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Abstract

We study a Hermitian form h over a quaternion division algebra Q over a field (h is
supposed to be alternating if the characteristic of the field is two). For generic h and Q,
for any integer i ∈ [1, n/2], where n := dimQ h, we show that the variety of i-dimensional
(over Q) totally isotropic right subspaces of h is 2-incompressible. The proof is based
on a computation of the Chow ring for the classifying space of a certain parabolic
subgroup in a split simple adjoint affine algebraic group of type Cn. As an application,
we determine the smallest value of the J-invariant of a non-degenerate quadratic form
divisible by a 2-fold Pfister form; we also determine the biggest values of the canonical
dimensions of the orthogonal Grassmannians associated to such quadratic forms.
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1. Introduction

Let p be a prime integer. The canonical p-dimension of a smooth complete variety X is a
non-negative integer cdp(X) defined as the minimal dimension of a closed subvariety of X which
admits a closed point of degree prime-to-p after scalar extension to the function field of X.
In the case where cdp(X) = dimX, the variety X is said to be p-incompressible. The central
motivation underlying these definitions is found in the investigation of splitting properties of
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torsors under linear algebraic groups, where the problem of determining the integer cdp(X) for

suitable p and suitable projective homogeneous varieties of p-divisible index lies at the heart of

many fundamental questions. In recent years, a systematic approach to the study of the canonical

p-dimension of projective homogeneous varieties via the concept of Chow motives has emerged.

Despite the substantial progress which has been made, there remain relatively few examples of

varieties X (of p-divisible index) for which the precise value of cdp(X) has been determined.

In two recent articles [Kar12b, Kar12c], the first author showed that, for each 1 6 i 6 n/2,

the variety Xi of i-dimensional totally isotropic subspaces associated to either:

(1) a generic n-dimensional quadratic form over a field; or

(2) a generic n-dimensional Hermitian form over a separable quadratic extension of a field;

is 2-incompressible. The present paper represents a natural extension of this work. Its main result

(Theorem 10.1) establishes, for each 1 6 i 6 n/2, the 2-incompressibility of the variety Xi of

i-dimensional totally isotropic subspace associated to:

(3) a generic n-dimensional Hermitian form over a generic quaternion algebra over a field.

As in [Kar12c], this result has an application to the theory of quadratic forms; namely,

it determines the canonical 2-dimension of the orthogonal Grassmannians associated to any

quadratic form q defined as the tensor product of a generic 2-fold Pfister form and a generic

n-dimensional symmetric bilinear form (Corollary 11.2); this, in turn, determines the J-invariant

of q, and hence the Chow ring of the maximal orthogonal Grassmannian of q modulo torsion and

2-divisible elements (Corollary 11.3).

For each 1 6 i 6 n/2, let Xi denote the F -variety of i-dimensional totally isotropic subspaces

associated to a generic n-dimensional Hermitian form h over a generic quaternion algebra Q

over a field F . The main result of the paper (Theorem 10.1) asserts that, for each i, a certain

summand of the (mod-2) Chow motive of Xi (known here as the ‘essential motive’ of Xi) is

indecomposable. By arguments which by now are well-known, this readily implies that the Xi

are 2-incompressible. Following arguments originally developed in [Kar12b] and [Kar12c], we

reduce the proof of the theorem to the proof of a certain statement concerning generators of the

ring Ch(Y ), where Y denotes the variety of complete flags of totally isotropic subspaces in h

(this statement is proved in Proposition 6.1).

Now, via a specialization argument, the genericity assumptions on h and Q enable us to

reduce the statement concerning Ch(Y ) to another concerning generators of the ring Ch(E/P ),

where P is a certain parabolic subgroup of the group G = PGSp2n and E is a ‘generic G-torsor’

(this second statement is proved in Corollary 5.14). In order to prove this statement, it is sufficient

to prove a general statement concerning generators of the mod-2 Chow ring of the classifying

space of the parabolic subgroup P . This is done in Corollary 5.12.

We conclude the introduction with a couple of comments on our notation and terminology.

A variety in the paper is a separated scheme of finite type over a field. We write Ch(X) for

its Chow group with coefficients in the field F2 := Z/2Z. So, Ch(X) = CH(X)/2 CH(X), where

CH(X) is the Chow group with integer coefficients. We are also working with the reduced Chow

group Ch(X) defined as the quotient of Ch(X) by the subgroup of the elements vanishing over

an extension field of F . For smooth X, this subgroup is an ideal of the ring Ch(X) so that Ch(X)

is a ring as well.

We are using the Grothendieck Chow motives with coefficients in F2 and write M(X) for the

motive of a smooth complete variety X.
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2. The norm subgroup of a quaternion algebra

A quaternion algebra Q over a variety X is a rank-four Azumaya algebra over X. Let s : C → X
be the corresponding conic over X, i.e. the Severi–Brauer scheme of Q (the scheme of right ideals
in Q of reduced rank one).

The norm subgroup NQ of Q is the image of the push-forward homomorphism

s∗ : Ch(C) → Ch(X).

We write N i
Q for the codimension-i part of NQ. By the projection formula, NQ is an ideal in

Ch(X) if X is smooth. The fiber Cx of s over a point x ∈ X is the conic curve over the residue
field F (x) corresponding to the quaternion F (x)-algebra Qx. If Qx is split, Cx has a rational
point (in fact Cx ' P1), hence [x] ∈ NQ. If Qx is not split, then by Springer’s theorem [EKM08,
Corollary 18.5], the degree of every closed point on Cx is even; therefore, the subgroup of CH(X)
generated by s∗([y]) for all y in Cx is equal to the subgroup generated by 2[x] = 0 in this case.
It follows that NQ is generated by the classes [x] of the points x ∈ X such that Qx is split.

Lemma 2.1. Let Q and Q′ be two quaternion algebras over a variety X. If [Q] = [Q′] in Br(X),
then NQ = NQ′ .

Proof. For any x ∈ X, we have [Qx] = [Q′x] in BrF (x) and hence Qx ' Q′x (in general, two
Brauer-equivalent central simple algebras of the same dimension are isomorphic, see [KMRT98,
discussion after Definition 1.3]). It follows from the description of NQ and NQ′ before the lemma
that NQ = NQ′ . 2

Note that if X is irreducible and smooth, [Q] = [Q′] in Br(X) if and only if the classes of the
generic fibers of Q and Q′ are equal in BrF (X), see [Mil80, Corollary IV.2.6].

We will need the following functorial property of NQ.

Lemma 2.2. Let g : X ′ →X be a morphism of smooth schemes and let Q be a quaternion algebra
over X. Let Q′ be the pull-back of Q with respect to g. Then the inverse image homomorphism
g∗ : Ch(X) → Ch(X ′) takes NQ to NQ′ . In particular, g∗ yields a homomorphism

Ch(X)/NQ −→ Ch(X ′)/NQ′ .

Proof. Let s : C → X be the conic associated to Q. Then the conic curve s′ : C ′ → X ′ associated
with Q′ is the pull-back of s and we have a commutative diagram (see [Ros96, Proposition 12.5])

Ch(C)
h∗ //

s′∗
��

Ch(C ′)

s∗
��

Ch(X)
g∗ // Ch(X ′)

where h : C ′ → C is the induced morphism. 2

3. Projective Q-spaces

Let Q be a quaternion division algebra over a field F . For any finite-dimensional right Q-vector
space V , the projective Q-space QP(V ) is defined as the F -variety of one-dimensional subspaces
in V . The dimension of subspaces here is taken over Q; the dimension over F is four; the reduced
dimension (defined as the dimension over F divided by degQ = 2) is therefore two. For any
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n > 0, we define QPn as QP(Qn+1). In particular, QP0 is the point pt = SpecF . For any n > 0,
QPn is a smooth projective F -variety of dimension 4n.

Of course, the variety QP(V ) (and, therefore, QPn) can be defined for an arbitrary (non-split
or split) quaternion algebra Q as the variety of Q-submodules in V (respectively in Qn+1)
of reduced dimension two (where V is a right Q-module of even reduced dimension). Then
QP(V )L = QLP(VL) and QPnL = QLPn for any extension field L/F . Once Q is split, an
identification of Q with the matrix algebra M2(F ) identifies QPn with the Grassmannian of
2-planes in the 2(n+ 1)-dimensional F -vector space F 2(n+1). Our main case of interest, however,
is the case where Q is a division algebra.

The following statement is true for Q non-split or split but only needs to be proved in the
split case.

Lemma 3.1. Let a ∈ Ch4(QPn) be the fourth Chern class of the (rank-four) tautological vector
bundle on QPn. Then deg(an) = 1.

