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Small heavy particles cannot be attracted into a region of closed streamlines in a
non-accelerating frame (Sapsis & Haller, Chaos, vol. 20, issue 1, 2010, 017515). In a
rotating system of vortices, however, particles can get trapped (Angilella, Physica D,
vol. 239, issue 18, 2010, pp. 1789–1797) in the vicinity of vortices. We perform numerical
simulations to examine trapping of inertial particles in a prototypical rotating flow
described by a rotating pair of Lamb–Oseen vortices of identical strength, in the absence
of gravity. Our parameter space includes the particle Stokes number St, which is a measure
of the particle’s inertia, and a density parameter R, which measures the particle’s density
relative to the fluid. In particular, we study the regime 0 < R < 1 and 0 < St < 1, which
corresponds to an inertial particle that is finitely denser than the fluid. We show that in this
regime, a significant fraction of particles can be trapped indefinitely close to the vortices,
and display extreme clustering into objects of smaller dimension: attracting fixed points
and limit cycles of different periods including chaotic attractors. As St increases for a
given R, we may have an incomplete or complete period-doubling route to chaos, as well
as an unusual period-halving route back to a fixed point attractor. The fraction of trapped
particles can be a non-monotonic function of St, and we may even have windows in St for
which no particle trapping occurs. At St larger than a critical value, beyond which trapping
ceases to exist, significant fractions of particles can spend long but finite times in the vortex
vicinity. The inclusion of the Basset–Boussinesq history (BBH) force is imperative in our
study due to the finite density of the particle. We observe that the BBH force significantly
increases the basin of attraction over which trapping occurs, and also widens the range
of St for which trapping can be realised. Extreme clustering can be of significance in
a host of physical applications, including planetesimal formation by aggregation of dust
in protoplanetary discs, and aggregation of phytoplankton in the ocean. Our findings in
the prototypical model provide impetus to conduct experiments and further numerical
investigations to understand clustering of inertial particles.
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1. Introduction

Turbulent flows with suspended inertial (finitely small) particles of varying relative
densities are ubiquitous in both natural and industrial systems. Examples of such
particulate suspensions include water droplets in clouds, near-neutrally buoyant
microplastics and phytoplankton in the ocean, dust in protoplanetary discs and air-drying
systems of powdered food, fertilisers and pesticides. These particles, typically denser than
the suspending fluid, can exhibit clustering. Clustering results in enhanced possibility
for inter-particle collisions, which are critical for various natural phenomena including
raindrop formation (Falkovich, Fouxon & Stepanov 2002; Wilkinson, Mehlig & Bezuglyy
2006), reproduction among small organisms (Guasto, Rusconi & Stocker 2012) and planet
formation (Tanga et al. 1996; Bracco et al. 1999). There have been several studies on
particle dispersion in direct numerical simulations of turbulent flows (Squires & Eaton
1991; Marshall 2005; Bec et al. 2007). An alternative approach to model the turbulence has
also been widely taken. Intense vortices, generated by vortex stretching, are the building
blocks of turbulent flows (Moffatt, Kida & Ohkitani 1994). These prevalent turbulent flow
structures are sampled by the suspended inertial particles, and this can influence their
clustering. Therefore, the ultimate goal of understanding inertial particle dynamics in
turbulent flows is equally well-served by studying motion of particles in model vortical
flows (Tio et al. 1993; Lasheras & Tio 1994; Marcu, Meiburg & Newton 1995; Raju &
Meiburg 1997; Marshall 1998; Varaksin & Ryzhkov 2022), as the underlying physics can
be well-elucidated.

Our purpose is to understand the effect of systemic rotation on particle clustering.
We present an argument for why the physics in a rotating system is worth studying.
Conventional wisdom suggests that inertial particles denser than the suspending fluid
centrifuge out of vortical regions and cluster in regions of high strain (Squires & Eaton
1991; Wang & Maxey 1993; Reade & Collins 2000; Aliseda et al. 2002). An explanation
for this is provided in Haller & Sapsis (2008) and Sapsis & Haller (2010) for the case
of particles of small inertia, characterised by small Stokes number St (ratio of particle
relaxation time scale to a characteristic flow time scale). In the field description of particle
velocity v̂, an approximation that is allowed when St � 1 (Maxey 1987; Druzhinin 1995;
Ferry & Balachandar 2001), its divergence at any spatial point x̂ is given by

∇̂ · v̂ = −St
{
|Ŝ(x̂, t)|2 − |ω̂(x̂, t)|2

}
. (1.1)

Here, Ŝ and ω̂ are the strain-rate tensor and the rotation-rate tensor, respectively, of the
underlying incompressible flow field û(x̂, t), t is time, |.| is the Euclidean matrix norm
and ˆ(·) refers to quantities in the laboratory-fixed frame. A positive divergence implies
the evacuation of a neighbourhood, while a negative divergence implies clustering. They
further argued that the net divergence from any region encompassed by a closed streamline
is positive, i.e. there can thus be no clustering in the neighbourhood of an elliptic fixed
point in the laboratory frame. In particular, we may conclude that particles of St � 1
will evacuate the vicinity of an isolated vortex and constantly move further from it. In
the presence of background rotation, the criterion is modified. Ravichandran, Perlekar &
Govindarajan (2014) showed that

∇ · v = −St
{
|S(x, t)|2 − |ω(x, t)|2 + 2Ω2

}
≡ StQrot, (1.2)

where Ω is the constant angular speed of the frame of reference, and quantities without
the over-hat are written in the rotating frame. Thus, particles of small St can cluster into
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regions within closed streamlines. This opens up the possibility that a significant loading
of particles can be trapped in the vicinity of vortices in rotating systems for long times.
Therefore, the physics of particle collisions, coalescence and growth in rotating systems
can be significantly different. The above equation also defines the Okubo–Weiss parameter
Qrot in the rotating frame of reference.

A pair of co-rotating point vortices, executing motion on a circle at a constant angular
velocity, is a prototypical flow description which permits clustering in atypical locations
due to the condition (1.2). The dynamics of infinitely heavy point-like particles (finite
St, ρp/ρf → ∞) suspended in such vortical flows with systemic rotation has been the
subject of several studies. Angilella (2010) and Ravichandran et al. (2014) considered a
point vortex pair of equal strengths, whereas Nizkaya, Angilella & Buès (2010) considered
unequal strengths. They showed that such inertial particles can get trapped at various
attracting fixed points in the rotating frame, whose exact locations vary with the Stokes
number. Further, an attracting fixed point may cease to exist beyond a critical Stokes
number or give way to multiple attracting points. Angilella, Vilela & Motter (2014) showed
that particles can undergo transient clustering (and chaos) near co-rotating vortices in
the presence of a wall. Nath & Roy (2024) find similar behaviour for infinitely dense
inertial particles near a single non-axisymmetric (elliptical) vortex in the presence of
shear. Tanga et al. (1996) proposed the trapping of heavy dust particles in the vortices
present in rotating solar nebulae as a mechanism for planetesimal formation. Along similar
lines, Gerosa, Méheut & Bec (2023) have reported enhanced clustering of heavy inertial
particles in Keplerian turbulence with rotation and shear, which model gaseous systems in
protoplanetary discs.

Our background flow consists of a pair of co-rotating Lamb–Oseen vortices of identical
circulation, Γ . The fact that Lamb–Oseen vortex closely emulates a typical vortical
structure seen in two-dimensional (2-D) turbulence (Gallay & Wayne 2002; Ramadugu,
Perlekar & Govindarajan 2022) legitimises our choice. The width of the vortices is taken
to be sufficiently small compared with their separation. Two identical vortices which are
initially far apart undergo merger in four stages (Cerretelli & Williamson 2003). In the first
diffusive stage they maintain their individual Gaussian structure and mutual separation
while executing constant angular velocity motion on a circle. In two dimensions, as the
flow Reynolds number, Re ≡ Γ/ν, where ν is the kinematic viscosity of the fluid, is
made arbitrarily large, the first stage of merger can last for an arbitrarily long time. Once
the vortices diffuse to a radius of about 0.3 times their separation, the second stage of
merger begins and the large-scale motion is no longer periodic. For simplicity, we assume
a high enough flow Reynolds number such that the vortices execute circular motion with
constant angular velocity during our simulation time. We distinguish our work from earlier
studies in our consideration of inertial particles that are finitely dense (ρp/ρf < ∞).
Consequently, we have an additional dimensionless parameter in our problem in addition
to the Stokes number, namely the density factor R, which is a measure of particle to
fluid density ratio. We model the dynamics of inertial particles in our study using the
Maxey–Riley equation (MRE) which includes the Basset–Boussinesq history (BBH) force.
A majority of inertial particle studies employ the reduced MRE, i.e. omit the BBH force.
For finite ρp/ρf , however, the effects of the BBH force could become significant, and
are expected to be pronounced for near-neutrally buoyant particles (ρp ∼ ρf ). In order to
understand the dynamics as well as to isolate the effects of the history force, we study both
the reduced MRE without the BBH force and the MRE with the BBH force. The reduced
MRE represents a dynamical system in the position–velocity state space, i.e. given the
present state of the particle, the future state is uniquely determined. However, upon the
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inclusion of the BBH force, the resulting integro-differential equation enforces non-local
dynamics in time. Indeed, the entire past trajectory is required to determine a future state
of the particle. Our recent studies (Prasath, Vasan & Govindarajan 2019; Jaganathan,
Govindarajan & Vasan 2024) enable us to interpret the full MRE as a dynamical system
embedded in an extended space. This reinterpretation offers computational advantages, as
we shall briefly discuss in our numerical methods § 2.1. We note here that Chong et al.
(2013) and Daitche & Tél (2014) have previously conducted studies on inertial particle
clustering with the BBH force included in their models in different flows.

