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Some inequalities in

trigonometric approximation

Chin-Hung Ching and Charles K. Chui

For a nonconstant L (-IT, TT) function f , we prove that

I <-ofzi7J / ] < \\oJf)-fUo < -z ">J-£r-> A m d t h a t the i n e i u a l -

ities are sharp.

Let 6 (/) be the n-th par t ia l sum and °J.f) the w-th Cesaro

2 2means of the Fourier series of an L = L (-IT, IT) function / . Extend

/ periodically to the real l ine and l e t ^{6; f) denote the L integral

modulus of continuity of f . For nonconstant / , Cernyh [7] proved that

(1) I ^ ^ ^

and that the constant 1/*^ cannot be made smaller. In th is note, we show

that Cernyh's proof can be improved to give

2
for a l l nonconstant / € L and a l l n . We also note that the constant

I/IT cannot be made larger , and hence, the inequali t ies in (2) are best

possible. In general, i t i s well-known that hn{f)-f\\ < ^ " p l ^ i / •

However, the best constants C , p # 2 , do not seem to be known to our

knowledge.

Received 11 January 1973-
393

https://doi.org/10.1017/S0004972700042684 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700042684


394 Chin-Hung Ching and Charles K. Chui

To prove t h e i n e q u a l i t i e s i n ( 2 ) , we w r i t e

. I2

and

p
where the a, are the Fourier coefficients of / € L . It can be shown

that

( O 2 | I 2 < V I I 2 - 2 f M

K' £ sup , / lafe' s l n T ;

and following the proof of the theorem in [ 1 ], we have

I \a^\ < sup I 2\a]<\
 sir

for nonconstant / . This gives the second inequality in (2). The other

inequality in (2) also follows, since if f is not constant, then

°-*-»+l

That the constant l/ir cannot be made larger follows simply from the

example f[e ) = e
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