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Abstract

This paper studies a generalization of the Gerber-Shiu expected discounted penalty function [Gerber and Shiu
(1998). On the time value of ruin. North American Actuarial Journal 2(1): 48-72] in the context of the perturbed
compound Poisson insurance risk model, where the moments of the total discounted claims and the discounted
small fluctuations (arising from the Brownian motion) until ruin are also included. In particular, the latter quantity
is represented by a stochastic integral and has never been analyzed in the literature to the best of our knowledge.
Recursive integro-differential equations satisfied by our generalized Gerber-Shiu function are derived, and these are
transformed to defective renewal equations where the components are identified. Explicit solutions are given when
the individual claim amounts are distributed as a combination of exponentials. Numerical illustrations are provided,
including the computation of the covariance between discounted claims and discounted perturbation until ruin.

1. Introduction

In this paper, we consider the classical compound Poisson risk model perturbed by diffusion, so that the
insurer’s surplus level at time ¢ is given by

N (1)
U(t):u+ct—ZYk+0'B(t), t>0, (1.1)
k=1

where u = U(0) > O is the initial surplus level, ¢ > 0 is the incoming premium rate per unit time,
Y} is the size of the kth insurance claim, {N()},o is a Poisson process with rate 1 > 0, {B(¢)},;>0
is a standard Brownian motion, and o > 0 is the volatility parameter. It is further assumed that
{Yx}3, is a sequence of independent and identically distributed (i.i.d.) positive random variables with
common probability density p(-) and Laplace transform j(-), and moreover {Yi}7 |, {N(#)}:»0, and
{B(t)};>0 are mutually independent. The time of ruin of the surplus process {U(t)};so is defined by
7 =1inf{t > 0 : U(t) < 0}. We assume that the positive security loading condition, which ensures the
ruin probability ¢ (1) = Pr{r < oo |U(0) = u} is less than one for u > 0, is satisfied. Such a condition
is given by 6 > 0, where 6 is defined via ¢ = (1 + 6)AE[Y;]. Note that ruin occurs immediately by
diffusion if the process starts with zero initial surplus.
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The ruin probability of the model (1.1) was first obtained by Dufresne and Gerber [17], who also
decomposed the probability into two components, namely ruin by oscillation (i.e. U(7) = 0) and ruin by
aclaim (i.e. U(7) < 0). These results were generalized by Gerber and Landry [22] and Tsai and Willmot
[34] who looked into the Gerber-Shiu expected discounted penalty function (see [23] and Eq. (1.2) below
withn = m = 0), which takes into account not only the ruin time 7 but also the surplus immediately prior
to ruin U(77) and the deficit at ruin |U(7)]|. See also, for example, Tsai [32,33] and Tsai and Willmot
[35] for the application of Gerber-Shiu function in the present model to find related ruin functions such
as the (joint) moments of the afore-mentioned variables. Extension to a perturbed renewal risk process
was subsequently considered by Li and Garrido [27]. In the absence of the Brownian motion, various
generalizations of the Gerber-Shiu function have been proposed to incorporate additional information of
the surplus process before ruin occurrence. For example, Cheung et al. [12] and Woo [37] included the
surplus immediately after the second last claim before ruin and the minimum surplus before ruin into
the penalty function whereas Cheung and Landriault [9] and Woo et al. [38] considered the maximum
surplus before ruin. In addition, Cai et al. [7] studied the total discounted operating costs defined via an
integral of the sample path until ruin (see also [18,19]). Analysis of the Gerber-Shiu function in more
general Lévy risk models has been performed by, for example, Garrido and Morales [21], Asmussen
and Albrecher [1, Chaps. XI and XII], and Kyprianou [25], and extensions to path-dependent penalties
can be found in, for example, Biffis and Morales [2] and Feng and Shimizu [20]. On the other hand,
Cheung [8] and Cheung and Woo [11] proposed to include in the Gerber-Shiu function a moment-based
component pertaining to the total discounted claim cost until ruin, which is defined by Zs(7) where
Zs(t) = Zsz(lt ) =Tk f(Yy) fort > 0. Here, {Ty};_, are the arrival times of the claims (which are the
arrival epochs of the Poisson process {N(?)};>o in our model), f(-) is a non-negative “cost function”
defined on (0, c0) that assigns a cost to each claim amount, and § > 0 is the force of interest for
discounting the costs. Higher moments of the present value of dividends until ruin were further added
to the analysis under different dividend strategies by Cheung et al. [13] and Cheung and Liu [10].

While the Brownian motion {B(#)};>¢ in the dynamics (1.1) is typically interpreted as small pertur-
bations of the surplus process due to the uncertainties in day-to-day insurance operation not explained
by insurance claims, in financial mathematics it is important to take into account the time value
of money. This suggests that one may look into ruin quantities in relation to the stochastic integral
Bs(t) = fot e~ % dB(s) for t > 0. Inspired by the above latest developments in the study of discounted
claim costs until ruin, we shall consider the total discounted perturbation until ruin, namely Bs(7). To
the best of our knowledge, the quantity Bs(7) = /OT e~%5 dB(s) has never been analyzed in the con-
text of Gerber-Shiu functions. Note that although E[Bs(t)] = 0 for fixed time ¢ > 0, in general Bs(7)
does not necessarily have zero mean because the ruin time 7 is a random variable that depends on the
sample path of {U(¢) };>0 which, in turn, involves {B(#)};>¢. Indeed, one expects that sample paths of
{U(t)};s0 leading to ruin are more likely to have faced unfavorable business conditions, and therefore,
B (1) is expected to have negative mean (see numerical illustrations in Section 4). Hence, —Bs(7) may
be regarded as part of the discounted costs (in addition to discounted claims), which can be important
for risk management purposes as far as the event of ruin is concerned. For n,m € N (with N the set of
non-negative integers), we propose to study the generalized Gerber-Shiu function

¢6123,n,m(u) = ¢w,6123,n,m(u) + W0¢d,6123,n,m(u)’ u Z 0’ (1'2)

where
B, 615.mm (1) = E[e” 7B () ZE (D) w(U (1), U D r<wou(my<0y [UO) =u]  (1.3)
is contributed by ruin occurrence due to a claim, and

$d,5125,mm(U) = E[e”° B (1) Z5 ()] {z<oo,u(n)=0} | U(0) = u] (1.4)
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is the contribution from ruin by oscillation. In addition, w(-,-) appearing in (1.3) is a non-negative
“penalty” defined on [0, 00) X (0, 0) as a function of the surplus prior to ruin and the deficit, and wy > 0
in (1.2) is the constant “penalty” due at ruin if ruin occurs by oscillation. The notation “0;,3” above
can be regarded as an abbreviation that contains information about 61, §,, and 3, which are possibly of
different values and assumed non-negative. When the orders of moments n and m are both equal to zero,
& 5,55.n.m (1) reduces to the traditional Gerber-Shiu function. For convenience, the powers of By, (7) and
Zs,(7) are written as B’(’Sz(r) = {Bs,(7)}" and zyg (1) = {Zs,(1)}", respectively, and we shall also
denote the power of cost function as ™ (y) = { f(y)}"™. We remark that the special case of ¢ s,,;,n,m (%)
where n = 0 and the penalty function only depends on the deficit was analyzed by Liu and Zhang [28].
Our general version ¢s,,, n.,m(¢) allows us to obtain not only the moments of B, (7) but also the joint
moments of By, (7) and Zs, (7). In particular, the covariance between By, (1) and Zs, (1) (conditional
on ruin) represents an interesting quantity that indicates whether the discounted small fluctuations and
the discounted claims tend to move in the same or opposite direction when ruin occurs (see numerical
analysis in Section 4). Moreover, (joint) moments involving the time of ruin 7 can also be obtained from
our Gerber-Shiu functions by differentiation with respect to d; (see (4.2)). It is worthwhile to point out
that the technique of using potential measures in Liu and Zhang [28] is no longer applicable in our case
due to the presence of the stochastic integral By, (7) in our Gerber-Shiu function, and we must resort to
the use of Itd’s lemma.

This paper is organized as follows. In Section 2, with the help of Itd’s lemma, recursive integro-
differential equations (in n and m) satisfied by @ 5,y,.n.m(-) and @g s5,.;.n.m(+) are derived. These are
then transformed to defective renewal equations where the components are specified (and hence, general
solutions are available). Section 3 derives the explicit solutions under the special case where the claim
amounts are distributed as a combination of exponentials and the penalty function w(-, -) depends on
the deficit only but not on the surplus prior to ruin. Section 4 ends the paper with numerical illustrations,
which include the computation of the covariance between discounted claims and discounted perturbation
until ruin along with some intuitive explanations.

2. General results on the joint moments

Before studying ¢y, s,,5,n.m(#) and @4, 5,,5.n,m (1) defined by (1.3) and (1.4) for n,m € N, we would
like to collect the assumptions/conditions that will be used in the upcoming analysis. It will be seen
from Theorem 1 that the integro-differential equation (2.2) satisfied by ¢y s,.,.0.m () is recursive in
n and m. In particular, the nonhomogeneous term (2.4) in such equation contains the “lower-order”
Gerber-Shiu functions @y, 5,,,.n-1,m(*), Ow,s125.n-2.m(+), and {¢w,5123,n,j(‘)}7:01- As a result, its general
solution in Theorem 2 depends on these lower-order Gerber-Shiu functions which, in turn, depend on
Gerber-Shiu functions that are of even lower order. Inductively, the solution for ¢, s,,,.n.m(+) (for given
n,m € N)relies on and requires the existence of solutions for ¢,, s,,, ;. ;(-)’s with (i, j) € Y (n, m), where
Y(n,m)={(i,j):0<i<n0<j<m}\{(n,m)}. Therefore, the following assumptions/conditions
concerning the analysis of ¢, s,,,.n.m (+) for given n,m € N are also a result of the inductive procedure.
The same comments apply t0 @4, 5,p.n,m(*)-

» Assumption 1. Fori=0,1,2,...,nand j =0,1,2,...,m, the functions ¢, s, ;(-) and
®d,51,1,j (+) are twice continuously differentiable on [0, c0).

» Assumption 2. Fori =0,1,2,...,nand j =0,1,2,...,m, the functions ¢, s,,,.:.;(-) and ¢a s,,,.i,; (*)
are bounded on [0, o0), and their first and second derivatives are bounded on [0, o) as well.

Assumptions 1 and 2 concerning continuous differentiability and bounded derivatives are rather
common in ruin theory involving diffusion (e.g. [30, Thm. 2.1], [6, Thms. 3.2 and 3.3], and [5, Thms.
2.1-2.3]) and they are not easy to verify or prove in general. Interested readers are referred to, for
example, Wang and Wu [36], Cai [4, Thm. 3.2], Cai and Yang [6, Thm. 2.1], Loisel [29], and Zhu and
Yang [39] for detailed treatment of differentiability of ruin functions.
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Table 1. Definition of some important notation.