Our study finds a host of new clustering features that occur in rotating flows of finitely
dense particle suspensions. Particles of finite density have a higher propensity to be
trapped forever in the system than infinitely dense particles. A significant fraction of
particles in the system participate in extreme and permanent clustering on to attractors,
up to Stokes numbers of order one. The final clusters, or attractors, rotate with the system.
They can be point-like, in the form of attracting fixed points, or annulus-like, in the form
of limit cycles of varying periodicities or chaotic attractors. Depending on the Stokes
number and the density ratio, there are a variety of transitions from one type of attractor
to another. Beyond a critical Stokes number, no particles are trapped forever, but there
can be long-lasting transients. Particle trapping is enhanced significantly, and the particle
attractors often qualitatively altered, by the inclusion of the BBH force.

Since we refer to trapping and clustering repeatedly, it is useful to distinguish between
them. Trapping refers to the condition of particles to be constrained to a particular
predefined region. Clustering, on the other hand, refers to a collection of particles
progressively occupying smaller volumes with time. A clustering set of particles need
not remain in a fixed region, whereas trapped particles need not cluster.

The rest of the paper is organised as follows. In § 2, we describe the physical model
of inertial particles in co-rotating vortex pair and the associated governing equations. We
also outline the numerical methods and analysis tools used in the study. In §§ 3 and 4, we
discuss the trapping dynamics observed in the model with and without the BBH force for
particles of different inertia and densities. We conclude in § 5 with a discussion on our
observations and the limitations of the model.

2. Governing equations for the flow and particles

The Lamb–Oseen vortices in the pair are of identical strength Γ and core-width b, with
their centres separated by a distance d, chosen such that b � d, as shown in figure 1(a).
In accordance to the Biot–Savart law, these vortices revolve around each other on a circle
of diameter d, with an angular speed Ω = Γ/πd2, while maintaining a constant mutual
angular separation of π. The corresponding time period of rotation is T = 2π/Ω .

The separation length d, the time period of rotation T = 2π/Ω and their ratio U = d/T
provide natural length, time and velocity scales to non-dimensionalise the system. In the
non-dimensional form, the background flow field is given by

û(x̂, t) = πez ×
[
(1 − exp(−|x̂ − X̂ |2/b2))

x̂ − X̂

|x̂ − X̂ |2 + (1 − exp(−|x̂ + X̂ |2/b2))
x̂ + X̂

|x̂ + X̂ |2

]
,

(2.1)

where the instantaneous vortex centres are at X̂ = (cos(2πt)/2, sin(2πt)/2), and ez is the
unit vector perpendicular to the plane of the vortices. The non-dimensional vortex width
is set to b = 0.1 throughout our analysis, without loss of generality.
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Figure 1. (a) Schematic showing two identical vortices executing circular motion at a constant rate. The
coordinate system rotates with them. (b) Vortex locations (red dots) and representative tracer-particle
trajectories (closed orbits shown in black lines) are shown in the rotating frame of reference. Region II is
the primary host for the attracting orbits of inertial particles. The green points are hyperbolic fixed points from
which heteroclinic orbits emanate, which separate regions I, II and III. Region III contains simple closed orbits
encircling both vortices. (c) Negative of the Okubo–Weiss parameter Qrot overlaid by a representative limit
cycle (attractor) of inertial particle trajectories.

We are interested in the dynamics of inertial particles in the above unsteady background
flow in the absence of gravity. We model the particles as rigid and spherical with radius a,
and of negligible particle slip Reynolds number, i.e. Rep = a|vd(t) − ud(rd, t)|/ν � 1.
Here, u(·, t) is the background fluid velocity, and v(t) and r(t) are the instantaneous
particle velocity and location respectively, which are dimensional when indicated with
subscript ‘d’, non-dimensional otherwise. We also assume negligible shear Reynolds
number, Res = a2s/ν, where s = |∇ud| is a measure of velocity gradients in the flow
field. These are fair assumptions for sufficiently small particles. Further, we assume that
the particles are in dilute suspension, allowing us to neglect their mutual interaction as
well as their effect on the flow (one-way coupling). The dynamics of an inertial particle
in such a suspension, under the above assumptions, is governed by the MREs (Gatignol
1983; Maxey & Riley 1983) given in non-dimensional form as

dr̂
dt

= v̂, (2.2a)

dv̂

dt
= −(v̂ − û(r̂))

St
+ R

Dû
Dt

(r̂)

−
√

3R
πSt

[
(v̂0 − û0)√

t
+

∫ t

0
ds

1√
t − s

{
d
ds

(v̂(s) − û(r̂(s)))
}]

, (2.2b)

where the subscript 0 denotes a quantity at the initial time. The three forcing terms on
the right-hand side of (2.2b) are the viscous Stokes drag, the force due to local fluid
acceleration (which includes the added mass and pressure drag effects) and the BBH
force, respectively. We ignore the Faxén corrections, which account for the differential
flow curvature effects across the diameter of the particle, assuming that the particle is
sufficiently small. The two non-dimensional numbers that feature in the equation are the
density factor R, and Stokes number St, defined as

R ≡ 3/(2β + 1), St ≡ τp/T, (2.3)

where β = ρp/ρf is the ratio of particle and fluid densities, τp = a2/(3νR) is the relaxation
time of the particle and T is the time period of vortex rotation. Note that R → 0 for an
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infinitely dense particle, whereas R = 1 for a neutrally buoyant particle and R = 3 for
a light particle such as a bubble. The limit St → 0 corresponds to a tracer/non-inertial
particle which faithfully follows the fluid streamlines. We shall work in the regime 0 <

R < 1 and 0 < St < 1, which corresponds to an inertial particle that is finitely denser than
the fluid.

The dynamics is better brought to light by our choice of frame of reference. We choose
a reference-frame rotating with the non-dimensional angular velocity of the vortex pair.
In this co-rotating frame, the background flow is steady, and the stationary vortices are
centred at (±1/2, 0). The representative streamlines of the stationary flow are shown in
figure 1(b), which also defines the x and y coordinates. We may define three water-tight
regions based on the behaviour of tracer particles. Region I includes the close vicinity of
the vortices; tracer particles seeded in this region execute closed trajectories encompassing
the vortex closest to them, and are influenced primarily by that vortex. In region II, which
is of primary interest to us, the tracer particles move on closed orbits passing through their
initial positions. They are, on average, equally influenced by the two vortices. Region III is
the far-field, where tracers execute closed orbits encircling both vortices. As we go further
from the origin and into Region III, tracer particles increasingly perceive the system as
a single vortex of twice the strength. In figure 1(c), we plot the modified Okubo–Weiss
parameter, Ωrot, which is most negative in the red region. According to (1.2), heavy
particles of St → 0 will have higher propensity to cluster in the red region. Overlaid on
this plot is a typical limit cycle for finitely dense inertial particles, where particles reach
asymptotically in time. This suggests that finitely dense particles of finite Stokes number
can cluster in regions well outside that predicted by (1.2), which is valid only for very small
Stokes number. Upon comparing the locations of the closed streamlines in figure 1(b)
to the limit cycle in figure 1(c), we demonstrate that particles can cluster within closed
streamlines enclosing elliptic fixed points in a rotating frame.

In the rotating frame, the non-dimensional background flow field is given by the
transformation

û(x̂) − 2πez × x̂ → u(x), (2.4)

whereas the equation of motion (2.2b) for the particle, upon defining a slip velocity vrel ≡
v − u(r), reads as

dr
dt

= v, (2.5a)

dv

dt
= −vrel

St
+ R

{
Du
Dt

(r) + 4πez × u(r) − 4π2r
}

−
√

3R
πSt

[
vrel,0√

t
+

∫ t

0
ds

dvrel(s)/ds + (2πez) × vrel(s)√
t − s

]

− 4πez × v + 4π2r. (2.5b)

Note that the variables in (2.5) are now measured in the co-rotating frame.

