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Abstract Let G be a finite group and r be a prime divisor of the order of G. An irreducible character
of G is said to be quasi r-Steinberg if it is non-zero on every r-regular element of G. A quasi r-Steinberg
character of degree |Syl,(G)| is said to be weak r-Steinberg if it vanishes on the r-singular elements
of G. In this article, we classify the quasi r-Steinberg cuspidal characters of the general linear group
GL(n,q). Then we characterize the quasi r-Steinberg characters of GL(2,¢) and GL(3,q). Finally, we
obtain a classification of the weak r-Steinberg characters of GL(n, q).
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1. Introduction

The significance of Steinberg characters to the study of finite groups of Lie type was well
established by Curtis, Humphreys and Steinberg in [3, 8, 16] and [17]. Motivated by the
intrinsic property of the Steinberg character, Feit introduced the notion of an r-Steinberg
character for any finite group G and for any prime divisor r of the order of G (see [5]).
Recall that an element of a group is called r-regular if its order is co-prime to r. An
irreducible character of G is said to be r-Steinberg if each r-regular element, say g, of
G takes the value £|Cgs(g)| on it. Here |Cg(g)|, is the highest power of r dividing the
order of the centralizer C¢(g) of g in G.

Feit conjectured [5] that if a finite simple group has an r-Steinberg character, then
it is isomorphic to a simple group of Lie type in characteristic r. Darafsheh obtained
an affirmative answer to this conjecture for the alternating and projective special linear
groups (see [4]). Later, Tiep [18] extended the study to the rest of the finite simple groups
and gave a positive answer.

In the last decade, several variants of r-Steinberg character have emerged as an impor-
tant tool for studying the structure of finite groups through their characters (see [13]).
One of the variants of r-Steinberg character is an r-vanishing character which is an
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irreducible character that vanishes on all the r-singular elements of the group. Note here
that an element of a group is called r-singular if its order is divisible by 7. In particular,
if the degree of an r-vanishing character is |Syl,.(G)|, where |Syl,.(G)| is the order of
the Sylow r-subgroup of G, then the character is said to be Steinberg-like. In [9], Malle
and Zalesski obtained a classification of the Steinberg-like characters of all finite simple
groups.

Recently, Paul and Singla [12] introduced the notion of a quasi r-Steinberg character
and a weak 7-Steinberg character:

Definition 1.1. Let G be a finite group and r be a prime dividing its order. An irre-
ducible character of G is said to be quasi r-Steinberg if it takes non-zero value on every
r-reqular element of G. Further, a quasi r-Steinberg character which is Steinberg-like is
said to be a weak r-Steinberg character.

It follows that the r-Steinberg and the weak r-Steinberg characters are quasi r-
Steinberg, but the converse need not be true. The above two variants of r-Steinberg
characters were introduced to answer a question posed by Dipendra Prasad that asked
whether the existence of a weak r-Steinberg character of a finite group G implies that
G is a group of Lie type. It is well known that every finite group of Lie type has a
r-Steinberg character for a prime r. Hence if a group does not have a nonlinear quasi
r-Steinberg character, then it cannot be a finite group of Lie type of characteristic 7.
Therefore, one naturally requires the classification of quasi r-Steinberg characters of any
finite group G.

In [12], the authors classified all the quasi r-Steinberg characters of symmetric and
alternating groups and their double covers. A classification of the quasi r-Steinberg
characters for the complex reflection groups has recently been done in [11].

In the present article, we study the quasi and weak r-Steinberg characters of the
general linear group GL(n,q) over a finite field F,, where ¢ is a power of prime p.
Since every linear character of G is quasi r-Steinberg for any prime divisor r of |G,
one aims at the classification of the nonlinear quasi r-Steinberg characters of G. The
paper is divided into six sections. In the second section, we introduce the notation
which we follow throughout the article. In the third section, we classify the quasi 7-
Steinberg cuspidal characters of GL(n, q) and the following is the first main result of the

paper:

Theorem 1.2. Let n > 2 be an integer and r be a prime divisor of the order of
GL(n,q). Then a cuspidal character of GL(n, q) is quasi r-Steinberg if and only if one of
the following holds:

2 and g = r” + 1, for some § € N.
3 and g = 3, when r=2.
3 and q = 2, when r=3.

1. n
2. n
3. n

In the fourth and the penultimate section, we characterize the quasi r-Steinberg
characters of GL(2,q) and GL(3, q), respectively.

Let x; be a character of F indexed by I € {0,1,...,(¢ — 2)}. Further, let X,(Cl)
denote a linear and y; denote a cuspidal character of GL(2,¢q) indexed by some k €
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{0,1,...,(¢—2)} and t € {1,2,...,(¢*> — 1)}. Assume that L(3,1) denotes the standard
Levi complement of the standard parabolic subgroup (say P2 1)) of GL(3,q). We denote
the characters of GL(3, q) obtained by parabolic induction of the irreducible characters
X (1) & xi and x: @ x1 of L(2,1) by 9 ki ) and 9f /» respectively. The following is the second
main result of the paper, Wthh gives a classification of the weak r-Steinberg characters
of GL(n, q).

Theorem 1.3. Let r be a prime divisor of |GL(n,q)| different from p. Then an irre-
ducible character x of GL(n,q) is weak r-Steinberg if and only if one of the following
holds:

1. x is a parabolically induced character of GL(2,q) where (¢ + 1) is an r-power, for
some odd prime r.

2. x 1is a character of type 9,%1) of GL(3,q), where
o If q is odd, then (1+ q+ q?) is an r-power, 31 (¢ — 1) and (I — k) is not invertible

m Zq71~

e If q is even, then (1 +q+ %) is an r-power.

3. x is the character 0 l of GL(3,2) and r=7.

4. x is a cuspidal character of GL(3,2) and r=3

A proof of Theorem 1.3 is included in § 6.