Notation Definition

p() Probability density of the i.i.d. positive claims {¥; }77

p() Laplace transform of p(-)

1) Non-negative “cost function” associated with each claim

f™(y) Abbreviation for { f(y)}™

B, (1) Discounted small perturbation fot €795 dB(s) until time ¢ under force of interest 5, > 0
Zs, (1) Discounted claim cost ZkN:(]t) e~ 9Tk £(Y;.) until time ¢ under force of interest 63 > 0
By, (1) Abbreviation for {Bs, (1)}"

zy (1) Abbreviation for {Zs, (¢)}™

01 Non-negative force of interest or Laplace transform argument of the ruin time 7
0123 Abbreviation that contains information about 81, d,, and 53

w(:,-) Non-negative “penalty” function of the surplus prior to ruin and the deficit at ruin
wo Constant “penalty” if ruin occurs by oscillation

* Assumption 3. Fori =0,1,2,...,nand j =0, 1,2,...,m, the limits
l%mu—mo e:p':»':"tﬁwﬁ,%,i,j (u) = l.imu_m e__p"?:f“?:v’élm’i,j (u) = 0 and . . '
lim, 0 € _p"f”(l’d,alz;,i,j(u) =lim, € ”'v.-'“qﬁd:&lzs’i’j (u) = 0 are valid, where p; ; is the unique
non-negative root of the Lundberg’s equation (in &)

2
%§2+c§— (A48, +i6s+ j63) + Ap(&) = 0. 2.1

Except for p; ;, all other roots of the Lundberg’s equation (2.1) have negative real parts. In particular,
pi,j = 0when 61 +i6 + jo3 =0and p; ; > 0 when 6; +id> + jo3 > O (see, e.g., [22]). The Lundberg’s
equation (2.1) typically arises when taking Laplace transforms on both sides of the integro-differential
equation satisfied by a Gerber-Shiu type function to convert it to a defective renewal equation (see,
e.g., [34]). In such a transformation concerning ¢, s,,,.n.m(+) and @4, 5,,5.n.m (), Assumption 3 will be
needed.

* Condition 1. For k =0,1,2,...,m, the integral [~ f*(y)p(y) dy is finite.
* Condition 2. For k =0, 1,2, ..., m, the integral /MOO F*(y)w(u,y —u)p(y) dy (as a function of
u > 0) is bounded.

Condition 2 above involves the penalty function and is only required for the analysis of ¢, s,,,.n.m (%)
but not ¢4 s,,,...m (). Note that, upon specifying the claim density p(-), cost function f(-), and penalty
function w(-, -), Conditions 1 and 2 can be checked on a case-by-case basis via direct integration.

For ease of reference, some notation that will be used repeatedly is summarized in Table 1.

2.1. Integro-differential equations

We have the following theorem regarding the integro-differential equations satisfied by ¢, s,,.n.m(*)
and ¢d,6]23,n,m(')-

Theorem 1 (Integro-differential equations for ¢, s,,,.n.m (*) and @4 s5,5.n.m (+)). Under Assumptions 1-2
and Conditions 1-2, ¢y, 53.n.m(*) and @a,s,,,.n.m(+) satisfy the recursive integro-differential equations
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(forn,m e Nandu > 0)

2

g 7 ’
7¢w!6123,n,m(u) + C¢w,6123,n,m(u) - (/l + 61 + n62 + m63)¢w,¢5123,n,m(u)
4 [ b= 2P0 dy = A0, @2)
0
and
0.2

7¢'d’,5,23,,,,m(u) +0 5nnm() = (A+ 81 + 182 +m3)Ba, 6,35.n.m (1)

+/l‘/0 ¢d,6123»n,m(u - y)p(y) dy = _Ad,n,m(u)a (2.3)

respectively. The nonhomogeneous terms above are given by

nn-1)

2 1{n22}¢w,6123,n—2,m(u)

Aw,n,m(u) =nol {nZl}‘p:v,(Slz},n_],m(u) +

m-1 m u )
1 " w,8123,n,j \W T d
+ JZ:;‘(])/O T Vw6135 (= y)p(y) dy

+ Al =0} /Moo I wu,y —u)p(y) dy, (2.4)
and
Adnm() =101 (2110 500 no1.m (@) + n(n—z_l)l{n22}¢d,6123,n—2,m(u)
+2 mzl (’;’) /O P 3B (4~ D)D) d, @5)
7=0

which are expressed in terms of the respective lower-order Gerber-Shiu functions.

Proof. For notational brevity, the initial condition U(0) = u > 0 will be suppressed throughout the
proof. We first consider the Gerber-Shiu function ¢, s,,;.n.m(#) defined in (1.3). By conditioning on
whether the first claim occurs by time ¢ (for some ¢ > 0 where we will let r — 0* later on), we arrive at

G5 () = € E[e T BS (1) ZE (T)w(U(t7), [U(T) D1 {r<cov (r)<0y Tt > 1]

t
+ / AePE[e™ B (1) Z5 ()w(U (1), U (D)D) r<w,u(n<op| T = s]ds. (2.6)
0

For any s > 0, let G, be the sigma-field generated by {B(v)}o<y<s. For any ¢ > 0, let B,(s) =
B(s +1t) — B(t) for s > 0. Since {Y;}7,, {N(5)}s>0, and {B(s)}s>0 are mutually independent and a
Brownian motion has stationary and independent increments, it is clear that {B,(s)}ys0 is a standard
Brownian motion independent of {B(s)}o<s<i» {Yi}i;» and {N(s)}s0. Also, let 7o = inf{s > O :
u+cs+0oB(s) < 0} be the first time when the drifted Brownian motion {u + cs + o B(s) }s>0 falls below
zero, and this stopping time will repeatedly appear in our analysis. Because ruin occurs by a claim on
the set {T < oo, U(7) < 0}, given that the first claim occurs after time 7 one must have f; > ¢ (otherwise
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ruin would have occurred by oscillation). Therefore, the first expectation term in (2.6) is

E[e® 7B} (1) ZZ (DwU(t7), UMD {r<cou(r)<0y | Tt > 1]

= E[e™ "B} (1) Z3 (D)w(U(T), [UT)D 1 rewo,v(r) <03 Lzosey | Tt > 1]
N (1)

e o (Béz(r)+ / Te-ézs dB(s))n (e-'fsf Z e 00D f(Yk))

k=1

=F

xw(U(17), |U(T)|)1{T<00’U(T)<0}1{{—0>t} | T, >t

n T n—i (N(7) m
— § (r'l)e—((51+m63)tE e—él(T—I)Bi62 (t) (/ e—(SzS dB(S)) ( § e—é}(Tk—t)f(Yk))
4
i=0 ! k=1

xw(U(T7), [lU(T)) 1 {r<co,u (r)<0t L {252} | Tt > ¢

n
_ Z (r‘l)e—(éﬁ(n—i) Satm )t
l

i=0

N(7)
x(z eI £ ()

k=1

n
= Z (r'l)e_(fsﬁ("‘i) 02tmé3)t p
l

i=0

N(7)
x(z e~ £ (1)

k=1

n—i

T—t
Bl (1)e™ (7" ( / e % dB(s + t))
0

m

w(U (), [UT) )1 {r<co,u(r)<0} {252} | T1 > 1

Tt n—i
e o1t (/ e %8 dét(s))
0

w(U (), UMD r<co,u()<0y | G V {T1 > 1}

B ()1 (z>n)E

m

T, >t

n
n _ . .
= () (G0N BB (1)1 20) im0+ €1 + TB(O) | Ty > 1
i=0

n
n _ . .
= E (i)e (Ot =) orm) B[ BE (1)1 (20511 P 51,1, (U + C + TB(1))]. 2.7
i=0

In the third last step above, we have applied the tower property of conditional expectation and the
fact that both B, () and 1(3,>,} are G;-measurable. Moreover, in the second last step, conditional on
G, V {T1 > t} and based on the memoryless property of the exponential arrival time 77, the surplus
process at time 7 is “renewed” at level u + ct + o B(t) which is positive (almost surely) on the set {7y > ¢}.

Next, we look at the integral term in (2.6). Again, given that 7} = s, one must have 7y > s on the set
{1 < 00, U(7) < 0}. Further distinguishing whether the first claim at time s causes ruin leads to

t
| ae Bl B 2 (U VD ooz | T: = 5] ds

t
- / AeSE[e0 7B (1) 2 (1)w(U(r), |U (D))
0
X Lir<oo,v(r) <0y a5y Ly suresvors(s)y | T = 5] ds
t
. / AeBE [T B ()22 (1)w(U(r7), [U(T)])
0 ‘

X 1{T<oo,U(T)<0}1{7"U>s}1{Y1>u+cs+(rB(s)} | Ty = s] ds. (2.8)
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Defining H (Y1) to be the sigma-field generated by the random variable Y;, the expectation in the
integrand of the first integral above can be obtained as

E [e_leBn (T)Z (T)W(U(T ) |U(T)|)]{T<<XJ U(T)<0}]{To>s}1{Y1<u+cs+0'B(s)} |T1 = S]
=E[E[e 76'73” L(DZE (Dw(U(7), [U(7)])

X l{‘r<oo,U(T)<0}1{‘?0>s}1{Y1 <u+cs+oB(s)} |gs \ 7_{(Yl) \4 {Tl = S}’] |Tl = S]
N(7)

e 01T (Baz(s) N /T oV dB(v))n (eéasf(yl) + Z e*63ka(Yk)

m

=E|E w(U(r7), [U(7)])

k=2

X1 (7 <000 () <0} L {2055} L (Vi <uvesvoB(s)} | Gs VH (Y1) VAT = s} =5

Sl

Bn l(s)fm ](Yl)l{‘ro>s}1{Y1 <u+cs+oB(s)}

i=0 j=0
T—5 i (N(7) J
X E [e701(7) ( /O e désm) (Z eI F(Y) | w(U(), [U(D)])
k=2

X1 (r<oo,u(r)<0y | Gs VH Y1) VAT = s} =s

= ZZ( )( ) _(6]+162+m63)5E[Bn l(s)fm J(Yl)l{‘ro>s}1{Y]<u+cs+a’B(s)}

i=0 j=0
X Py, 10,0, j (U + S+ 0B(s) =Y) | Ti = 5]

= ZZ( )( ) *(51+162+m63)YE[Bn l(S)fm j(Y1)1{70>3}1{Y1<u+cs+0'B(5)}

i=0 j=0
X O 510, (U + s +TB(s) = Y1)]. 2.9)

For now, we focus on the expectation term above. By conditioning on Y; and using the independence
between H (Y1) and G, we get

E [Bgz_i(s)fm_j (Yl)l{‘fg>s} l{Yl Su+cs+0’B(S)}¢w,6]23,i,j (u +cs+ O-B(S) - Yl)]
= /0 E [BE ()" (01 (z>5) Ly <usestaB(s)) Bw. 61,0, (U + c5 + TB(s) = y) | p(y) dy

=E [‘/0 B () ™ (D) Lizgssy Ly curcs+oB(s)} Bw.61m.inj (U + €5 + TB(s) = y)p(y) dy]

) u+cs+o B(s) .
=E [B'g’ ()1 (zp>s} /O SV Pw 5050+ cs +aB(s) —y)p(y) dy] . (210)

Note that the interchange of integration and expectation in the second last equality is due to Fubini’s
theorem as follows. Recall that the Gerber-Shiu functions ¢,, s, ;(-)’s are assumed bounded (see

Assumption 2) and integrals in the form of fom ™I (y)p(y) dy are assumed finite (see Condition 1).
Therefore, there exists L > 0 such that

/ B, () f™" (0Lt} Ly urestoB(s))Sw, 51, (U + €5+ T B(s) = y)p(y)| dy
0

< L|Bs,(s)|"™" 2.11)
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for 0 < s < t. Because B, (s) = fOS e=% dB(v) follows a normal distribution (with mean 0 and

variance fos €729V dv), the random variable |B;,(s)| follows a half-normal distribution. For k € N*
(where N* is the set of positive integers), its kth moment is known to be bounded because

E[|Bs(s)*] = L; ( /0 o dv)z (2.12)

for some constant Ly . Therefore, the expectation on the right-hand side of (2.11) is bounded for0 < s < ¢
andi =0, 1,...,n, justifying the use of Fubini’s theorem.