Proof. Replacing F by a field extension splitting Q, we may assume that Q itself is split. In
this case there is an isomorphism of QPn with the Grassmannian X of 2-planes in F 2(n+1) such
that the tautological bundle on QPn corresponds to a vector bundle on X isomorphic to T ⊕ T ,
where T is the tautological bundle on X. By the Whitney sum formula [EKM08, Proposition
54.7], it follows that the element a corresponds to c2

2(T ). By [Ful98, Proposition 14.6.5], c2n
2 (T )

is a generator of the group Ch0(X). Therefore, deg(an) = deg(c2n
2 (T )) = 1 (because X possesses

a closed point of degree one). 2

Lemma 3.2. The Ch-motive M(QPn) decomposes in a direct sum of three summands: M(pt),⊕2n
i=1M(C)(i), and M(QPn−1)(4).

Proof. This is a particular case of [Kar00, Theorem 10.9 and Corollary 10.19], where the
characteristic of the base field is assumed to be different from two. We refer to [CGM05] for
a characteristic-free treatment. 2

Corollary 3.3. The motive of QPn decomposes in a direct sum of two summands: the first is⊕n
i=0M(pt)(4i) and the second is a direct sum of shifts of M(C). 2

Since the product C ×C is a projective bundle over C, the motive of C ×C is isomorphic to
the sum M(C)⊕M(C)(1) by [Man68, § 7]. Therefore we get the following result.

Corollary 3.4. For any integers n1, . . . , nr > 0, the motive of the product

P := QPn1 × · · · ×QPnr

decomposes in a direct sum of (n1 + 1) · · · (nr + 1) shifts of M(pt) and several shifts of M(C).

For an arbitrary smooth F -varietyX, let us consider the (constant) Azumaya algebraQX over
X given by the pull-back of Q. The norm subgroup NQX

is defined in § 2 as the image of the push-
forward homomorphism Ch(CX) → Ch(X) with respect to the projection CX := X × C → X.
(Note that CX is the conic over X associated with the quaternion algebra QX .)

If Q is split, the quotient Ch(X)/NQX
is zero. For a non-split Q we, for instance, have

Ch(pt)/NQ = F2 := Z/2Z and Ch(C)/NQC
= 0. This proves the following.

Lemma 3.5. Assume that Q is not split. Let X be a smooth complete variety such that the
motive of X decomposes into a direct sum M ⊕M ′, where M is a direct sum of shifts of M(C)
and where M ′ is a direct sum of shifts of M(pt). Then the group NQX

is isomorphic to the
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(homological as well as cohomological) Chow group of M while the quotient Ch(X)/NQX
is

isomorphic to the (homological as well as cohomological) Chow group of M ′. 2

Proposition 3.6. Assume that Q is division algebra. For P as in Corollary 3.4, let

a1, . . . , ar ∈ Ch(P )/NQP

be the elements given by the fourth Chern classes of the tautological vector bundles of the
factors of P . The F2-algebra Ch(P )/NQP

is generated by these elements subject to the relations
an1+1

1 = 0, . . . , anr+1
r = 0.

Proof. Since by Springer’s theorem [EKM08, Corollary 18.5] the degree of any closed point on
C is divisible by two, the degree of any closed point on P × C is also divisible by two so that
the degree homomorphism deg : Ch(P ) → F2 is defined on the quotient Ch(P )/NQP

.
The monomials ai11 · · · airr with 0 6 i1 6 n1, . . . , 0 6 ir 6 nr, are linearly independent. Indeed,

if a linear combination α of the monomials with coefficients αi1···ir ∈ F2 is zero, then

0 = deg(α · an1−i1
1 · · · anr−ir

r ) = αi1···ir

for every i1, . . . , ir.
It follows that the dimension (over F2) of the F2-subalgebra in Ch(P )/NQP

generated by a1,
. . . , ar is at least the product (n1+1) · · · (nr+1). Since this product is equal to dimF2 Ch(P )/NQP

(see Corollary 3.4 and Lemma 3.5), the F2-algebra Ch(P )/NQP
is generated by a1, . . . , ar.

The elements a1, . . . , ar satisfy the indicated relations simply by dimension reason: ai is given
by the pull-back of an element in Ch4(QPni) and dimQPni = 4ni. The resulting F2-algebra
epimorphism

F2[t1, . . . , tr]/(t
n1+1
1 , . . . , tnr+1

r ) → Ch(P )/NQP
, ti 7→ ai

is an isomorphism by dimension reason once again. 2

4. Smooth Q-fibrations

The following lemma is a distant descendant of [Vis09, Statement 2.13].

Lemma 4.1. Let f : X ′ → X be a smooth morphism of smooth F -varieties, Q a quaternion
algebra on X, Q′ = f∗Q and r an integer. Let B ⊂ Ch(X ′) be a homogeneous Ch(X)-submodule
containing NQ′ . Suppose that for any integer i and any point x ∈ X of codimension i such that
the restriction of Q on x is not split, the composition

Br−i ↪→ Chr−i(X ′) → Chr−i(X ′x) → Chr−i(X ′x)/N r−i
Q′x

, (4.2)

where Q′x is the restriction of Q′ on the fiber X ′x of f over x, is surjective. Then Br = Chr(X ′).

Proof. First of all we note that Ch(X ′x)/NQ′x = 0 if the restriction of Q on x is split. Therefore,
the composition (4.2) is surjective for any point x ∈ X of codimension i.

For any integer i, we write F i Chr(X ′) for the subgroup in Chr(X ′) generated by the classes
of cycles on X ′ whose images in X have codimension at least i; these are terms of a descending
ring filtration on Chr(X ′). For any point x ∈ X of codimension i, we have a homomorphism
Chr−i(X ′x) → F i Chr(X ′)/F i+1 Chr(X ′) mapping the class of a point x′ ∈ X ′x to the class
modulo F i+1 Chr(X ′) of the class of x′ considered as a point of X ′. The composition

Chr−i(X ′) → Chr−i(X ′x) → F i Chr(X ′)/F i+1 Chr(X ′)
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is the multiplication by [x] ∈ Chi(X). The sum
⊕

x Chr−i(X ′x) over all points x ∈ X of

codimension i surjects onto the quotient F i Chr(X ′)/F i+1 Chr(X ′).

Let α ∈ Chr(X ′). Inducting on i, we will show that α ∈ Br + F i Chr(X ′) for any i. With a

sufficiently large i this will give the required statement.

The case of i 6 0 being trivial, we assume that α ∈ Br + F i Chr(X ′) for some i > 0, and

we show that α ∈ Br + F i+1 Chr(X ′). We write α as a sum of an element of Br and some

β ∈ F i Chr(X ′).

The class of β modulo F i+1 Chr(X ′) decomposes into a sum of elements of two kinds. An

element of the first kind is in the image of the composition

Br−i ↪→ Chr−i(X ′) → Chr−i(X ′x) → F i Chr(X ′)/F i+1 Chr(X ′)

for some x, and therefore is represented by an element of Br−i · [x] ⊂ Br.

An element of the second kind is in the image of the composition

N r−i
Q′x

↪→ Chr−i(X ′x) → F i Chr(X ′)/F i+1 Chr(X ′).

We claim that any element of this image is represented by an element of N r
Q′ . Since N r

Q′ ⊂ Br,

Lemma 4.1 is proved with this claim.

To prove the claim, we recall from § 2 that N r−i
Q′x

is generated by [x′] with x′ ∈ X ′x of

codimension r − i such that the restriction of Q′x on x′ is split. The image of such a generator

in F i Chr(X ′)/F i+1 Chr(X ′) is represented by the class [x′] ∈ Ch(X ′) of x′ viewed as a point of

X ′. Since the restriction of Q′x on x′ ∈ X ′x coincides with the restriction of Q′ on x′ ∈ X ′, the

class [x′] ∈ Chr(X ′) is in N r
Q′ ⊂ Chr(X ′). 2

Example 4.3. Let V be a right Q-module of even reduced rank 2(n + 1). The corresponding

projective Q-bundle QP(V ) is then defined as the X-scheme of Q-submodules in V of reduced

rank two. The structure morphism QP(V ) →X is smooth and proper; its fiber over a point x ∈X
is the projective Qx-space QxP(Vx) defined in the previous section. Let Q′ be the pull-back

of Q to QP(V ). It follows by Propositions 3.6 and Lemma 4.1 that the Ch(X)/NQ-algebra

Ch(QP(V ))/NQ′ is generated by the fourth Chern class a of the tautological vector bundle on

QP(V ). More precisely, the Ch(X)/NQ-module Ch(QP(V ))/NQ′ is generated by the powers ai

with i = 0, . . . , n.

