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Some inequalities in

trigonometric approximation

Chin-Hung Ching and Charles K. Chui

For a nonconstant L2(-ﬂ, n) function f , we prove that

1 m _
- w2[n+l, f] o, (£)-1l, 5 [n+1’ ] and that the inequal-

ities are sharp.

Let sn(f) be the #n~th partial sum and on(f) the n-th Cesaro
means of the Fourier series of an L2 = L2(-ﬂ, w) function f . Extend
f periodically to the real line and let w2(6; f) denote the ? integral

modulus of continuity of f . For nonconstant f , Cernyh [7] proved that
i
(1) o (P=Fly < = vy o 7]

and that the constant 1//5 cannot be made smaller. In this note, we show
that Cernyh's proof can be improved to give

1 T 1 T
(2) P wz[m; f] < o, (-1, < 72_ we[ﬁ; f)

for all nonconstant f € L2 and a1l 7 . We also note that the constant
1/7 cannot be made larger, and hence, the inequalities in (2) are best
possible. In general, it is well-known that ”0 (N f” p p[n+l’ fJ
However, the best constants C_, p # 2 , do not seem to be known to our

p
knowledge.
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To prove the inequalities in (2), we write

llo, (£)-7lI5 = lk%Sn [;%ileaklz + |k§>n Iak|2

and
2{ m t
w2[2:f; fj = sup Ny Z h|ak| sin LEJ .
™ =—C0
<
osey
where the a, are the Fourier coefficients of f € L2 . It can be shown
that
2
) ad? = w1 et
Er e |x|<n+1 2
) osty

and following the proof of the theorem in [1], we have

. 2kt
) lak|2 sup ) 2|ak|251nefaq
|k|>n+1 o< [k|>n+1
n+l

for nonconstant f . This gives the second inequality in (2). The other

inequality in (2) also follows, since if f is not constant, then

2[ m ] 2 . 2kt 2
wol—=; fi| = sup 4|a, |%sin [——J + b % la, |
2|n+l lk§<n k 2 Ik >n k

osty
2
2 [k] la, |2 2
< = la | + L la, |
lk%in n+l k Ik%m k
=

llo, (£)-13

That the constant 1/m cannot be made larger follows simply from the

‘l:t) - eit

example f(e
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