Similarly, we omit the repetitive details and state that the expectation in the integrand of the second
integral in (2.8) is given by

E e 7By (1) ZZ (D)w(U (), [U(T) ) <ot (1)<0y L (7055} L (visuseseoB(s)y | T1 = 5]
= E[e™° B, (s)(e™® f(Y)"w(u + cs + 0B(5), Y1 =t = c5 = B(5)) Lizy>5) L vy susessoB(s))]

00

= ¢ (G1tm)s p [B'(;z(s)l{f()”} / " (y)wu+cs+oB(s),y—u—cs—oB(s)p(y) dy|,
u+cs+o B(s)
(2.13)

where Condition 2 has been used.
Using (2.7)—(2.10) and (2.13), it can be seen that (2.6) becomes

¢w,6123,n,m(u)
n

=3 (’f )e‘“”'”"‘”‘*ﬁ’"‘”’E [BE, (01 (2011 . 135 m-1.m (10 + ct + T B(1)) ]
i=0

) & (n\ (m !
—(A+ 8140 624mS3)s
”ZZ(Z')(J')/O ¢

i=0 j=0

) u+cs+oB(s) )
X E | By, ()1 (7)55) /0 F" (D) Pw 5150 (U +cs+0B(s) = y)p(y) dy] ds

t
+/1/ e—(/l+61+m63)s
0

B, ()1 (2y>5) /

u+cs+o B(s)

00

X E fmy)w(u+cs+oB(s),y—u—cs—oB(s)p(y) dy] ds.

(2.14)

With the help of the L’Hdpital’s rule, we would like to consider the limits

t
lim l e*(/l+6|+i62+m63)s
=0 1 Jo

) u+cs+oB(s) )
X E | By, ()1 (#)55) /0 T D) w.s15s.0.j (U + s+ 0 B(s) = y)p(y) dy] ds

) u+ct+o B(t) )
= lim £ [B’;;’(t)l (0>1) /0 F" D) w5150 j (U + ct + o B(t) = y)p(y) dy] (2.15)
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and
1 t
lim — e*(/l+(5|+m(53)s
t—0* 0
X E | B, ()1 (z)>5) / f"(y)w(u+cs+oB(s),y—u—cs—oB(s))p(y) dy] ds
u+cs+o B(s)

00

f"y)yw(u+ct+0oB(t),y—u—ct—oB(t))p(y) dy] .
(2.16)

= t]l)I'{)RE [Bgz(t)l{‘f'0>t}/

+ct+oB(t)

To evaluate (2.15), we can follow the discussions subsequent to (2.10) and note also that (2.11) implies

] u+cs+oB(s) ) R
By (5) 12,55} /O F" (V) bw, 61,0 (w0 + cs +0B(s) = y)p(y) dy| < LIBs,(s)|"™" (2.17)

for 0 < s < t. Utilizing (2.12) for k € N*, one has
lim E[|Bs, ("] =0=E [lgg |Baz(r)|"i] ,

for i < n where we have used the fact that B, (f) is continuous in ¢ > 0 and B, (0) = 0 in the last
equality. When i = n, the right-hand side of (2.17) is equal to the constant L. Consolidating these
results for i < n, noting that 7y > 0 almost surely given «# > 0 and utilizing the generalized dominated
convergence theorem (see, e.g., [3, Prob. 16.4]), we find that

) u+ct+o B(t) )
lim E [33‘2‘ ()1 (59>1) / I (D) bw, 60,0, (U +ct + T B(t) = y)p(y) dy]
- 0
) u+ct+o B(t) )
=E [tlirg By () 1251 / F"T (D) w5150+ ct + T B(t) = y)p(y) dy]
- 0

= 1i=n) / " (30)bw, 5137 (4 = y)p(y) dy. (2.18)

0

Moreover, under Condition 2, it can be shown that (2.16) is given by

00

tlir{)l){ E |:B’612(t)1{f-0>t} / " y)wu+ct+oB(t),y—u—ct—oB()p(y) dy]

+ct+o B(t)

= l{n:O}/ I w(u,y —u)p(y) dy. (2.19)
In light of the first term in (2.14), we also apply similar arguments to obtain
tlgg E[Bi 3 ([) 1 {‘fo>z}¢w,6|zs»n7i,m(u +ct+ O-B(t))]

=E [ZILI}; Bisz(t)1{‘f0>t}¢W>5123,n—i,m(” +ct+0B(t))
= l{i:0}¢W,5123,n,m(u)' (2.20)

Now, we proceed by rearranging the terms in (2.14), dividing both sides by ¢ and taking the limit
t — 0*. Applying (2.18)—(2.20) and further noting that ¢~ (4+01+(n=0&4mé)t — | _ () 4§ + (n—i)6, +
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md3)t + o(t), we arrive at

1- E[¢W,6]23,n,m(u + Ct + O-B(t))] - ¢w,6123,n,m(u)
1m

t—0* 1t
_ ]im E[¢W,5123,n,m(u +Ct+O—B(t))(1 - 1{7/\'(]>t}')]
t—0* t
1 (n) . E[Bl(52(t)¢w,6123,n—i,m(u +Ct +0—B(t))1{f'0>t}]
+ Z | im
1] t—0* t

- (/l + 61 + n52 + m63)¢w,6123,n,m(u)

m m u '
A " w,0123,1,] - d
+ ;(])/0 T (3w, 61.m. (= )P () dy

+ Al =) / T wu,y —u)p(y)dy =0. (2.21)

The three limits in the above equation will be evaluated as follows. First, as ¢,y 5,,;.n.m () is assumed
twice continuously differentiable as in Assumption 1, it follows from, for example, Tsai and Willmot
[34, Sect. 2] that the first limit in the above equation is given by

. E[¢w,6 ,n,m(” +ct+ O—B(t))] - ¢w,6 ,n,m(u) 0—2 ” ’
lim 12 = = 7¢W,5123,n,m(u) + C¢W,5123,l’l,m(u)' (222)

t—0* t

To derive the second limit in (2.21), the boundedness of ¢y, s,,,.n.m(-) on [0, o) in Assumption 2
(together with the convention that ¢, s,,;.n.m(-) = 0 on (—co,0) in connection to the trivial boundary
condition (2.40)) assures that there exists some L* > 0 such that |¢y s5,.n.m(u + ct + cB(1))(1 -
Li#p>13)] < L*(1 = 13,>¢3). Thus, we have

E[¢w,55.nm(u+ct+0B(1))(1 - 1{f0>t})] E[1- 1{fo>t}]

lim < L lim
t—0* t t—0* t
Pr{t, <
_ L qim 2=
t—0* t
I lim Pr{infy<s<;(cs + oB(s)) < —u}
t—0* t
=0, (2.23)

where the last step follows from the last equality on p. 147 of Jeanblanc et al. [24] concerning an explicit
expression for Pr{infy<;<,(cs + 0 B(s)) < —u}. The above implies

lim E[¢W,5123,H,M(u +ct+ O-B(t))(l - 1{‘?0>t})] _
t—0* t

0. (2.24)

It requires much more efforts to determine the third limit in (2.21). Since B, (7) = fof e~ %% dB(s), it
is immediate that dB,(s) = e~ dB(s) and hence dBs, (s) dBs,(s) = 7% ds. Fori > 2, use of Itd’s
lemma gives rise to

dB's (s) = iB'5! (s) dBs,(s) + Yi(i — 1)B5?(s) dBs,(s) dBs, (s)
= ie_‘sszg_zl(s) dB(s) + %i(i - 1)6‘262SB’;5_22(S) ds.

Applying Itd’s lemma to the term ¢, s5,,,.n-i.m(# + ¢s + 0B(s)) on the set {fp > t} (because of
twice continuous differentiability of @, s5,,;,n—i,m() on [0, 00) as in Assumption 1 and the fact that
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infocg<, (4 + cs + 0 B(s)) > 0on {fy > t}) yields

d¢Ws5123,n—i,m(u +c¢s+ oB(s))
2

’ % "
= (et spsn-im(+cs+oB(s)) + 7¢w,6123,n—i,m(u +cs+0B(s))| ds

+ 0B, spn-iim U+ €5+ T B(5)) dB(s).

With these two results, fori = 1,2, ..., n we have by It6’s product rule that

d (B’;sz(s)qﬁw,&lz},n_i,m(u +cs+ a'B(s)))
= B’;Sz(s) ddw. s513n—im(U + ¢S+ TB(S)) + P 5133.n-i.m (U + €5 + TB(s)) dB’;;,—z(s)

+dow. s1s.n-i.m(U +cs+B(s)) afBl;s2 (s)
. ’ 0-2 144
=B, (s) (C¢w,6123,n—i,m(u +cs+0B(s)) + 7¢w,6123,n—i,m(u +cs+ U'B(S))) ds
+ O-Biéz(s)(ﬁ:v,ém,n—i,m(u +cs +0B(s)) dB(s)
. 1 i
+ Pw.S13m—i.m(U + s+ 0T B(s)) ie“sz“B’g1 (s)dB(s) + Ei(i -1 {,-Zg}e_wsz%_zz(s) ds)

2

+ioe B ()$), 5. noim (U + s+ T B(s)) ds.
By rewriting this in integral form, multiplying by 17,5, and taking expectation, we obtain

E[Bisz(t)ﬁbw,&]zg,nfi,m(u + Ct + O-B(t))l{f'0>t}]

t
=F [1{f0>,} ‘/0 B’dz(s) (C¢:v,6|23,n—i,m(u +cs+ o B(s))

2

+%¢);’5m’nﬂ.’m(u +cs+ O'B(s))) ds

t
+0E [1{"A'0>t}‘/0v B, ()81 6 m-i.m (U + ¢S+ TB(s)) dB(S)]

t
+iE [Liz,5¢) ‘/0 Ow,s15,n-i,m (U +CS + O'B(s))e’dsz’(;zl(s) dB(s)]

1 ! o
+ zi(i - DlgsnE [1 (Fo>1) / Ow.515m—im(U +CS + O'B(s))e_z‘sz“B’gzz(s) ds]
0

t
+icE [l{ﬁpt} / e BN ()bl 5 pim(U+ ¢S+ TB(s)) ds} . (2.25)
A 3=,

As we will be dividing the above expression by ¢ and letting ¢+ — 0* according to (2.21), we first
deal with the first expectation on the right-hand side. Noting that ¢, ; () and ¢ 5 . ()

are bounded according to Assumption 2 and the moments of | By, (s)| (and hence, /Ot E [IBgz(s)I] ds)
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are finite, we apply Fubini’s theorem to arrive at

t . , 2 ’
E[1z)51) fo B‘éz(s)(c¢wg(5123’n_i’m(u +cs+0B(s)) + 07¢v;,6123,n—i,m(” +cs+ 0B(s))) ds]

t
< lim

lim

t—0*

t [ ’ Z
/0 E[|B, (s)(cdy, 5 nimUtcs+oB(s)+ 5 ¢, 5 0 (u+cs+oB(s)))l]ds

t—0* t

i ’ 0-2 ”
By, (1) (c¢w’5123,n_i,m (u+ct+oB(1)) + 7¢w,6123,n—i,m(u +ct + o-B(t)))H

= lim E [
t—0+

=0.