2. Notation and preliminaries

For a finite group G, we denote the set of its irreducible characters by Irr(G). We say
that the conjugacy class [g] of an element g of GL(n,q) is primary if its characteristic
polynomial has a unique irreducible factor. Further, g is said to be irreducible if its
characteristic polynomial over Fj is irreducible of degree n. For any n > 1, assume that

gn = (€n). Then we denote the irreducible element diag(ey,€f, . .. ,e%nil) of GL(n,q)
~ . g_2mi
by E,. Let " ; — C* be the homomorphism defined by the rule (€;) = €3 =e 4"~ 1,

where 0 < s < ( —2).

The character tables of GL(2, q) and GL(3, ¢) can be found in [15] and are also included
in Appendix of this paper. We follow [1] for the notation of the conjugacy classes and the
characters of these groups. For any partition A = (A1, Ao, ..., A\n) of n, let Py denote the
standard parabolic subgroup of GL(n, ¢). The unipotent radical and the Levi complement
of Py are denoted by U, and L), respectively. Assume that for any 1 <i < m, x», €
Irr(GL(\;, q)). An irreducible character of GL(n,q) obtained by parabolic induction

of the character of P, lifted from ®x,\i € Irr(Ly) is called a parabolically induced
i=1

m
character and is denoted by @ XA -
i=1
We first list the types of the conjugacy classes of GL(2,q) and GL(3,q). We denote by
C™ and C® the types of conjugacy classes of the elements of GL(2,q) whose charac-
teristic polynomial is (z — )2, for some a € F;, parameterized by the partitions (1, 1)
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and (2) of 2, respectively. We let C®) denote the type of the conjugacy classes of ele-
ments having distinct eigen values in Fj. Further, note that for some y € F, 2 \ Fy, the

matrix v = < 0 ! is an element of GL(2,q). We denote by C® the types of
,qurl Y+ yq
conjugacy classes constituted by such irreducible elements of GL(2, q).

Further, let 7(M) | T and T®) denote the types of conjugacy classes of the elements
of GL(3,q) with characteristic polynomial (z — ), for some a € F, o ; parameterized by
the partitions (1,1,1),(2,1) and (3) of 3, respectively. For any o # 3 # v # a € I, we
denote by 7™ and T®) the types of conjugacy classes of the elements whose characteristic
polynomial is (z — a)?(z — ), for the partitions (1,1) and (2) of 2, respectively. Further,
T denotes the conjugacy class of elements of the form diag(a, ,v) and T denotes
the conjugacy class of the elements with characteristic polynomial (x2 +ax +b)(z — ),
where (22 4+ az +b) is an irreducible polynomial over F,. Finally, T® corresponds to the
conjugacy class of irreducible elements.

Now we determine the notation for the characters of GL(2,q) and GL(3,q). Let 0 <
k,l < (¢ — 2) be some integers. Then the linear character of GL(2,q) indexed by k is

denoted as Xg)~ The character of degree ¢ obtained by tensoring the linear character

X,(Cl) with the Steinberg character StV is denoted by X,(f). Further, for any k # [, the
irreducible character parabolically induced from xx @ x; € I77(L1,1)) is denoted by xx,i.
Let T be the set of integers 1 < t < (¢® — 1) such that (¢ + 1) t ¢ and tq is excluded

2 _
whenever ¢ is included. Clearly, |T'| = % It is known that the number of cuspidal

characters of GL(2,q) is same as the size of T. A cuspidal character indexed by some
t € T is denoted by x;.

We denote the linear character of GL(3, ¢) indexed by k as 9,(61). The types of characters
obtained by tensoring the Steinberg characters St(>1) and St('1'1) with the linear charac-
ter 9,(61) are denoted by 91(5) and 9,&3), respectively. For any integer m € {0,1,...,(¢—2)},
let 91(:,11)791(51) and 9,(:2’711 denote the characters X,(Cl) @Xh X,(f) @Xl and xk.m O xi(k #
I # m # k), respectively. Further, for any t € T we let 0;3) denote the character x; () x;-
Finally, we consider the set V of integers v € {0,1,...,¢> — 1} such that (¢> + ¢+ 1) fv
and vg, vg? are excluded whenever v is being chosen. Then the cuspidal characters of

3
GL(3,q), indexed by v € V, are denoted by (%) and are |V| = 45 many.
We recall here that a cuspidal character of GL(n,q) vanishes on all the non-primary
conjugacy classes. For a proof of this fact, one can refer to [7, pp. 64, 67 (Theorem 3.2

and Proposition 4.1)].

3. Quasi Steinberg cuspidal characters of GL(n,q)

In this section, we classify the quasi r-Steinberg cuspidal characters of GL(n, q). Observe
that if » = p, then for any n > 2 and ¢ > 3, the matrix A = diag(e,1,...,1) is
an r-regular element of GL(n,q). Since conjugacy class of A is not primary, a cuspidal
character would vanish on it. Therefore, no cuspidal character is quasi p-Steinberg. Now
assume that r is a prime different from p.
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We first obtain the quasi r-Steinberg cuspidal characters of GL(2,q). When ¢ = 2,
|GL(2,2)| = 6 and so r can be either 2 or 3. As r # p,r = 3. Since it follows from the
character table that the cuspidal character of GL(2,2) does not vanish on any conjugacy
class, it implies that it is quasi 3-Steinberg. Thus we now characterize the quasi r-
Steinberg cuspidal characters of GL(2,¢) when ¢ > 3 :

Proposition 3.1. Let r be a prime dividing the order of the group GL(2,q), where
q > 3 is a prime power. Then a cuspidal character of GL(2,q) is quasi r-Steinberg if and
only if ¢ = (r® + 1), for some B € N.

Proof. Let x; be a cuspidal character of GL(2,q). Note that if » { (¢ — 1), then
A = diag(e1,1) is an r-regular element. Since y;(A) = 0, x; is not quasi r-Steinberg.
Therefore, assume that (¢ — 1) = 7%y, where 8 > 1 and (r,7) = 1. Now the following

cases arise:
qg—1

Case I: 7 | (¢ +1). As r also divides (¢ — 1), 7=2. If ¥ > 1, then 4; = diag(e,” ,1)
is 2-regular and its conjugacy class is not primary. Since x:(A;) = 0, x: is not quasi
2-Steinberg.

