperbolic domain G C R™ with uniformly perfect Gromov boundary 0.G,
it was proved in [30, Theorem 1.2] that for all quasiconformal mappings ¥: G — G
with ¥]g..¢ = idas,q, the quasihyperbolic displacement kg (x,(x)) is bounded above
for all x € G.

It follows from [2, Proposition 2.8] that (G, kg) is a proper geodesic metric space.
By [6, Theorem 3], we know that each quasiconformal homeomorphism ¢: G — G is a
quasi-isometry with respect to the quasihyperbolic metric. Motivated by this study, we
consider here the Teichmiiller displacement problem on Gromov hyperbolic spaces when
quasiconformal maps are replaced by quasi-isometries.

1.2. Main results

Throughout this paper, we assume that (X, d) is a proper geodesic Gromov hyperbolic
space with X* = X U 05X its Gromov closure, and that f: X — X is a (A, p)-quasi-
isometry. The displacement of z € X under f is denoted by d(z, f(x)). The number
sup{d(z, f(x))|z € X} is called the displacement of f on X. It is not difficult to see from
[3, Proposition 6.3] that f has a natural bijective extension from X to 0. X, denoted by
flosox - This means that the image of any Gromov sequence under f is also Gromov. Set
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Tou(X) ={f: X* > X~

flx is a (A, p)-quasi-isometry, floox = idoosx }-
Our main result is the following:

Theorem 1.1. Let §, K, > 0 and C,\ > 1. If (X, d) is a proper geodesic space that is
0-hyperbolic and K-roughly starlike with respect to & € 0x X, and 0 X is a C-uniformly
perfect set, then there is a number A = A(0, K, C, \, ) such that d(z, f(x)) < A for every
feTu(X*) and for allz € X.

Remark 1.2. We say that 0,,X is a uniformly perfect set if it is C-uniformly perfect
with respect to a certain visual metric. This makes sense because 0., X equipped with
any two visual metrics are quasimébius to each other by [5, Corollary 5.2.9], and uniform
perfectness is preserved under quasimébius maps due to [24, Lemma C]. Also, we note
that the uniform perfectness for X cannot be removed, see [30, Remark 1.1]. All
connected metric spaces are uniformly perfect. For more background and applications
of uniformly perfect sets in geometric function theory and analysis on metric spaces, we
refer to [5, 9, 15, 17, 18, 24].

Remark 1.3. Note that Theorem 1.1 is a generalization of [30, Theorem 1.2]. The
strategy for proving Theorem 1.1 is different from that of [30, Theorem 1.2], where they
applied the bounded uniformization of Gromov hyperbolic spaces due to Bonk et al. [2].
In this paper, our main tool is the unbounded uniformization theory, developed recently
in [29].

For the definition of rough starlikeness, we refer the reader to §2.5. We remark that if X
is roughly starlike with respect to £ € 05X, then J,, X contains at least two points. The
class of Gromov hyperbolic spaces that are roughly starlike is very large. For example, it
includes metric trees, Gromov hyperbolic domains in R™ or annular quasiconvex spaces
[10, 22], Gromov hyperbolic manifolds [25], negatively curved solvable Lie groups [16, 26]
and hyperbolic fillings [3, 5]. Hence, Theorem 1.1 is valid for these Gromov hyperbolic
spaces.

The notion of rough starlikeness with respect to a distinguished point within the space
was introduced by Bonk et al. [2]. This concept is equivalent to the visual property defined
by Bonk and Schramm [3], where they demonstrated that Gromov hyperbolic spaces
with locally bounded geometry can be quasi-isometrically embedded into the classical
hyperbolic spaces H". This property has served as an important tool in [10, 27, 30].

In this paper, we establish the following relationships between these two concepts in a
quantitative way.

Theorem 1.4. Let X be a proper geodesic §-hyperbolic space, where 0., X contains at
least two points. Then the following conditions are equivalent:

(1) X is Kq-roughly starlike with respect to £ € s X,
(2) X is Ky-roughly starlike with respect to each point of X,
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(3) X is Ks-roughly starlike with respect to w € X and
diam(0s0 X, dye) > 10 > 0,
where dy, . 15 a visual metric on 0, X with parameter € and base point w.

The constants K;, for i =1,2,3, depend only on each other, 7o, and 9.

In view of the above considerations, we establish the Teichmiiller displacement theorem
on Gromov hyperbolic spaces that is roughly starlike with respect to an interior point.
Employing Theorem 1.4, we obtain the following consequence of Theorem 1.1.

