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Classification of AF Flows

Andrew J. Dean

Abstract. An AF flow is a one-parameter automorphism group of an AF C*-algebra A such that there
exists an increasing sequence of invariant finite dimensional sub-C* -algebras whose union is dense in
A. In this paper, a classification of C*-dynamical systems of this form up to equivariant isomorphism
is presented. Two pictures of the actions are given, one in terms of a modified Bratteli diagram/path-
space construction, and one in terms of a modified Ky functor.

1 Introduction

In this paper we shall discuss C*-dynamical systems of the following form: We have a
C*-algebra which is given as an inductive limit of a sequence of nice building blocks,
and the group acts on each of these in such a way as to make the maps in the inductive
system equivariant and result in an action on the limit algebra.

In the case that the group is compact there is already a long list of classification
results for actions of this type. In [8] and [9], Handelman and Rossmann classified
actions of a compact group on an AF algebra which left invariant an increasing se-
quence of finite dimensional subalgebras with dense union for which the action of
the group on each of the finite dimensional algebras was by inner automorphisms as-
sumed to arise from a unitary representation of the group. Such actions they referred
to as locally representable. In [10] Kishimoto considered actions of finite groups on
inductive limit algebras with more complicated building blocks (circles), and in [2]
this study was extended to still more complicated inductive systems and to general
compact groups. In both of these cases it was assumed that the action still satisfied
a local representability condition, namely that the group acted by inner automor-
phisms on the building blocks, again, arising from a unitary representation. In the
case where the group was just Z/27 and the building blocks finite dimensional, this
local representability hypothesis was removed in [6].

The story for inductive limit actions of the reals is at a much earlier chapter. In
[3] an invariant was introduced which classified product type actions of the reals on
UHF algebras. The invariant bore some resemblance to the supernatural numbers
introduced by Glimm to classify these algebras. In this paper we shall classify AF
flows. We shall present two pictures of them, one based on a generalisation of the
Bratteli diagrams of [1], and the other based on an analogue of the dimension groups
of [4].
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2 Coloured Bratteli Diagrams

Definition 2.1 We begin with some definitions and conventions. All of our C*-
algebras will be unital, but we do not assume that all *-homomorphisms preserve
the units. Let A be a C*-algebra with an action « of the reals on it. Suppose that
there exists an increasing sequence {A,} of finite dimensional sub-C*-algebras of A
such that each A, is invariant under the action and ¥ = J~, A, is norm dense
in A. Then the C*-dynamical system (A, o) will be referred to as an AF flow. The
dense *-subalgebra A along with the action «|y will be referred to as a locally finite
*-dynamical system, and we shall use the term *-dynamical system to refer to either a
C*-dynamical system or a locally finite *-dynamical system.

Let (A, ) be a C*-dynamical system with A a full matrix algebra. Then by Propo-
sition 2.5.5 of [11] there exists a positive operator & € A such that the generator of o
is the derivation d(x) = i[h, x]. Clearly any two positive operators with this property
differ by a scalar multiple of the identity. We shall refer to the unique such positive
operator having smallest eigenvalue zero as the minimal positive Hamiltonian of the
action.

In this section, we shall give a diagrammatic way to classify locally finite *-dynam-
ical systems. Our first step is the following theorem describing the injective, unital,
equivariant *-homomorphisms from one finite dimensional C*-dynamical system to
another.

Theorem 2.2 (Finite Dimensional Embeddings) Let (A, ) and (B, 3) be two C*-
dynamical systems with A finite dimensional and B a full matrix algebra. Let): A — B
be an injective unital equivariant *-homomorphism. Let A, . . ., A, denote the minimal
direct summands of A, and let hy, . .., h, denote the minimal positive Hamiltonians of
(A1, ala,), ..o (A, ala,) respectively. Let Fy = {f,..., fl }, ... Fa = {f", .., f'}
be the eigenvalue lists, with multiplicities, of hy, ..., h, respectively, and, for each k,
let {ei‘(j}lgi,jglk be a system of matrix units for Ay consisting of eigenoperators for the
action « such that the eigenvalue for efj is fik — fjk. Suppose that the multiplicities of

the embeddings under 1) are my, ..., m, for Ay, ..., A, respectively. Let hg denote the
minimal positive Hamiltonian for (B, 3). Then there exist real numbers cy, . . ., ¢, sets
of real numbers Sy = {s},...,s),, },..., Sy = {s{, ..., sy } with S| = my for each k,

and a system of matrix units { fy } for B consisting of eigenoperators for 3 such that

mp—1

ky
Vlej) = Z A b+l Lamarit )
r=0
and the eigenvalue of fy is
(Cw(s) + 0 +fW(S) ) ) _ (Cw(t) + 0 ) +fW(t)