2.1. Numerical methods
We perform numerical simulations of inertial particles for a range of Stokes number
and density ratios. Without the BBH force, (2.5) reduces to a nonlinear ordinary
differential equation (ODE). Therefore, for the part of the analysis where we exclude the
BBH force, we use the standard fourth-order Runge–Kutta scheme to integrate particle
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trajectories in accordance with (2.5). The time step is chosen between �t = 10−3 and
10−4. However, with the inclusion of the BBH force, the equation of motion is an
integro-differential equation. This precludes the direct use of standard time integrators,
such as the Runge–Kutta schemes, to integrate the history-dependent particle trajectories
without incurring quadratically growing computational cost and a linearly increasing
memory storage cost. We therefore use the explicit time integrator for the MRE prescribed
in Jaganathan et al. (2024). This explicit integrator possesses the benefits of standard
integrators, in particular a nominal linear growth rate of computational costs with
simulation time and a time-independent memory storage requirement. The algorithm
involves rewriting (2.2b) as a local-in-time system of equations following a Markovian
embedding procedure. The embedding introduces an auxiliary variable which encodes the
history of particle trajectory exactly and evolves according to an ODE. Consequently, the
resultant set of equations represents a dynamical system in an abstract extended space.
We solve (2.2b) using the second-order Runge–Kutta time-differencing method (with
10−4 < �t < 10−3) in Jaganathan et al. (2024) in the laboratory frame, and then transform
the variables to their counterparts in the rotating frame.

For detecting an attractor, we initially place sufficient number of particles (> 2500)

on a uniform grid over a chosen spatial region in [−1.5, 1.5] × [0, 1.5]. In the results
presented, the initial particle velocity is set to zero in the rotating frame. We evolve their
trajectories over a long enough time to achieve motion on an attractor. We use the last
5 % of the trajectory to calculate the properties of the attractor. Fixed points are easy to
detect in our simulations, since the velocity of a particle in the rotating frame goes to
zero as it approaches a fixed point. To detect limit cycles, we note that at its extremities
in the x-direction, we must have the x component of the particle velocity vx = 0 in the
rotating frame. We count the number of distinct x locations at which vx = 0 and divide by
two to get the period of the limit cycle. When every such location is distinct, we have a
chaotic attractor. We point out that in the event of a basin of attraction (BoA) being very
small, there is a chance that we may have missed the attractor entirely. Therefore, we may
not have found the exhaustive set of all attractors, but that was not the purpose of our
study. Without the BBH force, a few tens of non-dimensional time are typically sufficient
for particles to converge to an attractor, whereas with the inclusion of the BBH force the
system takes longer to converge to the final attractor. The time taken for this depends on
the resolution we require. By ∼ 10T the attractors are clearly delineated, but we run the
simulations sometimes for ∼ 500T for near-perfect convergence. Given reasonable access
to compute power, this study would have been prohibitive by the brute force method of
solving for the BBH force for a large ensemble of particles and long integration times, and
speaks to the efficacy of our numerical method.

In figure 2, we show a typical evolution of an ensemble of particles in the position space.
In figure 2(a), we have a uniformly seeded particle ensemble with R = 0.84, St = 0.22,
each particle coloured either in maroon or black. Figure 2(b) shows their respective
positions after 10 time periods of rotation: the maroon patch of particles has converged
to an attractor (a limit cycle here) whereas the black patch of particles has centrifuged
out spirally. Since we are interested in clustering and trapping behaviour of particles,
centrifuging particles (coloured black in the figures) are excluded from our study and the
results therein.

In the upcoming sections, we restrict our discussion to a co-rotating vortex pair
of identical strengths, and to the case of particle velocity initialised to zero in the
rotating frame. Unequal vortex strengths and different initial conditions are discussed in
Appendices A and B, respectively. We see that while the behaviour is qualitatively similar,
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Figure 2. Typical evolution of an ensemble of inertial particles (ρp/ρf > 1) in the position space, in the
rotating frame of an identical vortex pair. The particles are uniformly seeded near the vortex pair as shown
in (a). Particles after 10 time periods of rotation, evolved under reduced MRE, are shown in (b). A fraction
of particles (coloured maroon) get trapped to an attractor such as a fixed point or a limit cycle. However, a
majority of particles (coloured black) are centrifuged out in spiralling orbits. The former set of particles forms
our primary focus.

significant quantitative variations can exist. Thus, our model flow is to be treated as one
bringing out general physical features of trapping and clustering, and not as a predictive
tool.

3. Particle trapping dynamics

Region II in figure 1(b) is of special interest in the context of particle trapping. Attracting
orbits of various descriptions are contained within this region, allowing trapping of
particles for long times. Moreover, a high level of clustering happens in this region,
which is of significance in different contexts. We discuss Region I no further, except
to mention that inertial particles which begin within them are expected to display the
standard centrifuging behaviour to leave the vicinity after a brief transient (Ravichandran
& Govindarajan 2015).

The Stokes number St and the density parameter R are the pertinent non-dimensional
numbers in our context. At the initial time, particles of a fixed St and R are placed in a dense
uniform grid across a region of interest, and their asymptotic behaviour is categorised.
Broadly, higher-Stokes-number particles quickly exit the region whereas those at lower
Stokes number can either be trapped in the vicinity forever, or spend varying amounts of
time in the vicinity before leaking out.

We begin by examining the dynamics in the absence of the BBH force. Under this
approximation, we have a finite-dimensional nonlinear dynamical system, and standard
principles for the behaviour of such systems apply. The case where R = 0.84, i.e. each
particle is 1.285 times denser than the fluid, is discussed first since it displays what we
term as canonical behaviour in this context, namely that the attractor undergoes successive
period-doubling bifurcations to chaos. Typical attractors for particles of increasing Stokes
number are shown in panels (i) of figure 3: a fixed point, a period-2 limit cycle and a
chaotic (strange) attractor. We remark that these attractors as shown are in a rotating frame.
What appears as a fixed point in figure 3(a) is actually a point which undergoes periodic
motion along a circle in the laboratory-fixed frame. Thus, particles which collect here are
in continuous motion. Similarly, what appears as a limit cycle in the rotating frame fills
an annular region in the laboratory frame. All particles starting within the corresponding
BoAs shown in panels (ii) of figure 3 asymptotically reach their respective attractors and
never leave the vicinity.
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Figure 3. Typical asymptotic states shown in maroon (i) and their corresponding basins of attraction (ii) for
a finitely dense inertial particle with density factor R = 0.84 (ρp/ρf ≈ 1.3) and varying Stokes number St,
without the BBH force: (a) St = 0.09. (b) St = 0.22. (c) St = 0.24. Red dots indicate the vortex centres in
the rotating frame. In (a) the particle spirals (shown in blue) into a fixed point attractor, whereas in (b,c) the
particle is trapped into a limit cycle of period 2 and a strange attractor, respectively. The orbits are overlaid on
the separatrices of the background flow for clarity of their scale and location. Mirror-symmetric patterns exist
in the lower half-plane.

0
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Figure 4. Bifurcation diagram for R = 0.84 (ρp/ρf ≈ 1.3) without the BBH force. An attracting fixed point
exists below St = 0.12, whereas for 0.12 < St < 0.22 we have a period-1 limit cycle, followed by ever more
complex limit cycles as the Stokes number increases. There are no asymptotic attractors beyond Stcrit =
0.24675.

Next, we construct a bifurcation diagram, shown in figure 4 for R = 0.84(ρp/ρf ≈ 1.3).
Below St ≈ 0.12, the attractor is a fixed point, and beyond we have limit cycles of
increasing complexity. The extrema on the horizontal axis of the limit cycles are plotted
on the ordinate of the figure. A textbook period-doubling route to chaos ensues. We
have checked that the Stokes number gap between successive bifurcations goes down
asymptotically as the Feigenbaum number, with chaos setting in at St = 0.232. It is seen
that the BoA for the higher Stokes number is smaller (see figures 3 and 6).

A general observation which is relevant for all the attractors we find is as follows.
The attractors are manifolds of dimension lower than two. This means all particles
which initially occupy a 2-D BoA not only remain in the vicinity indefinitely, but
actually converge on to objects of smaller dimension. This focusing of particles is a
signature of caustics formation, and is indicative of extreme clustering. The clustering thus
achieved can enormously enhance opportunities for collision and coalescence. Whether
for carbonaceous material in the ocean participating in carbon fixing, swimmers who
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Figure 5. Bifurcation diagram for R = 0.84 (ρp/ρf ≈ 1.3) with the inclusion of the BBH force. Trapping
prevails for a wider range of Stokes numbers than without the BBH force (compare with figure 4). A period-2
limit cycle (shown in green), with a very small BoA, coexists with the period-1 limit cycle (in orange) near
Stcrit ≈ 0.5.

benefit from clustering in their quest for reproduction or dust in protoplanetary discs
agglomerating into planetesimals, such attractors are thus of consequence.