Corollary 1.5. Let §, K,u > 0, C;\ > 1 and 9>0. Suppose (X, d) is a proper
geodesic d-hyperbolic space and K-roughly starlike with respect to w € X. If 00X
is a C-uniformly perfect set with ¢ = diam(0xX,dw.e) > 0, then there is a num-
ber Ay = A(6,K,C, A\, 1, 9) such that d(z, f(z)) < Ay for all z € X and for every
f € Tu(X7).

This paper is organized as follows. In § 2, we focus on Gromov hyperbolic geometry and
properties of quasi-isometries, and then we prove Theorem 1.4. The proof of Theorem 1.1
is given in § 3. In § 4, we provide two examples and some applications of our main results.

2. Gromov hyperbolic spaces and quasi-isometric maps

2.1. Metric geometry

Let (Z, d) be a metric space. The open ball and the closed ball of radius r centred at
x € Z are denoted by B(z,r) and B(z,r), respectively. The space Z is called proper if
its closed balls are compact. We use diam(W) to denote the diameter of a set W C Z.
For C' > 1, a metric space Z is called C-uniformly perfect, if for each x € Z and every
r>0, B(z,r)\ B(z,r/C) # () provided Z \ B(z,r) # 0.

A geodesic arc o between z and y in Z isamap a: I = [0,1] = Z from an interval I to
Z such that «(0) = z, a(l) = y, and d(a(t),a(t')) = [t —t/| for all t,t' € I. If T = [0, c0),
then « is called a geodesic ray. If I = R, then « is called a geodesic line. The space Z is
said to be geodesic if every pair of points can be connected with a geodesic arc. Let [z, y]
denote the geodesic between z and y in Z.

2.2. Maps

The identity map of a set W is denoted by idw. Let f: (Z,d) — (Z',d') be a map
(not necessarily continuous) between metric spaces Z and Z’, and let A > 1 and p > 0
be constants. We say that f is a (A, p)-quasi-isometric map if for all z,y € Z,

A d(z,y) —p < d'(f(2), f(y) < Md(z,y) + p.

If in addition, every point y € Z’ has the distance at most p from the set f(Z), then f
is called a (A, p)-quasi-isometry. Moreover, if f is a homeomorphism and p=0, then it
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is called a A-bilipschitz map. A curve v: I — Z is called a (A, u)-quasigeodesic if «y is a

(A, p)-quasi-isometric map.

2.3. Gromov hyperbolicity
Let (X, d) be a metric space. Fix a base point w € X. For z,y € X, we define

(@|y)w = 3 (d(z,w) + d(y,w) — d(,y)).

DO | —

This number is called the Gromov product of x and y with respect to w. We say that X
is Gromov hyperbolic, if there is a constant § > 0 such that

(@|Y)w = min{(x|2)w, (2|y)w} — 0 for all z,y, z,w € X.

In this paper, we assume that Gromov hyperbolic spaces are unbounded.

Suppose X is a Gromov hyperbolic space. A sequence {z;} in X is called a Gromov
sequence if (z;|x;), — 00 as i, j — oco. Two such sequences {z;} and {y;} are said to
be equivalent if (z;|y;)w — o0 as i — o0o. The Gromov boundary 0,.X of X is defined to
be the set of all equivalence classes of Gromov sequences, and X* = X U 0, X is called
the Gromov closure of X. If (X, d) is proper geodesic, then the Gromov boundary is also
equivalent to the geodesic boundary, which is defined as the set of equivalence classes
of geodesic rays, where two geodesic rays are equivalent if they have finite Hausdorff
distance.

Lemma 2.1. ([4, Chapter IIl.LH. Lemmas 3.1 and 3.2]) Suppose that X is a proper
geodesic space that is 0-hyperbolic. Then for each x € X and £ € 05X, there exists a
geodesic ray v: [0,00) — X with v(0) = = and y(oo) = £. Similarly, for each pair of
distinct points £,m € 00X, there exists a geodesic line v: R — X with y(—o0) = £ and
Y(o0) = 1.

For all z € X and ¢ € 0xX, the Gromov product (x|£),, of z and £ is defined by
(x]€)w = Inf{liminf; oo (z|y:)w | {yi} € &} For all £, ¢ € JoX, the Gromov product

(€|¢)w of € and ( is defined by (£|¢), = inf{liminf; oo (z;|yi)w | {z:} € € and {y;} € ¢}.
Next, we recall the following results about the Gromov product.