Note that we have also used generalized dominated convergence theorem (similar to the proof of
(2.18)) and the fact that B%z (0) =0 (as i starts from 1). The inequality above implies

4 [ ’ 2
E1zy51) /0 B‘(sz(s)(c¢W!6123’n_i’m(u +cs+0B(s)) + %¢w,6123,n—i,m(u +cs+ 0 B(s))) ds]

lim =0.
t—0* t
(2.26)
Similarly, for the fourth expectation in (2.25), one has for i > 2 that
' ~268,s Ri-2
E1zy51) /0 P, 515,n-i,m (U + €5 + T B(s)) e B *(s) ds] _o, @27

t—0* t

with the understanding that ¢,, s,,,.n—i,m(-) = 0 for i > n. Next, we shall find the above limit but for
i =2 and begin by writing

lim E[l{‘f'0>t} Lt ¢W,§|23,n72,m(u +cs+ O-B(S))E_Z‘SZS ds]

t—0* P

E[/Ol ¢W»5123,n—2,m(u +cs+ O'B(S))e’Z‘SZS dS]

t—0t /

E[1(z<r) /0’ B 513y.n-2.m (U + s + TB(s))e %5 ds]
t—0t P

E[1(ty<) fy Gw.ommzm (it +cs + o B(s))e % ds]

o)l : ,

Il
5.

where the last equality follows from Fubini’s theorem, L’Hopital’s rule and dominated convergence
theorem. The limiting term in the last line is indeed equal to zero, which can be shown by noting that
the boundedness of ¢, s,,,,n—2.m () in Assumption 2 implies there exists L** > 0 such that

t _ _
E[1{z,<t} /0 B 513s.n-2.m (U + 5+ 0TB(s))e 2% ds] P E[fot €295 ds1 (4, <1}]
t h t

< L™ Pr{fy < t},

and taking limit as t — 0" yields zero following the steps in (2.23). Combining this case of i = 2 with
(2.27) for the case i > 2 results in

t .
1. E[l{‘f‘o>l} [) ¢w,6123,n—i,m(u + cs + O-B(s))e_Z(SZSBlﬁ_ZZ(S) ds]
1m

t—0* t

= 1{i:2}¢W»5123,n7i,m(u)~ (2.28)
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Similarly, for the fifth expectation in (2.25), we get

. E[1¢z50} /0 5253’ 1(s)¢w [ (i +cs+0oB(s)) ds]

t—0* t

1 {i:1}¢;v,6123,n—i,m(u)' (2'29)

Next, the second expectation in (2.25) involving a stochastic integral can be expressed as

t
E [1 (o>t} /0 B, ($)® 5.3 mim (U +cs+0B(s)) dB(s)

=E [/Ot Bgz(s)(p:v,élz;,n—i,m(u +cs+0B(s)) dB(s)
-E [(1 — Liz>r)) /Ot Bis, ()8 533 ni.m (U + 5 + TB(5)) dB(S)]
=-E [1{f0g} ‘/Ot B’;Sz(s)¢iv’5l23,n7i,m(u +cs +0B(s)) dB(s)] )
With the help of the Holder’s inequality, it is found that

E[1ty<ry fy Bl ()00, 5 i+ cs+0B(s)) dB(s)]

t
_ Elesn| 5 B0 o m-im (e + €5+ TB(s)) dB(5)]]
- t
. VPr{fy < t}\/E[(fOt Bgz(s)¢iv’6123’n_i’m(u +cs+ o B(s)) dB(s))?]
- t
VBE(Fg < \ELf) BEL()B, 51y pstt + 5+ TB(s)))? ds]
- t

— L poi
< Lo /Pr{Tot <1}, /E[fo B(tsz(s) ds], (2.30)

for some L™* > 0 because of the boundedness of ¢, s,,;.n-i,m(-) in Assumption 2. Using Fubini’s
theorem followed by L’Hopital’s rule, we have

ELf} B2 (s) ds] (B (5)] ds |
lim /— = lim f— = lim E[Bf; (n]=0

t—0* 1 t—0* 1 t—0* 2
where the last equality follows from (2.12) as i starts from 1 regarding the third limit in (2.21). Since it
is known from the steps leading to (2.23) that lim,_,o+ Pr{fy < t}/t = 0, one asserts from (2.30) that the
second expectation in (2.25) satisfies

E[1{z51} fot B ()P, 5. nim(u+cs+0B(s)) dB(s)] ~

li 2.31
0 ; (2.31)
Similarly, the same arguments can be applied to show the limiting result
t — &5 pi—1
lio E[l{f'0>l’}‘/(‘) ¢w,6123,n—i,m(u +Cl:t+O—B(t))e 2 B§2 (S) dB(S)] — 0 (2.32)
t—0*
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concerning the third expectation in (2.25). Utilizing the five limiting results (2.26), (2.28), (2.29), (2.31),
and (2.32) together with (2.25), the third limit in (2.21) reduces to

Z”: (n) i E[BY ()bw,5105,n-i,m( + ct + TB() 1 (2511]
1] t—0*

i=1 !
n

n 1. . . ’
Z (z) (El(l = D=2y Pw.s13.n-im (W) +io 1=y by 500 i (1)

i=1
nn-1)
2

Pw.613.n-2.m(U) 1 (n2) + ”0'¢:v,5,23,n_1,m(”) Linz1y- (2.33)

Then, upon substitution of (2.22), (2.24), and (2.33) into (2.21), we obtain the integro-differential
equation (2.2) satisfied by ¢,y s,,,.n.m (), Where Ay, ,, ,,(+) is given in (2.4).

The proof that ¢4, s,,,.n.m () satisfies the integro-differential equation (2.3) with A4 ,, () defined in
(2.5) can be proved in a similar manner, and we focus on highlighting the key steps and discussing the
similarities and differences compared to the proof for ¢, s,,,.n.,(+). Similar to (2.6), by conditioning
on the time of the first claim we have

bd.513mm () = €V E[e B} (1) Z5 (T) ] (r<oot(r)=0) L (70zey | T1 > 1]

+ e E[e "B} (1) Z5 (1) {recou (=0} L (2050} | Tt > 1]

t
+/0 e E[e B} (1)Z5 (T) | {r<cov(n)=0} L (3025} | T1 = 5] ds

t
+/ Ae™ Y E[e™ B, (1) 25 ()] (<o, (0)=0} L (7055} | T1 = 5] ds
0

= e " I m=0yE[e Bl ()1 (221}

+ e E[e "B} (1) Z5 (1) {rewou (=0} L (2050} | Tt > 1]

t
+/0 e =0} E[e™ 2 BY, (f0) 1 (725} ] ds

t
+ / eV E[e™ "B (1) Z5 (1) {r<co, U (1)=0) L 75y | T1 = 5] ds, (2.34)
0

where the independence between T and 7 has been used. Because sample paths for which ruin occurs
(by oscillation) before the first claim contribute t0 ¢4, s5,,;.n.m(+) Ut not @y, 5,,,.n.m (), the first and the
third terms above are new compared to (2.6). As we will divide (2.34) by ¢ and let t — 0%, in light of
the first term we apply the Holder’s inequality and consider

E[(IB, (o)l (7<) 1 (7y<1}] Pr{f, <t}
3 CALL wsnl \/E[B?Z’(To)l{fog}] .

(2.35)

We would like to show that the limit of the final expression as ¢ — 0% equals zero. To this end, the

exact formula for Pr{fy < ¢} on p. 147 of Jeanblanc et al. [24] can be used to show that lim,_,¢+ Pr{fy <

t}/t* = 0. It remains to show that lim,_¢+ E [Bf{;(fo) 1{#,<¢}] is finite. The case n = 0 is trivial because
this equals lim,_,¢- Pr{7y < t} = 0, and therefore, we consider n > 1. It is first noted that

E[e ®™B} (fo)l (#y<1}]
t

2n
0 < B (f0) 1z« < sup BY(s) = ( sup |B(52(s)|) . (2.36)

0<s<t 0<s<t
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Since {Bs, (s5)}s>0 is a martingale, by Doob’s martingale inequality and (2.12) one has

2n n 2n 2n n ! !
B <[] E[Bs,(s)P"] = L, o
a0 | = (23] etmacormi= (525 s [[ 2]

which tends to zero as t — 0. Therefore, taking expectation in (2.36) followed by letting z — 0%, we get

E

lim E [B3(0)1 (<] = 0.
With the above results, getting back to n € N one confirms from (2.35) that

E[e % %B" (o)1, <1}]
lim 02 00 {RostH . (2.37)

t—0* t

Concerning the third term in (2.34), we have

. /t Ae™ ooy E[e 2 BY (£0)1(2,<5}] ds
lim £ 2
t—0* t
= lim e~ 1 jmeo) E[e”*" B, (0) 1 (7<) = 0, (2.38)

where the last equality follows because E [e™°! ﬁ’Bgz (T0) 1{#,<¢y] = o(¢) according to (2.37).

The results in (2.37) and (2.38) imply that the contributions of the first and the third terms in (2.34),
being o(t), are negligible. The analysis of the second term in (2.34) is almost identical to that for the
first term in (2.6), and analogous to (2.7) one has

E[e‘_él‘ng2 (T)Zgz (T)l{T<w’U(T):0}l{f—0>t} | T, > t]

n
n\ _ . .
- (i)e (61+(n 1)62+m63)tE[Bl2([)1{-;—0>t}¢d,5123,n7i,m,(u+C[+0-B(t))]~
i=0

For the fourth term in (2.34), it is important to note that the amount of the first claim should not be
large enough to cause immediate ruin, and therefore, it is clear that

t
/ e S E[ 0B (1)Z ()] rccor 510y L 3osy | T = 5]
0

t
= /0l /le_/lSE [e_leBgz (T)Zgz (T) 1 {r<c0,U(7)=0} 1 {to>s} 1 {Y1 <u+cs+oB(s)} | Tl = S] ds. (239)

Similar to (2.9), the expectation in the above integrand is
E [E_E'TBEZ(T)Zg; ()L {r<oo,t (1)=0} L (755} L vy cures+oB(s)) | T1 = ]
noZ n\im . R .
= Z Z ( )( .)e(6‘“62%5“)515[3'52l(S)fmJ (Y1) L2553 Ly, <utes+oB(s)}

e L\ |\ ]

i=0 j=0

X @d 5130, j (U +cs+0B(s) = Y1)].
The rest of the proof is essentially the same as the proof for ¢,, s,,,.n.m(-). It is worthwhile to mention

that, compared to (2.8), the term involving 1(y,>u+cs+oB(s)} NO longer appears in (2.39). Consequently,

Ay nm(u) in (2.4) and Ay, (u) in (2.5) are almost identical except that A4, ,,(«) does not contain
the term involving the penalty function which is for ruin due to a claim. o
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Note that, since ruin occurs immediately by diffusion with B, (1) = Zs, (1) = 0 when the initial
surplus is zero, the trivial boundary conditions at zero are given by

Pw.513.m.m(0) =0, n,meN, (2.40)
Pd,51,00(0) =1, (2.41)
Bd.513.n.m(0) =0, neN"ormeN". (2.42)

2.2. Defective renewal equations

With the boundary conditions (2.40)—(2.42), the integro-differential equations (2.2) and (2.3) can be
transformed to defective renewal equations. These are stated in the following theorem.