5. Chow rings of some classifying spaces

5a Chow rings of classifying spaces

Let G be an algebraic group1 over a field F . Write BG for the classifying space of G viewed as

the stack of G-torsors over the category of F -varieties (see [Vis05]).

In [Tot99], Totaro defined the Chow ring CH(BG) as follows. Let V be a generically free

linear representation of G over F and U ⊂ V a G-invariant open subscheme admitting a G-torsor

U → U/G for a variety U/G. For any integer i > 0, the Chow group CHi(U/G) does not depend

(up to canonical isomorphism) on the choice of V and U provided that codimV (V \U) > i. We

write CHi(BG) for CHi(U/G) and refer to U/G as to an ith approximation of the classifying

space BG of G.

1 By algebraic group we always mean affine algebraic group.
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By [Tot99, Theorem 1.3], the group CHi(BG) is naturally identified with the set of functorial
assignments α to every smooth variety X over F with a G-torsor E over X of an element
α(E) ∈ CHi(X).

Let E → pt be a G-torsor and EG := AutG(E) the twist of G by E (see [Ser94, § 1 of ch. V]).
The correspondence I 7→ IsoG(I, E) gives rise to an equivalence between BG and B(EG). In
particular, there is a natural ring isomorphism between CH(BG) and CH(BEG).

Example 5.1. The ring CH(BGLn) is the polynomial ring on the Chern classes

c1, c2, . . . , cn

of the tautological vector bundle on BGLn (see [Tot99]). A representation ρ : G → GLn yields
the pull-back homomorphism ρ∗ : CH(BGLn) → CH(BG). The elements ρ∗(ci) are the Chern
classes of the pull-back of the tautological vector bundle under

Bρ : BG → BGLn.

Example 5.2. Let A be a central simple algebra of degree n over F and G = GL1(A). For
every N > 0, the group G acts on the open subvariety UN of non-degenerate elements in the
free A-module AN . Then BG is approximated by the Grassmannian varieties APN−1 := UN/G
of A-submodules in AN of reduced dimension n. We write BG = AP∞ (an infinite ‘projective
space’ over A). The left multiplication action of A on itself yields a representation GL1(A) →

GL(A) = GLn2 . The pull-back of the tautological vector bundle on BGLn2 is the tautological
vector bundle on BG = AP∞.

Example 5.3. The projective linear group PGL2 is the automorphism group of the matrix algebra
M2. The twisted forms of M2 are the quaternion algebras. It follows that every PGL2-torsor
over a scheme X is isomorphic to the torsor of isomorphisms between a unique (up to canonical
isomorphism) quaternion algebra Q over X and the matrix algebra M2. The algebra Q carries
a canonical (symplectic) involution τ . The kernel Q0 of the endomorphism 1 + τ on Q is a
sub-bundle of Q of rank three. The natural homomorphism

PGL2 = Aut(M2) → Aut((M2)0) = O+
3

is an isomorphism between the group PGL2 of Dynkin type A1 and the split special orthogonal
group O+

3 of type C1 (see [KMRT98, § 15]). It is proved in [Tot99, § 16] (see also [MV06]) that if
char(F ) 6= 2, then the ring CH(BPGL2) = CH(BO+

3 ) is generated by the Chern classes c2(Q0)
and c3(Q0) (i.e. the elements of the Chow group corresponding in view of the third paragraph
of § 5a to the assignments to every smooth variety X over F with the torsor over X given by a
quaternion algebra Q over X of the classes c2(Q0) and c3(Q0)) with the relation 2c3(Q0) = 0. If
char(F ) = 2, the result (and the proof) still holds. Moreover, in this case, Q0 contains the trivial
line sub-bundle generated by 1, hence c3(Q0) = 0.

Let V be a generically free representation of G and let U/G be an approximation of BG
as above. The morphism U/G → BG induced by the versal G-torsor U → U/G yields a ring
homomorphism CH(BG) → CH(U/G).

Lemma 5.4. The ring homomorphism CH(BG) → CH(U/G) is surjective.

Proof. Suppose that an algebraic group G acts on a variety X over F . The G-equivariant Chow
group CHG(X) was defined in [EG98]. In particular, CHG(pt) = CH(BG). The homomorphism
CH(BG) → CH(U/G) coincides with the composition

CH(BG) = CHG(pt)
α−→ CHG(V )

β−→ CHG(U) = CH(U/G),
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where the pull-back homomorphism α is an isomorphism by the homotopy invariance property
and the restriction β is surjective by localization. 2

5b Semidirect products
Let an algebraic group K over F act on another algebraic group H by group automorphisms (so
that we can form a semidirect product H oK). For a K-torsor E over pt we can twist H by E
(see [Ser94, § 1 of ch. V]). The resulting group is denoted by EH.

Proposition 5.5. Let S = H oK be a semidirect product of algebraic groups over F . Let U/S
and W/K be ith approximations of BS and BK respectively, and let E → SpecF be the fiber
of W → W/K over a point x ∈ (W/K)(F ). Then (U ×W )/S is an ith approximation of BS
and the fiber of the natural morphism p : (U ×W )/S → W/K over x is an ith approximation
of B(EH), where EH is the twist of H by E.

Proof. Write Esep = Ksepw for w in Wsep, where the subscript sep means the scalar extension to
Fsep. Then the isomorphism

Usep/Hsep −→ p−1(x)sep, Hsepv 7→ Ssep(v, w)

over Fsep descends to an isomorphism between EU/EH and p−1(x) over F . Note that the variety
EU/EH is an ith approximation of B(EH). 2

5c The parabolic subgroup P

Let G̃ = Sp2n be the symplectic group of the alternating form on the 2n-dimensional vector space
V with a symplectic basis {vi, wi}, i = 1, 2, . . . , n. Write T for the maximal torus T = (Gm)n

acting on the basis vector by tvi = tivi and twi = t−1
i wi. Write {ei} for the standard basis

of the character group T ∗ = Zn. The simple roots of G̃ are α1 = e1 − e2, α2 = e2 − e3, . . . ,
αn−1 = en−1 − en, αn = 2en (see [KMRT98, § 24]).

Consider the subset Λ = {α1, α3, . . .} of all odd simple roots. Let S̃ be the (reductive)
subgroup of G̃ generated by the torus T and the root subgroups Uα with α in the root system
±Λ ' A1 + · · · + A1. The lattice T ∗ splits accordingly into a direct sum of rank-two lattices
Ze2i−1 ⊕ Ze2i for i = 1, 2, . . . ,m := [n/2] (and Zen if n is odd). It follows that

S̃ '
{

(GL2)m if n is even (n = 2m);

(GL2)m × SL2 if n is odd (n = 2m+ 1).
(5.6)

The group S̃ is the Levi subgroup of the parabolic subgroup P̃ of G̃ corresponding to the set
of simple roots Λ. The group P̃ is the stabilizer of the flag

{0} = W0 ⊂W1 ⊂W2 ⊂ · · · ⊂Wm ⊂ V

of totally isotropic subspaces Wi := span(v1, v2, . . . , v2i). The projection of S̃ onto the ith
component GL2 in (5.6), i = 1, . . . ,m, is given by the action on the factor space Wi/Wi−1,
i.e. coincides with S̃ → GL(Wi/Wi−1) = GL2.

The projective symplectic group G = PGSp2n is the factor group of G̃ by µ2. Write P for
the parabolic subgroup P̃ /µ2 in G. The Levi subgroup S of P is S̃/µ2 with the µ2 embedded
diagonally into the product of GL2 and SL2 with respect to the decomposition (5.6). By the
above, we have

S =

{
(GL2)m/µ2 if n is even;

((GL2)m × SL2)/µ2 if n is odd.
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Let

H :=

{
(GL2)m−1 ×Gm if n is even;

(GL2)m if n is odd.

We view H as a subgroup of S via the map

(s1, s2, . . . , sm−1, λ
2) 7→ (s1λ, s2λ, . . . , sm−1λ, λ)µ2

if n is even and
(s1, s2, . . . , sm) 7→ (s1, s2, . . . , sm, 1)µ2

if n is odd.
We also view the group K := PGL2 as a subgroup of P embedded diagonally. Note that S

coincides with the semidirect product H oK and K acts on H by component-wise conjugation.
Consider the representations

ρi : S → GL4

defined by
ρi((a1, a2, . . . am)µ2) = ai ⊗ am, i = 1, 2, . . . ,m− 1,

if n is even and by

ρi((a1, a2, . . . am+1)µ2) = ai ⊗ am+1, i = 1, 2, . . . ,m,

is n is odd.
A quaternion algebra Q over F can be viewed as a K-torsor. Twisting by Q the composition

of the embedding of the ith component GL2 ↪→ H and ρi restricted to H, we get a natural
representation

GL1(Q) → GL4.