Lemma 2.2. (21, Lemma 5.11)) Let X be a 6-hyperbolic space with o,z € X, and let
&, & € 00 X. Then for any sequences {y;} € &, {y}} € &, we have

(1) (Z|£)o S 1111_1}1nf(2|y1)0 S hmsup(z|yi)o S (Z‘g)o + 6;

i—00
(2) (€l€)o < liminf(yily;)o < limsup(ysly;)o < (£]€")o + 20.
100 i—00

Let (X, d) be a d-hyperbolic space and w € X be given. For 0 < ¢ < min{1,1/(56)},
we define

Puwe(&,¢) = e =EOw
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for all £ and ¢ in the Gromov boundary 0., X of X with the convention that e™>° = 0.
We now define

dw,€(£v<) := inf {pr,s(gilagi) | n > 17£ = 607517 cee aé-n = C S aoo-Xv} .
i=1

Then (0xX, du,:) is a metric space with

1

§pw75 < dw,a < Pw,es (23)

and we call dy, . the visual metric of 0 X with base point w € X and parameter ¢.

2.4. Busemann functions

Let (X, d) be a Gromov é-hyperbolic space with 0 € X and £ € 0., X. Let B(§) be
the class of Busemann functions based at &; see [5, Section 3.1] for more background
information. Let b € B(&) be a Busemann function. For all z € X

b(x) = be,o(x) = be(z,0) = (€]0)z — (€])o.

We define the Gromov product of z,y € X with respect to the Busemann function

be B(&) as

1
(zly)y = 5 (b(z) +b(y) — d(,y)).
Similarly, for x € X and ( € 9o X \ {¢}, the Gromov product (z|¢), of z and ¢
based at b is defined by (x|¢), = inf{liminf; . (z|2;)s | {2:} € ¢}. For points &; and

&5 belonging to J.0X \ {¢}, we define their Gromov product based at b by (£1]&2), =
inf{liminf; oo (wi|y:)p | {2i} € &1, {yi} € §2}

For £ >0 with e?29 < 2, we define
pye(E1,69) = e SCLIDb for alle) & € D0 X \ {€}.
Then for i = 1,2,3 with &; € 00X \ {¢}, we have

o= (€1,€2) < % max{py - (£1,€3), po.e (&3, &2) )

We now define

dp,e(w, ¢) == inf {ZPb,s(Cil»Ci) |m>1,¢=10(o,C,-. ., (mn=wE€ 5ooX\{§}}-
i=1

By [5, Lemma 3.3.3], it follows that (0sX \ {¢}, ds.-) is a metric space such that pp, /2 <
dp.e < pve. We call dy . a Hamenstddt metric on the punctured space 0, X \ {£{} based
at ¢ with parameter ¢.
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2.5. Rough starlikeness

We first recall the definition of rough starlikeness of Gromov hyperbolic spaces. See
[2, 10, 22, 27, 30] for more information and backgrounds on this topic.
Let X be a proper geodesic d-hyperbolic space, w € X, £ € 05X and K > 0.

Definition 2.4. We say that X is K-roughly starlike with respect to £ if for each
x € X, there is a point ( € 0o X and a geodesic line v = [, (] connecting & and ¢ such
that dist(z,v) < K.

Definition 2.5. We say that X is K-roughly starlike with respect to w if for each
x € X, there is a point ( € 0o X and a geodesic ray v = [w, ] emanating from w to
such that dist(z,v) < K.

Next, we show that the rough starlikeness of Gromov hyperbolic spaces is preserved
under quasi-isometries. Although this result is well-known, we have failed to find a
reference containing its proof. For completeness, we give a proof here.

Lemma 2.6. Let §, K,;u > 0, A > 1 and let f: (X,d) — (X', d’) be a (X, pn)-quasi-
isometry between proper geodesic §-hyperbolic spaces. We have the following:

(1) If X is K-roughly starlike with respect to £ € 0 X, then X' is K -roughly starlike
with respect to a point & € 0so X', where K' = K'(0, K, i, \);

(2) If X is K-roughly starlike with respect to w € X, then X' is K -roughly starlike with
respect to a point w' € X', where K' = K'(6, K, 1, \).

Proof. We only prove (1), because the proof of (2) is similar. It follows from
[3, Proposition 6.3] that f induces a bijective map f: 0o X — oo X’. Let & = f(&).
Then we check that X’ is K'-roughly starlike with respect to the point £’ € 9., X', where
K' = K'(6, K, 1, \).