S _ S i _ )
L5220 T s =g | 22 1520 ) T et L5221 )

where w(s) is the smallest integer k such that Zle IL.m, >s.
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Proof Assume the notation in the statement of the theorem. Let Cy, ..., C, denote
W(14,)BY(14,), ..., 9¥(14,)BY(1,,) respectively. Then, for each k, Cy = ¥(Ax) ®
(w(Ak)’ NncC k) , and the action (3 restricts to an action on Cy that respects this ten-
sor product decomposition. Let g; denote the minimal positive Hamiltonian of the
action on (z/J(Ak)’ N Ck) =~ M,,, and let Sy = {5\, ... ,sﬁu} be its eigenvalue list.
Let {uij}1<i,j<m, be a system of matrix units for ¢»(Ax)" N Ci consisting of eigenop-
erators such that g = skuyy + -+ + 5§, 4, Then the set { (v(eij)) @ uop | 1 <
i,j <Ihl<op< mk} is a basis for Cy consisting of eigenoperators. Order the
projections ¥ (e;;) ® u,, lexicographically, first by the e numbers, then the # numbers.

Next, we choose an ordering to place the blocks Cy down the diagonal of B so
that filling out the systems of matrix units we already have for the Cj to a system of
matrix units consisting of eigenoperators for all of B will result in a system satisfying
the requirements of the theorem. For each k, let p; be a minimal projection of Cy that
is a sub-projection of the spectral projection of hy ® 1 + 1 ® g with eigenvalue zero.
Since the pgs are also minimal projections of B, they are all Murray-von Neumann
equivalent. Let vj; be a partial isometry such that VikVik = Pk and VikVik = Pje Then
since the range and support projections of v are in the fixed point subalgebra and
are orthogonal, vj; is an eigenoperator. Let ¢, denote the largest positive eigenvalue
of any of the vjis, say ¢, is the eigenvalue of v,. Let ¢; = 0. Place Cy first in the upper
left corner of B, C,, last in the lower right corner, and the other Cys down the diagonal
in increasing order as the eigenvalue of v.. These eigenvalues give us the other ¢s.
With this ordering on the projections ¥(eX) ® uf,, we may now use the viks to fill out
the matrix units already found for the Cys to a system { f;; } of matrix units for B that
is easily seen to satisfy the requirements of the theorem.

Perhaps the best way to picture this result is in terms of a path space construction
using a Bratteli diagram with labelled edges, as follows (¢f. [7], Chapter 2, for a
discussion of the path space construction). First consider the Bratteli diagram for a
single full matrix algebra of size n x n:

il

We have n edges, which we may use to index a system of matrix units. Each edge
gives a projection in this system. Now suppose the minimal positive Hamiltonian of
an action is diagonal with respect to this system of matrix units. Label each edge by
the corresponding eigenvalue of the Hamiltonian:

/TR

a b ¢ d
N

We may think of a matrix unit as a loop, starting at the top, going down to the
lower dot, and then back up. These matrix units are all eigenoperators for the action,
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and the eigenvalue is given by taking the value on the down edge and subtracting the
value on the up edge.

Next, consider the two step diagram, consisting of the labelled Bratteli diagrams
for each of the minimal direct summands of A and the multiplicity diagram for the

embedding of A into B:
[ ]
IR
F. F, F3 F
./ [ ] \.\ [ ]
ca+ Nl‘is//cﬁgs/&l + 84
[ ]
We use the label F; to mean that there are really ; edges with labels ff, ..., fkkk ,
and the label ¢; + Sk to mean that there are really m; edges which we label with the
numbers ¢ + 55, ..., o + s],;k. Now we get a system of matrix units for B indexed by

two edge paths from the top dot to the bottom dot, and we again think of our matrix
units as loops formed by a pair of such paths. If we suppose that the minimal positive
Hamiltonian of B is diagonal with respect to these matrix units, we have that the
matrix units are eigenoperators and the eigenvalue of one of them is given by adding
up the labels going down and subtracting the labels going back up.

The embedding of A into B is given by the usual relations in the path space con-
struction, i.e., a loop with bottom in the middle row is set equal to the sum of the
loops obtained from it by appending the same edge down to the bottom row to both
the down and up sides of the loop. As the labels for these extra edges cancel, we see
that this indeed gives an equivariant embedding.

With this picture, the theorem above can be thought of as just a careful numbering
of the edges and paths. Clearly one may extend this to the case where B has several
direct summands, with the partial maps not necessarily all being injective.