On the other hand, if (g — 1) = 27, then (¢ +1) = 2° + 2. If 8 = 1, then ¢ =
3. Note that the only 2-regular elements of GL(2,3) are the identity matrix, say Is,

. 11 . . .
and the matrix As = Nk Since no cuspidal character vanishes on both of these

0
elements, it follows that all the cuspidal characters of GL(2,3) are quasi 2-Steinberg.
But if 3 > 1, then Fy is a 2-group and in this case the only 2-regular element of GL(2, q)

is As. The conjugacy class of Ay is of type C® and no cuspidal character vanishes
on C?),

Now we examine whether y; vanishes on some irreducible 2-regular element of GL(2, q)
or not. Since (¢ — 1) = 2(q — 1)(2°! + 1), the 2-regular elements of F;2 are of the

(¢+1)

form eg(q_l)l for some divisor I of (2°7! 4 1) = . Thus an irreducible 2-regular

element, say As, of GL(2,q) is of form diag(eg(q_l)l,egq(q_l)l). Note that x;(A3) =

2
_ _ —1
(egf@ DEy g2atta 1”) = 0 if and only if 2t(q — 1)l = LQ) — 2t(q — 1)I. Tt further

implies that 4¢l = 2°~! 4 1, which is not possible. Therefore, every cuspidal character is
quasi 2-Steinberg.

Case II: r { (g+ 1). First assume that (¢ — 1) has a prime divisor, say rl, which is
g—1

different from r. Then A4 = diag(elrl ,1) is an r-regular element whose conjugacy class
is not primary. It follows from the previous argument that no cuspidal character is quasi
r-Steinberg in this case.

Now assume that (¢ — 1) = r”, for some 8 € N. Since » { (g + 1),r is some odd
prime. As (¢ — 1) = 7, no element in C") and C'®) is r-regular. Also, A, is the only
r-regular element whose conjugacy class is of type C®). One can check that no cuspidal
character vanishes on it. Further, since (¢>—1) = r? (?+2), the only irreducible r-regular

B . ..
element of GL(2, q) is of form A5 = diag (egﬁl, € l), where [ is some divisor of (r? +2).
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Fy2
Note that x¢(As) = 0 if and only if "+2

Therefore, even in this case every cuspidal character of is quasi r-Steinberg. g

= 4, which is not possible since r is odd.

Note that it follows from Theorem 49.8 in [2] that the degree of a cuspidal character

n—1

of GL(n,q) is H (¢" — 1). Thus the degree of a cuspidal character of GL(2,q) is (¢ —1).

i=1
Now the above discussion leads to the following:

Remark 3.2. If a cuspidal character of GL(2, q) is quasi r-Steinberg, then its degree
is an r-power.

In the following, we classify the quasi r-Steinberg cuspidal characters of GL(n,q) :

Proof of Theorem 1.2. Let ¢ be a cuspidal character of GL(n,q). Assume that
qg>3.Ifr ¢ (¢—1), then A = diag(es,1,...,1) is an r-regular element of GL(n,q).
Since ¢ vanishes on A, it is not quasi r-Steinberg. On the other hand, when r | (¢ —1),
the following cases arise:

Case I: v { (¢+1). If n > 3, then By = diag(e2™!, 2™V 1,... 1) is an r-regular
element of GL(n,q). Since the conjugacy class [By] is not primary, it follows that ¢ is
not quasi r-Steinberg.

Case II: | (¢ + 1). Since r | (¢ — 1), =2. Assume that (¢ — 1) = 2%+, where

q—1
B >1and (v,2) = 1. If v > 1, then By = diag(efy
conjugacy class is not primary. Therefore, the previous argument implies that ¢ is not
quasi 2-Steinberg.

But if v = 1, then (¢—1) = 2. If 8 = 1, then ¢ = 3. Now for any n > 3, (3" —3"73) =

I 1) is 2-regular and its

0 0 2
3"73(13)(2) is a divisor of |GL(n,3)|. Nowas B3 = | 0 2 1 | isof order 13, the element
2 21

By = diag(Bs,1,...,1) € GL(n,3) is 2-regular. Therefore, for any n > 3, no cuspidal
character of GL(n,3) is quasi 2-Steinberg. When n = 3, the only 2-regular elements of
GL(3,3) are the elements of order 13. Now note that the degree of any cuspidal character
of GL(3,3) is (3—1)(32—1) = 16 and it follows from the character table of GL(3, 3) that
no character of degree 16 vanishes on any element of order 13. Therefore, every cuspidal
character of GL(3,3) is quasi 2-Steinberg.

Further, if 8 > 1, then (¢+1) = 2(2°~141). Observe that for any n > 3, the conjugacy
class of the 2-regular element dz’ag(e;(q_l),egqm_l), 1,...,1) is not primary. Therefore,
even in this case no cuspidal character is quasi r-Steinberg.

Now consider the group GL(n,2), where n > 3. Note that if r # 3, then (¢ + 1) = 3.
Therefore, the argument in Case I provides that no cuspidal character of GL(n,2) is
quasi r-Steinberg. If » = 3, then for any n > 4, By = diag(Es,1,...,1) is a 3-regular
element of GL(n,2). As ¢(B4) = 0, ¢ is not quasi 3-Steinberg. Further, it follows from
the character table that every cuspidal character GL(3,2) is quasi 3-Steinberg. Now the
result follows from Proposition 3.1. g
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4. Quasi Steinberg characters of GL(2,q)

In this section, we obtain a characterization of the nonlinear quasi r-Steinberg charac-
ters of GL(2,q). In this direction, we start with the parabolically induced characters of
GL(2,q). We first make the following remark towards this end:

Remark 4.1. Let n be an odd prime and 7 be a prime divisor of |GL(n, )| different
from p. Assume that r | (¢" — 1), for some 1 < i < n. If 7 is also a divisor of (¢" — 1),
then since ged(¢' —1,¢" — 1) = (¢?°¥™ —1) = (¢ — 1), r | (¢ — 1). Tt further implies

i1 i1 i
(g ) Indeed if r divides (g ), then since gcd(q

q—1 q-1 q
which is not possible.