On the one hand, for a given 2’ € X', there is an x € X such that

d'(f(x),2) < p. (2.7)

As X is K-roughly starlike with respect to £ € 0., X, there is a ( € 0, X and a geodesic
line v = [, (] joining & and ¢ such that

dist(z,v) < K. (2.8)

On the other hand, because f: X — X' is a (A, p)-quasi-isometry, we see that f(v) is
a (A, u)-quasigeodesic line with endpoints &' = (&) and ¢’ = f(¢). Furthermore, because
X' is a proper geodesic §-hyperbolic space, by [10, Lemma 3.5], it follows that there is a
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geodesic line a = [¢/, '] joining ¢’ and ¢’ such that the Hausdorff distance satisfies the
inequality

dy (o, (7)) < M (2.9)

for some constant M = M (A, u,d). Therefore, we obtain from Equations (2.7), (2.8)
and (2.4) that

dist(z',a) < p+ MK +pu+ M =: K'.
The lemma follows. O

Finally, we are ready to supply the proof of Theorem 1.4 which connects the above
two notions of rough starlikeness.

2.6. Proof of Theorem 1.4

Suppose that X is a proper geodesic d-hyperbolic space, and d,, X contains at least
two points.

(1) = (2) : Let w € X. For each x € X, there is a point &, € JX and a geodesic line
[€,&x] connecting € and &, such that

dist(a, ¢, &,]) < K1, (2.10)

because X is Ki-roughly starlike with respect to €. By Lemma 2.1, it follows that there
are two geodesic rays [w,¢] and [w,&,;] joining w to £ and &,, respectively. Considering
the extended geodesic triangle A = [w,&;] U [, €] U [§,w] and then applying [21,
Theorem 6.24], we see that there is a positive integer N such that

dist(y, [w, &) U [§,w]) < N¢ for all y € [€,&,].
This inequality, together with Equation (2.10), shows that
dist(x, [w, & U [§,w]) < K1 + N6 =: Ko,

as desired.

(2) = (3) : Because 0, X contains at least two points, we may choose two distinct
points € and ¢ from 0, X. By Lemma 2.1, it follows that there is a geodesic line [¢, (]
connecting £ to ¢. Now, fix a point w € X in the line [¢,(]. By Lemma 2.2, we find that
(€]¢)w < 24. Therefore, by Equation (2.3), we obtain that

diam(aooXa dw,e) > dw,e(faC) > efs(E\C)w > %e7256

=170,

DN | =

as required.
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(3) = (1) : Because diam(0X, dy ) > 70 > 0, we see from Equation (2.3) that there
are two points £ and ¢ in 9, X such that

To < dw,g(ﬁ,() < efs(f‘éh)w7

which implies that

(€lC)u < Llog
70

Again, by Lemma 2.1, there is a geodesic line [{,(] connecting & to ¢. Moreover, by
the extended standard estimate (cf. [21, 6.20]), it follows that there is a positive integer
N7 > 0 such that

dist(w, [€, C]) < (£]C)w + N16 < élog% + NG = .

Thus there is a point wy € [&, ¢] such that
d(w,wp) < Cs.

Now, we check that X is K;-roughly starlike with respect to ¢ with a constant K7 > 0
depending only on § that will be decided below.

Fix z € X. Because X is Kj3-roughly starlike with respect to w, there is a point
&x € 050X and a geodesic ray [w, ;] connecting w and &, such that

dist(z, [w, &]) < K. (2.11)
Lemma 2.1 ensures that there is a geodesic ray [wg,&,] joining wg to &,. Because
d(w,wp) < Co, by the Closeness Lemma (cf. [21, 6.9]), we have the following Hausdorff
distance:
dq{([wo,gz],[’W,fgg]) < 02+N257 (212)
for some positive integer No.

Pick a geodesic line [€,&,] connecting £ to &, and consider the extended geodesic
triangle A = [wo, §x] U [€4, ] U [€, wo]. Now it follows from [21, Theorem 6.24] that there
is a positive integer N3 such that for all z € [wy, &,],

Hence we obtain from Equations (2.11), (2.12) and (2.13) that

diSt(.’I}, [wo,f] U [gagzb S KS + C(2 + N26 + N35 = K1.
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This implies that

dist(z, [¢,£] U [E, &) < K,

completing the proof.

3. Teichmiiller displacement theorem

In this section, we study Teichmiiller displacement problem on Gromov hyperbolic spaces
in a quantitative way and prove Theorem 1.1. For the proof of Theorem 1.1, we use the
unbounded uniformization procedure that was developed recently in [29]. We begin with
some definitions.