The stage is now set to discuss the physics we miss when the BBH force is neglected, as
well as to bring to light the non-monotonic and counterintuitive response of the system to
both St and R. Figure 5 shows the bifurcation diagram for R = 0.84 (ρp/ρf ≈ 1.3) with the
inclusion of the BBH force. Though the dynamics now is not a standard dynamical system
in the position–velocity state space, we obtain fixed points and limit cycles. The contrast
with figure 4 is self-evident. Interestingly, the bifurcation from a fixed point to a limit cycle
occurs at a similar Stokes number with and without the BBH force. However, the period-1
limit cycle persists with the BBH force up to a rather large Stokes number of Stcrit ≈ 0.5
whereas without the BBH force, there was no attractor beyond St ≈ 0.25. The fact that
trapping of particles of relatively large inertia takes place in this simple vortical system
is remarkable, and underlines the need for including the BBH force in our studies. As the
Stokes number approaches the critical value, we find the BoA splitting into two with a very
small BoA corresponding to a period-2 limit cycle (shown in green in figure 5), while the
vast majority of particles are attracted to the period-1 cycle. As previously seen in panels
(ii) of figure 3, the BoA is a sensitive function of the Stokes number.

The area of the BoA is a direct measure of the fraction of particles which get trapped in
an attractor. The area of such BoA is obtained for a range of Stokes numbers, and shown in
figure 6, with and without the BBH force, for R = 0.84(ρp/ρf ≈ 1.3). The measurement
involves storing the initial locations of all particles which get trapped in the attractor, and
calculating the area of the region over which the initial locations are spread. Whether with
or without the BBH force, as the Stokes number becomes higher, i.e. particles become
more inertial, their propensity to leave the vicinity monotonically increases. Thus, the
BoAs shrink steadily. At this value of R, this feature is as would be intuitively expected, but
we shall soon see different behaviour for particles that are denser. There is a sharp cut-off
at a Stokes number, which we refer to as Stcrit, beyond which no particles are trapped. The
Stcrit ≈ 0.25 for the case without the BBH force, and is significantly greater at Stcrit ≈ 0.5
when the BBH force is included. Close to Stcrit, the BoA shows a sensitive dependence on
Stokes number, i.e. a rapid shrinking of the area of the BoA to zero. The behaviour past the
critical Stokes number is ‘leaky’, i.e. particles slowly escape from the region of interest.
Notably, in addition to missing the significant trapping of particles of larger inertia, the
fraction of particles trapped is seen to be grossly underestimated at all Stokes numbers by
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Figure 6. Variation of the area of the BoA with the Stokes number for R = 0.84(ρp/ρf ≈ 1.3), with and
without the BBH force.

neglecting the BBH force. In the case with the BBH force the period-doubling route is left
incomplete.

We move on to higher particle density, i.e. smaller R, with bifurcation plots shown
in figure 7. Changing the density ratio introduces unexpected features in the dynamics.
In figure 7(a,b) we see period-doubling bifurcations followed by unusual period-halving
bifurcations back to a fixed point at higher Stokes number. We also see that a small
difference in density ratio changes the behaviour from chaotic to periodic. For the same
density ratio as in figure 7(a), the inclusion of the BBH force converts the dynamics to
that on a canonical period-doubling bifurcation route to chaos, as seen in figure 7(d).
Interestingly, at this density ratio too, the BBH force does not significantly change the
Stokes number at the first bifurcation occurs: going from fixed point to limit cycle.
Through most of the range of St, a fixed point or a limit cycle persists, followed by a
rapid breakdown into chaos within a short range of Stokes number. At the larger density
ratio of ∼7 (figure 7c), only two small regimes of particle trapping are seen. In contrast,
with the inclusion of the BBH force, figure 7(d,e), trapping is more widespread across
St. A period-halving bifurcation occurs here too (figure 7e), but at a higher density ratio
than without the BBH force. Here too, at higher Stokes, we regain a fixed point as the sole
attractor. Another non-standard feature seen in several of these bifurcation diagrams is
the existence of gaps. Within these windows, no particles are trapped in the vicinity of the
vortices. In fact, in figure 7(e), two windows are visible, so the actual Stokes number of the
period-halving bifurcation, from a 2-cycle to a simple limit cycle, is not obtainable, though
a period-1 limit cycle followed by a fixed point are evident at higher Stokes numbers. In
particulate flows, we have come to expect a monotonic trend in complexity as the Stokes
number increases, so the transition, as we move up in St, from an attractor, to no particles
being trapped, and back to particle-trapping in an attractor, is worthy of remark. Moreover,
during period-halving, an increase in St simplifies the attractor, and we hope that these
findings alone will be intriguing enough to the reader to be motivated to explore particulate
flows in this context.

With these examples, we demonstrate the general trend in our system: the long-time
behaviour of inertial particles with the BBH force at a given density parameter R is in
broad qualitative agreement with the behaviour without BBH at a higher R. In other words,
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Figure 7. Bifurcation diagrams for different representative density ratios: (a) R = 0.5 (ρp/ρf = 2.5);
(b) R = 0.48 (ρp/ρf ≈ 2.6); (c) R = 0.2 (ρp/ρf = 7); (d) R = 0.5 (ρp/ρf = 2.5); (e) R = 0.2 (ρp/ρf = 7).
In (a–c) the BBH force is neglected, whereas in (d,e) it is included. On the ordinate are the extrema of the
x-coordinate of the asymptotic trajectories.

a denser particle, with the inclusion of the BBH force, behaves qualitatively like a lighter
particle without the BBH force, asymptotically in time.

Two sample BoAs are shown without the BBH force in figure 8(a,b), to give a visual
idea of how the BoA shrinks as we approach Stcrit. The Stokes numbers chosen correspond
to period-doubling and period-halving bifurcations, respectively. Over a range of St, the
areas of the BoA are shown in figure 8(c), with and without the BBH force, for a higher
density ratio than in figure 6. Again, with the BBH force, we see the trapping of particles
of significantly higher St than the dynamics we obtain by neglecting would suggest.
Moreover, the BoA is significantly larger with the BBH force than without for the entire
range of Stokes number. We may conclude that the neglect of the BBH force will seriously
underestimate the number of particles trapped in the vicinity of vortices. Interestingly at
this higher particle density, in the absence of the BBH force, the size of the BoA varies
non-monotonically with Stokes number, and a small non-zero fraction of particles remains
trapped even at high Stokes number. We do not have an explanation for this anomalous
behaviour. The anomalous behaviour vanishes in this case upon the inclusion of the BBH
force, showing a monotonic decrease of BoA size with Stokes number and a rapid decrease
to zero just before Stcrit. We hasten to note that the dynamics including the BBH force too
showed such anomalous behaviour elsewhere, as evidenced by the gap in figure 7(e) in the
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Figure 8. (a,b) BoAs for R = 0.5 (ρp/ρf = 2.5) without the BBH force during period-doubling (St = 0.320)
and period-halving (St = 0.483), respectively (see figure 7a). Note the difference in sizes. (c) Variation of the
size of the BoA with Stokes number at R = 0.5, with and without the BBH force.

region 0.16 < St < 0.25 where size of BoA drops to zero. Thus, this particular feature is
not merely a consequence of neglecting the BBH force. Since particles of higher Stokes
number get centrifuged out of the vicinity of vortices faster, we would have expected a
shrinking BoA with increasing particle inertia. This canonical expectation is belied over
some ranges of density ratio.

It is relevant to mention that these broad findings on the effect of the BBH force are in
contrast with those for the flow past a solid cylinder (Daitche & Tél 2011, 2014), where the
inclusion of the BBH force reduces caustics as well as destroys attractors. Such reduction in
clustering was also seen by Guseva, Feudel & Tél (2013) in convective cell flow. Similarly,
Chong et al. (2013) studied finitely dense inertial particles in a viscous streaming flow
created by an oscillating cylinder, wherein they concluded that the BBH force resists
particle trapping. Evidently, the physics of the BBH force cannot be oversimplified thus.