If n is even, write τ : S → Gm for the homomorphism

τ((a1, a2, . . . am)µ2) = det(am).

5d Quaternion Azumaya algebra associated to a P -torsor
Let G = PGSp2n be a split adjoint group G of type Cn. There is a natural embedding of G into
PGL2n. Therefore, for every G-torsor h : E → X we have associated a PGL2n-torsor, i.e. an
Azumaya algebra A(h) over X of degree 2n.

Let P be the parabolic subgroup of G introduced in § 5c, S its Levi subgroup, and P → S
the projection. We have the composition β : P → S = H o K → K = PGL2. Therefore, for
every P -torsor f : I → X we have associated a PGL2-torsor, i.e. a quaternion Azumaya algebra
Q = Q(f) over X.

Every P -torsor f : I → X yields a G-torsor resG/P (f) := (G× I)/P → X.

Lemma 5.7. For a P -torsor f : I → X, we have [A(resG/P (f))] = [Q(f)] in Br(X).

Proof. Consider the group G′ = GSp2n of symplectic similitudes (see [KMRT98, § 12]). The
group G is the factor group of G′ by the center Gm of scalar matrices. Let P ′ the inverse image
of P in G′ and let S′ be the Levi subgroup of P ′. By § 5c, the following diagram is commutative,

Gm

��

Gm

��

Gm

��

Gm

��
GL2

��

P ′
β′oo � � //

��

G′ �
� //

��

GL2n

��
PGL2 P

βoo � � // G �
� // PGL2n
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where β′ is the composition P ′ → S′ → GL(Wm/Wm−1) = GL2 and β is (as above) the

composition P → S → K = PGL2. It follows that the diagram

H1
ét(X,P )

Q(−)
//

resG/P

��

H1
ét(X,PGL2) �

� // Br(X)

H1
ét(X,G)

A(−)
// H1

ét(X,PGL2n) �
� // Br(X)

is also commutative, whence the result. 2

5e Chow ring of BP

Lemma 5.8. Let P be a parabolic subgroup in a semisimple group G defined over F , R the

unipotent radical of P and S a Levi subgroup of P . Then:

(1) the map H1(F, S) → H1(F, P ) is a bijection;

(2) the map Ap(SpecF,Kq) → Ap(R,Kq) of K-cohomology groups is an isomorphism for all p

and q.

Proof. (1) We have P = R o S, hence the map s : H1(F, P ) → H1(F, S) is split surjective.

By [KMRT98, Proposition 28.11], for any cocycle ξ ∈ Z1(F, S) there is a surjection from H1(F,
ξR) to the fiber of s over ξ. The group ξR is the unipotent radical of the parabolic subgroup ξP

of the semisimple group ξG. Hence, by [Spr09, Proposition 16.1.1], ξR is split over F , therefore,

H1(F, ξR) = 1. It follows that s is a bijection.

(2) As R is split, there is a sequence of normal subgroups 1 = R0 ⊂ R1 ⊂ · · · ⊂ Rn = R such

that Ri+1/Ri is isomorphism to the additive group Ga for all i. Hence, every fiber of the natural

morphism R/Ri → R/Ri+1 is isomorphic to an affine line. By homotopy invariance, the map

Ap(R/Ri+1,Kq) → Ap(R/Ri,Kq) is an isomorphism for all p and q. 2

Proposition 5.9. Let P be a parabolic subgroup in a semisimple group G defined over F and

S a Levi subgroup of P . Then the natural map CH(BS) → CH(BP ) is an isomorphism.

Proof. By Lemma 5.8(1), every fiber of (an approximation of) the natural morphism BP → BS

over a point ξ has a rational point and hence is isomorphic to ξ(P/S) ' ξR, where R is the

unipotent radical of P . The result follows from Lemma 5.8(2) applied to the parabolic subgroup
ξP of the semisimple group ξG and [EKM08, Proposition 52.10]. 2

Let P be the parabolic subgroup in the split adjoint group of type Cn introduced in § 5c, S

the Levi subgroup of P , K and H as in § 5c.

A point x of BK over a field L is a K-torsor over L, i.e. a quaternion algebra Qx over L. Let

Hx be the twist of H by x, i.e.

Hx =

{
GL1(Qx)m−1 ×Gm if n is even;

GL1(Qx)m if n is odd.

Let us determine the space BHx. By Example 5.2, BGL1(Qx) = QxP∞. It follows that

BHx =

{
BGL1(Qx)m−1 ×BGm = (QxP∞)m−1 × P∞ if n is even;

BGL1(Qx)m = (QxP∞)m if n is odd.
(5.10)
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Let Q′ be the pull-back to BS of the tautological quaternion algebra over BK. Let J be the
following subset of Ch(BS) (see § 5c):

J =

{
{ρ∗1(c4), ρ∗2(c4), . . . , ρ∗m−1(c4), τ∗(c1)} if n is even;

{ρ∗1(c4), ρ∗2(c4), . . . , ρ∗m(c4)} if n is odd.

Theorem 5.11. The Ch(BK)-algebra Ch(BS) is generated by J ∪NQ′ .

Proof. Let r > 0 be an integer and choose the rth approximations

f : Y := (U ×W )/S → W/K =: X

of the morphism BS → BK as in Proposition 5.5.
We apply Lemma 4.1 to the Ch(X)-submodule B of Ch(Y ) generated by J ∪NQ′ . Let x be a

point in X of codimension i such that the restriction Qx of Q on x is not split. By Proposition 5.5,
the fiber of f over x is an rth approximation of BHx as in (5.10).

By Proposition 3.6 and the projective bundle theorem [Man68, § 7], the ring Ch(BHx)/NQx

is generated by the first Chern class of the (line) tautological bundle on P∞ and by the fourth
Chern classes of the (rank-four) tautological bundles on the m − 1 factors QP∞ if n is even. If
n is odd, the ring Ch(BHx)/NQx is generated by the fourth Chern classes of the tautological
bundles on the m factors QP∞. By Example 5.2 and the end of § 5c, these Chern classes are the
restrictions of the Chern classes in J . 2

By Example 5.3, the ring CH(BK) is generated by two elements: one in codimension two
and the other one is 2-torsion in codimension three.

Let Q be the quaternion algebra over BP associated to a P -torsor U → U/P approximating
BP . By definition, Q is the pull-back of Q′ under BP → BS. By Proposition 5.9, the natural
map CH(BS) → CH(BP ) is an isomorphism. This isomorphism takes NQ′ to NQ by Lemma 2.2.
We have proved the following result.

Corollary 5.12. The ring Ch(BP )/NQ is generated by a set of elements of degree at most
four (with all elements of degree three in the set being represented by 2-torsion elements in
CH3(BP )). 2

Let U → U/P be a P -torsor approximating BP with the associated quaternion algebra
Q(U). By Lemma 5.4, the natural ring homomorphism CH(BP ) → CH(U/P ) is surjective. The
induced surjection Ch(BP ) → Ch(U/P ) takes NQ to NQ(U) (see Lemma 2.2). We have proved
the following result.

Corollary 5.13. Let U → U/P be a P -torsor with U/P approximating BP with the associated
quaternion algebra Q(U). Then the ring Ch(U/P )/NQ(U) is generated by a set of elements of
degree at most four (with all elements of degree three in the set being represented by 2-torsion
elements in CH3(U/P )). 2

Consider a G-torsor U → U/G with U/G approximating BG. The generic fiber f : E →

Spec(K), where K = F (U/G) is the associated generic G-torsor. Let L/K be a field extension.
The fiber of g : E → E/P =: X over an L-point of X is a P -torsor h : I → Spec(L) over L.
Clearly, resG/P (h) = fL. Therefore, [Q(h)] = [A(f)L] in Br(L) by Lemma 5.7.

Now take L = F (X). We have the following two quaternion Azumaya algebras over XL.
One is Q(gL) for the P -torsor gL : EL → XL. Another is the constant algebra coming from the
L-algebra Q(h).
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We claim that the pull-backs to L(X) = L(XL) of both algebras are Brauer equivalent
(and, hence, isomorphic). We see that the two pull-backs are obtained from each other by the
automorphism of the field L(X) induced by the exchange automorphism of X × X. Since the
Brauer class of Q(h) comes from the field F , the exchange automorphisms acts identically on
Q(h) proving the claim.

As a consequence of the claim, the norm subgroups N in Ch(XL) for both quaternion algebras
are the same by Lemma 2.1.