Considering now the case of a sequence of embeddings of finite dimensional C*-
dynamical systems giving rise to a locally finite *-dynamical system we are led to the
following modification of the definition of a Bratteli diagram.

Definition 2.3 (Coloured Bratteli Diagrams) A coloured Bratteli diagram consists of
aset V of vertices indexed by a subset of the pairs of positive integers, a set E of edges,
apairof mapsr: E — V ands: E — V, called the range and source maps, and a map
c: E — R+, which we shall call the colour of an edge, satisfying the following axioms:

(1) For each positive integer n, the set of vertices with first coordinate 7 is finite and
non-empty, and there is exactly one vertex with first coordinate zero.

(2) Ifxis an edge and s(x) = v(m, n) and r(x) = v(u, w), then u = m + 1.

(3) For each v(m, n) with m > 1, there exists an edge x such that r(x) = v(m, n) and
c(x) = 0.
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(4) For each vertex v, the set of edges x such that r(x) = v is finite, as is the set of edges
y such that s(y) = v.

A “black” Bratteli diagram A “coloured” Bratteli diagram

Coloured Bratteli Diagrams

Remark 2.4 (Observations on Coloured Bratteli Diagrams) We note a few facts
about these coloured diagrams.

(1) Given an inductive system of finite dimensional C*-dynamical systems with unital
injective maps there is a unique (up to isomorphism) coloured Bratteli diagram
determined by the system, the diagram being determined by the multiplicities
alone and the colours given by the theorem above.

(2) Given a coloured diagram, the path space construction, with our convention for
assigning eigenvalues from the labels on the edges, gives us an inductive system of
finite dimensional C*-dynamical systems having the given coloured diagram.

(3) Iftwo inductive systems of finite dimensional C*-dynamical systems yield isomor-
phic coloured diagrams, then the locally finite *-dynamical systems they give rise
to are isomorphic.

Let (C, ) C (A1, 1) € (Ay, ) C - -+ be an inductive system of finite dimen-
sional C*-dynamical systems giving rise to a locally finite *-dynamical system (2, ),
and let {my} be a strictly increasing sequence of positive integers. Then, clearly, the
inductive system (A, , @m,) € (Am,, Qm,) C --- also defines the *-dynamical sys-
tem (2, o). Considering this process of “passing to subsequences” in an inductive
system leads one to a corresponding relation between coloured Bratteli diagrams. To
describe it, it will be useful to make a few more definitions. If D is a coloured Bratteli
diagram, a path in D is a finite sequence of edges such that the range of one edge is
the source of the next. We shall say that the source of the first edge is the source of
the path, and the range of the last edge is the range of the path. We define the colour
of a path to be the sum of the colours of its edges.

Definition 2.5 (Contractions of Coloured Diagrams) Let D1 = (E;,Vy,s1,71,¢1)
and D, = (E;,V,, s, 12, ) be two coloured Bratteli diagrams. We say that D, is a
contraction of Dy if there are two maps, ¥: V, — V; and ¢ mapping a subset of the
set of paths in D; to E, with the following properties:

(1) The unique element of V, with first coordinate zero is mapped by ¢ to the unique
element of V; with first coordinate zero.
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(2) There exists an increasing sequence 0 < n; < #,,... of integers such that the
subset of V, consisting of those elements with first coordinate k is mapped bijec-
tively onto the subset of V; consisting of those elements with first coordinate 7.
A path p in D is in the domain of ¢ if and only if there is an integer k such that
the source of p has first coordinate n; and the range of p has first coordinate #y.;.

(3) For any two vertices v and w in V, with the first coordinate of w one greater than
the first coordinate of v, the set of paths from ¢ (v) to 1(w) in D; is mapped
bijectively by ¢ onto the set of edges from v to w.

(4) For any path p in the domain of ¢, c(ap(p)) = c(p).

The following picture illustrates this definition on a finite piece of a coloured Brat-
teli diagram. The one step diagram on the right is a contraction of the two step one
on the left.

AN

. . e  contracts to

b+f ate| |c+i b+g b+h

Theorem 2.6 Let (U, o) and (B, 3) be locally finite *-dynamical systems with coloured
Bratteli diagrams D, and D, respectively. Then (U, o) = (B, B) if and only if there exist
coloured Bratteli diagrams Dy, D}, and D5 such that Dy is a contraction of Dy, Dj is a
contraction of D,, and D{ and D} are both contractions of Dj.