The case of the infinitely dense particle was studied by Angilella (2010) upon neglecting
the BBH force, where it was shown analytically that there is a fixed point up to
St = (2 − √

3)/2π and no attractor beyond. We repeated the calculations with the BBH
force included for ρp 	 ρf , and found the critical Stokes number unchanged. Further,
our computations for the location of the fixed point for all Stokes numbers below this
are in excellent agreement with the analytical results of Angilella (2010). We note the
qualitative difference between infinitely dense particles and our largest density ratio of
R = 0.2(ρp/ρf = 7) (figure 7e). We thus confirm that the BBH force has a noticeable
effect on finitely dense particles, especially when particle densities are of the same order
of magnitude as that of the surrounding fluid. This indicates that the BBH force should be
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Figure 9. Phase plots for inertial particles, without the BBH force, based on (a) the period of the attracting
orbit. The regime occupied by limit cycles of period 2 and above is very narrow. (b) The logarithm of the size
of the BoA. Particles of near-neutral densities tend to stay longer. In both plots, there is anomalous behaviour
at R ∼ 0.5.

included as a significant force when studying solid–liquid systems such as microplastics
in the ocean.

To give an idea of the complexity in the solutions, we provide a phase plot in figure 9,
where the behaviour across density ratios and Stokes number without the BBH force is
summarised. Figure 9(a) shows the different kinds of attracting orbits that one obtains. At
a given density ratio, as we move up in Stokes number, in some part of the regime, we
go from attracting orbits to no attracting orbits, whereas in other portions we can go back
to attracting fixed points or limit cycles over a range of Stokes numbers. We may identify
the following three regimes: for 1 > R � 0.5 we have a period-doubling route to chaos,
for 0.5 > R > 0.35 a period-doubling route, which may go all the way to chaos or may be
limited to a few bifurcations, is followed by period halving, leading to a single fixed point,
and for 0.35 > R we have only attracting fixed point in the regime where we have trapped
particles. With the BBH force, we have the three regimes, but the transitions all happen
at lower values of R. In figure 9(a) the density ratio of R ∼ 0.5 is most interesting, where
the existence of attracting orbits at large Stokes number is possible, and there is sensitive
dependence on the density ratio. Chaotic attractors only exist at R � 0.5, i.e. when the
particle and fluid densities are comparable. Here, too, the range of Stokes numbers at a
given R over which chaotic attractors are seen is very narrow. The corresponding areas of
the BoA are shown as a phase plot in figure 9(b). Broadly, at low Stokes numbers, as the
particles become denser, the BoA shrinks. However, at intermediate Stokes number and
density ratios, we see non-monotonic behaviour. As R → 1 (i.e. ρp ∼ ρf ), the particles
are near neutrally buoyant, and over a range of Stokes numbers, the entire region II
corresponds closely to the BoA. Invariably, in this limit, the attractor is a fixed point.

4. Particle leakage

We have seen that for every density ratio R, there is a critical Stokes number, Stcrit,
above which no particle remains indefinitely in the vicinity of the system. We now ask
what happens beyond Stcrit. Figure 10 shows two sets of particle trajectories, with the
same initial conditions, but one with St slightly less than Stcrit and the other with St
slightly greater than Stcrit. The first set is trapped forever, whereas the second set escapes.
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2
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–2 0 2

Figure 10. Leakage of particles past the trapping criteria without the BBH force, for the representative case
of R = 0.84 (ρp/ρf ≈ 1.3) with Stcrit = 0.24675. The trajectories of a set of particles in the narrow range
St ∈ (0.2465, 0.2470) about Stcrit, with identical initial conditions, are shown. Trajectories for St < Stcrit are
coloured red, where particles are seen to remain trapped, whereas those for St > Stcrit are coloured blue, where
particles escape. The green dot is the saddle fixed point at Stcrit, whose location does not vary visibly for the
narrow range of St shown.

At St = Stcrit one point on the chaotic attractor in phase space coincides with the saddle
point. This is termed a crisis, (Grebogi, Ott & Yorke 1983), where the chaotic attractor
disappears, making way for a chaotic saddle. The dynamics near the chaotic saddle is
‘leaky’, i.e. all particles near the chaotic saddle will leave the vicinity in finite time.

A particle starting at a given location is traced until it leaves the system, and the time at
which it leaves the system is noted down as its residence time within the region of interest.
We define the ‘system’ by a circle of radius 2, centred at the origin. While the numbers for
residence time depend weakly on this choice, a change in the definition will not change
our conclusions. This residence time is plotted for all initial locations in figure 11, for
three Stokes numbers. At St = 0.24, which is less than Stcrit (figure 11a), we have a patch
of particles whose residence time is nominally equal to the simulation time Tmax, and we
have confirmed that this patch corresponds to the BoA whose particles are permanent
residents. However, past the critical Stokes number, at St = 0.25, all particles escape at
finite times (figure 11b). There are sharp ridges in the figure, and particles originating on
these have a large residence time. These ridges are separated by valleys of very low particle
residence times. Although the area of the BoA is zero, the fact that particles can remain in
the vicinity and close to each other for tens of rotation time-scales signifies the enhanced
opportunity for collisions even beyond Stcrit. At the even higher St of 0.255, in figure 11(c),
the residence times have already dropped significantly.

The stable manifold of the saddle point corresponding to the case in figure 11(b), at
St = 0.25, is shown in figure 12(a) for v0 = 0 particles. It theoretically represents the
original locations (in phase space) of particles which flow into the saddle, approaching it as
t → ∞. It occupies zero area and has a fractal dimension of approximately 1.7. A particle
starting exactly on the stable manifold would have infinite residence time. Particles starting
very close to the stable manifold will have large but finite residence times. Therefore, we
see a close correspondence between the ridges of high residence times in figure 11(b)
and the stable manifold in figure 12(a). The fractal nature of the stable manifold and
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Figure 11. Residence times of inertial particles for the density ratio R = 0.84 (ρp/ρf ≈ 1.3), without the BBH
force: (a) St = 0.24 < Stcrit; (b) St = 0.25 > Stcrit; (c) St = 0.255 > Stcrit. The colour at a given position
indicates the residence time of a particle starting at that location.

the fractal distribution of ridges and valleys in the residence time plot are signatures of
transient chaos (Tél 2015). In figure 12(b), we show that the fractal dimension of the stable
manifold falls sharply as St increases. A stable manifold of fractal dimension 1 indicates
no transient chaos, and the reduction in fractal dimension with increasing Stokes indicates
a corresponding reduction in transient chaos.

In figure 13(a,b), we plot the residence times including the BBH force at R =
0.84 (ρp/ρf ≈ 1.3), just below and above the Stcrit≈ 0.5. As before, when St < Stcrit,
the residence time for particles in the BoA, denoted by the dark patch in figure 13(a), is
infinite. We recall from figure 5 that the corresponding attractors are the coexisting simple
period-1 limit cycle and a period-2 limit cycle, with the latter associated to a very small
BoA. In the case without the BBH force, we had seen that the residence times outside the
BoA were very small, but here, we find long residence times in the valleys as well. These
valleys spiral inward as we increase St where the BoA shrinks rapidly (as was seen in
figure 6). Just beyond Stcrit the residence time plot is given by figure 13(b). Again we find
closely spaced ridges and valleys in the residence times. In contrast to the case without the
BBH force, where we found a chaotic saddle with long-lasting transients close by, here we
do not find any evidence of a chaotic saddle. Instead, a significant number of particles
spend a long time near a structure which resembles period-1 orbit before eventually
escaping. Although with the BBH force, we no longer have a standard dynamical system
in the position–velocity state space, this structure resembles a periodic-orbit saddle seen
in standard dynamical systems.

In figure 13(c,d), the residence time is provided for R = 0.5, just below and just above
Stcrit, respectively. The BBH force is included. It will be recalled from figure 7(d) that there
is a chaotic attractor before the sudden disappearance of the BoA. This is reminiscent of
R = 0.84 without the BBH force. The irregular spatial distribution of residence times in
figure 13(d) is also similar to the plots in figure 11(b,c). All these are signatures of transient
chaos.
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Figure 12. (a) Stable manifold of the saddle point shown by the blue dot (slightly shifted for clarity), for
R = 0.84 (ρp/ρf ≈ 1.3) and St = 0.25, without the BBH force. The manifold shown is a fractal object with
an approximate fractal dimension of 1.7. The vortex centres are indicated by red dots. (b) Fractal dimension,
calculated using the box-counting method, for St > Stcrit for R = 0.84 (ρp/ρf ≈ 1.3). Error bars indicate the
variation in the calculated dimension for different box sizes. The dotted line indicates the trend and is not an
exact quantitative measure.

For both R = 0.5 and R = 0.84, at St just below Stcrit the basin boundary itself has an
irregular fractal-like structure, which was absent without the BBH force. We note that
fractal basin boundaries arise in the context of inertial particles in flow, such as, for heavy
(R = 0) inertial particles due to the interplay between transient chaos and fixed point
attractors (Angilella et al. 2014), and for finitely dense inertial particles due to the addition
of the BBH force (Guseva et al. 2013).