7n71):17 17
— 4 T

that r ¢t

In the following, we establish a necessary condition for a parabolically induced character
to be quasi r-Steinberg:

Lemma 4.2. Let n be a prime and r(# p) be a prime diwisor of |GL(n,q)|. If a

parabolically induced character v of GL(n,q) is quasi r-Steinberg, then r is the only
-1

prime divisor of M
(¢—1)

n—1
Proof. Assume that n is an odd prime. If r is 2, then since (211)) = Zqﬁ is
q— ’
7=0

n __ 1 n—
odd, r 4 ((ql)) Thus B = diag(e?™!, edld= @ 1(‘1_1)) is an r-regular element of
q—
n—1
GL(n,q). Note that the order Z ¢’ of €2=1 does not divide (¢* — 1), for any 1 <i < n.
§=0

Therefore, e~1 € Frn \F;Z V1< i< mnandso B is an irreducible element of GL(n, q).

Since the conjugacy class of an irreducible element of GL(n,q) intersects Py trivially,
¥(B) = 0. Therefore, ¥ is not quasi r-Steinberg.

n—1

Now consider the case when r is an odd prime. Note that if 7 | (¢+ 1), then r ¢ Z ¢
Thus the previous argument implies that 1) is not quasi r-Steinberg. Now let r { (i]:i 1).
Suppose Ti ¢ = r°k, where (r,k) =1 and 6 > 0 is an integer. If k = 1, then ((qq"_—ll)) is
an r—powgoand our claim is established. On the other hand, if £ > 1, then the order of
€= 655171)#5 is k and so B = diag(e, €9, .. .,eqn_l) is an r-regular element of GL(n,q).

Further, note that B’ is irreducible if and only ifo(e) =k t (¢°—1),forany 1 <i < (n—1).
. 4, (-1 (¢ —1)
since (¢ ~1, 1)
ince (gq ) A
irreducible r-regular element and v vanishes on it. It implies that no parabolically induced
character of GL(n, q) is quasi r-Steinberg in this case.
Finally, we consider the case of n = 2. If » { (¢ + 1), then the element

diag(egq_l), eg(q_l))

. . r.
is not an integer. Thus B is an

) =1, it follows that

is an irreducible r-regular element of GL(2,q) and the previous

https://doi.org/10.1017/50013091524000749 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000749

8 S. Kaur

argument again implies that no parabolically induced character is quasi r-Steinberg.
Further, assume that (¢ + 1) = 7%, where 3 > 1 and (r,7) = 1. If v > 1, then
in the following we prove that there always exists an r-regular element on which v
vanishes:

ert(q—1):Ify | (¢—1), then v =2. Let (¢ — 1) = 2%k, where (2,x) = 1. Then
(@>-1)  alg®-1)

diag(622a+1 , €9 201 ) is an irreducible r-regular element. If v ¥ (¢ — 1), then
@*-1)  alg®-1)
diag(e; 7 ,e, 7 ) is an irreducible r-regular element.

er|(g—1):1Ify| (¢ —1), then v = 2, which is not possible as r=2. Therefore,
vt (¢ —1); and hence s3 is an irreducible r-regular element.

Therefore, v is not quasi r-Steinberg. Further, for vy =1, (¢+1) = 8. Now the result
follows. 0

We now classify the quasi r-Steinberg characters of GL(2, q):

Theorem 4.3. Let ¢ > 3 be a prime power, T be a prime dividing |GL(2,q)| and
X € {X}iQ)?Xk,l |0<k<l<(q-— 2)}'

1. If r = p, then x is quasi p-Steinberg if and only if x is of type X,(f).

2. Ifr # p, then x is quasi r-Steinberg if and only if x is of type xk,; and ¢ = (r‘; —1).

Proof. First assume that r = p. Note that any character of degree ¢ vanishes only

on the elements of the form t, = <(O; 1

) € C?, for some a € F;. Since o(ty) =
o

lem(o(a),p), no element of C?) is p-regular. Therefore, for any 0 < k < (¢ — 2), Xff)
is a quasi p-Steinberg character. Also, a parabolically induced character vanishes on the
irreducible r-regular element F5 and hence is not quasi p-Steinberg.

Further, let r # p. In this case, ¢; is an r-regular element of GL(2,q). Since X,(f)
vanishes on ¢, it is not quasi r-Steinberg. Now we study when a parabolically induced
character of GL(2, q) is quasi r-Steinberg. In this direction, a necessary condition provided
by Lemma 4.2 is that (¢ + 1) = 7, for some 8 € N.

Let xx,; be a parabolically induced character, where 0 < k < 1 < (¢ — 2). It follows
from the character table that it takes 0 value only on the elements whose conjugacy class
is of type C® or CW. Observe that if r is some odd prime, then r t (¢ —1). Indeed, if
| (¢g—1), then r = 2, which is not the case. Now since (¢>—1) = (¢—1)r?, it follows that
no irreducible element of GL(2, q) is r-regular. Therefore, the elements whose conjugacy
class is of type C™ are not r-regular.

Further, let V' = diag(a, 8) has conjugacy class of type C®). Then ., (V) = ak Bl +
&'B* = 0 if and only if F; contains the primitive second root of unity. Since r being odd
implies ¢ is even, this is also not the case. Therefore, x}; is quasi r-Steinberg.