3.1. Quasihyperbolic metric and uniform spaces

Let (2,d) be a metric space. The metric completion and metric boundary of 2 are
denoted by Q and 9Q = Q\ Q, respectively. The space ) is incomplete if 9 # (). For
z € Q, the distance between z and 9 is denoted by d(z) = dist(z, 9).

In this subsection, we assume that (€2, d) is an incomplete, locally compact and recti-
fiably connected metric space, and that the identity map (2, d) — (£2,£) is continuous,
where £ is the length metric of Q induced by d. See [2, Appendix] for more discussions.

Definition 3.1. As in 2], the quasihyperbolic metric k in (Q,d) is defined by
ds

k =inf | —

(z,y) = in /a i)’

where the infimum is taken over all rectifiable curves « in Q connecting x and y and ds

denotes the arc length element with respect to the metric d.

It follows from [2, Proposition 2.8] that (2, k) is a proper geodesic space. Next we
recall the definition of uniform spaces from the work of Bonk et al. [2] and use this to
establish their bounded uniformization theory of Gromov hyperbolic spaces. For more
backgrounds, we refer to [10, 23, 27] and the references therein.

Definition 3.2. Let A > 1. The space (2, d) is called A-uniform if each pair of points
x and y in ) can be connected with a rectifiable arc o in Q satisfying:

(1) fa) < Ad(z,y), and
(2) min{l(alz,2]), l(alz,y])} < Ad(z) for all z € a,

where () is the length of a and o[z, z] is the part of « between x and z.

3.2. Unbounded uniformization of Gromov hyperbolic spaces

In this subsection, we assume that (X, d) is a proper geodesic space that is §-hyperbolic,
and OxX contains at least two points. Let 0 € X, { € 0cX and b = bgo: X - R a
Busemann function based at &.
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Following the notation of [29], consider the family of conformal deformations of X
induced by the densities
pe(z) = =@ for e > 0.
The resulting spaces are denoted by X, = (X, d.). One observes that d. is a metric on
X defined by

de(z,y) =inf/ps ds, (3.3)

where the infimum is taken over all rectifiable curves « in (X, d) joining the points = and
y. The metric completion and the boundary of X, are denoted by X, and 9. X := 0X, =
X. \ X, respectively. Let k. be the quasihyperbolic metric of (X, d.).

Now, we recall certain auxiliary results from [29] for later use.

Lemma 3.4. (29, Theorem 1.2]) For all 0 < € < g¢(9), the conformal deformations
X = (X,d.) of X are unbounded A-uniform spaces with a constant A = A(9).

Lemma 3.5. (29, Lemma 5.1]) There is a constant Ay = A1(§) > 1 such that

1
7d5(1'7y) S

I e =@ (min{1, ed(z,y)}) < Arde(z,y),
1

m | =

forallx,y € X.

Lemma 3.6. (29, Lemma 5.5]) There is a natural bijective map ¢: 0o X — 0:X U
{o0} with ¢(§) = 0.

Lemma 3.7. (29, Lemma 5.24)) If X is K-roughly starlike with respect to & € 0o X,
then for 0 < & < g9(9), the identity map (X,d) — (Xc, ke) is M-bilipschitz with M =
M4, K, e).

3.3. Proof of Theorem 1.1

Let 0, K, > 0 and C, A > 1. Suppose that (X, d) is a proper geodesic space that is d-
hyperbolic and K-roughly starlike with respect to £ € 05 X. Let 05X be a C-uniformly
perfect set. Recall that

Tou(X*) ={f: X* = X*| flx is a (A, p)-quasi-isometry and f|ooc x = idosox }-

The issue is to find a constant A such that
d(z, f(z)) <A

for each f € 7y, (X*) and for all z € X.
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Let b = b¢ o: X — R be a Busemann function based at £ with o € X. Fix a constant
e =¢(d, K). Let X, := (X, d.) be the uniformization of (X, d) induced by the conformal
deformation as in Equation (3.3).

One observes from Lemma 3.4 that X, is unbounded and A-uniform with A = A(J).
According to Lemma 3.5, we know that

¢: (O X\ {&},dbe) = (0:X,de)

is actually a bilipschitz map, where d; . is a Hamenstadt metric based at £ with param-
eter . Because (X, d) is K-roughly starlike with respect to & € 9,,X, it follows from
Lemma 3.7 that the identity map

P (X7d> — (XsakE)

is M-bilipschitz with M = M (4, K, ¢).