Proof If we have two coloured Bratteli diagrams, By and B, such that B, is a contrac-
tion of Bj, then the inductive system described by B, is isomorphic to one that arises
from the system defined by B, by passing to subsequences, so sufficiency is clear. We
now establish necessity. If (U, o) and (B, B) are locally finite *-dynamical systems,
A =7, A B = U2, By where {A,} and {B,} are increasing sequences of in-
variant finite dimensional C*-algebras each containing the unit of 2, B respectively,
and¢: W — Band p: B — Wis a pair of inverse equivariant *-isomorphisms, then
we may, after passing to subsequences, pull ¢ and ¢ back to an intertwining diagram:

(Am ) anl) —— (Anza anz) e (QI; a)
s o7 e Al
(Bmlaﬁml) — (Bmpﬁmza) ce (%aﬂ)

The desired D; and D} are given by the sequences A,, C A,, C --- and B,,, C
B,,, C .- respectively, and the desired Djs is given by the sequence of maps v, ¢,

¢2,§02,....
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In the next section, we shall develop an analogue of dimension groups for *-
dynamical systems. After proving the main result, we shall return briefly to coloured
Bratteli diagrams, and see that they actually characterise AF flows, not just locally
finite ones.

3 Classification of AF Flows

Definition 3.1 (The Ring of Hamiltonians) Let S denote the set of all finite subsets
of the non-negative real numbers, counted with multiplicity. More precisely, S =
{2} UIL,2, ((R*)"/S,), where the symmetric group S, acts on (R*)" by permuting
the factors. We shall denote the element of S corresponding to an n-tuple (x1, . . ., x,)
of non-negative real numbers by [x;,...,x,]. The element corresponding to the
empty set will be denoted [@]. We define two operations, & and ®, on S as follows:

(X1, X0 B Y1y s Vml = [X1, s Xy Y1y ooy Vi)
(@] X =X® (2] =X XanyelementofS$
(X1, X O [yny ey ym] = i+, 1 < i <ny 1 < j <m]
(@] ©X=X0[2] =[2] XanyelementofS

(S, ®) is then an Abelian semi-group with neutral element [&]. Furthermore, this
semi-group has cancellation: if x, y,z € S,andx @z = y § z, thenx = y. Let R
denote the Grothendieck group of (S, ®). Since (S, @) has cancellation, the natural
map from S to R is an injection. We write R for the image of this map. Since the
multiplication operation © is associative and distributes over the addition operation
@ on S, we get a ring structure on R by extending ® in the obvious way. The ring
(R, @, ®) is then an ordered ring with identity with positive cone R* and identity
element [0]. We call this ring the ring of Hamiltonians, for reasons which will become
obvious below.

There is a natural ring homomorphism, which we shall denote N, from R to Z
given by defining

N([2])=0
N([xla"'vxn]) = n,

and extending by additivity (i.e. one just counts the number of elements in the sets).
It will be important below that this map is positive, N(R*) C (Z7).

Definition 3.2 (The Invariant) Let (A, «) be either an AF flow or a locally finite
*-dynamical system and let A“ denote the fixed point subalgebra of A. Let D(A“)
denote the dimension range of A®, i.e. the set of Murray-von Neumann equiva-
lence classes of projections in A*. We define KR(A, ), which we shall refer to as the
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coloured Ky module of (A, o), to be the universal right R module generated by D(A®)
subject to the following relations:

(1) If p and q are projections in A” and p L g, then [p + q] = [p] + [4g].
(2) If v is a partial isometry in A which is also an eigenoperator with eigenvalue 4,
then [v*v] = [vw*][a], where [a] € R.

We let XR(A, o) denote the image of D(A®) in KR (A, o) under the natural map,
and we refer to this set as the coloured scale of (A, o). We make KR(A, ) into an
ordered R module by taking as positive cone the semi-group generated by positive
multiples of elements of the coloured scale.

If (A, @) and (B, 3) are two *-dynamical systems, and ¢/: A — B is an equivariant
*-homomorphism, then we may define a map XR(): XR(A, o) — ZR(B, 3) by
SR[p] = [¥(p)] for each projection p in A“. This map extends to an R-module
homomorphism from KR(A, ) to KR(B, ) which we shall call KR(¢). It is easy
to see that these definitions give a functor from the category of *-dynamical sys-
tems and equivariant *-homomorphisms to the category of right R-modules with
distinguished positive sub-semi-groups and generating subsets with R-module maps
respecting these additional structures. We shall refer to this functor as the invariant,
and denote it by Inv.

Remark 3.3 (Finite Dimensional and Locally Finite *-Dynamical Systems) In this
remark we collect some useful observations about K*R.