We see that residence times can vary greatly, even for particles starting out at
neighbouring locations. It is thus worthwhile to calculate the probability densities of
residence times. Figure 14(a) shows the distribution of residence times, without the
BBH force, for all particles initialised in the region of interest for four Stokes numbers
above the critical. The distributions are all exponential, which is a signature of transient
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Figure 13. Residence time plots with the inclusion of the BBH force for two density ratios around their
corresponding critical Stokes numbers: R = 0.84 (ρp/ρf ≈ 1.3) with Stcrit ≈ 0.5 in the top panels (a,b) and
R = 0.50 (ρp/ρf = 2.5) with Stcrit ≈ 0.69 in the bottom panels (c,d). For each R, a plot each is provided for
a St slightly below and slightly above the respective Stcrit: (a) R = 0.84, St = 0.495 < Stcrit; (b) R = 0.84,

St = 0.508 > Stcrit; (c) R = 0.50, St = 0.685 < Stcrit; (d) R = 0.50, St = 0.705 > Stcrit.
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Figure 14. Distributions of residence times of inertial particles of R = 0.84, at Stokes numbers just beyond
the critical, as indicated in the legends. (a) In the absence of the BBH force, we see an exponential distribution
of residence times. The slope increases rapidly as St moves further away from Stcrit (= 0.24675). (b) In the
presence of the BBH force. Particles which last a long time in the vicinity display an exponential distribution in
residence times, whereas the probability of staying is non-monotonic in the residence time at smaller residence
times. Here Stcrit ≈ 0.5.

chaos, i.e. the existence of a chaotic saddle (Tél 2015). Note that even beyond Stcrit the
residence times are still O(10) time periods, which can be significant. However, note that
residence time does decrease very rapidly as we move away from Stcrit. Figure 14(b) is a
corresponding residence time distribution plot for the same density ratio, but with BBH,
for particles whose Stokes number is just above the critical. While the long residence time
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Figure 15. Logarithm of the size of basins occupied by particles with long but finite residence time, i.e. Tesc >

10T . Note that as R → 1, i.e. the particle becomes more neutrally buoyant, a significant fraction of particles
can have long residence times for a significant range of St.

particles display a short exponential-like feature, over moderate residence times, we see
that the probability of a given residence time varies non-monotonically with the residence
time. This is another feature we obtained only with the inclusion of the BBH force, which
means further study is needed to understand the nature of the transients beyond Stcrit with
the BBH force.

The regions in the R–St parameter space where a significant number of particles have
a large but finite residence time are shown in figure 15, without the BBH force. We note
the non-monotonicity in Stokes number here too. Close to neutral density, long-lasting
transient are seen to be extensive, and can be an important contributor to particle collisions.
Away from neutral density (R = 1), most of the particles which eventually escape do so
within a few time periods (O(T)), so the phenomenon of trapping and clustering becomes
evident early on. However, to visual accuracy, the convergence time of trapped particles to
their respective attractors can be O(10T), or even higher with the BBH force.

5. Summary and discussion

We have examined the dynamics of inertial particles that are denser than the fluid in the
simplest rotating and vortical system: that of two identical vortices in periodic circular
motion. We have found significant levels of particle trapping in the vicinity, even for
particles of significant Stokes number. The inclusion of the BBH force results in higher
levels of trapping for a given Stokes number, i.e. much larger BoA. It also results in a
wider range of Stokes number over which trapping occurs. These are in contrast to earlier
findings on the effects of BBH in other flows. The trapped particles are attracted to fixed
points or limit cycles of varying complexity, all the way to chaotic attractors. Thus, there
is extreme clustering into lower-dimensional (zero area) manifolds, of particles initially in
a finite BoA. Particles in a rotating system thus do not follow the expectation that they will
constantly centrifuge out of vortical regions, and collect in regions of high strain. In fact,
the attractors do not correspond to the highest strain regions.

The trapped particles undergo a rich variety of dynamics in the R–St parameter space.
The BoA is in some part non-monotonic function of the Stokes number and, in fact,
we can have a range of Stokes numbers devoid of particle-trapping. A period-doubling
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route to chaos is observed in some parameter ranges, whereas an unusual period-halving
back to a fixed point is seen in other parts of the parameter space. This regime is
physically interesting because it belies the expectation gained so far that particles of
higher inertia have a propensity to attain more complicated limiting trajectories. A given
behaviour observed at a given particle density without the BBH force appears at a much
higher particle density (lower R) with the inclusion of the BBH force. Moreover, a given
bifurcation typically happens at a higher St with the BBH force than without.

Close to a critical Stokes number Stcrit, which depends on R, there is a sudden drop
in the BoA. Beyond this, no particles are trapped forever, since a crisis occurs and the
chaotic attractor becomes a chaotic saddle. Beyond this, the system displays alternating
ridges of high but finite residence time and valleys of low residence time. The range of
Stokes number over which long-lasting transients are seen expands at particle densities
close to neutral buoyancy. One remarkable qualitative difference with the addition of the
BBH force is that the period doubling route to chaos can remain incomplete until the
rapid disappearance of the attractor. Correspondingly, the transient dynamics beyond Stcrit
resemble the dynamics near a non-chaotic saddle. Further, the distribution of residence
times is exponential without the BBH force and also with the BBH force for higher values,
but is non-monotonic with the BBH force just beyond Stcrit. Just before the crisis, the basin
boundaries with the BBH force appear to have a fractal nature, unlike without the BBH
force. Thus, the case with the BBH force merits further inquiry in this context.

We now discuss the limitations of our model. We recall that the MRE is a model
equation derived in the small particle Reynolds number limit, Rep → 0. In practical
scenarios where Rep is only finitely small, the effects due to flow inertia will become
significant in long but finite time. Therefore, the validity of the MRE in various regards
including the form of the history force and quasi-steady drag force are questionable after
long simulation time. However, our results are valid and insightful in the cases where
significant clustering is observed within short times, subject to the condition Rep < 1.

The MRE is widely used at Stokes numbers of O(1) but the need to satisfy this
requirement simultaneously with Rep � 1, as well as keeping the particle size small,
i.e. a/d � 1 imposes additional restrictions. By expressing Rep in terms of our control
parameters R and St, we obtain the scaling relation Rep(a/d) ∼ RSt|vrel|, where we recall
that vrel is a non-dimensional quantity. For a small particle under the influence of a
single vortex, the vortex turnover time may be used to define St. In our model, the St
is defined using the system’s period of rotation. In both cases, when St ∼ O(1) we usually
have |vrel| ∼ O(1). In principle, the above scaling requirement can be satisfied if R → 0,
but in an experiment, even in the extreme limit of solid particles in air, we typically
have R ∼ 10−3 at the lowest. Demanding arbitrary smallness of the particle size (a/d)

is therefore penalised by large Rep near vortices. For finite density ratios, as in our case,
satisfying the requirements is even harder. From our computations of slip velocity, we find
that the slip velocities with the BBH force are usually significantly lower than without it.
At the highest Stokes numbers in our study, Rep ∼ O(10) for a/d ∼ O(10−2) for some
part of the dynamics. However, close to the fixed points, and often near the limit cycles,
slip velocities are low and so is Rep. The small Rep assumption is more reasonable for
very dense and near-neutrally buoyant particles. Due to this, and the findings in Maxey,
Chang & Wang (1996) that show applicability of the MRE for Rep � 17, we expect that
our findings have qualitative significance. In fact, the MRE (with the BBH force) has been
previously used to study chaotic dynamics for Rep ∼ O(1) (Daitche & Tél 2014; Daitche
2015) in a different flow. We note that estimates of Rep are rarely discussed in the literature,
and need more attention. There is a need for modelling unsteadiness at higher Reynolds
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numbers for different background flows. For higher particle concentrations a stochastic
model based on particle resolved simulations has been provided (Tavanashad et al. 2019;
Lattanzi et al. 2022) where inter-particle interactions, and their history effects, have been
accounted for.

Our model also assumes one-way coupling between the particles and the underlying
fluid and therefore our results hold in the dilute limit of particle concentration. If the
concentration of particles becomes high due to clustering itself, the feedback of particles
on the fluid is no longer negligible. Feedback from particles is known to affect vortex
merger (Shuai, Roy & Kasbaoui 2024). In these cases a separate study on inertial particles
in the ensuing flow dynamics under two-way coupling is required. We have ignored gravity
from our model to isolate and study the effects of hydrodynamic forces on inertial particle
dynamics. Although co-rotating vortices do occur commonly in turbulence, the merger
process will include effects from the rest of the flow, as well as viscous effects depending
on the local flow Reynolds number. The relevance of our results for true turbulence will
therefore be affected by these other factors.