Thanks to [24, Theorem C], we see that the uniform perfectness is preserved under
quasimobius maps; for the definition of quasimébius maps, see [20]. It follows from [5,
Theorem 5.2.17] that 0 X equipped with any two visual metrics or Hamenstadt metrics
are quasimobius equivalent to each other with the control function depending only on 4.
As 05, X is C-uniformly perfect with respect to a certain visual metric, one thus finds
that 9-X is Cy-uniformly perfect with Cy = Cy(C,9).

Fix f € Tx,,(X*). We observe that f induces a map g: X, U {oo} — X. U {oc} with

ng =@o f‘X 080_11 (Xeake) — (stks)
and
glo-x ==¢0 flossx 00, g(00) = o0.

Next, we show that the following three items:

(1) glo.x =ida.x;
(2) The continuous extension of g from X, to the one-point extended boundary 9. X U

{oc} is exactly gla, xU{oo};
(3) There is a homeomorphism 7 : [0,00) — [0, 00) such that

de(9(2), 9(a)) d-(z,a)
d-(9(). g(a) = " (dg(y, a)) ’ (3.8)

for all three distinct points =,y € X, and a € 9. X.

Because f € Ty ,(X™), we have f|s,ox = ids,, x and this proves (1).

To prove (2), for each sequence {x,} which is d.-convergent to a € 9. X U {oc0}, we
check that the sequence {g(x,)} = {f(xn)} is de-convergent to g(a) = a. By Lemma 3.6,
one observes that {x,} is a Gromov sequence of X such that {z,} € ¢71(a) € 0. X.
As f: X — X is a quasi-isometry which has a continuous extension to J., X such that
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flosox = idas x, We see from [3, Proposition 6.3] that {f(x,)} is also a Gromov sequence
of X satisfying

{f(@n)} € flosox 0 ¢ '(a) = ¢~ (a) € 0 X.

Then Lemma 3.6 guarantees that {f(z,)} is d.-convergent to ¢[¢p~1(a)] = a = g(a) €
0:X U {o0}, as desired.

It remains to show the last item (3). For any given three distinct points x,y € X. and
a € 0.X, we let

ds(x7a‘):tde<y7a) and de(g(x)mg(a)):Tde(g(y)ag(a))'

Choose sequences {zn}, {yn} and {a,} in X so that they are d.-convergent to z,y and
a, respectively. From the statement (2), it follows that {g(z,)}, {9(y»)} and {g(a,)} are
d.-convergent to g(z), g(y) and g(a), respectively. Moreover, by Lemma 3.6, we have
{an} € p71(a) € 00X and ¢~ 1(z) # ¢~ 1(a) # ¢~ (y), because x # a # y. Without loss
of generality, we may assume that for all n,

min {d(z,, an), d(yn,an), d(f(@n), f(an)), d(f(ya). flan))} = 1
By Lemma 3.5, there is a constant A; = A;(d) > 1 such that
ty = ———22 > %ef(ynMn)b—e(xnlan)b min{l’ [gd(xnvan)]}

ds(yna an) - Al min{lv [6d(yn’ an)]}

_ efunlan)y—e(enlan)y

This ensures that
1
(ynlan)y = (@nlan)y < Az + ~logity (3.9)

with Ay = 2(log A;)/e.
By a similar argument as above, we see from Lemma 3.5 that

(f (zn), £(
f

P, ¢ (8.10)

- ( o de Qn
= (@) _ d: @)

< A%ea(f(yn)|f(an))b—5(f(wn)|f(an))b.

On the other hand, we note that b € B(£) and f(§) = & As f: (X,d) = (X,d) is a
(A, 1)-quasi-isometry, it follows from [29, Lemma 3.7] that there exists a control function
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0: R — R depending only on A, u and § with
0(t) = max{\t, t/ 1} + 11

such that

(f(yn)lf(@n))o = (f(@a)lf(an))s < 0((ynlan)s — (wnlan)s)-

This, together with Equations (3.10) and (3.9), implies that

T, < A2 (F108tn). (3.11)

Again by Lemma 3.6, we see that 7,, — T and ¢, — t as n — oo. Therefore, we
obtain Equation (3.8) from Equation (3.11) by letting n — oo. This ensures (3).

We continue the proof of this theorem. Fix z € X, and choose a point zg € 9. X
such that d.(x,z¢) = de(x) = diste(x,0-X). We wish to obtain an upper bound for the
quasihyperbolic distance k. between z and g(z) = f(z). To this end, we first show the
following:

Claim. There is a constant M7 > 1 such that

de(z)
My

< de(g(x)) < de(g9(x), g(x0)) < Mide ().