Now if (¢ +1) = 2°, then (¢ — 1) = 2(2°~! — 1). Note that § = 2 implies ¢ =3. Since
there is no 2-regular element in C® and C'®, the parabolically induced characters of
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GL(2,3) are quasi 2-Steinberg. Further, if § > 3, then there is no 2-regular element in
C™. On the other hand, assume that the conjugacy class of W = diag(e;t, €72), for
some 0 < 51 < s9 < (¢ — 2), is of type C®). Then Xe (W) = @ S1Fts2l 4 g siltsak —

if and only if (s2 — s1)(I — k) = (-1

s1 and sg exists if (I — k) is invertible in Z,_;. Further, note that for any 1 < i <

, -1 -1 -1

2, o(e]) = -1 and so o(W) = lcm((q ), (g )) Since s and sg have different
i S1 S9

parity, 2 divides o(W). Therefore, W is not a 2-regular element. Thus an element of C ®)

on which x,; vanishes, is not 2-regular. It implies that if (I — k) is invertible in Z4_1,

then xy,; is quasi 2-Steinberg. On the other hand, if (I — k) is not invertible in Z,_4,

. Observe that a pair of such distinct elements

then there does not exist any element in C® on which Xk, vanishes. Now the result
follows. 0

5. Quasi Steinberg characters of GL(3,q)

In this section, we classify the quasi r-Steinberg characters of GL(3, q). Since the discus-
sion on the cuspidal characters has been done in § 3, we now continue the study for the
remaining nonlinear characters of GL(3, q):

Theorem 5.1. Let us denote by S the set constituted by all the irreducible characters
of GL(3,q) except the linear and cuspidal ones. If r = p, then the only characters in S

that are quasi p-Steinberg are of type 6,23). If r # p, then we have the following:

1. If q is even, then the characters of type 0,(:71[) are quasi r-Steinberg if and only if
(1+q+ ¢?) is an r-power.

2. If q is odd, then the characters of type 9,(:2 are quasi r-Steinberg if and only if (I —k)
is not invertible in Z,—1, (1 4+ q+ q*) is an r-power and 31 (g — 1).

3. The characters of type 0;71) are quasi r-Steinberg if and only if r="7 and g=2.

Proof. Case I: r=p. Note that B = diag(FE2,1) is an r-regular element and its
conjugacy class is of type T(7). It follows from the character table of GL(3,q) that any

character of type 922) vanishes on B. Therefore, it is not quasi p-Steinberg. Now note
that a character of type 9,23) takes 0 value only on the conjugacy classes of type 7? 7®)

and 7). Since there are no p-regular elements in these classes, 0,23) is quasi p-Steinberg.
Further, any parabolically induced character is not quasi p-Steinberg as it vanishes on
the irreducible r-regular element FE),.

1 1 0
Case II: r# p. Consider the element C' = | 0 1 1 |. Since its order is p, it is r-
0 0 1

regular and its conjugacy class is of type T(®. Since the characters 9122)79123) and 9,(65)
vanish on T3, they are not quasi r-Steinberg. Now we study the parabolically induced

characters 0,(3[) , 0,(52)7” and Ht(?.
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Observe that if r | (¢ + 1), then r { (¢> + ¢+ 1). Thus it follows from Lemma 4.2 that
no parabolically induced character is quasi r-Steinberg. g

Remark 5.2. For an odd prime n, if a parabolically induced character of GL(n, q) is
quasi r-Steinberg, then r 1 (¢ + 1).

Therefore, in the following, we assume that r does not divide (¢ + 1) :

The characters of type 9,(661) mt

Note that the order of the element D; = diag(ey (a=1) Q(q_l), 1) is (¢ + 1). Since r {

(¢g+1), D, is an r-regular element. It follows from the Character table that any character

of type 9,&62 ., vanishes on D; and hence is not quasi r-Steinberg.

The following lemma gives a necessary condition for a parabolically induced character
of GL(3,q) to be quasi r-Steinberg:

Lemma 5.3. Let ¢ > 3. If a parabolically induced character of GL(3,q) is quasi r-
Steinberg, then r t (¢ —1).

Proof. On contrary, assume that ¢ = (1 +rm), for some m € N. Then (14 ¢+ ¢*) =
(34 3rm +72m?). Clearly, if r is different from 3, then r { (1 + ¢+ ¢?). Further, if r = 3,
then (1 + ¢+ ¢2) = 3(1 + 3(m + m?)), which is not a 3-power. In either case, we get a
contradiction to Lemma 4.2. g

In other words, if (1 + ¢ + ¢*) is an r-power, then r { (¢ —1). Also if 7 { (¢ — 1),
then since we have already observed that r { (¢+ 1), it implies that r { (¢* — 1) as well.
With this note, we now continue our investigation:

The characters of type 9,(642 :

It follows from the character table that the classes on which a character of type Hk ; can

vanish are of type T®) or T(®). Therefore, if the value of 9,& ; on every r-regular element
from these conjugacy classes is non-zero, then it follows from Lemma 4.2 that it is quasi
r-Steinberg if and only if (1 + g + ¢*) is an r-power.

Let A p and B, g be some elements of GL(3,q) whose conjugacy class is of type

Ij(5i afnd TA(‘“’)A7 {espe(ftiAve}y. Note that 9,(;11) (A 5) = (a* 13 4+ B2ak) and 9,&?(3%5,” =
akBiyt + ol Bkl + ol Blyk. Therefore, if Hk’l vanishes on some conjugacy class of type

T®) or T, then F; contains a primitive second or third root of unity, respectively.
Now the following corollary to Lemma 4.2 classifies the quasi r-Steinberg characters

of type 0,(:,12 of GL(3,q) for even g:

Corollary 5.4. Let q be even. Then 9,(:’1[) is quasi r-Steinberg character of GL(n,q) if
and only if (14 q + ¢°) is a power of .