Corollary 5.14. Let f : E → SpecK be a generic G-torsor and let L be the function field of
X := E/P . Then the image of the natural ring homomorphism Ch(X) → Ch(XL) is generated
by elements of codimensions one, two, four and the norm subgroup NQ ⊂ Ch(XL) of the constant
quaternion algebra Q on XL Brauer equivalent to A(f) lifted to XL.

Proof. Recall that E is the generic fiber of U → U/G for an appropriate U , hence X is
a localization of U/P . By the localization property for Chow groups, the pull-back ring
homomorphism Ch(U/P ) → Ch(X) is surjective. By Lemma 2.2 and the discussion before the
corollary, it takes the standard norm group in Ch(U/P ) to the norm group NQ. The result follows
from Corollary 5.13 and from the fact that the (integral) Chow group CH(XL) is torsion free as
the (integral) CH-motive of the projective homogeneous variety XL is a sum of shifts of several
copies of the motives of the point and of a conic (see [Kar00] and [CGM05]). 2

6. Generic flag variety

Let k be a field, n an integer at least two and let F be the field of rational functions over k in
n+2 variables t, t′, t1, . . . , tn. Let Q be the quaternion (division) F -algebra given by the elements
t, t′ and let h be the Hermitian form 〈t1, . . . , tn〉 on the right Q-module Qn. Note that in the
characteristic-two case, the Hermitian form h is alternating (as defined in [KMRT98, § 4.A]).
By [KMRT98, Theorem 4.2], this means that the adjoint to h involution on the matrix algebra
Mn(Q) is symplectic (in any characteristic).

The pair Q, h is generic in the following sense: there exist a smooth connected k-variety X
(namely, the affine space of dimension n + 2), a quaternion algebra Q̃ over X and a Hermitian
form h̃ on Q̃n such that:

(1) the pair Q, h is Q̃, h̃ restricted to the generic point of X; and

(2) for any quaternion algebra Q′ over an extension field F ′/k with a non-degenerate Hermitian
form h′ on Q′ (alternating in characteristic two), there exists an F ′-point of X such that
Q′, h′ is isomorphic to the restriction of Q̃, h̃ to the point.

Indeed, h′ can be diagonalized and the diagonal entries are elements of Q which are symmetric
(alternating in characteristic two) with respect to the canonical symplectic involution on Q. It
follows by [KMRT98, Proposition 2.6] that the diagonal entries are elements of F ′.

A different construction of such a generic pair occurs in the proof of the following proposition.
We are using the reduced Chow ring here defined in the introduction.

Proposition 6.1. Let Y be the F -variety of flags of totally isotropic subspaces in Qn of Q-
dimensions 1, 2, . . . , [n/2] (i.e. of reduced dimensions 2, 4, . . . , 2[n/2]). Then the ring Ch(Y )/NQY

,
where NQY

is the image of NQY
in Ch(Y ), is generated by codimension one, two, and four.

Proof. Let P be the parabolic subgroup of the split simple adjoint affine algebraic group G of
type Cn over the field k considered (P and G) in § 5c. Let E be a generic G-torsor over an
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extension field K/k, and let us consider the projective homogeneous K-variety Y ′ := E/P . The
torsor E is given by a central simple K-algebra A of degree 2n with a symplectic involution σ.
The variety Y ′ is isomorphic to the variety of flags of σ-isotropic right ideals in A of reduced
dimensions 2, 4, 6, . . . , 2[n/2]. There is a quaternion algebra Q′ over Y ′ Brauer-equivalent to AY ′ .

Let X be the generalized Severi–Brauer variety SB2(A). By Example 4.3, the Ch(Y ′)-algebra
Ch(Y ′×K X)/NQ′

Y ′×X
is generated by an element of codimension four. The pull-back Ch(Y ′×K

X) → Ch(Y ′K(X)) along the morphism given by the generic point of X is surjective by [EKM08,

Corollary 57.11]. It follows by Corollary 5.14 that the ring Ch(Y ′K(X))/NQ′
Y ′
K(X)

is generated by

codimensions one, two, and four. By a specialization argument similar to that used in [Kar12c,
Proof of Corollary 4.8], the ring Ch(Y ′K(X))/NQ′

Y ′
K(X)

is isomorphic to the ring Ch(Y )/NQY
. 2

7. Projective Q-bundles for constant Q

In this section, Q is a quaternion algebra over F , X is a smooth F -variety, V is a right QX -module
of reduced dimension 2(n+ 1).

The following statement generalizes Lemma 3.1.

Lemma 7.1. As usual, let a be the fourth Chern class of the tautological vector bundle on QP(V ).
Let πX be the structure morphism QP(V ) → X. Then πX∗(a

i) = 0 for any i = 0, . . . , n− 1 and
πX∗(a

n) = [X].

Proof. For i < n, we have πX∗(a
i) = 0 by dimension reasons. The remaining formula πX∗(a

n) =
[X] may be checked over an extension of F so that we may assume Q is split. In this case
QP(V ) is identified with the Grassmannian of 2-planes in a rank-2(n + 1) vector bundle over
X the way that a = c2

2, where c2 is the second Chern class of the tautological vector bundle
on the Grassmannian. The desired formula becomes a particular case of the duality theorem
[Ful98, 14.6.3]. 2

Proposition 7.2. For V of even reduced rank 2(n + 1), the module Ch(QP(V ))/NQQP(V )
over

the ring Ch(X)/NQX
is free with the basis {ai}ni=0.

Proof. We know already by Example 4.3 that the system {ai}ni=0 generates the module. It remains
to check that it is free.

Assuming that α :=
∑n

i=0 αia
i ∈ NQQP(V )

for some α0, . . . , αn ∈ Ch(X), we show that all
αi are in NQX

using a descending induction on i. Let i be the biggest index for which we
did not prove αi ∈ NQX

yet. Calculating πX∗(α · an−i) ∈ NQX
using Lemma 7.1, we get that

αi ∈ NQX
. 2

Now we are going to look at the reduced Chow ring Ch(X) (defined in the introduction).
Note that for any extension field L/F , the change of field homomorphism Ch(X) → Ch(XL) is
injective. As before, we write NQX

for the image of NQX
in Ch(X).

Proposition 7.3. The element a (more precisely, its class) in the Ch(X)/NQX
-algebra

Ch(QP(V ))/NQQP(V )
satisfies the relation

n+1∑
i=0

c4ia
n+1−i = 0,

where ci := ci(V ) is the ith Chern class of the vector bundle V .
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Proof. The tautological vector bundle T on Y := QP(V ) is a subbundle of the vector bundle VY .
The exact sequence of vector bundles

0 −−−→ T −−−→ VY −−−→ VY /T −−−→ 0

gives by the Whitney sum formula [EKM08, Proposition 54.7] the relation

c(T )c(VY /T ) = c(V )

of the total Chern classes. In particular,

a+ a3b1 + a2b2 + a1b3 + b4 = c4(V )

ab4 + a3b5 + a2b6 + a1b7 + b8 = c8(V )

...

ab4n−4 + a3b4n−3 + a2b4n−2 + a1b4n−1 + b4n = c4n(V )

ab4n = c4n+4(V ),

(7.4)

where ai := ci(T ) and bi := ci(VY /T ).
We claim that the classes of a1, a2, a3 in Ch(Y )/NQY

are zero. Indeed, let L/F be an
extension field splitting Q. Choosing a simple left module M over the split quaternion L-algebra
QL and defining T ′ as the tensor product of TL and M over QL, we get an isomorphism
TL ' T ′ ⊕ T ′ of vector bundles over YL. It follows that the images of a1 and a3 in Ch(YL)
are 0. Therefore, a1 and a3 are zero already in Ch(Y ), before factorization by NQY

.
It remains to deal with the image of a2 in Ch(YL) which is equal to c2

1(T ′). It suffices to
prove the following

Lemma 7.5. The element c2
1(T ′) is in the image of the composition

Ch(Y × C) → Ch(Y ) → Ch(YL).

Proof. The following square commutes.

Ch(Y × C) //

��

Ch(Y × C)L

��
Ch(Y ) // Ch(YL)

Let C be the tautological vector bundle on C. This is a right Q-module, but we may view it as a
left Q-module via the canonical involution on Q in order to take the tensor product F of TY×C
and CY×C over QY×C . Pulling-back the (Y × C)-vector bundle F to (Y × C)L = YL × CL, we
get a vector bundle isomorphic to the tensor product of T ′ and C′, where C′ is the (rank-one)
vector bundle on CL defined as the tensor product over QL of C and M .