In spite of its limitations, our toy model study brings to attention an important aspect of
extreme clustering in rotating flows. In fact if the rotation rate is externally applied rather
than driven by a flow, we get an extra handle which can potentially mitigate the limitations.
The attraction of particles towards a manifold of dimension smaller than the spatial
dimension, like a pair of fixed points or limit cycles, will result in extreme clustering.
This can be a major contributor to particle collision and agglomeration, and in the case of
tiny living organisms, to enabling communication and sexual reproduction. The relevance
of these findings to particle aggregation in protoplanetary discs, in rotating systems in
the ocean and also in turbulent-flow neighbourhoods dominated by a few strong vortices
are worth investigation. Future studies on simple model flows, consisting of characteristic
combinations of vortices, with and without rotation of the entire system, in two and three
dimensions, would be illuminating, and provide a platform to understand some features
of particulate turbulent flows. We therefore hope that our work will motivate experiments
and further theory on this important question.
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Appendix A. Dynamics in the vicinity of vortices of unequal strength

In order to demonstrate the qualitative generalisation of our findings to unequal vortices,
we show the representative case of inertial particles near two co-rotating vortices with
relative vortex strength ratio Γ1/Γ2 = 0.5. The weaker vortex is placed on the left in the
rotating frame, without loss of generality. It suffices to consider the case without the BBH
force for qualitative comparisons.

The unequal vortex strength breaks symmetry with respect to the line joining the centres
of the vortices. Therefore, we have separate R–St phase plots, namely figure 16(b,c),
for the top and bottom half-planes, respectively. For comparison, we have placed these
plots alongside the case of identical vortices, Γ1/Γ2 = 1 (figure 16a). Despite significant
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Figure 16. Trapping phase plots in the R–St space based on the type of attractor for vortex strength ratios
(Γ1/Γ2) of 1.0 and 0.5, without the BBH force: (a) Γ1/Γ2 = 1.0; (b,c) Γ1/Γ2 = 0.5. The former is presented
here again to enable direct comparison. The latter case breaks the top-down symmetry, leading to different
dynamics in the regions above and below the vortices shown in the different phase plots (b,c).
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Figure 17. BoAs without the BBH force at R = 0.84 (ρp/ρf ≈ 1.3) for St = 0.09 and St = 0.24, with the
initial conditions: (i) v0 = 0rot; (ii) v0 = u. For this density ratio, we have BoA(ii) > BoA(i). However, the
BoA sizes are comparable for smaller Stokes number: (a) St = 0.09, v0 = 0rot; (b) St = 0.24, v0 = 0rot;
(c) St = 0.09, v0 = u; (d) St = 0.24, v0 = u.

quantitative differences, the overall similarity in the structure of these phase plots is
unmistakable. Whether for an equal-strength or unequal-strength pair, inertial particles
near co-rotating vortex pair of any vortex strength ratio can get trapped into attracting
orbits of differing complexities depending on the Stokes number St and density ratio
parameter R, and the non-monotonic variation of trapping behaviour with increasing
Stokes number can be noted for a range of R. Further, we note that our phase plots at
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Figure 18. BoAs without the BBH force at R = 0.50 (ρp/ρf = 2.5) for St = 0.10 and St = 0.32, with the
initial conditions: (i) v0 = 0rot; (ii) v0 = u. Already at St = 0.1 there is a visible quantitative difference, but the
BoA sizes are comparable. Notably, at St = 0.32, BoAs are insignificant for the initial condition (ii). In contrast
to the case of R = 0.84, we have BoA(i) 	 BoA(ii) for the higher Stokes number: (a) St = 0.10, v0 = 0rot;
(b) St = 0.32, v0 = 0rot; (c) St = 0.10, v0 = u; (d) St = 0.32, v0 = u.

R → 0 recover the trapping states found in Nizkaya et al. (2010) for the vortex strength
ratio 0.5, namely there are two attracting fixed points at low St whereas there is only one
at a higher St.

Appendix B. Effects of particle initial velocity on the BoAs

In real-life scenarios, it is impractical to control the initial conditions, and each particle’s
initial velocity could be different from that of its neighbours. Therefore, it serves us
well to study two typical initial velocities, namely (i) v0 = 0 in the rotating frame and
(ii) v0 = u( y0) (zero relative velocity). We denote their respective BoAs by the
appropriate subscript. But we must note that the attractors themselves, and quantities
like Stcrit, are properties of the flow geometry and particle St and R, and not of the
initial conditions. Initial condition (i) is chosen for its simplicity for the majority of this
study, whereas (ii) describes particles which, just before the computations begin, have
zero Stokes number, but at t = 0 go through a sudden growth to become more inertial,
e.g. due to agglomeration or, in the case of cloud water droplets, due to condensation.

Without the BBH force, BoAs for two density ratios and two Stokes numbers each are
shown in figures 17 and 18 for the two initial conditions. We find that sizes of BoAs are
relatively insensitive to initial conditions for small Stokes numbers, St � 0.1, whereas at
moderate Stokes numbers there is a significant effect. With the BBH force, the effect of
initial conditions is weak up to a larger Stokes number, as evident from figures 19 and 20.
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Figure 19. BoAs with the BBH force at R = 0.84 (ρp/ρf ≈ 1.3) for St = 0.09, St = 0.24 and St = 0.495,
with the initial conditions, (i) v0 = 0rot and (ii) v0 = u. For St = 0.09 as well as for St = 0.24, the BoAs
are comparable in size for the different initial conditions. But there is a significant difference at the larger
St = 0.495: (a) St = 0.09, v0 = 0rot; (b) St = 0.24, v0 = 0rot; (c) St = 0.495, v0 = 0rot; (d) St = 0.09,

v0 = u; (e) St = 0.24, v0 = u; ( f ) St = 0.495, v0 = u.
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Figure 20. BoAs with the BBH force at R = 0.50 (ρp/ρf = 2.5) for St = 0.32 and St = 0.685, with the
initial conditions (i) v0 = 0rot and (ii) v0 = u. For St = 0.32, BoA sizes are comparable for the two
initial conditions. However, for the higher St = 0.685 there is a large difference: (a) St = 0.32, v0 = 0rot;
(b) St = 0.685, v0 = 0rot; (c) St = 0.32, v0 = u; (d) St = 0.685, v0 = u.
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At higher Stokes, the effect of changing initial condition from (i) to (ii) on the BoA
depends on the density ratio itself. For closer to neutrally buoyant particles, BoA(ii) >

BoA(i) (see figure 17b,d) for without the BBH force and figure 19(c, f ) for with the BBH
force), whereas for denser particles BoA(i) > BoA(ii). In fact, at higher density ratios and
higher St, we find BoA(ii) ≈ 0, making condition (i) ideal to detect attractors. This happens
because an inertial particle on an attracting fixed point always has v = 0 in the rotating
frame. Hence, the corresponding BoA is guaranteed to have a non-zero area. A similar
trend for higher St is observed with the BBH force. For R = 0.84 (ρp/ρf ≈ 1.3), BoA(ii) >

BoA(i) (see figure 19c, f ). For R = 0.5 (ρp/ρf = 2.5), BoA(i) > BoA(ii) (see figure 20b,d),
where, again, BoA(ii) is much smaller and harder to detect.

Further the trend of the BoAs with the BBH force being larger than those without
persists with initial condition (ii) as well (compare figures 17c,d and 19d,e), however to
a differing quantitative extent.

To summarise, the sizes of the BoAs are only weakly affected by initial conditions at
small Stokes numbers but are quite sensitive at high St. The sensitivity increases as the
particles become heavier, and is lower with the BBH force than without it. However, the
trend of BoA size being larger with BBH than without it persists.

REFERENCES

ALISEDA, A., CARTELLIER, A., HAINAUX, F. & LASHERAS, J.C. 2002 Effect of preferential concentration
on the settling velocity of heavy particles in homogeneous isotropic turbulence. J. Fluid Mech. 468, 77–105.

ANGILELLA, J.-R. 2010 Dust trapping in vortex pairs. Physica D 239 (18), 1789–1797.
ANGILELLA, J.R., VILELA, R.D. & MOTTER, A.E. 2014 Inertial particle trapping in an open vortical flow.

J. Fluid Mech. 744, 183–216.
BEC, J., BIFERALE, L., CENCINI, M., LANOTTE, A., MUSACCHIO, S. & TOSCHI, F. 2007 Heavy particle

concentration in turbulence at dissipative and inertial scales. Phys. Rev. Lett. 98, 084502.
BRACCO, A., CHAVANIS, P.H., PROVENZALE, A. & SPIEGEL, E.A. 1999 Particle aggregation in a turbulent

Keplerian flow. Phys. Fluids 11 (8), 2280–2287.
CERRETELLI, C. & WILLIAMSON, C.H.K. 2003 The physical mechanism for vortex merging. J. Fluid Mech.