Proof. Since ¢ is even, F; does not contain the primitive second root of unity and

hence 9,(:,12 does not vanish on 7). Now we check whether F; contains a primitive third

https://doi.org/10.1017/50013091524000749 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000749

Quasi and weak Steinberg characters 11

root of unity. If ¢ is of the form (3m + 2), then 3 { (¢ — 1). As F; does not have a
primitive third root of unity, it follows that 9,(;11) does not vanish on 7%, Thus it follows
from Lemma 4.2 that 91241) is quasi r-Steinberg if and only if (1 4+ ¢ + ¢°) is a power of .
On the other hand, if ¢ = (3m + 1), then (1 + ¢ + ¢*) = 3(1 + 3m? + 3m) is not a prime
power. So 91241) is not a quasi r-Steinberg character of GL(3, ¢) for such q. g
Ezxample. Since ¢ = 8 is of the form (3m +2) and (14 q + ¢*) = 73 is a prime, any
character of type 9,(;11) is a quasi 73-Steinberg character of GL(3,8).

Let us now consider the case when ¢ is odd. It follows from Lemma 5.3 that if 0,(;11) is
quasi r-Steinberg, then r» { (¢ — 1). Therefore, the elements in the conjugacy classes of
type T(4),T(5),T(6) and T(7) are r-regular.

If = ¢! and B = €;% are some elements of Fj« with 1 < 51 < 52 < (¢ — 1),
then 9,(641) (Anp) = e 1ktDFsal o g Gsiltsak) " herefore, 9,&41)(14&15) = 0 if and only if

(51 — SQ)(k — l) = @

is not invertible in Z,_;, then 91(:15) does not vanish on any element whose conjugacy
class is of type T®). On the other hand, if (k —I,q — 1) = 1, then for the choice of

/1 q—1 (4) _
= (gl ) ) =0

Here note that if 9,(;11) is quasi r-Steinberg, then 3 t (¢—1). Indeed if 3 | (¢—1), then
it follows from a similar discussion as in Corollary 5.4 that (1+¢+ q2) is not an r-power.

. It further implies that if ¥ and [ are such that (k — 1)

Thus we obtain the following necessary conditions for 0,242 to be quasi r-Steinberg;:

Corollary 5.5. Let q be odd. If a character of type 9,241) is quasi r-Steinberg character

of GL(3,q), then r is the only prime divisor of (1 + q + ¢*), (I — k) is not invertible in
Zg—1 and 3 1 (¢—1).

Now we obtain the sufficient conditions for a character of type 9,(:711) to be quasi r-
Steinberg. Clearly, if 3 1 (¢ — 1), then 91(;11)(304,6,7) # 0V o, 8,7 € F,. Therefore, the
sufficient conditions for a character 91(;12 to be quasi r-Steinberg are that r is the only
prime divisor of (1 + ¢ + ¢?), (I — k) is not invertible in Z,_; and 3 { (g — 1). It now
establishes the parts (i) and (i) of the Theorem.

We now make a remark about the existence of infinitely many primes ¢ such that
many characters of type 0,(:;) are quasi r-Steinberg characters of GL(3, ¢), for some r. For
instance, in addition to the aforementioned sufficient conditions, let us assume that ¢ is
such that 4 1 (¢ —1). Since ¢ is odd, it implies that 2 is not invertible in Z,_;. Therefore,
as a consequence of the above discussion, we have that whenever k = (1+2), 61(:,11) (Aap) #
0V a8 € F;. This now leads to the following corollary which establishes our
remark:

Corollary 5.6. As per Bunyakouvsky conjecture there exist infinitely many q for which
(14q+¢?) is a prime. Then any such q is of the form ¢ 1 mod 12 and if (1+q+¢*) =
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r(a prime), then the character 9,(:’12, where k = (14 2), is a quasi r-Steinberg character of
GL(3,q).

Proof. Bunyakovsky conjecture predicts that there exist infinitely many ¢ for which
(14 q + ¢*) is a prime. We first note that such a ¢ cannot be of the form (12m + 1).
Indeed, then (1 + q + ¢*) = 3(1 4 12m(1 4 4m)), which cannot be a prime. It implies
that for any ¢ for which (1 + ¢ + ¢?) is a prime, say 7, ¢ Z 1 mod (12). Now it follows
from Corollary 5.5 and the discussion following it, that for any such g, Hl(i)z’l is a quasi
r-Steinberg character of GL(3, q). O

The characters of type Ot(;):

It follows from character table that Ht(;) vanishes on all the conjugacy classes of type T7®
and T®. Now we study the values of Ht(? on the conjugacy classes of type T(7). Note
that for E; ., = diag(F;, o), where F; = diag(ey, €¥') is an irreducible in GL(2, q), [Ei.o] is

of type T7). Here Gg?(Eza) = dt(ég” + ezlqi). If 9;? vanishes on F; ,, then F;Q contains

the primitive second root of unity. Note that if 9;3) is quasi r-Steinberg, then r { (¢ —1)
(see Lemma 5.3). Now the further discussion is as follows:

e q > 4: Let o, 3,7 be distinct elements in F. Now since 9,(:2 vanishes on the
r-regular element By = diag(c, 8,7), it is not quasi r-Steinberg.

e q = 2: Note that (14+¢+¢®) = 7. Since (¢g—1) = 1, there is no element in 7®); and
as F; does not contain the primitive second root of unity, 9;71) does not vanish
on T7) either. Since there does not exist any irreducible 7-regular element in

GL(3,2), it follows that Hé? is a quasi 7-Steinberg character of GL(3,2). Further,

if r is some prime different from 7, then it follows from Lemma 4.2 that 9;7[) is
not quasi r-Steinberg.

e q = 3: In this case, (1 + ¢+ ¢?) = 13. Note that the element Es; = diag(Fi,1),
where Fy = diag(e3,€5), is a 13-regular element whose class is of type T(7). Since

Ht(? vanishes on FEj 1, it is not quasi 13-Steinberg. Now one can conclude from

Lemma 4.2 that 9;71) is not a quasi r-Steinberg character of GL(3,3), for any r.