Since C′ is a line bundle and T ′ is a vector bundle of rank two, we have

c2(T ′ ⊗ C′) = c2(T ′)× [CL] + c1(T ′)× c1(C′) + [YL]× c2
1(C′)

(see [Ful98, Remark 3.2.3]). Note that the last summand is zero by dimension reasons and
that deg(C′) = 1. Therefore, the image of c2(T ′ ⊗ C′) under the push-forward to Ch(YL) is
c1(T ′) showing that c1(T ′) is in the image of the composition Ch(Y × C) → Ch(Y ) → Ch(YL).
Therefore, c2

1(T ′) is also in the image of the composition. 2
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Turning back to the proof of Proposition 7.3 and passing from Ch(Y ) to Ch(Y )/NQY
in the

relations (7.4), we get the following simpler relations

a+ b4 = c4(V )

ab4 + b8 = c8(V )

...

ab4n−4 + b4n = c4n(V )

ab4n = c4n+4(V ).

Starting with the last relation and sequentially excluding b4i for i = n, n − 1, . . . with the help
of the previous relations, we get the relation desired. 2

Corollary 7.6. The Ch(X)/NQX
-algebra Ch(QP(V ))/NQQP(V )

is generated by the element a
subject to one relation

n+1∑
i=0

c4ia
n+1−i = 0,

where ci := ci(V ) is the ith Chern class of the vector bundle V .

Proof. Let A be an Ch(X)/NQX
-algebra generated by one element t subject to one relation

n+1∑
i=0

c4it
n+1−i = 0.

The Ch(X)/NQX
-algebra homomorphism A → Ch(QP(V ))/NQQP(V )

, t 7→ a is well-defined
by Proposition 7.3 and surjective by Proposition 7.2. Since both algebras, considered as
Ch(X)/NQX

-modules, are free of rank n+ 1 (the right one is so by Proposition 7.2 once again),
the epimorphism is an isomorphism. 2

8. Generic maximal Grassmannian

We use the settings of the beginning of § 6. Let m := [n/2]. We consider the F -variety X of
m-dimensional totally isotropic subspaces in h.

Proposition 8.1. The components of positive codimension of the ring Ch(X)/NQX
are trivial.

Proof. Let I be the set of integers [1, m] := {1, 2, . . . ,m}. For any subset J ⊂ I we consider the
variety XJ of flags of totally isotropic subspaces in h of Q-dimensions given by J .

By induction on l ∈ I, we prove the following statement: the ring Ch(X[l, m])/NQX[l, m]
is

generated by codimensions one, two, and four and the Chern classes of the tautological rank 4l
vector bundle Tl on X[l, m] (which is the pull-back to X[l, m] of the tautological vector bundle
on Xl). This statement with l = m gives the required statement of Proposition 8.1 due to the
following.

Lemma 8.2. Let F be a field, Q a quaternion division F -algebra, h a Hermitian form on
Qn which is hyperbolic for even n and almost hyperbolic for odd n, X the corresponding
maximal Grassmannian. Then all of the elements of codimensions one, two, and four in the
ring Ch(X)/NQX

as well as the elements given by the Chern classes of positive codimensions of
the tautological vector bundle on X are zero.
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Proof. It follows by [Kar00, Theorem 15.8 and Corollary 15.14] and [CGM05] that the motive of
X decomposes in a direct sum with one summand M(pt), one summand M(pt)(3), and every
of the remaining summands being either M(pt)(i) with i > 4 or a shift of M(C). Therefore, all
elements of codimensions one, two, and four in the ring Ch(X)/NQX

are zero, and it remains to
prove the statement about the Chern classes of the tautological bundle.

The ring Ch(X) imbeds into Ch(X̄) (see, e.g., Corollary 9.2). The variety X̄ is identified with
the Grassmannian of 2m-planes in a 2n-dimensional vector space V which are totally isotropic
with respect to a fixed non-degenerate alternating form on V . The tautological bundle on X
gives rise to a vector bundle on X̄ isomorphic to T ⊕ T , where T is the tautological bundle
on X̄.

Let us consider the case of even n first. We claim that in this case the Chern classes of the
tautological bundle on X are trivial already in Ch(X̄). Indeed, there is an exact sequence

0 −−−→ T −−−→ VX̄ −−−→ T ∗ −−−→ 0

relating the bundle T with its dual T ∗ and the trivial vector bundle VX̄ (where the epimorphism
VX̄ → T ∗ is induced by the alternating form). Since c(T ) = c(T ∗) ∈ Ch(X̄), it follows that
c(T ⊕T ) = 1. (We are repeatedly using the Whitney sum formula [EKM08, Proposition 54.7] in
this proof.)

In the case of odd n, there is an exact sequence

0 −−−→ T ⊥ −−−→ VX̄ −−−→ T ∗ −−−→ 0

where T ⊥ is the orthogonal complement of T in VX̄ . The bundle T ⊥ contains T as a subbundle,
the quotient T ⊥/T is of rank two. We have

1 = c(T ⊥)c(T ∗) = c(T )2c(T ⊥/T ) ∈ Ch(X̄).

Multiplying by c(T ⊥/T ), we get that c(T ⊥/T ) ∈ Ch(X). Passing to the quotient by NQX
, we see

that c(T ⊥/T ) = 1 ∈ Ch(X)/NQX
(because T ⊥/T is of rank two and the ring Ch(X)/NQX

has
no non-zero elements in codimensions one and two). Therefore, c(T )2 = 1 ∈ Ch(X)/NQX

. 2

We turn back to the inductive proof of the statement formulated in the beginning of the
proof of Proposition 8.1. The induction base l = 1 follows from Proposition 6.1. Now, assuming
that l > 2, let us do the passage from l − 1 to l.

The projection X[l−1, m] → X[l, m] is the projective Q-bundle given by the dual of

the vector Q-bundle Tl. Therefore, by Corollary 7.6, the Ch(X[l, m])/NQX[l, m]
-algebra

Ch(X[l−1, m])/NQX[l−1, m]
is generated by a certain codimension-four element a subject to one

relation
∑l

i=0 c4ia
l−i = 0, where ci := ci(Tl). In particular, the Ch(X[l, m])/NQX[l, m]

-module

Ch(X[l−1, m])/NQX[l−1, m]
is free of rank l.

Now let C ⊂ Ch(X[l, m])/NQX[l, m]
be the subring generated by all ci together with the

elements of codimensions one, two, and four. The coefficients of the above relation are then
in C. Therefore, the subring of Ch(X[l−1, m])/NQX[l−1, m]

generated by C and a is also free

(now as a C-module) of rank l. On the other hand, this subring coincides with the total ring
by the induction hypothesis. Indeed, it contains all of the elements of codimension one, two,
and four in Ch(X[l−1, m])/NQX[l−1, m]

because any such element is either equal to a or lies in

the image of Ch(X[l, m])/NQX[l, m]
. It also contains the Chern classes of the vector bundle Tl−1

on X[l−1, m] because these Chern classes are polynomials in ci := ci(Tl) and a := c4(Tl/Tl−1)

2088

https://doi.org/10.1112/S0010437X14007556 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X14007556


Hermitian forms over quaternion algebras

(we recall that the first, second, and third Chern classes of the quotient Tl/Tl−1 are trivial in
Ch(X[l−1, m])/NQX[l−1, m]

as shown in the proof of Proposition 7.3).

It follows that C = Ch(X[l, m])/NQX[l, m]
. 2

9. Essential motives of Q-Grassmannians

We fix the following notation. Let F be a field (of arbitrary characteristic). Let Q be a quaternion
division F -algebra and C the corresponding conic. Let n be an integer > 0. Let V be a right
vector space over Q of dimension n. Let h be a non-degenerate Hermitian (with respect to the
canonical involution of Q) form on V . If charF = 2, we additionally assume that h is alternating.
For any integer r, let Xr be the F -variety of totally isotropic subspaces in V of Q-dimension r
(so that X0 = SpecF and Xr = ∅ for r outside of the interval [0, n/2]).

Lemma 9.1 [Kar00, Theorem 15.8 and Corollary 15.14] and [CGM05]. Assume that the
Hermitian form h is isotropic: n is at least two and h ' H⊥h′, where H is the hyperbolic
plane, h′ a Hermitian form of dimension n− 2. For any integer r one has

M(Xr) 'M(X ′r−1)⊕M(X ′r)(i)⊕M(X ′r−1)(j)⊕M,

where X ′r−1 and X ′r are the varieties of h′, i = (dimXr − dimX ′r)/2, j = dimXr − dimX ′r−1,
and M is a sum of shifts of the motive of C.

The following corollary is also a consequence of a general result of [Kar10b] or of [CGM05].