Theorem 2 (Defective renewal equations for ¢, s,,,.n.m () a0d @g.s,5.n.m (). Under Assumptions 1-3
and Conditions 1-2, ¢, s,,,.n.m(*) satisfies the recursive defective renewal equation

¢w,6123,n,m(u) = '/0' ¢w,6123,n,m(u - y)gn,m(Y) dy + hw,n,m(u), u >0, (2.43)

for n,m € N, whereas ¢4, s,,,,.n,m(-) satisfies the recursive defective renewal equation

¢d,5123,n,m(u) = A ¢d,6123,n,m(u - y)gn,m (y) dy + hd,n,m(”)’ u Z Os (2'44)

for n € N* or m € N*, with the starting point

Bd,512,0,0(1) = / B, 61,00 = ¥)g00(y) dy +e 2, u >0, (2.45)
0

In the above equations,

22 7 *°
gnm(y) = — / e onm(y=2) / e Prm (373 5 (x) dx dz (2.46)
g 0 z

is a defective density such that

1
— <1, 01 +ndy + moz =0,
/°° 1+6 1 ¥ 02 O3
gn,m (y) dy = ﬁ 2 +c — (61 + nd>» + md (247)
0 2 Prm ,?n,m ( ! 2 3) < 1, 01 +noy+ m63 > 0,
O_Tp}%,m + CPOnm
while
2 Y ©
By () = _2/ e bnm(y-2) / e’p”-m(X*Z)Aw,n,m(x) dx dz
g= Jo z
and

2 y 0
hd,n,m(y):p/ e_b"’"’(y_Z)/ e P DA () dx dz
0 z

depend on the lower-order Gerber-Shiu functions via A,y n.m(-) and Ag n.m(-) defined in (2.4) and (2.5),
respectively, with by, ,, = 2¢/0> + py.m being a constant.
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Proof. Here, we provide the necessary arguments in connection to the existing literature to see why the
results are valid. First, we note that the integro-differential equation (2.2) is structurally identical to the
one in Tsai and Willmot [34, Sect. 2]. Along with the boundary condition (2.40) and Assumption 3,
one can readily follow the proof of their Theorem 1 to arrive at the defective renewal equation (2.43)
for n,m € N. Due to the resemblance of (2.3) and (2.42) to (2.2) and (2.40), the defective renewal
equation (2.44) also follows for n € N* or m € N*. When n = m = 0, the defective renewal equation for
@ d,512,0,0(+) 1s different from (2.44) because (2.3) is a homogeneous integro-differential equation in this
case (as Ag,0,0(#) = 0 according to (2.5)) and the boundary condition (2.41) is different from (2.42).
Indeed, ¢4, 5,,,.0,0(1) is the Laplace transform of the ruin time due to diffusion and (2.45) was given by
Gerber and Landry [22, Eq. (17)]. The defectiveness of the density (2.46) stated in (2.47) follows from,
for example, Dufresne and Gerber [17, Eq. (2.9)] and Gerber and Landry [22, Eq. (16)]. Finally, we
remark that general solutions to defective renewal equations are standard can be found in, for example,
Resnick [31, Sect. 3.5], and are thus omitted here for brevity. O

3. Claim amounts distributed as combination of exponentials

Although general solutions for ¢, s,,,.n.m(#) and @4, s,,,.n,m (1) are in principle obtainable recursively
as solutions to defective renewal equations, these involve integrals and convolution terms which can be
challenging to compute. To obtain explicit expressions that are computationally more attractive, in this
section it is assumed that the claim amounts are distributed as a combination of exponentials with density

p(y) = Z qifie™P>, y >0, 3.1

i=1

where ;s are distinct positive parameters, and ¢;’s are nonzero such that },;_, ¢; = 1 and p(y) > 0

for all y > 0. It is well known that the class of combinations of exponentials is dense in the set of
distributions on [0, c0) (see, e.g., [16]). Motivated by Cheung et al. [13] and Cheung and Woo [11],
among others, we let the cost function be f(x) = x so that Zs,(7) = Zsz(lT) e~ %Tky; represents the total
discounted claims until ruin. Furthermore, the penalty function is assumed to only depend on the deficit
such that w(x, y) = w(y), and the forces of interest used for discounting the Brownian motion and the
claim amounts are assumed positive, that is, d5, 03 > 0.

Note that Condition 1, which requires the existence of first m moments of the claim distribution
with the current choice of f(x) = x, is automatically satisfied by (3.1). Regarding Condition 2, for
k=0,1,2,...,m, we would like to ensure the finiteness of the integral

/ Yow(y —u)p(y) dy =/0 (u+y)kw(y)Zqiﬂie‘ﬁ"”*” dy

i=1

r k i
_; ue
=k Y > BT w(0) 3.2)

—Biu
.' 9
i=1 j=0 J:

where we have applied a binomial expansion and utilized (a special case of) multiple Dickson-Hipp
operators (see, e.g., [15,26]) under the notation

0 ya—l —sy
T4h(0) = ——b(y) dy,
b= [ bt ay
for a € N*, complex number s with R(s) > 0 and any integrable function 5(-) on (0, o0). Therefore,
Condition 2 is satisfied if 7;*w(0) is finite fori = 1,2,...,r and a = 1,2,...,m + 1, which clearly
depends on the choice the penalty function w(-). Note that the Laplace transform of b(-), namely
b(s) = fow e™Yb(y) dy, is a special case of the above notion with b(s) = 7,'b(0).

https://doi.org/10.1017/50269964822000080 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000080

404 E. C. K. Cheung and H. Liu

The starting point of the analysis of ¢,y s,,,.n.m (#) and ¢4 s,,, n.m () relies on finding the form of the
solutions (apart from some unknown constants to be determined). Under the distributional assumption
(3.1) on the claim amounts, a trick will be to apply the operator [];_,(d/du + 8;) to the integro-
differential equations (2.2) and (2.3) to translate them to ordinary differential equations (see Remark 1).
In particular, using the fact that

d “ _B:
(% +Bl) ‘/0' ¢w,6|23,n,m(u - Y)e ﬁly dy = ¢w,6|23,n,m(u),

it can be seen that

[ﬁ (% +ﬂl)l ‘/O'M ¢W,5123,n,m(u - y)p(y) dy = quﬁl I ILI (d;du +ﬂl)

=1 I=1,1#i

¢W,6]23,n,m(u)‘

Consequently, application of [];_, (d/du + ;) to both sides of (2.2) leads us to
. 0-2 4
n (— +,31) (7¢w,6123,n,m(u) +CPry 50 mmU) = (A+81 +n6y + m63)¢w,6123,n,m(u))

+/er: qiPi [ ﬁ (di; +ﬁz)l I [ﬁ (di; +ﬁz)

i=1 1=1,1#i =1

Ay nm (1) (3.3)

The characteristic equation (in &) of the associated homogeneous differential equation is thus

[ﬁ(f +p1)
I=1

which can be rewritten as

( E+cé- (/1+51+n52+m53))+/lzq,31[1_[(f"‘ﬁl)

1 I=1,1#i

—g - (/1+(51+n62+m63)+/lz aubi _ (3.4)

LI +é

This is, in turn, equivalent to (2.1) (withi = n and j = m) under the assumption (3.1), and therefore it
has a unique non-negative root p,, ,, and all other roots, namely {—R,; ;. x }2111 ,have negative real parts and
are assumed to be distinct. From the theory of differential equations, the general solution of (3.3) consists
of linear sum of e”»=* and {e~Rrmxu }2211 plus other terms to be determined in relation to the right-hand
side of (3.3). However, the coefficient of e”" must equal zero because lim,,_,co € P*"“ @y, 5, n.m(U) =
limy, e et s () = 0in Assumption 3. The same comments apply to ¢y, s,,,,n,m (1) as well.
The following lemma prov1des the general solution of @y, 5,,5.n.m (#) and @ g, 5,55 .1.m ().

Lemma 1 (Solution form of ¢y, 5,,5,n.m(*) and @g,5,0,,n,m(+)). Suppose that the claim amounts have
density (3.1), the forces of interest 6, and 3 are positive, the cost function is f(x) = x, and the penalty
Sfunction w(x,y) = w(y) depends on the deficit only and is such that T“W(O) is finite fori = 1,2, .
anda =1,2,...,m+ 1. Further assume that, for each fixed pair ofi =0,1,...,nand j =0,1,...,m,
the roots {—Ri, Jukte + | (those with negative real parts) of (2.1) are distinct. Then under Assumptions
1-3, ¢y, 5105,n,m (1) and Od, 5123,n,m (1) admit the solution form (for n,m € N and u > 0)

n m r+l m-1 r
—R; i xu i ,—Piu
D, S123,1, m(u Z Z Bw,n,m,i,j,ke R Z Z Cw,n,m,j,luje B s (3.5)
i=0 j=0 k=1 =0 =1
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and

m
—R; i1 i —
Ga,50mm(@) = > " Banmijxe R+ Catnm e P, (3.6)

for some constants By, p i jk’S Banmijk'S Cwnm,ji’s and Cqpnm,j1’s.

Proof. We only show (3.5) since the proof of (3.6) can be done in an identical manner. The result can
be deduced inductively, and the proof can be divided into two steps.

Step 1. We start by considering n = m = 0. Indeed, (3.5) was shown to hold true in such simplest
case by Liu and Zhang [28, Eq. (3.14)] using a different technique. Nevertheless, we can quickly see
why (3.5) is valid as follows. Since A,, 9o(u) in (2.4) is simply proportional to fL loo w(y —u)p(y)dy
which is given by (3.2) at k = 0, the right-hand side of (3.3) is zero, and therefore, the general solution
of (3.3) is a linear sum of {¢~Rooxu}rtl

Step 2(i). The case where n, m € N can be shown to hold true by induction. Instead of considering such
most general case, to see how this works we first fix m = 0 and consider n € N*. Then, the summation
term and the integral term in (2.4) vanish. Starting with n = 1 one sees that A, 1 0(u) = o¢], 6123’0’0(u),

and hence the right-hand side of (3.3) is a linear sum of {e’ROx”*k“}Z’;ll. Together with the solution of
the homogeneous version of (3.3) which contains {e‘Rl‘ka”}gll, we observe that (3.5) is valid when
n = 1. Recursively, for n € N* (and fixed m = 0), we note that the right-hand side of (3.3) consists of
{eRiort 1 0 <j<n—-1;1 <k <r+1)}, and along with the homogeneous solution one deduces that
(3.5) is correct in this case as well.