(Matrix Algebras) Let (B, 3) be a C*-dynamical system with B a full matrix algebra.
Then KR(B, ) is generated as an R-module by a minimal projection subordinate to
the spectral projection of the minimal positive Hamiltonian of (B, 8) with eigenvalue
zero. If p is such a projection, then the correspondence [p] — 1 extends to an R-
module isomorphism of KR (B, 3) with R.

(Direct Sums) We next observe that KR respects direct sums, i.e. KR(A @ B,
a®f) =2 KR(A,a) ® KR(B,3). Let iy and ip denote the inclusions of A and B
into A @ B and let p, and pp denote the projections of A @ B onto A and B. Then
it follows just by functoriality applied to the compositions of i4,ip with p,, pp that
KR(i4)KR(A, o) N KR(ip)KR(B, 3) = {0} and that KR(i4) and KR(ip) are both
injective. That these two submodules generate all of KR(A & B, a @ 3) follows from
the fact that every projection in A & B is the sum of a projection in A and a projection
in B.

Combining the above two observations we see that if (A, a) is a finite dimensional
C*-dynamical system then KR (A, ) is a free R-module generated by n positive ele-
ments xi, . . . , X,,, where n is the number of direct summands of A, and KR" (A, o) =
xRTD - @ x, R

(Inductive Limits) Let (U, o) be a locally finite *-dynamical system and let A, be
an increasing sequence of a-invariant finite dimensional subalgebras and let ¢,y
(resp. @uoo) denote the inclusion of A, into A,, (resp. A, into A). Clearly, if p is
an «-invariant projection in 2, then p belongs to some A,, so that KR(U, o) =
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Uz, Kﬂ?(go,,)(K‘R(An, a|A7n)) , and similarly for the coloured scales and positive
cones. If [p] = [q][a] is one of the defining relations of KR(U, v), then it is im-
plemented by a partial isometry and this must belong to some A,, so we see that all
relations of this kind come from finite stages in the inductive system. It is clear that
all relations of the form [p] = [q] + [r] also come from the finite stages, so we have
that

Inv(U, o) = lii)n{InV(A,,, alAy), Inv(vum)}

Remark 3.4 (Recovering K;) Recall the homomorphism N: R — Z from Defini-
tion 3.1. We may use this to make Z into a left R module by defining r - z = N(r)z
for r € R and z € Z. We then have a functor from right R-modules and R-module
homomorphisms to Abelian groups and group homomorphisms given by just tensor-
ing: M — M®w7Z; ¢ — 1 Qunid;. We may extend this to a functor from the category
of R-modules with distinguished positive sub-semirings to the category of Abelian
groups with distinguished positive sub-semigroups by M* — M* ®g Z. We shall
denote this extended functor by B. From the remarks above we see that if (A, ) is a
finite dimensional C*-dynamical system this functor takes (KR(4, a), KR* (4, o))

to (Ko(A), K (A)) , where we identify (Ko(A)) with a direct sum of copies of Z us-
ing as basis the classes of minimal projections, and if (B, 3) is another finite dimen-
sional C*-dynamical system and ¢: A — B is an equivariant *-homomorphism,
then B o KN() = Ko(¢)). Furthermore, we easily see that, in this case, the image of
the coloured scale is just the usual dimension range in K.

Lemma 3.5 (The Existence Lemma) Let (A, o) and (B, 3) be two finite dimensional
C*-dynamical systems and let 1p: KR(A, o) — KR(B, B) be a positive R-module ho-
momorphism mapping >R (A) into YR(B) for which B(xp) maps the class of the unit
in Ko(A) to the class of the unit in Ko(B). Then there exists a unital equivariant *-
homomorphism 1: A — B such that 1) = Inv(1).

Proof We shall use the coloured Bratteli diagrams of Section 2 as a convenient
method of book-keeping. Let xi,...,x, and y1,..., ¥, be the canonical genera-
tors of KR(A, o) and KR(B, [3) respectively, i.e. the classes of minimal projections
subordinate to the zero spectral projections of the minimal positive Hamiltonians for
each simple direct summand. If we write [14] = x1a; + - - - + X,,4,,, then we may use
the coefficients ay, . . . , a, to construct a coloured Bratteli diagram for C1 — A. We
do this by drawing N(a;) arrows from the dot representing 1 to the dot representing
the j-th simple direct summand of A and labelling them with the elements of a;. The
C*-dynamical system defined from this coloured Bratteli diagram is then isomorphic
to (A, v), and we identify them. Repeat the above procedure with (B, 3).