Corollary 9.2. If h is split (meaning hyperbolic for even n or ‘almost hyperbolic’ for odd n),
then M(Xr) is a sum of shifts of M(pt) and of M(C). 2

Corollary 9.3. There is a decomposition M(Xr) 'Mr ⊕M such that the motive M is a sum
of shifts of M(C) and for any field extension L/F with split hL the motive Mr is split (meaning
is a sum of Tate motives).

Proof. Apply [Kar12a, Proposition 4.1] inductively to E := F (X[n/2]) and S := C. Note that the
variety SE is still irreducible and has indecomposable motive because the quaternion E-algebra
Q ⊗F E is non-split (see, e.g., [MPW96]). Therefore, condition (1) of [Kar12a, Proposition 4.1]
is satisfied.

Since X[n/2](F (C)) 6= ∅, the field extension E(S)/F (S) is purely transcendental, that is,
condition (2) is satisfied as well.

Clearly, the Hermitian form hE is split so that the motive of Xr over E is a sum of shifts
of M(pt) and of M(C) (Corollary 9.2). The inductive application of [Kar12a, Proposition 4.1]
shows that the sum M of all copies of shifts of M(C) present in the complete decomposition of
M(Xr) over E, can be extracted from M(Xr) over F . The complementary summand Mr of the
motive of Xr has the desired property. 2

Remark 9.4. The reduced Chow group (homological or cohomological one) of the motive M
(as a subgroup of Ch(Xr)) is equal to NQXr

(see Lemma 3.5; note that one can find L as in
Corollary 9.3 such that CL is not split). Therefore, the reduced Chow group of Mr is identified
with the quotient Ch(Xr)/NQXr

. In the case where h is hyperbolic or almost hyperbolic, the
variety Xr satisfies the condition of Lemma 3.5. Therefore, the reduced Chow group in the above
statements can be replaced by the usual Chow group. We refer to [EKM08, § 64] for the definition
of homological and cohomological Chow group of a motive. The coincidence of descriptions
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of homological and cohomological Chow groups for the motives M and Mr is explained by
their symmetry: M ' M∗(dimXr) (and the same for Mr), where M∗ is the dual motive
[EKM08, § 65].

Definition 9.5. The motive Mr (defined by Xr uniquely up to an isomorphism) will be called
the essential motive of Xr (or the essential part of the motive of Xr).

It follows that the decomposition of the essential motive in the isotropic case has precisely the
same shape as the decomposition of the motive of an isotropic orthogonal Grassmannian [Kar12b,
Decomposition 2.6].

Corollary 9.6. Under the hypotheses of Lemma 9.1, one has

Mr 'M ′r−1 ⊕M ′r(i)⊕M ′r−1(j),

where M ′r−1 and M ′r are the essential motives of X ′r−1 and X ′r, i = (dimXr − dimX ′r)/2,
j = dimXr − dimX ′r−1. 2

According to the general result of [Kar10b], any summand of the complete motivic
decomposition of the variety Xr is a shift of the upper motive U(Xs) for some s > r or a
shift of M(C). Therefore, we obtain the following result.

Corollary 9.7. Any summand of the complete decomposition of the essential motive Mr is a
shift of the upper motive U(Xs) for some s > r. 2

Remark 9.8. A motive is split if it is isomorphic to a finite direct sum of Tate motives. A motive
is geometrically split if it becomes split over an extension of the base field. Dimension dimP of
a geometrically split motive P is the maximum of the distance |i − j| between i and j running
over the integers such that the Tate motives M(pt)(i) and M(pt)(j) are direct summands of
PL, where L/F is a field extension splitting N .

Since the quaternion F -algebra Q remains non-split over the function field L := F (X[n/2])
and the motive of (Xr)L contains the Tate summands F2 and F2(dimXr), these Tate motives
are summands of (Mr)L. It follows that dimMr = dimXr.

10. Generic Grassmannians

In the statements below we use the notion of the essential motive Mr of the varietyXr, introduced
in the previous section. It turns out that in the generic case, this motive is indecomposable and
the variety Xr is 2-incompressible (see the introduction for the definition of canonical 2-dimension
and 2-incompressibility).

Theorem 10.1. For F , Q, n, and h as in the beginning of § 6, for any r = 0, 1, . . . , [n/2], the
essential motive Mr of the variety Xr is indecomposable, the variety Xr is 2-incompressible.

Proof. We induct on n in the proof of the first statement. The induction base is the trivial case
of n < 2. Now we assume that n > 2.

We do a descending induction on r. The case of the maximal r = [n/2] is an immediate
consequence of Proposition 8.1. Indeed, one summand of the complete decomposition of the
motive Mr for such r is the upper motive U(Xr) of Xr. The remaining summands (if any) are
positive shifts U(Xr)(i) (i > 0) of the upper motive, see Corollary 9.7. But if we have a summand

U(Xr)(i), then the reduced Chow group Ch
i
(Mr) is non-zero. However, by Remark 9.4, Ch(Mr)

is isomorphic to Ch(Xr)/NQXr
which is zero in positive codimensions by Proposition 8.1.
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Now we assume that r < [n/2]. Since the case of r = 0 is trivial, we may assume that r > 1
(and therefore n > 4).

Let L := F (X1). We have hL ' H⊥h′, where h′ is a Hermitian form of dimension n− 2 and
H is the hyperbolic plane.

For any integer s, we write X ′s for the variety Xs of the Hermitian form h′, and we write M ′s
for the essential motive of the variety X ′s. By Corollary 9.6, the motive (Mr)L decomposes in a
sum of three summands:

(Mr)L 'M ′r−1 ⊕M ′r(i)⊕M ′r−1(j), (10.2)

where i := (dimXr − dimX ′r)/2 and j := dimXr − dimX ′r−1. Let us check that each of three
summands of decomposition (10.2) is indecomposable.

Let F ′ be the function field of the variety of totally isotropic subspaces of Q-dimension
one of the Hermitian form 〈tn−1, tn〉. Then hF ′ ' H⊥〈t1, . . . , tn−2〉 so that we have a motivic
decomposition similar to (10.2) where each of the three summands is indecomposable by the
induction hypothesis. Since the field extension F ′(X1)/F ′ is purely transcendental, the complete
decomposition of (Mr)F ′(X1) has only three summands. Since L = F (X1) ⊂ F ′(X1), the complete
decomposition of (Mr)L has at most three summands so that the summands of decomposition
(10.2) are indecomposable.

It follows by [Kar12b, Proposition 2.4]) that if the motive Mr is decomposable (over F ),
then it has a summand P with PL 'M ′r(i) = U(X ′r)(i). Note that U(X ′r) ' U((Xr+1)L). Again
by [Kar12b, Proposition 2.4], P ' U(Xr+1)(i), showing that U(Xr+1)L 'M ′r. By the induction
hypothesis, the motive Mr+1 is indecomposable, that is, U(Xr+1) = Mr+1. Therefore, we have an
isomorphism (Mr+1)L 'M ′r and, in particular, dimXr+1 = dimX ′r (see Remark 9.8). However,
dimXr+1 = (r + 1)(4n − 6(r + 1) + 1), dimX ′r = r(4(n − 2) − 6r + 1), and the difference is
4n− 4r − 5 > 2n− 5 > 0 (recall that n > 4 now).

To show that Xr is 2-incompressible, we show that its canonical 2-dimension cd2Xr equals
dimXr. By [Kar10a, Theorem 5.1], cd2Xr = dimU(Xr). By the first part of Theorem 10.1,
U(Xr) = Mr. Finally, dimMr = dimXr (see Remark 9.8). 2

11. Connection with quadratic forms

Let F , Q, V , and h be as in the beginning of § 9. For any v ∈ V the value h(v, v) is in F and
the map q : V → F , v 7→ h(v, v) is a non-degenerate quadratic form on V considered this time
as a vector space over F . Note that the dimension of q, that is, the dimension of V over F is
the dimension n of V over Q multiplied by four. Moreover, q is isomorphic to the tensor product
of the 2-fold Pfister quadratic form NrdQ given by the reduced norm of Q by an n-dimensional
non-degenerate symmetric bilinear form. Note that an arbitrary anisotropic 2-fold Pfister form
over F is isomorphic to NrdQ for a unique up to an isomorphism quaternion division F -algebra Q
(see [EKM08, Corollary 2.15]). Any non-degenerate quadratic form divisible by NrdQ arises the
way described above from an appropriate Hermitian form over Q (unique up to an isomorphism).
For the case of characteristic not two, we may refer to [Sch85, § 1 of ch. 10].

The Witt indexes i(h) and i(q) of h and q are related as follows (and this relationship implies
the above uniqueness statement, cf. [Kar12c, Corollary 9.2], known as the Jacobson theorem).

Lemma 11.1. We have i(q) = 4i(h).