We first check that d.(g(z), g(xo)

) d.(x) for some My > 1. As 0. X is unbounded,
it is clear that 9: X \ Be(xo,d:(z)) #

< M,
0. T hus there is a point 1 € 9. X such that

de(z)
Co

< d(z9,71) < de(z), (3.12)

because 9. X is Cp-uniformly perfect. Note that g|s.x = ids. x. Now, by Equations (3.8)
and (3.12), we obtain

d-(9(x), g(x0)) < 10 (j((jx))) de(g(x1). 9(z0))

< no(Co)de(z1,20)
< no(Co)de(z) = Mode ().

For the other direction, by an elementary computation, we see from Equation (3.8)
that for any three distinct points xz,y € X, and a € 0. X,

Llne) , (osl0)),

ds(yva') = " (313)

where 1, = [yt (t71)] 7 for all ¢>0.
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Thus by Equation (3.13), a similar argument as above guarantees that
de(z) < Mide(g(x))

for some constant M; (> Mj) depending only on 19 and Cg. Therefore, the claim is
proved.

Finally, we are ready to complete the proof of Theorem 1.1. Because glo.x = idg.x,
we see from the claim that

de(g(x), x) < de(zo, ) + de(g(x), 9(x0))

<
< de(x) + Myd.(x) (3.14)
< My (M + 1) min{d. (x),d-(g(z))}.

Moreover, because (X,d.) is A-uniform, it follows from Equation (3.14) and [2,
Lemma 2.13] that

) de(g(2), )
ke(z, 9(x)) < 447 log <1+ min{d. (), d.(g(x ))})
))-

< 4A%log (14 My (M; +1)
Because the identity map ¢: (X, d) — (X, k.) is M-bilipschitz, we obtain
d(z, f(z)) = d(z,g(x)) < Mk (z,g(x)) < 4MA%log[l + M;(M; +1)] =: A

finishing the proof.

4. Examples and applications

4.1. Examples

While studying the Teichmiiller displacement problem on Gromov hyperbolic spaces
X that is roughly starlike with respect to an interior point w € X, one observes from
Corollary 1.5 that the upper bound for the displacement depends on the diameter of
(050X, du,e)- In the following, we provide two examples to explain this phenomenon.

Example 4.1. Let H? be the Poincaré hyperbolic disk with the original point o € H?.
For a given integer m > 1, we attach H? at the point o with a line segment I,, =
{o x [0,m]}. We define the space Y = H? U I,,, equipped with the induced length metric
d. Then we have the following:

(1) Clearly, (Y, d) is a Gromov hyperbolic metric space that is O-roughly starlike with
respect to w = (0,m). The Gromov boundary 0,.Y is the same as 9, H? = S*,
which is connected and therefore uniformly perfect.

(2) One easily finds that the diameter of (0xY,dy ) is comparable with e~"¢.

(3) We define a mapping f: Y — Y such that f|y2 = idy2 and f|z,, is a linear function
with f(u) = (0,m/4), where v = (o,m/2) € Y. It is not hard to see that f is
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a (4,0)-quasi-isometry which induces a boundary map fl|sy = idg.y. However,

d(u, f(u)) = m/4.

The second example tells us that the Teichmiiller displacement theorem for quasi-
conformal mappings, namely [23, Theorem 1.9] and [30, Theorem 1.2], is not valid for
domains G in the Riemann spheres, where the displacement depends also on the diameter
of OG with respect to the spherical metric.

Example 4.2. Let R? = R? U {oo} be the Riemann 2-sphere, and | - | the Euclidean
metric on R?. Let 0 < € < 1/4, B(0,¢) = {z € R?| |z| < ¢}, and D, = R?\ B(0,¢). Define
g: D¢ — D, with g(c0) = 0o and

1
g(z) = —|z|z for all z € D, \ {c0}.
€

Let o be the spherical metric on R? defined as in [8, (3.6)]. Then we have the following:

(1) (D, o) is a bounded locally compact uniform metric space with

2
diama (3De) = 1_’_7662

(2) Let kp (o) be the quasihyperbolic metric of (D, o), see Definition 3.1. It follows
from [2, Theorem 3.6] that (D, kp.(c)) is a proper geodesic Gromov hyperbolic
space that is roughly starlike with respect to a point w € D.. Moreover, there is
a natural quasisymmetric homeomorphism between the metric boundary (0D, o)
and the Gromov boundary O D, of (D, kp.(c)) endowed with a visual metric.

(3) The mapping g: (De, o) — (De, o) is quasiconformal and has a continuous extension
to 0D, with glop., = idop,.. Hence g: (D¢, kp.(c)) — (De,kp.(0)) is a quasi-
isometry and has a continuous extension to J, D, which is the identity map on
OooDe.