Next, we use the matrix for ¢, and the coloured Bratteli diagram for Inv(A, «)
constructed above, to define a two-step coloured Bratteli diagram as follows. The top
two rows of our diagram are a copy of the diagram for Inv(A, ). The bottom row
of vertices will have m vertices, and the number of edges from the j-th dot in the
middle row to the i-th dot in the bottom row will be N(7;;). These are then labelled
with the elements of 1);;, with the corresponding multiplicities. Applying the path
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space construction to this two-step diagram results in an embedding of (A, «) into a
C*-dynamical system having the same KR-module as (B, () by a map inducing .
The rest of the proof may now be displayed in a diagram:

| path space ath space | ,_ [pathspace]| .,

(4,0) = {I;nv(AIjoz)} - {IEV(A,I;)J/)} = {pInV(BI,jﬂ) } =(B,0)
where the first and last isomorphisms are those constructed above and the inclusion
is that coming from the inclusion of the one-step diagram into the two-step one. The
remaining isomorphism in the picture will be given by showing that the contraction
of the two-step diagram results in a one-step diagram isomorphic to that of Inv(B, 3).
To see this, note first that the condition on B(v)) implies that there are the same
number of edges for each dot in the lower row of the two diagrams. Consider the
image in R (B, ) of the class of 1, in XR(A, ) under 1. Since there can not be
distinct elements of >R (B, 3) that both map to [15] under B, we see that ¢ ([14]) =
[15] in XR(B, B). In the contracted diagram the list of labels for the edges ending
in the j-th dot in the lower row is given by the coefficient of y; in 1 ([14]). In the
diagram for Inv(B, 3) it is given by the coefficient of y; in [1]. Since these are the

same, the diagrams are isomorphic. It is now easy to see that the composition of the
maps in the diagram above yields a map satisfying the requirements of the lemma.

Lemma 3.6 (The Uniqueness Lemma) Let (A, o) and (B, 3) be two finite dimen-
sional C* -dynamical systems and let 1) and @ be two unital equivariant * -homomorph-
isms from A to B. Suppose that Inv(y)) = Inv(yp). Then there exists an equivariant
inner automorphism, v, of B such that ) = v o .

Proof It will suffice to consider the case where B has one simple summand. Let
A=A @ - - DA, be the decomposition of A into simple direct summands. We shall
show that, for each j, there is a partial isometry v; in the fixed point subalgebra of B
such that v’j“vj = ¥(la)), vjv}‘ = (14,), and for all x in A}, p(x) = vjw(x)v}‘. Our
desired unitary will thenbe vy + - - - + v,,.

Let {pu}} ., be a system of matrix units for A; consisting of eigenoperators such
that p;; is a subprojection of the zero spectral projection of the minimal positive
Hamiltonian of a. Let e be a minimal projection in B lying in the zero eigenspace
of the minimal positive Hamiltonian for 3, so that [e] is the canonical generator
of KR(B,3). We then have, for some by,...,, by, [W(p11)] = [p(pn)] =
lel(by, ..., b,]) = [ellb1] + -+ + [e][by,]. There exist partial isometries sy, ..., s,
in B such that s;s7 = e, s; is an eigenoperator with eigenvalue b;, and > sf's; =
¥(p11). There exists a similar set f1,...,1t, of partial isometries for ¢(p1;). Let
w = ts; + -+ + 155, Then w is a partial isometry in the fixed point subalgebra
of B such that w*w = v(p,;) and ww* = (p11). Let v; = Zzzl w(pr)w(pue)- It
is then easy to check that v; is a partial isometry meeting our requirements.

Lemma 3.7.13 (Inclusion of a Locally Finite *-Dynamical System Into Its Comple-
tion) Let (U, o) be a locally finite *-dynamical system. Let A denote the completion of
A, and let & denote the unique AF flow determined by the inclusion of A into A. Then
Inv(inclusion): Inv(U, o) — Inv(A, &) is an isomorphism.
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Proof LetA, be an increasing sequence of av-invariant finite dimensional subalgebras
of A such that 1 € A; and |J~, A, = U, and let cv, denote a|,. Our first step is to
define a sequence of maps P,: A — A, having the following properties:

(i) Foralln, P,ls, =id
(ii) For all n, P, is positive and linear, and ||P,|| = 1.
(iii) For all n, P, is equivariant.

From these properties we see easily that P, — id in the topology of norm convergence
at each point.