Proof. For any integer r > 0, the inequality i(h) > r implies i(q) > 4r. Indeed, if i(h) > r, V
contains a totally h-isotropic Q-subspace W of dimension r. This W is also totally q-isotropic
and has dimension 4r over F . Therefore, i(q) > 4r.
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To finish, we prove by induction on r > 0 that i(q) > 4r−3 implies i(h) > r. This is trivial for
r = 0. If r > 0 and i(q) > 4r−3, then q is isotropic. But any q-isotropic vector is also h isotropic,
therefore the Q-vector space V decomposes in a direct sum of h-orthogonal subspaces V = U⊕V ′
such that h|U is a hyperbolic plane. The subspaces U and V ′ are also q-orthogonal and q|U is
hyperbolic (of dimension four). For h′ := h|V ′ and q′ := q|V ′ it follows that i(h′) = i(h)− 1 and
i(q′) = i(q) − 4, and we are done by the induction hypothesis applied to h′ (of course, q′ is the
quadratic form given by h′). 2

For any integer r, let Xr be the variety of totally h-isotropic r-dimensional Q-subspaces in V
and let Yr be the variety of totally q-isotropic r-dimensional F -subspaces in V . The variety Y2n,
where n := dimQ V , is not connected and has two isomorphic connected components; changing
notation, we let Y2n be one of its connected component in this case.

Corollary 11.2. For any r, the upper motives of the varieties Xr, Y4r, Y4r−1, Y4r−2, and Y4r−3

are isomorphic. In particular, these varieties have the same canonical 2-dimension. This canonical
dimension is maximal and equal to

dimXr = r(4n− 6r + 1)

in the case of generic (see § 6) Q and h.

Proof. By Lemma 11.1, each of the three varieties possesses a rational map to each other.
Therefore, the upper motives are isomorphic by [Kar13, Corollary 2.15]. For the first statement
on canonical dimension see [Kar10a, Theorem 5.1]. The statement on the maximal canonical
dimension follows from Theorem 10.1. 2

Let us recall that according to the original definition [Vis05, Definition 5.11(2)] due to A.
Vishik of the J-invariant J(q) of a non-degenerate quadratic form q over F of dimension 4n,
J(q) is a certain subset of the set of integers {0, 1, . . . , 2n− 1}. Note that in [EKM08, § 88], the
name J-invariant and the notation J(q) stand for the complement of the above subset (with
the ‘excuse’ that this choice simplifies several formulas involving the J-invariant). In the present
paper we are using the original definition and notation.

Let q be a quadratic form given by tensor product of an n-dimensional non-degenerate
symmetric bilinear form by a 2-fold quadratic Pfister form π. Let us first assume that n is
odd. Then q is hyperbolic if and only if π is hyperbolic. It follows that for anisotropic π, the
canonical 2-dimension of the maximal orthogonal Grassmannian associated to q is one. Therefore,
by [EKM08, Theorem 90.3] the J-invariant of q is {0, 2, 3, . . . , 2n−1} (everything but 1) for odd n
and anisotropic π (note that 0 ∈ J(q) because q is an even-dimension form of trivial discriminant).

For any even n, the Witt index of q over any extension field of F is divisible by four. It
follows by [EKM08, Proposition 88.8] that the J-invariant of q contains the set J0 of the integers
in the interval [0, 2n − 1] which are not congruent to three modulo four. Theorem 10.1 with
Corollary 11.2 make it possible (see Corollary 11.3 right below) to show that J(q0) = J0 for the
quadratic form q0 associated with the Hermitian form h on Qn, where h and the quaternion
algebra Q are as in the beginning of § 6. The quadratic form q0 is of the type we are interested
in because it is isomorphic to the tensor product of an n-dimensional non-degenerate symmetric
bilinear form by the 2-fold quadratic Pfister form NrdQ. This means that for any even n > 2, J0

is the smallest (in the sense of inclusion) value of the J-invariant of a quadratic form given by
tensor product of an n-dimensional non-degenerate symmetric bilinear form by a 2-fold quadratic
Pfister form.

Corollary 11.3. We have J(q0) = J0.
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Proof. We recall that q0 is the quadratic form associated with the Hermitian form h introduced
in the beginning of § 6. Let us calculate the J-invariant of q = q0. We are using the above notation
for the varieties associated to h and to q.

By [EKM08, Theorem 90.3], the canonical 2-dimension of Y2n is dimY2n = n(2n− 1) minus
the sum of the elements of J(q). On the other hand, by Corollary 11.2 and Theorem 10.1, the
canonical 2-dimension of Y2n is equal to the dimension of Xn/2 which is

dimXn/2 = n(n+ 1)/2 = n(2n− 1)−
∑
J0

j.

Therefore, J(q) = J0. 2

Lemma 11.1 and Corollaries 11.2 and 11.3 are analogues of [Kar12c, Lemma 9.1 and
Corollaries 9.3 and 9.4]. The reader may discover on his own the analogues of the remaining
statements of [Kar12c, § 9].

Acknowledgements
We thank the anonymous referee for numerous suggestions improving the exposition. We also
thank Burt Totaro for useful advices. The first author gratefully acknowledges hospitality of
the Fields Institute for Research in Mathematical Sciences (Toronto, Ontario), the Department
of Mathematics of University of Toronto, and Thematic Program on Torsors, Nonassociative
Algebras and Cohomological Invariants (January–June 2013).

References

CGM05 V. Chernousov, S. Gille and A. Merkurjev, Motivic decomposition of isotropic projective
homogeneous varieties, Duke Math. J. 126 (2005), 137–159.

EG98 D. Edidin and W. Graham, Equivariant intersection theory, Invent. Math. 131 (1998),
595–634.

EKM08 R. Elman, N. Karpenko and A. Merkurjev, The algebraic and geometric theory of
quadratic forms, American Mathematical Society Colloquium Publications, vol. 56 (American
Mathematical Society, Providence, RI, 2008).

Ful98 W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. / A Series of Modern Surveys in Mathematics, vol. 2, second edition (Springer, Berlin,
1998).

Kar00 N. A. Karpenko, Cohomology of relative cellular spaces and of isotropic flag varieties, Algebra
i Analiz 12 (2000), 3–69.

Kar10a N. A. Karpenko, Canonical dimension, in Proceedings of the international congress of
mathematicians, vol. II (Hindustan Book Agency, New Delhi, 2010), 146–161.

Kar10b N. A. Karpenko, Upper motives of outer algebraic groups, in Quadratic forms, linear algebraic
groups, and cohomology, Developments in Mathematics, vol. 18 (Springer, New York, 2010),
249–258.

Kar12a N. A. Karpenko, Hyperbolicity of unitary involutions, Sci. China Math. 55 (2012), 937–945.

Kar12b N. A. Karpenko, Sufficiently generic orthogonal Grassmannians, J. Algebra 372 (2012),
365–375.

Kar12c N. A. Karpenko, Unitary Grassmannians, J. Pure Appl. Algebra 216 (2012), 2586–2600.

Kar13 N. A. Karpenko, Upper motives of algebraic groups and incompressibility of Severi–Brauer
varieties, J. Reine Angew. Math. 677 (2013), 179–198.

2093

https://doi.org/10.1112/S0010437X14007556 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X14007556


N. A. Karpenko and A. S. Merkurjev

KMRT98 M.-A. Knus, A. Merkurjev, M. Rost and J.-P. Tignol, The book of involutions, American
Mathematical Society Colloquium Publications, vol. 44 (American Mathematical Society,
Providence, RI, 1998), with a preface in French by J. Tits.

Man68 J. I. Manin, Correspondences, motifs and monoidal transformations, Mat. Sb. (N.S.) 77 (1968),
475–507.

MPW96 A. S. Merkurjev, I. A. Panin and A. R. Wadsworth, Index reduction formulas for twisted flag
varieties. I, K-Theory 10 (1996), 517–596.

Mil80 J. S. Milne, Étale cohomology, Princeton Mathematical Series, vol. 33 (Princeton University
Press, Princeton, NJ, 1980).

MV06 L. A. Molina Rojas and A. Vistoli, On the Chow rings of classifying spaces for classical groups,
Rend. Semin. Mat. Univ. Padova 116 (2006), 271–298.

Ros96 M. Rost, Chow groups with coefficients, Doc. Math. 1 (1996), 319–393 (electronic).

Sch85 W. Scharlau, Quadratic and Hermitian forms, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 270 (Springer, Berlin,
1985).

Ser94 J.-P. Serre, Cohomologie galoisienne, Lecture Notes in Mathematics, vol. 5, fifth edition
(Springer, Berlin, 1994).

Spr09 T. A. Springer, Linear algebraic groups, Modern Birkhäuser Classics, second edition
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