Step 2(ii). To see how things change when m increases, next we fix n = 0 and consider m € N* instead.
Then, the first two terms in (2.4) vanish. In particular, when m = 1, the summation term in A,, o1 ()
only consists of /lfou YPw . 615,00 — ¥)p(y) dy. Using (3.1) and the solution form of ¢, s,,,,0,0(1)
from Step 1 above, it is found that this integral involves terms in the form of {e‘ROvO:"“}ZJ;Il, {e B 3oy
and {ue™P"}]_ . The final term in (2.4) is proportional to (3.2) at k = 1 which contains {e#“}]_|
and {ue P"}]_,. As a result, the right-hand side of (3.3) involves {e~Rooxu}7+! and {e#“}7 |, and
the solution form (3.5) is valid taking into account the homogeneous solution. When m = 2, using the
obtained solution form of ¢,, s,,,.00(#) and ¢, s,,, 0.1(u), the same procedure reveals that the right-
hand side of (3.3) consists of {e Rooxu}rtl fe~Roviuyrdl fo=Buyr  and {ueP"}/_, and then, the
solution for ¢,, s,,,,0,2(¢) follows. Inductively, (3.5) is valid for n = 0 and m € N*.

Step 2(iii). Returning to the case where n,m € N, the induction assumption supposes that for
some N,M € N, (3.5) is true for all (n,m) € Y(N,M). One can proceed in the same manner as
in Steps 2(i) and 2(ii) such that (2.4) can be used to determine (the form of) A,, .y (#) and hence
[[1;-(d/du+pBi)]Aw a.n (1), so that (3.5) is valid for (n, m) = (N, M) and the induction is completed.

O

Remark 1. At a first glance, one may require the higher-order derivatives of ¢ 5,.n.m(-) and
Dd.55.n.m(*) to exist (in addition to the first two derivatives as in Assumption 1) in order to justify the
application of the operator [1;_,(d/du+ B;) to (2.2) and (2.3). Indeed, the results of Lemma I can also
be proved by taking Laplace transforms of the defective renewal equations (2.43) and (2.44), isolating
B 6133.m.m(8) and G, 5,1 n.m (), resolving them into partial fractions (recursive in n and m) and then
inverting the Laplace transforms. Under such a procedure, the existence of the higher-order differentia-
bility of dw . 5,3.n.m (+) and @a.5,,,.n.m(+) is not needed as an assumption but is implied from the solution
form. However, the proof will require the introduction of various properties of Dickson-Hipp operators
and is more tedious, and therefore, we opt to present the operator approach which is more direct.

The next theorem shows how the constants B, ,, ;i j.x’s and C, j, . ;s in (3.5) can be determined.
Specifically, (3.5) can be further simplified such that the coefficients C,, ,, ;s are all zero.
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Theorem 3 (Full solution of ¢, s,,,.n.m(+)). Under the same assumptions as in Lemma 1, the Gerber-
Shiu function @, 5,y,.n,m (1) defined in (1.3) is given by (for n,m € N and u > 0)

m
—R; ;
¢w,6123,n,m(u) = Z Z Bw,n,m,[,j’ke vlvk”' (37)
i=0 j=0 k=1

The coefficients {By, nm.i,j.k : (i,j) € Y(n,m);k = 1,2,...,r + 1} can be first obtained directly in
terms of those of the lower-order Gerber-Shiu functions as

1
Buwmisjk =
w,n,m,i,j,k (I’l — 1)62 + (m _ ])63
nn-1)

X [—no1 {Osién—l}Ri,j,ka,n—l,m,i,j,k + —2 ]{Osign—Z}Bw,n—Z,m,i,j,k
m—-1 r . 'kCIlﬁlm'

w1 wnuz/, : , L,j))eY(nm), k=1,2,...,r+1. 3.8
; IZ:' (B1 = Rij )™ “*al () € ximm) >

Then, {B n.m.n.m, k}r“ can be solved from the system of r + 1 linear equations consisting of

m n a r+l -
w J,a,i, g, m+l
=107 w(0), [=1,2,...,r, 3.9
;)IZ.:JZO; (BI ’k)m—a+1a! { } B
and
n m r+l
Z Z Bw,n,m,i,j,k =0. (310)
i=0 j=0 k=1

Proof. The proof consists of the two steps that are similar to those in Lemma 1. But instead of working
with the ordinary differential equation (3.3), we shall substitute the known solution form (3.5) into
the integro-differential equation (2.2) to get information on the unknwon coefficients B, , m.i,j,x’s and
Cy.n,m,j,1’s- We shall start with Step 1 concerning the starting point n = m = 0. Note that (3.8) is
nonexistent (because Y (0, 0) is an empty set) in this case. Moreover, with m = 0, the second summation
in (3.5) is an empty sum and therefore (3.5) is already in the form of (3.7). Upon substitution of (3.5),
the claim density (3.1) and the penalty w(x,y) = w(y) into (2.2) followed by the use of (2.4) and (3.2),
it is found after some simple calculations that

2 r+l r+l
B R —Ro,0,ku B R —Ro,0,kut
w,0,0,0,0,k R o 1€ -c w,0,0,0,0,k Ro,0,x€
2

r+l r

r+l
0,0,0,0,k B
—(1+461) ZBW,O,O,O,O,ke Roou +/12 L( Rooktt  g7hitt)
~ e Bi—Roox

+4 Z CIiﬁi?EW(O)e_ﬁiu =0
i=1

Note that, for each k = 1,2, ..., r + 1, the sum of the coefficients of e Ro0kt ig zero because —Ro0.x
satisfies the Lundberg’s equation (3.4) with n = m = 0. Meanwhile, (3.9) at n = m = 0 can be obtained
by equating the coefficients of e Piv foreachi = 1,2,...,r. Lastly, with n = m = 0, (3.10) directly
follows from the solution form (3.5) and the boundary condition (2.40). Thus, Theorem 3 is true for
n=m=0.

https://doi.org/10.1017/50269964822000080 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964822000080

Probability in the Engineering and Informational Sciences 407

In the inductive step, it is assumed that, for some N, M € N, Theorem 3 is true for all (n,m) €
Y (N, M). Our goal is to show that Theorem 3 is valid for (n,m) = (N, M). With (2.4), f(x) = x and
w(x,y) = w(y), we begin by writing the integro-differential equation (2.2) at (n, m) = (N, M) explicitly
as

2
0- 144 ’
7¢w,6123,N,M (Lt) + C¢w,6123,N,M (I/t) - (/l +01+No+ M63)¢W,5123,N,M (”)

u
+ /1/0 Sw. s N.mU=Y)p(¥)dy + No LN 138, 5,0 100 (1)

M-1

N(N-1) M\ [ s
a2y P s N2 m () + 4 Z / Y b 1N = ¥)P(Y) dy
2 a=0 a 0
+ Al (n=0) / yMw(y —u)p(y)dy =0. (3.11)

Using the solution form (3.5) from Lemma 1 at (n, m) = (N, M), we evaluate the first integral term as

/l/ Ow, 51N, (U= y)p(y)dy

N M r+l r
AZZZZBwNMleCH,Bl/ “Rig(u=y) g=B1y gy

i=0 j=0 k=1 I=1
M-1 r
+4 ZCW N.M.j, kQIﬁI/ (u _y)J ~Br(u=y) =Py dy
j=0 k=1 I=1
N M r+l r
=1 Z Z M(e—ﬂgj'ku _ e—ﬁ,u)
i=0 j=0 k=1 I=1 Bi = Rijk
M-1 .
+1 C S M( B Z (B —ﬁl)bube “Pru
—B)j+1
20 k=l =Tk Bk = Bi)*
M-1 r
" M”me—m- (3.12)
720 k=1 J*

Next, inserting the claim density (3.1) and the induction assumption concerning the form of
dw.s;.N.a(-) fora=0,1,..., M — 1, the summation involving M — 1 integrals in (3.11) is found to be

N my e,
/1;) (a)/o B 51058 ,a(U — ¥)P(y) dy

a r+l r

u
By, N,a,i,j,k‘Ilﬁl/ yMde Ruialumy) o=y gy
0

N & ¢ BwNaiik‘]l,Bl(M_a)!
=A
((l ) Z Z (ﬁl i ],k)l\/l_(“—l

k
M-a b,b,—piu
i e
( Rejpu _ Z B - Jk) u ) (3.13)
b=0

Note that the summation terms involving By, n ., j xS in the above two equations can be combined
to form a single summation. Therefore, summing (3.12) and (3.13) followed by a change of order of
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summation yields

M-1
u M u —a
A /0 ¢w,alzg,N,M<u—y)p<y>dy+AZ(a) /0 WM s n.altt = ¥)P(y) dy
a=0

=A w,iN,a.l,J, e_R'VfV’*”
M-a+l
SogEs B R Yl
-b 1
_/liM i C S BuwNeaijk@iBiM! i
M—-a—b+1 41},
b=0 a=0 i=0 j:0 k=1 I=1 (ﬁ[ lj,k) @ + a.b.
M-1 r r .
C : !
41 w,N,M,,,qufU —
=0 k=1 I=11#k (B =B
M-1M-1 .
1 SN Cw,N,M,j,l-CIIbcﬁlk]! b~
— —b+1}
b=0 j=b I=1 k=1,k#l (B1 = Br)/=>+1b!
M r
Cyw.N.M.b-1,19181 4
A it —Biu
+/lz b u’e .
b=1 1=1
Moreover, using (3.2), we see that
r M M-b+1
® BT, w(0)
/“{N:O}/ yWw(y —u)p(y)dy = A y-oyM! Z’T
u .

I=1 b=0

(3.14)

be=Buu (3.15)

With the integrals in (3.11) obtained, we now further evaluate the derivatives of ¢, s,,.n m (%)
(using (3.5)) and @, s5,,,,n—1,m (1) (using the induction hypothesis) so that the remaining terms in

(3.11) become

2
a”

7¢W’5123’N’M (u) + C‘ﬁ:v,&lz},N,M (u) = (A + 01+ N62+ M63)Pr,5,05.8.0 (1)

—R; jxu

N(N - 1)
’
+*NoUN =180 6 v -1 () + ———— L2y b6 v-2.m (1)
0_2 N M r+l 2M 3
2 —Rijx _
= > Z BW,N,M’i,j,kRi’j’ke kU Z ZCW Nmpi2i(b+2) (b + l)u o B
=0 j=0 k=1 pr
M-2 r o M=1 r
2 b
-0 Cuw.N.Mba1 (D + D Bule P + 7 Z Co.N.m b1 Biub e P
b=0 =1 pr i
N M r+l M=2 r
—R; ; b
- CZ Z By N.mijkRij e + e Z Cuw N bera (b + Dul e P
=0 j=0 k=1 = 5
M-1 r N M r+l
b —
—c Coov M b Bru”e P = (14 61+ N6y + M63) D" 3" B v mijke
b=0 1= i=0 j=0 k=1
M-1 r
— (1461 + NGy + M63) D " Cov g st e P
b=0 I=1
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N-1 M r+l
= Nolnzy ZZBW’V .M. kR j e Re
i=0 j=0 k=1
N-2 M r+l
N(N—l) k.
22 D0 D Buv o j e R (3.16)
i=0 j=0 k=1

Due to (3.11), the sum of (3.14)—(3.16) is zero for all u > 0. First, equating the coefficients of ¢~Ri-j.x
foreachi=0,1,...,N;j=0,1,...,M;and k = 1,2,...,r + 1 gives rise to

o2
> Rlzj g~ CRijx = (14061 + N6y + M53)) Byw.n.m.ijk = NoLocisn-1yBw N-1,m,i, 7.k Rij i
N(N-1) w.N aij,leﬁlM!
TI{O<1<N 2} By n- 2szk+/lzz(ﬂl k)M“”‘a!:O'
a=j I=1 Js

Separating the term a = M of the summation and using the fact that {-R;, j,k}gll satisfy the
Lundberg’s equation (2.1), this can be simplified to yield

—[(N=i)02+ (M — j)O3]Byw n.mijk — Noljo<icn-13Bw N-1,m.i,j.kRij k
M-1 r

N(N— 1) w N aij,kqlﬂlM!
+— 5 Losisn-2Buwv-amiji + 4 Z]: 121: i - Ry )M alal =0

When (i, j) = (N, M), the above equation does not yield any useful information on the coefficients
because the left-hand side is simply zero. For (i, j) € Y(N, M), by rearrangements one can confirm
that (3.8) holds true for (n,m) = (N, M).