Let Ey, . .., E;, be the minimal central projections of A,, i.e. the units of the min-
imal direct summands of A,, and consider E;AE;. We may express this algebra as
(E1ALE)) ® (E1ALE)) N (EAE,). E; is invariant under the action «, so « restricts
to an action on E;AE,. Since E;A,E, is invariant under this action, its relative com-
mutant is too, so we get an action of the reals by affine homeomorphisms on the
state space of (EjA,E;)’ N E,AE;. Since (EA,E;)’ N E;AE, is a unital C*-algebra,
its state space is a compact convex subset of the locally convex space of all continu-
ous linear functionals on (E;A,E;)’ N E;AE; with the weak-* topology, and so the
Markov-Kakutani fixed point theorem provides a fixed point for this action, .e. it
provides an a-invariant state on (E;A,E;)’ N ELAE,. Let ¢ be such a state. Define
amap II,: EJAE, — E,A,E; by II; = id ®p(-)E;. Define in a similar way maps
IL,,...,II,, for each of the other minimal direct summands of A,, and then define
P, by P,(x) = II,(E\xE;) + - - - + I1,,,(E,,xE};,).

It is easy to see from the definition that P, |4, is the identity on A,,, that P, is linear,
and that P, (1) is equal to 1. That P, is positive follows from Corollary 3.5 in [12],
which states that a positive linear functional on a C*-algebra is completely positive
(this shows that each I; is positive). That ||P,|| is equal to 1 follows from positivity
and P,(1) = 1.

To see that P, is also equivariant requires a little more work. Clearly we only
have to check that the maps II; are equivariant. Notice that the restriction of a to
(EjA4E;j)" N (EAE;) is also an AF-flow, so that the linear span of the eigenoperators
is dense in this algebra. Let {ej;} be a system of matrix units for E;A,E; consisting
of eigenoperators. It will suffice for us to check that P, is equivariant on operators
of the form ej; ® x where x is an eigenoperator of (E;A,E;)" N (E;AE;), since the
rest follows from linearity and continuity. Suppose we have a,(x) = ¢x for all ¢.
Then p(x) = w(at(x)) = (e x) = " p(x) for all t, so either a = 0 or p(x) = 0.
Suppose that oy (ejr) = eibtejk for all t. Then, if a = 0, we have Pn(at(ejk ® x)) =
Pn(eib’ejk ®x) = eib’ejk ® p(X)E; = at(Pn(ejk ® x)) , and, if p(x) = 0, we have
Pn(at(ejk ® x)) =0=qy (Pn(ejk ® x)) . Thus we have that P, is equivariant.

We are now ready to prove the lemma. Let p be a projection in A%. Then P, (p) is
in the fixed point subalgebra of A, and P,(p) — p in norm as n — 00, SO we may
find a projection ¢ in the fixed point subalgebra of some A, such that [q] = [p] in
D(A%). Thus the map KR (inclusion): KR(A, o) — KR(A, &) is surjective.

To show that the map is injective it will suffice to show that if p, g, e, f, and r are
projectionsin A, a € R, and [p] = [g][a] and [e] + [ f] = [r] are among the defining
relations in KR(A, &), then [p] = [q][a] and [e] + [f] = [r] in KR(Y, o).
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Let v be a partial isometry in A such that vw* = ¢, v*v = p, and v is an eigen-
operator with eigenvalue a. Choose n large enough so that p € A,, g € A,, and
|1Pn(v) — v|| is “small”, where small just means small enough for each of the approx-
imations below to work out. Let w|P,(v)| be the polar decomposition of P,(v) in
A, and consider the function f defined by f(t) = 0ift < 1/2 and f(t) = 1 if
t > 1/2. Then, since |P,(v)| is close to a projection, f is continuous on the spectrum
of |P,(v)|. Also, w is an eigenoperator with eigenvalue a. Consider the partial isom-
etry u = wf(|P,(v)|). We have that u is a partial isometry in A, such that u is an
eigenoperator with eigenvalue 4, u*u is norm close to p and uu* is norm close to q.
Thus we have, in KR(U, a), [p] = [u*u] = [uu*][a] = [q][a], as required.

That the other relations also hold in KR (2, «) follows easily from the fact that the
dimension range respects inductive limits and the observation that the fixed point
subalgebra of A is the inductive limit of the fixed point subalgebras of the A,s, which
is easily proved using the Ps.

Theorem 3.8 (The Main Result) Let (A, o) and (B, 3) be two AF flows, with A and B
unital algebras, and let 1: Inv(A, a) — Inv(B, 3) Ige an isomorphism ofthelLr invari-
ants. Then there exists an equivariant isomorphism ¢ : A — B such that Inv(y)) = ).