(4) Clearly, 9D, is connected and 80 is 0, D.. In particular, O D, is uniformly perfect.
Therefore, we know from Corollary 1.5 that the displacement kp_(c)(z,g(2)) is
bounded above for all z € D.. Note that the upper bound depends on e.

(5) As €—0, one finds that diam,(9D.) — 0 and

b (0) (VE,0), ((VE,0))) > log (1 + “g) o0

4.2. Applications

This subsection focuses on some applications of Theorem 1.1. Let §, K > 0, C > 1 and
n: [0,00) — [0,00) be a homeomorphism. Suppose that (X, d) and (X’,d’) are proper
geodesic d-hyperbolic spaces, and 0, X is C-uniformly perfect which contains at least
two points, and F': 0sc X — 00X’ is n-quasisymmetric with respect to visual metrics.
For the definition and properties of quasisymmetric maps, we refer to [9, 20, 24].
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It is known that if the Gromov boundaries of two roughly starlike hyperbolic geodesic
spaces are powerly quasisymmetrically equivalent, then they are quasi-isometrically
equivalent (cf. [3, 5]). As a consequence of Theorem 1.1, we thus obtain that any such
two quasi-isometries are bounded above up to a finite distance.

Corollary 4.3. Suppose that X and X' are K-roughly starlike with respect to points on
Gromov boundaries, respectively. Then there is a number Ay = Ay(K,0,C,m, A, 1) such
that, for (\, p)-quasi-isometries fi, fo: X — X' induced by F with filo,ox = folosex =
F

d'(fi(z), fa(x)) < Ay for all z € X.

Proof. By [9, Exercise 11.2 and Theorem 11.3], we observe that 0., X’ is C’-uniformly
perfect and the inverse of F, F~1: 0,, X’ — 05X, is a powerly n;-quasisymmetric map
with C’ and 7; depending only on C and 7. Note that the visual property and rough
starlikeness of a proper geodesic hyperbolic space are equivalent. It follows from [5,
Corollary 7.2.3] that there is a (A1, p1)-quasi-isometry g: X’ — X whose natural exten-
sion gly. x/ = F~1, where \; and p; depend only on §, K and 7;. As the composition
of quasi-isometries is also a quasi-isometry, we immediately find that

goflv gof2 € 7-)\/7#’(X*)a

for some positive constants A’ and p/ which depend only on A, A1, p1, 1 and 4.
Now by Theorem 1.1, we see that there is a constant A = A(N, u/, C’, 6, K) such that
for all x € X,

d(go fi(z),z) <A and d(go fao(x),z) <A.
As g: X' — X is a (A1, p1)-quasi-isometry, the above two inequalities ensure that

d'(fi(z), f2(x)) < Md(go fi(z),go fo(®)) + p1 < 2M A+ py =: Ay
and the proof of the corollary is complete. O

Performing a similar argument as in the proof of Corollary 4.3, we obtain the following
result as a consequence of Corollary 1.5.

Corollary 4.4. Suppose that X and X' are K-roughly starlike with respect to w € X
and w' € X' respectively, and ¥ = diam(0ocX,dy,c) > 0. Then there is a number Az =
A3(K,6,C o, A\, i, 9) such that, for (A, p)-quasi-isometries f1, fa: X — X' induced by F
with filosx = folossx = F,

d'(fi(x), f2(x)) < Az for all x € X.

4.3. Concluding remarks

Now, we consider the connection between Theorem 1.1 and the following question
proposed by Xie:
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Question 4.5. ([25, Question 7.1]) Let Y; and Y3 be two Hadamard n-manifolds
(whose sectional curvatures are bounded from below) with n#4, and g: Y7 — Y a
quasi-isometry. Is g always a finite distance from a bilipschitz homeomorphism?

Because the boundary of a Hadamard manifold is homeomorphic to a sphere, it is not
hard to see from Corollary 4.3 that whenever one finds a bilipschitz map g: Y1 — Y5
with glosy; = 9lasey;, then the answer to Question 4.5 is positive.

Finally, we remark that Theorem 1.1 is useful in understanding the arguments in [13,
16] concerning the bilipschitz extension of mappings from Gromov boundaries to the
interiors of certain Gromov hyperbolic spaces. Indeed, we may obtain [16, Corollaries 1.2
and 1.4] by combining [16, Theorem 1.1] and the earlier mentioned results, particularly
Corollary 4.3. Note that [13, Lemma 3.23] is a quantitative consequence of Theorem 1.1.
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