Second, we look at terms in the form of u”e¢#* and distinguish between three cases, namely (i)
b=M;@{)b=12,...,M —1; and (iii) b = 0. (Note that if M = 0, then we will only use Case (iii)
whereas if M = 1 there will only be Cases (i) and (iii).) Beginning with Case (i), the coefficients of
uMe™Pv for 1 =1,2,...,r imply

By n.,0,i,0.k9181 Cyw,N,M.M-1,19151 |
-2 NOLORNL | g 2w NMMLD | 01 ey quBiT5w(0) = O
;kz:; Bi—Riok M =0y 41T w(0)

Under the induction assumption, (3.9) holds true for (n,m) = (N,0), and therefore, one
observes from the above equation that C,, y pr . m-1; = 0 for I = 1,2,...,r. Concerning Case (ii),
forb=1,2,...,.M—-1and!l=1,2,...,r, we get from the terms involving ube Pt that

2 2

(on
71{15b5M—3}CW,N,M,b+2,l(b +2)(b+1) = 1 <cpem—2Cow N v b1 (b + 1) B + TCW,N,M,b,lﬁlz

+clp<o<m—2yCw N M p+1,1(D+1) —cCop N M b1 — (A+ 61 + Noo + M63)Coy N M b1
M-b N a r+l M-1 r .
By N a,i,jkqiBiM! Cw.N.M,j19kBx ]!
4 Z Z Z (Bi = Rij)M-a=b+lglp) ! Z Z (B1 = Br)/~*1b!

a=0 =0 j=0 k=1 j=b k=1,k+l

M—-b+1
Cw.N.m.b-1191B1 BT 7 w(0)
T +AI{N:0}M‘T =

+1 (3.17)
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Focusing on the quadruple summation term and the final term on the left-hand side, we note that
M—b+1
By, N.a,ij kq1BiM! BT w(0)
2 22 G R e A M -

because (3.9) is valid for n = N and m = M — b (where b varies from 1 to M — 1) as part of the induction
assumption. As a result, (3.17) becomes

P

o

7l{lsbsM—S}Cw,N,M,bﬂ,l(b +2)(b+1) = 1 1<pem-2)Coo N M pr11 (b + 1
2

+ TCW,N,M,b,lﬁIZ +cli<b<m—2yCw N oM, pe1,1(D+1)

—cCoy N b1 — (A + 01+ NSy + M63)Coy N M, b1

M-1 .
Y O Cwn i gk Gy moo1191By

A Bi= B! b

=0. (3.18)

Recall that Case (ii) only exists when M > 2, and without loss of generality we assume M > 2 in
this case. We proceed by substituting b = M — 1 into (3.18) to arrive at

2

o
TCW,N,M,M—I,IBIZ —cCow N m-1,81 — (A+ 8 + Noy + M3)Coy N M M-1,0
r
C _ C _
_2 WoN M M~1,19kBk 42 w,N,;\‘/Il,M 12,141,31 0.
k=L, k#l B = Pk -

Since {Cy, nv.um. M—l,l};zl are already known to be zero from the conclusion of Case (i), it is clear
from the above equation that {C,, n . M—2,l}lr=1 are all zero as well. If M > 3, then we further put
b = M -2 into (3.18) and use the fact that {C\,, N m.m-1,}]_, and {Cy, N m m-2,1}]_, are zero to see
that {Cy, n.m, M_3»l};=1 are zero. Repeating this procedure until we reach b = 1, we can conclude that
Cwnm,jy=0foralj=0,1,...,.M-1and! =1,2,...,r, confirming that the solution form (3.5)
reduces to (3.7) when (n,m) = (N, M). Moving to Case (iii) where b = 0, because C,, n ar,;; = 0 in
(3.14)—(3.16), equating the coefficients of e " in (3.11) with zero leads to

a r+l

M N
By N.ai,jkq1B1M! M+l _
_AZZZZ (B1 - R ;)M 1q] + A (n=0y M qiBi T " w(0) = 0

a=0 i=0 j L=

In other words, (3.9) holds true for (n,m) = (N, M).

Finally, when (n,m) = (N, M), the formula (3.10) clearly holds true because of the boundary
condition (2.40) and the solution form (3.7). Combining all the above results, we see that Theorem 3 is
true for (n,m) = (N, M), and the induction is completed. O

The determination of the full solution for ¢4, s,,;.n.m (%) can be proved in an almost identical manner
to Theorem 3, and the results are stated without proof in the following theorem.

Theorem 4 (Full solution of @4._s,,,.n.m(+)). Under the same assumptions as in Lemma 1, the Gerber-Shiu
Sunction ¢a._s,,, n.m (1) defined in (1.4) is given by (forn,m € Nand u > 0)

m r+l

B, 3125,mm (1) = ZZZBdnm,]ke R, (3.19)

i=0 j=0 k=1
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The coefficients {Bg nmi jx : (i,j) € Y(n,m);k =1,2,...,r + 1} can be first obtained directly in
terms of those of the lower-order Gerber-Shiu functions as

1
(n—10)62+ (m - j)63

Bd,n,m,i,j,k =

n(n-1)
X _no—l{OsiSn—l}Ri,j,de,n—l,m,i,j,k + —2 1{05i§n—2}Bd,n—2,m,i,j,k
m—-1 r
Bd n,a,i,j kql,Blm!
) , L,j)eY(nm), k=1,2,...,r+1. 3.20
DIy ] UL (3.20)

Then, {Bd,n,m,,,,m,k}Zzl1 can be solved from the system of r + 1 linear equations consisting of

m n a r+l

B n,a,i,j,
ZZZZ (B —I;];,j,k)'i’f“”a! =0, I=12...r

a=0 i=0 j=0 k=1

and

n m r+l

Z Bd,n,m,i,j,k = 1{n=m=0}-
=0 j=0 k=1

~

4. Numerical illustrations

In this section, we shall demonstrate the applicability of the exact and explicit formulas developed
in the previous section to study moment-based quantities (including correlation) in relation to the
total discounted perturbation until ruin B, (1) = fOT e~%% dB(s), the total discounted claims until

ruin Zs, (1) = Zsz(lT) e %7y, (ie. the cost function f(x) = x is assumed), and the ruin time T.
For our purposes, it is sufficient to let the penalty function be w = 1 throughout the section. The
afore-mentioned quantities will be calculated conditional on ruin occurrence. To simplify notation,
the expectation of a random variable X conditional on 7 < oo under an initial surplus of u > 0 is
denoted by Enin[X |u] = E[X1{r<e0} |U(0) = u]/(u), where y(u) = Pr{t < co|U(0) = u} =
Ow.5123.0.0(U) | 6,20 + P, 6155,0,0(1) | 5,=0. Clearly, for n,m € N, the (joint) moments of B, (7) and Zs, (1)
are given by

¢W 5]73 n m(u) + ¢d 6]23 n m(u)
Ewin[B% (D) Z7T (1) |u] = e e . “.1)
e % P, 5123,0,0(U) + Pt 51,5,0,0() |50

More generally, for £,n,m € N, the (joint) moments involving 7 are obtainable via

(_1)[30_(;1[ [¢w,5123,n,m(u) + ¢d,6123,",VH(u)]

E ui an Zm —
nin[7° B, (1) Z5,() [ u] Dw,512,0,0(1) + D 5,55,0,0(1)

4.2)

61=0

We remark that, in view of the computation of the derivatives in (4.2), it is important to specify
the relevant quantities as a function of §; in the programming task for ¢, s,,,.n.m(#) and @g, s5,,3.n.m (1)
when using (3.7) and (3.19) for claims distributed as a combination of exponentials. Note that the
roots {—R; j .« }2;11 depend on ¢; in an implicit manner as they are solved from the Lundberg’s equation
(2.1) (or (3.4) with i and j in place of n and m) that involves ¢,. This can be handled by Math-
ematica using the function “Solve” or “NSolve”. Then, By, i jx’s in (3.7) (resp. Ba nm,i,j k'S
in (3.19)) depend on ¢; via the recursive procedure in Theorem 3 (resp. Theorem 4). The deriva-
tives of @, s,5.n.m (%) and @4 s,,,.n,m (1) With respective to d; can be calculated with Mathematica
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using the function “D”. Clearly, the moments in (4.1) and (4.2) can be used to compute (con-
ditional) variance, covariance, and correlation. In general, the variance of X will be denoted by
Varin (X | #) = Erin [ X? | #] = (Erin [ X | #])?, and the covariance between two random variables X; and
X3 s Covpyin (X1, Xo | #t) = Ein [ X1 X2 | 4] — Eruin [ X1 | ] Evuin [ X2 | u]. Consequently, the correlation is
Corrruin(Xl > X2 | M) = Covruin(Xl > X2 | M)/\/VZ"rruin(Xl | Lt) Varruin (XZ | M)

For all numerical illustrations, we assume that the Poisson claim arrival rate is 4 = 1 and the
volatility parameter associated with the Brownian motion is o = 1/V2 = 0.707. We consider three
different distributions for the claim amounts: (i) a sum of two independent exponentials (with means
2/3 and 1/3) with p(y) = 2(%e‘%y) + (=1)(3e7*); (ii) an exponential distribution with p(y) = e™;
and (iii) a mixture of two exponentials with p(y) = %(Ee‘%y )+ %(Ze‘2y ). These are labeled as “Sum
Exp”, “Exp”, and “Mixed Exp”, respectively, in subsequent figures. All these distributions have the
same mean of 1 but have different respective variances of 0.56, 1, and 2, and they all belong to the class
of combinations of exponentials with density in the form of (3.1). Assuming a premium rate of ¢ = 1.2,
the loading factor is 8 = 20%.