Proof Let {A,} be an increasing sequence of a-invariant finite dimensional sub-C*-
algebras of A each containing the unit of A and whose union, %, is dense in A, and
let {B,} be a similar sequence for B with union B. Let i,,, (resp. j.,) denote the
inclusion of A,, (resp. B,,) into A, (resp. B,), and let 7,,oc (resp. juoo) denote the
inclusion of A, (resp. B,,) into A (resp. B). Let av,, (resp. 5,) denote the restriction
of a (resp. 3) to A, (resp. B,,). Let ¢: Inv(B, 3) — Inv(A, o) denote the inverse of
.

From Lemma 3.7 we have that the inclusions 2 C A and B C B induce isomor-
phisms of the invariants, which we can use to pull back the isomorphisms v and ¢,
to isomorphisms which we shall call by the same names. Thus we have a commuting
diagram:

Inv(A, arlqr) =, Inv(A, o)

» I I
Inv(B, Blg) —— Inv(B, B).

Using Remark 3.3 we see that Inv (2, ar|y) = lim_, {(A,, «
Inv(B, a|y).

Let x1,...,x, be the finitely many minimal positive generators of KR(A;, o)
(¢f Remark 3.3). Consider there images in KR(B, a|y). Since KR (B, a|y) =
U2, KR (oo ) KR (B, 3,), there exist a k and elements y1, . ..,y € KR* (B, i)
such that y; is mapped to the image of x; by KR(jieo) for i = 1,...,m. Since
KN(A1, o) is freely generated by xy, . . ., X, the correspondence x; — y1,. .., %, —
¥m extends to a positive R-module homomorphism v, : KR(A;, a;) — KR(By, [k)
which sends the positive cone of KR(A;, ;) into the positive cone of KR (B, [k). At
this point, 11 need not, a priori, send the coloured scale XR(A;, ay) into XR (B, G).
However, since SR (B, ar|) is the increasing union of the images of the ¥R (B,,, 5,,)’s

A,)s imn }»> and similarly for
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and XR(A1, aq) is a finite set, we may push forward in the lower inductive system to
achieve this too. We now have a commuting diagram:

Iv(Ay, o) —20=) v aly)

I i

Inv(B{, 3) v co) Inv(B, a|y)

Referring to Remark 3.4, we push forward in the inductive system one last time,
to Byss say, to ensure that the Ky map, B(ji/ -+ 0 11) sends the class of the unit in
Ky(A;) to the class of the unit in Ky (By//).

We now repeat this process with the map from Inv(Bg+, Bis+) to Inv (2, ar|yr), with
one more step included: we push forward one more time until the triangle

IIlV(A], al) — InV(Ara Ckr)

|

Inv(By, Birr)

commutes. That this may be done follows from the observations in Remark 3.4 that
KN(A1, aq) is finitely generated as an R-module, so that only finitely many relations
have to be killed, and that Inv (2, «|y) is the inductive limit of the Inv(4,,, cv,)s.

We continue this process to get a commuting diagram:

Inv(A;, o) —— Inv(A;, ay) Inv(A, o|y)
7] / Al
Inv(B;, 1) —— Inv(B,, 52) Inv(B, a|y)

(after passing to subsequences and relabelling). Next, we use Lemma 3.5 to lift the
©ps and 1,s to equivariant *-homomorphisms, to arrive at a diagram

(A, a1) —— (A2, ) (U, ofar)
(B1,81) —— (B2, 32) (B, als)

for which the diagram above (excluding the limit maps) is the image under the in-
variant. At this point, this diagram need not commute, but we may apply Lemma 3.6
to each triangle, moving left to right through the diagram, to alter the vertical maps
by equivariant inner automorphisms of their target algebras to get a diagram that
does commute and still has the same image under the invariant.

It is well known (cf. [4]) that such a diagram gives rise to a pair of inverse iso-
morphisms between the locally finite algebras 2 and B that make the whole diagram
commute. Since all of our maps are equivariant, it follows that these isomorphisms
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are also equivariant. Commutativity of the diagram of invariants implies that these
isomorphisms induce the maps ¢ and 1 on the invariants. Finally, these equivariant
*-isomorphisms between A and B extend uniquely to a pair of inverse equivariant
*-isomorphisms between A and B, and it follows from the commutativity of the dia-
gram (t) that these extensions induce the original maps ¢ and 1.

Remark 3.9 (Coloured Bratteli Diagrams Again) It follows from the above theorem
that two locally finite *-dynamical systems are isomorphic if and only if their com-
pletions are, so we see that the coloured Bratteli diagrams actually characterise AF
flows, not just locally finite *-dynamical systems.
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