6. Weak Steinberg characters of general linear groups

In this section, we classify the weak r-Steinberg characters of GL(n, q). Towards this end,
we first make the following remark:

Remark 6.1. If y is a weak r-Steinberg character of GL(n,q), then r { (¢ — 1).
Indeed if r | (¢ — 1), then the central elements al,,, where 1 # a € F, are r-singular.
It implies that x(«l,) = 0, which is a contradiction.
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Recall that by definition, a weak r-Steinberg character is quasi r-Steinberg. In the
following, we first determine which quasi r-Steinberg characters of GL(2, ) and GL(3, q)
are weak r-Steinberg:

Lemma 6.2. Let g > 3 be a prime power. Then a nonlinear quasi r-Steinberg character
X of GL(2,q) is weak r-Steinberg if and only if one of the following holds:

1. x is of type X;(f) and r = p.

2. x is a parabolically induced character and (q+1) is an r-power, for some odd prime 7.

Proof. Note that |Syl,(GL(2,q))| = ¢. If r = p, then the characters of type X;(f)
are weak p-Steinberg as their degree is ¢ and they vanish on all p-singular elements of
GL(2,q). Now we consider the case when r is some prime other than p. In this direction,
first recall that a cuspidal character of GL(2, q) is quasi r-Steinberg if and only if (¢—1) =
P, Since |GL(2,q)| = q(q — 1)% (¢ + 1), |Syl-(GL(2,q))| > (¢ — 1)°. Since the degree of a
cuspidal character is (¢ — 1), it is not weak r-Steinberg.

Further, note that it follows from Theorem 4.3 that a parabolically induced character
Xk, is quasi r-Steinberg if and onmly if its degree, (¢ + 1), is an r-power. If r = 2,
then (¢ — 1) is also divisible by 2 and hence xi,(1) # |Syl-(GL(2,q))|- On the other
hand, if 7 # 2, then ¢ is even and xx(1) = |Syl,(GL(2,¢))|. Since there does not exist
any r-singular element in C(M,C(?) and C®), Xk, is r-vanishing too. Hence the result
follows. O

Lemma 6.3. A cuspidal character of GL(3,q) is weak r-Steinberg if and only if ¢=2
and r=3. Otherwise, an irreducible nonlinear character of GL(3,q) is weak r-Steinberg
if and only if it is quasi r-Steinberg.

Proof. Since the degree of a cuspidal character is (¢ — 1)(¢> — 1), it follows from
Theorem 1.2 that a quasi r-Steinberg cuspidal character of GL(3,¢q) has a prime power
degree if and only if (¢,r) € {(3,2),(2,3)}. If ¢ = 3, then since 2 | (3 —1), it follows from
Remark 6.1 that no cuspidal character of GL(3, 3) is weak 2-Steinberg. Further, if ¢ = 2,
then the degree of a cuspidal character of GL(3,2) is 4 which is |Syls(GL(3,2))|. Now
since any cuspidal character of GL(3,2) is 3-vanishing, it is weak 3-Steinberg. Hence the
first part of result is established.

Observe that the degree of a character of type 9,&2) is not a prime power and that any

character of type 91(;’) is weak r-Steinberg if and only if » = p. Recall that if a parabolically
induced character of GL(3,q) is quasi r-Steinberg, then (1 + ¢ + ¢?) is an r-power. It
follows that r # p.

Assume that the integers k,[ and ¢ are such that the characters 0,(;1[) and Gt(;) are quasi
r-Steinberg (c.f. Theorem 5.1). Since they satisfy the degree condition, we check whether
they are r-vanishing or not. It follows from Lemma 5.3 that » { (¢ — 1) and hence no
element in the classes of type {7 | 1 < i < 6} is r-singular. Further, if r | (¢+1), then no
parabolically induced character of GL(3, q) is quasi r-Steinberg. Therefore, r 1 (¢> —1).
It implies that no element in any class of type T is r-singular. Moreover, as r is a
divisor of GL(3, q), it follows that r | (¢ — 1). Hence GL(3, ) has irreducible r-singular
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elements. Since HI(C ; and 0" i ) vanish on them, they are r-vanishing. Therefore, the quasi
r-Steinberg parabolically mduced characters of GL(3, q) are weak r-Steinberg. O

Now we characterize the weak r-Steinberg characters of GL(n, q). Recall that an irre-
ducible character x of GL(n,q) is of the form (g7 gy ...g,*), where for any 1 <i < k,
k

the degree of the simplex g; is d; and dei = n (see [6]). Further, it follows from [4]
i=1
that if the degree of x is some prime power, then

Yn(q)
Uy (1) g (q92) . . 4, (q%)

x(1) = (6.1)

xT
where ¥, (¢¥) = H(qiy —1). Now we state the Zsigmondy’s theorem (see Theorem 3 in
i=1
[14]), which is crucial to the upcoming discussion.
Let a and [ be integers greater than 1. Then there exists a prime divisor s of (a' — 1)
such that s 1 (a¥ — 1) V 0 < k <, except exactly in the following cases:

= (2" — 1), where t > 2.

We are now in a position to classify the weak r-Steinberg characters of GL(n,q) :

Proof of Theorem 1.2: Let x be a weak r-Steinberg character of GL(n,q). Since
r#p, x(1)=(¢" —1)(¢""* —1)...(¢ — 1)|,. The following cases arise:

Case I: r { (¢" — 1). By Zsigmondy’s theorem there exists a prime divisor s of (¢" —1)
such that s 1 (¢"™ — 1) ¥V m < n; except for (n,q) = (2,2 — 1) and (6,2). Clearly, s is
different from r. Since x(1) is an r-power and s | (¢" — 1), it follows from (6.1) that there
exists some 1 < j < k such that s | wnj (qdj). Without loss of generality, assume that
j =1. Since s is a prime, s divides (¢°1 —1) for some 1 <i < ny. Ass { (¢"—1)Vm < n,
it implies that id; > (n—1). Thus nyd; = n. Also note that d; = 1 implies that x(1) = 1.
So d1 > 2.