475, 41–77.
CHONG, K., KELLY, S.D., SMITH, S. & ELDREDGE, J.D. 2013 Inertial particle trapping in viscous

streaming. Phys. Fluids 25 (3), 033602.
DAITCHE, A. 2015 On the role of the history force for inertial particles in turbulence. J. Fluid Mech. 782,

567–593.
DAITCHE, A. & TÉL, T. 2011 Memory effects are relevant for chaotic advection of inertial particles. Phys.

Rev. Lett. 107, 244501.
DAITCHE, A. & TÉL, T. 2014 Memory effects in chaotic advection of inertial particles. New J. Phys. 16 (7),

073008.
DRUZHININ, O.A. 1995 On the two-way interaction in two-dimensional particle-laden flows: the accumulation

of particles and flow modification. J. Fluid Mech. 297, 49–76.
FALKOVICH, G., FOUXON, A. & STEPANOV, M.G. 2002 Acceleration of rain initiation by cloud turbulence.

Nature 419 (6903), 151–154.
FERRY, J. & BALACHANDAR, S. 2001 A fast Eulerian method for disperse two-phase flow. Intl J. Multiphase

Flow 27 (7), 1199–1226.
GALLAY, T. & WAYNE, C.E. 2002 Invariant manifolds and the long-time asymptotics of the Navier–Stokes

and vorticity equations on R2. Arch. Ration. Mech. Anal. 163, 209–258.
GATIGNOL, R. 1983 The Fax́en formulae for a rigid particle in an unsteady non-uniform Stokes flow. J. Méc.

Théor. Appl. 2, 143–160.
GEROSA, F.A., MÉHEUT, H. & BEC, J. 2023 Clusters of heavy particles in two-dimensional Keplerian

turbulence. Eur. Phys. J. Plus 138, 9.
GREBOGI, C., OTT, E. & YORKE, J.A. 1983 Crises, sudden changes in chaotic attractors, and transient chaos.

Physica D 7 (1), 181–200.
GUASTO, J.S., RUSCONI, R. & STOCKER, R. 2012 Fluid mechanics of planktonic microorganisms. Annu.

Rev. Fluid Mech. 44 (2012), 373–400.

996 A44-25

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

70
6 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2024.706


S. Kapoor, D. Jaganathan and R. Govindarajan

GUSEVA, K., FEUDEL, U. & TÉL, T. 2013 Influence of the history force on inertial particle advection:
gravitational effects and horizontal diffusion. Phys. Rev. E 88, 042909.

HALLER, G. & SAPSIS, T. 2008 Where do inertial particles go in fluid flows? Physica D 237 (5), 573–583.
JAGANATHAN, D., GOVINDARAJAN, R. & VASAN, V. 2024 Explicit integrators for nonlocal equations:

the case of the Maxey–Riley–Gatignol equation. Quart. Appl. Math. https://doi.org/10.1090/qam/1693
(preprint).

LASHERAS, J.C. & TIO, K.-K. 1994 Dynamics of a small spherical particle in steady two-dimensional vortex
flows. Appl. Mech. Rev. 47 (6S), S61–S69.

LATTANZI, A.M., TAVANASHAD, V., SUBRAMANIAM, S. & CAPECELATRO, J. 2022 Stochastic model for
the hydrodynamic force in Euler–Lagrange simulations of particle-laden flows. Phys. Rev. Fluids 7, 014301.

MARCU, B., MEIBURG, E. & NEWTON, P.K. 1995 Dynamics of heavy particles in a Burgers vortex. Phys.
Fluids 7 (2), 400–410.

MARSHALL, J.S. 1998 A model of heavy particle dispersion by organized vortex structures wrapped around a
columnar vortex core. Phys. Fluids 10 (12), 3236–3238.

MARSHALL, J.S. 2005 Particle dispersion in a turbulent vortex core. Phys. Fluids 17 (2), 025104.
MAXEY, M.R. 1987 The gravitational settling of aerosol particles in homogeneous turbulence and random

flow fields. J. Fluid Mech. 174, 441–465.
MAXEY, M.R., CHANG, E.J. & WANG, L.-P. 1996 Interactions of particles and microbubbles with

turbulence. Expl Therm. Fluid Sci. 12 (4), 417–425.
MAXEY, M.R. & RILEY, J.J. 1983 Equation of motion for a small rigid sphere in a nonuniform flow. Phys.

Fluids 26 (4), 883–889.
MOFFATT, H.K., KIDA, S. & OHKITANI, K. 1994 Stretched vortices – the sinews of turbulence;

large-Reynolds-number asymptotics. J. Fluid Mech. 259, 241–264.
NATH, A.V.S. & ROY, A. 2024 Clustering and chaotic motion of heavy inertial particles in an isolated

non-axisymmetric vortex. J. Fluid Mech. (submitted), arXiv:2403.10011.
NIZKAYA, T., ANGILELLA, J.R. & BUÈS, M. 2010 Note on dust trapping in point vortex pairs with unequal

strengths. Phys. Fluids 22 (11), 113301.
PRASATH, S.G., VASAN, V. & GOVINDARAJAN, R. 2019 Accurate solution method for the Maxey–Riley

equation, and the effects of Basset history. J. Fluid Mech. 868, 428–460.
RAJU, N. & MEIBURG, E. 1997 Dynamics of small, spherical particles in vortical and stagnation point flow

fields. Phys. Fluids 9 (2), 299–314.
RAMADUGU, R., PERLEKAR, P. & GOVINDARAJAN, R. 2022 Surface tension as the destabiliser of a vortical

interface. J. Fluid Mech. 936, A45.
RAVICHANDRAN, S. & GOVINDARAJAN, R. 2015 Caustics and clustering in the vicinity of a vortex. Phys.

Fluids 27 (3), 033305.
RAVICHANDRAN, S., PERLEKAR, P. & GOVINDARAJAN, R. 2014 Attracting fixed points for heavy particles

in the vicinity of a vortex pair. Phys. Fluids 26, 013303.
READE, W.C. & COLLINS, L.R. 2000 Effect of preferential concentration on turbulent collision rates. Phys.

Fluids 12 (10), 2530–2540.
SAPSIS, T. & HALLER, G. 2010 Clustering criterion for inertial particles in two-dimensional time-periodic

and three-dimensional steady flows. Chaos 20 (1), 017515.
SHUAI, S., ROY, A. & KASBAOUI, M.H. 2024 The merger of co-rotating vortices in dusty flows. J. Fluid

Mech. 981, A27.
SQUIRES, K.D. & EATON, J.K. 1991 Preferential concentration of particles by turbulence. Phys. Fluids A:

Fluid Dyn. 3 (5), 1169–1178.
TANGA, P., BABIANO, A., DUBRULLE, B. & PROVENZALE, A. 1996 Forming planetesimals in vortices.

Icarus 121 (1), 158–170.
TAVANASHAD, V., PASSALACQUA, A., FOX, R.O. & SUBRAMANIAM, S. 2019 Effect of density ratio on

velocity fluctuations in dispersed multiphase flow from simulations of finite-size particles. Acta Mech. 230
(2), 469–484.

TÉL, T. 2015 The joy of transient chaos. Chaos 25 (9), 097619.
TIO, K.-K., LIÑÁN, A., LASHERAS, J.C. & GAÑÁN-CALVO, A.M. 1993 On the dynamics of buoyant and

heavy particles in a periodic Stuart vortex flow. J. Fluid Mech. 254, 671–699.
VARAKSIN, A.Y. & RYZHKOV, S.V. 2022 Vortex flows with particles and droplets (a review). Symmetry 14,

10.
WANG, L.P. & MAXEY, M.R. 1993 Settling velocity and concentration distribution of heavy particles in

homogeneous isotropic turbulence. J. Fluid Mech. 256, 27–68.
WILKINSON, M., MEHLIG, B. & BEZUGLYY, V. 2006 Caustic activation of rain showers. Phys. Rev. Lett. 97,

048501.

996 A44-26

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
4.

70
6 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1090/qam/1693
https://arxiv.org/abs/2403.10011
https://doi.org/10.1017/jfm.2024.706

	1 Introduction
	2 Governing equations for the flow and particles
	2.1 Numerical methods

	3 Particle trapping dynamics
	4 Particle leakage
	5 Summary and discussion
	A Appendix A. Dynamics in the vicinity of vortices of unequal strength
	B Appendix B. Effects of particle initial velocity on the BoAs
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