We begin with the total discounted claim amount Zy;(7) = Z,}:]:(IT) e~00Tky, and its mean and
variance (conditional on ruin) are given in Figure 1. First, for each claim distribution, Figure 1(a) shows
that when u increases the mean E.i,[Zo.01(7) | #] increases and then converges to some finite value.
On the other hand, the variance Var,(Zy.01(7) | #) in Figure 1(b) is not monotone in u but it still
converges as u increases (see Remark 2). Indeed, in the absence of the diffusion component in the risk
process, plots of very similar shape were also reported in Cheung [8, Figs. 5-8] and Cheung et al. [14,
Fig. 4(a) and (b)], although these works focused on renewal insurance risk models without and with
upward jumps, respectively. Nevertheless, some probabilistic interpretation therein is also applicable.
In particular, when the insurer starts with a higher initial capital u, the mean E,y,[Zo.01 (7) | #] would
increase because a larger total nominal (i.e. before discounting) claim amount is required to ruin the
surplus process. However, when u increases further, ruin of the surplus process occurs later but claims
that occur late become insignificant when discounted. This explains why the curve levels off as u
gets large. Comparing across the three claim distributions, we note that while the resulting curves of
Ewin[Zo.01(7) | u] are very close, the variance Var, (Zo.01(7) | #) appears to be ordered according to
the variance of the claim amounts. The latter finding complements the results in Cheung [8] and Cheung
et al. [14], which suggested that Zy g (1) = Zsz(lT) e 0017k, is more likely to take on extreme values
if the summand e~%°'7xy; has a higher variability (due to an increase in variance of Y} in our case but
due to an increase in variance of e %017k jp Cheung [8] and Cheung et al. [14]).

Remark 2. For exponential claims, E, ;| Zo.o1(7) | u] and Var,,;,(Zo.01 (7) | u) have also been studied
by Liu and Zhang [28] under the same parameter setting. While our plot of E.in[Zo.01(7) |u] in
Figure 1(a) agrees their Figure 4(a), our Var.,(Zo.o1(7) | u) in Figure 1(b) does not agree with
their Figure 4(b). It is noted that Liu and Zhang [28] have also plotted Var,yin(Zo.01(7) (v (r)<oy | 1)
and Varin(Zo.01(T) v (r)=0y | #) against u. We have looked into this further and found that although
their values of Varin(Zo.01(T) 1y (r)<0y | #) and Var,,im(Zo.01(T)1 (v (r)=0y | #) are correct (and can be
reproduced using our results), they have mistakenly calculated Var,,;,(Zy.01(7) | u) as the sum of these
two quantities. Our Figure 1(b) shows the correct plot of Var,,i,(Zo.01 () | u).

Next, we investigate the total discounted perturbation until ruin Bg o; (1) = /OT e 901s dB(s) which is
a novel quantity that represents the present value of the small fluctuations arising from the uncertainties
of the insurance business not explained by claims. Unlike the total discounted claim amount Z ¢, (7)
which must be non-negative, the random variable By ) (7) may take on any values on the real line. As
explained in Section 1, one expects By o1 (7) to be negative on average. In the definition (1.1), the total
claims are subtracted from the surplus while the Brownian motion is added to the process (which is the
usual convention). Therefore, for a fair comparison between the discounted claims and the discounted
perturbation, it makes more sense to look at —Bg 1 (7) instead of By o;(7) so that both Z;(7) and
—By.01 (1) correspond to discounted costs to the insurer (apart from a multiplicative factor of o = 1/ V2
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Erin[Z0.01(7)|u] Varuin(Zo.01(7)|u)
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(@) (b)

Figure 1. (a) Expectation and (b) variance of total discounted claims until ruin.

in the latter quantity). As expected, Figure 2(a) shows that the mean of —B ;(7) is non-negative
(see Remark 3). Under the current parameter setting, Eyin[—Bo.o1 (7) | u] is of smaller magnitude than
Eiin[Zo.01(7) | u], meaning that the usual claims result in a higher discounted cost to the insurer until
ruin. Moreover, for each claim distribution, E;,[—Bo.01(7) | ] is increasing in u and converges as u
gets large, and similar explanations to those for E.;,[Zo.01(7) | u] are applicable. For a given initial
surplus u, it is interesting to note that Ey, [—Bo.o1(7) | #] is larger when the claim amount has a smaller
variance. This may be explained as follows. A separate plot (which is omitted here for brevity) reveals
that the ruin probability ¢ (u) is ordered according to the variance of the claim distribution. In other
words, when the claim variance is smaller, the ruin set {T < oo} (for the same fixed 1) becomes smaller
because it is more difficult for the surplus process to get ruined with the claims less likely to be large.
Consequently, sample paths where the perturbation has been favorable to the insurance business are
excluded from the ruin set, resulting in a higher value of E ., [—Bo.01(7) | u]. Turning to Figure 2(b),
the variance Var;, (—Bo.o1(7) | ) increases with u but does not seem to be sensitive to the choice of
the claim distribution.

Remark 3. We have also plotted the conditional mean of —By o (1) separately for ruin occurrence due
to a claim (given by (=, 6,0.1.0(U) [ Dw.5125.0,0(1))| 5,=0) and for ruin occurrence due to oscillation
(given by (=9, 51,,,1,0(1) /P, 5,2.0.0(1)) | 5,=0). While the plots are not reproduced here, it is remarked
that they both look almost the same as Figure 2(a). This suggests that the conditional mean of —Bg o1 (T)
is insensitive to the cause of ruin. Similar comments also apply to Zyo(7), and in particular it is
Jfound that the conditional mean of Zy o1 (7) for either cause of ruin is almost identical to Figure 1(a).
Intuitively, when ruin occurs by diffusion (resp. a claim), it simply means that the diffusion (resp. a
claim) drags down the surplus process at the ruin time, but taking into account the time value of money
such contribution to —By o1 (T) (resp. Zy.01(7)) is rather minimal.

We now focus on the covariance between Zy o (1) = Zsz(lT) e 90y, and . For each claim dis-
tribution, it is observed from Figure 3(a) that as u increases, the covariance first increases from zero
until it reaches a maximum and then it decreases and turns negative. A similar pattern is also evident
in Cheung and Woo [11] who analyzed a dependent renewal risk model without diffusion, and the
change in sign of the covariance may be interpreted in a similar way as follows. For a given initial sur-
plus level u, if 7 is on the higher end (above its mean), then there are possibly two opposing effects to
the total discounted claim amount Z o, (7). On the one hand, the amount of premium collected before
ruin, namely c7, is higher and hence the total claim amount ZkN:(lT) Y (without discounting) is likely
to be higher in order to cause ruin. On the other hand, when ruin happens at a later time, the afore-
mentioned claims occur throughout a longer period (and large claims would not have occurred early
otherwise these would have caused early ruin), and therefore discounting will have a negative effect on

Zoo1(T) = Zsz(lT) e %017k, . Our numerical results suggest that the latter effect is dominant as u is over
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Figure 2. (a) Expectation and (b) variance of total discounted perturbation until ruin.
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Figure 3. (a) Covariance and (b) correlation between discounted claims and ruin time.
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Figure 4. (a) Covariance and (b) correlation between discounted perturbation and ruin time.

a certain threshold (around 70 in our example), which is not surprising because the effect of discounting
is getting more significant as e~-*!7x decreases exponentially in the kth claim arrival time. While the
absolute value of Covyn(Zo.01(7), 7| 1) appears to increase with the claim variance for most values
of u, the corresponding correlation depicted in Figure 3(b) is rather insensitive to the claim distribu-
tion. Interestingly, Cortyyin(Zo.01(7), 7 | u) can be as high as 0.9 for small values of u, indicating strong
positive dependence (and almost linear relationship) in such cases.

Turning our attention to the covariance between —By o (7) and 7, we see from Figure 4(a) that
CoVin(—Bo.01(7), T | u) changes from positive to negative as u reaches around 20. It is noted that the
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Figure 5. (a) Covariance and (b) correlation between discounted perturbation and discounted claims.

magnitude of Corryyin(—Bo.o1(7), 7| u) in Figure 4(b) is smaller than that of Corryyin(Zo.01(7), 7| u®)
in Figure 3(b) for most values of u, indicating that the ruin time has a stronger relationship with
the discounted claim amount than with the discounted perturbation. Finally, the covariance and the
correlation between — By o (7) and Zy o1 (7) are given in Figure 5, and these values are mostly negative
(except for small values of u). A possible explanation for such negative correlation is as follows. For a
given initial surplus u, we consider sample paths where ruin occurs and it is clear from (1.1) that one
has the relationship

N(7)
u+ct+|U(T)| = Z Y, + o(—=B(7)) on the set {T < oo}
k=1

among the random variables ZkN:(lT) Yy and —B(7) (which are the counterparts of Z ; (1) and —By o1 (1)

without discounting). While the deficit at ruin |U(7)| (if positive) is part of the total claim amount

ZkN:(lT) Y, the amount u + ¢t on the left-hand side is split between ZkN:(IT) Y) and o (—B(1)). Conditional

on the value of 7, this constraint somehow limits how large (or how small) both Zsz(lT) Y, and —B(7)
can be and may have a tendency to lead these quantities to opposite direction. Such tendency is also
translated to the discounted versions Zg ¢ (1) and —By o (7). It is interesting to note that the covariance
and the correlation between Zy o; (1) and —By 1 (7) converge to zero as the initial surplus level u tends
to infinity. When claims follow a combination of exponentials, this can be proved analytically as follows.

First we recall that

w + 3,1, w,0123,U, + »0123,Y,
Coveain(~Bs, (7). Zs, (7) | ) = {(¢’ ,6123,1,0 () + B, 510, 10(“)) (¢ 5101 (1) + Pt 5,13.0.1 (1)
¢W,6123,0,0(u) + ¢d,6123,0,0(u) ¢W,6]23,0,0(u) + ¢d,(5123,0,0(u)
_ ¢W,6]23,1,1(u) + ¢d,6123,1,1 (u) }

¢W,6123,0,0(”) + ¢d,5123,0,0(u)

4.3)

61=0

In the upcoming discussion, it is sufficient to assume §; = 0 (while 6,, 53 > 0). For each i, j € N, we
denote —R; ;| to be the root of the Lundberg’s equation (2.1) with the least negative real part (among
the roots {—R; ; « 2111) The quantity R; ; ; is called the adjustment coefficient and is known to be real
(e.g. [22,34]). In particular, it can be shown that R; ; ; is increasing in id, + j63. Therefore, one has

Roo,1 < R; ;1 for (i, j) € Nx N\ {(0,0)}. Consequently, the dominant term in (3.7) (resp. (3.19)) must

,,,,,
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yields

ulglgo COVruin(_Béz (T)’ Z¢53 (T) | I/t)

Byy,1,0,0,0,1 + Ba,1,0,0,0,1 ) (Bw,o,l,o,o,l +B4,01,001) Bw,1,1,001 % Ba,1,1,00,1
B\ 0,0,0,0,1 + Ba,0,0,0,0,1/ \ Bw.0,0,0,0,1 + Ba,0,0,0,0,1 By .0,0,0,0.1 + Ba,0,0,0,0,1
* * *
Bl 0,0,0,1 BO,],O,O,I Bl 1,0,0,1 4 4
B B B* ’ (“4)
0,0,0,0,1 0,0,0,0,1 0,0,0,0,1

where for convenience we have defined B; m0.0.1 = By nm.0.01 + Ba.n.mo.0,1 for n,m € N. Note that

the recursive formulas (3.8) and (3.20) satisfied by By n.m.0,01 and Bg . m0.0,1 are of identical form
(albeit different initial conditions). This implies B ., also satisfies the same recursive formula and
this results in

1 ]00,0,](»]1,31
Bl 1001 = 5,10, ‘TR001301001+/12m

1
* — _ *
B 0001 = 5 ( URo,o,lBo,o,o,o,l)»

and
B3,0,0.0.19181
B; =
01001 Z (B1 — Ro.1)?
Using the above three equations, it is straightforward to show that the right-hand side of (4.4) equals zero.
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