If n = 2, then 7 | (¢* — 1). But since 7 { (¢" — 1), it follows that n > 3. First assume
that n=3. If 7 { (¢> — 1), then it follows from Lemma 4.2 that y is not a parabolically
induced character. Also, Lemma 6.3 implies that the cuspidal characters of GL(3,2) are
weak r-Steinberg if and only if » =3. Further, note that it follows from Equation (6.2)
that the only choice of (n, ¢) for which x(1) is a prime power is (4,2). The only character
in the character table of GL(4,2) whose degree is a prime power is the character of degree
7. But this character is not quasi 7-Steinberg.

If (n,q) = (2,2" — 1), it follows from Lemma 6.2 that x is not weak r-Steinberg.
Now assume that (n,q) = (6,2). Since GL(6,2) is a quasi-simple group, it follows from
Theorem 1.2 in [10] that GL(6,2) does not have any character whose degree is a prime
power.

Case IT: 7 | (¢" —1). Since r { (¢ — 1), we have that r { (¢"~* — 1). In this case, the
previous argument for a = ¢ and | = (n—1) yields that £ =2 and g¢; is a simplex of degree
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dy with nid; = (n — 1), where ¢ and n are such that (¢,n — 1) ¢ {(2" —1,2),(2,6)}.
Clearly, the degree of g5 is 1 and hence the degree of x is

(" —1(¢" ' =1)...(¢—1)
(¢ = 1)(¢* —=1)... (g1 —1)(g - 1)

If n = 2, then the degree of x, x(1) = (¢ + 1). It follows from Lemma 6.2 that x is
weak 7-Steinberg if and only if (¢ + 1) = r?, for an odd prime r. Further, if n = 3, then
we have the following:

= (" =" =1)...(¢" "t —1). (62)

1. If dy =1, then x(1) = (q2 +q+1);
2. If dy = 2, then x(1) = (¢* — 1).

Now Lemma 6.3 gives the conditions under which the characters of these degrees are
weak r-Steinberg. Finally, assume that n > 4. If d; > 2, then both (¢" —1) and (¢" 2 —1)
occur as divisors of x (1) and hence are r-powers. This contradicts the fact that r { (¢—1).
Therefore, d; = 1 and hence x = (¢7" 'g) has degree x(1) = €~
q—

1
T Since

x(1) =(¢g" = 1)(¢" " = 1) (g — D),

it further implies that r 1 (¢° — 1), forany 1 <i < (n — 1).

Note that if n > 4 is an even integer, then diag(Es, Es, ..., Es) ¢ P,_1 1. Further, if
n > 5 is an odd integer, then diag(Fs, Ea, ..., Es) intersects P,_; 1 trivially. Since in
either case x vanishes on some r-regular element, it is not weak r-Steinberg.

Now if (n — 1,q) = (2,2" — 1), then n=3. The weak Steinberg characters of GL(3,q)
have been classified in Lemma 6.3. If (n—1, ¢) = (6,2), then since  is a divisor of (27 —1),
r = 127. Now note that it follows from the character table that GL(7,2) does not have
a character of degree 127. Now the result follows. 0
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Appendix

In the following, we give the character tables of GL(2,q) and GL(3, ¢). Note that in these

tables,

Class and Rep denote the type and the representative of conjugacy class.

Table A1. Character table of GL(2,q).

Class c® c® c®) c®
Rep a 0 a 1 a 0 0 1

0 « 0 « 0 8 7yq4r1 Y+ y1
X/(cl) &2k &2k AkBk gk(q-‘rl)
X;(f) q&Qk 0 @kBk 7:gk(q+1)
Xkl (q + 1) OA[k‘H OAékH*l dkﬁl + AlBk 0
Xt (¢ — 1)a* —a" 0 —(g* + ")
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where in this table:
e a, € Fy such that a # j3.
e ycrky \ Fy;y? is excluded whenever y is included.
Table A2. Character table of GL(3,q).
Class 7 72 T7®)
a 0 0 a 1 0 a 1 0
Rep 0 a O 0 a O 0 a 1
0 0 « 0 0 « 0 0 «
0,21) a3k 53k ~ 3k
0,7 (¢ +q)a’" g6k 0
9](63) Pa 0 0
9](;11) (q2 Tq+ 1)dk+2l (qu 1)6/”2[ G2l
91(5)1) q(q2 +q+ 1)dk+2l qdk+2l 0
el(ct}il)’m (q+ 1)(q2 +q+ 1)&k+l+m (2q+ l)dk+l+m Glti+m
Ht(? (¢> —1)art! Py gkt
0y (q—1)*(g+1)a" —(q—1)a* ok
Class 7® 7®)
a 0 0 a 1 0
Rep 0 a O 0 a O
0 0 g 0 0 g
9](;) koBk d2kBk
0}(€2) (q+ l)deBk &2klék
9](63) qd2k6k 0
o) (q+ 1)aF+1pl + a¥ g aF Bl 4 a2k
91(951) (¢ + 1)&k+l6l +qd218k dkHBl
I(fl),m (q + 1)(&k+13m + @k+mBl + @erlBlc) @kHBm + OA[kerBl + OAzmHBk
gt(;) (q_l)dlék _Al/@k
% 0
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18 S. Kaur
Type T
a 0 0
Rep 0 B O
0 0 v
e ak Bk
9](62) 26k BRAk
9}(€3) dk:Blc;yk
9](:’1[) aFBIA + aLBRAL + alBiak
91(:)5) aFBIA 4 aLBRAL 4 Gl Biak
O KB + B + G (B15F + B + 6! (B + Bmat)
0,7
65" 0
Class T T®
1 0 0 1
Rep —z? gz +a29) 0 0 0
0 ! sltatd® —s(s9 + sq2) N N R
9](€1) GRak(at) gh(+a+a®)
6 0 _gk(+a+d?)
9](5) _ &k gk(a+1) §k(1+q+q2)
o) ak gttt 0
o)) — @kl 0
- 0 0
0,7 —ak (3 + 27 0
6% 0 & 4 ka4 gha”

where in this table:

e a,f,v € I such that a # 8 # v # a.
s rekFp \ Fy; x4 is excluded whenever z is included.

2 ..
e scF ] \ Fy;57 and s7 are excluded whenever s is included.
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