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ABSTRACT

We study random walks on metric spaces with contracting isometries. In this first
article of the series, we establish sharp deviation inequalities by adapting Gouézel’s
pivotal time construction. As an application, we establish the exponential bounds for
deviation from below, central limit theorem, law of the iterated logarithms, and the
geodesic tracking of random walks on mapping class groups and CAT(0) spaces.
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1. Introduction

This is the first in the series of articles concerning random walks on metric spaces with contracting
elements. This series is a reformulation of the preprint [Cho22a] announced by the author, aiming
for a more concise and systematic exposition.

Let G be a countable group of isometries of a metric space (X, d) with basepoint o € X.
We consider the random walk generated by a probability measure p on G, which entails the
product Z, =g; - - - g, of independent random isometries g; chosen with law u. We are inter-
ested in the asymptotic behavior of a random path (Z,),>0 seen by X, or in other words,
the behavior of a random orbit path (Z,0),~0 on X. For instance, we can ask the following
questions:

— Does the random variable (1/n)d(o, Z,0) converge to a constant almost surely?
— Does the random variable (1/+/n)d(o, Z,,0) converge in law to a Gaussian law?
— How fast does P(an < d(o, Z,,0) < bn) decay for 0 < a < b?

These questions are associated with the so-called moment conditions. For each p >0 we define
the pth moment of u by

E,[d(0, g0)"] = /G (0, go)" d,

and the exponential moment (with a parameter K > 0) of u by

E, exp(Kd(o, go)) :/ eKdo.90) gy
G

In the classical setting of X =R, the previous three questions are answered when p has finite
first moment, finite second moment and finite exponential moment, respectively.

A particularly interesting examples come from isometric actions on non-positively curved
spaces. This setting includes Gromov hyperbolic groups [BQ16, BMSS22, Gou22|; relatively
hyperbolic groups [Sis17, QRT20]; groups with nontrivial Floyd boundary [GGPY21]; the map-
ping class group of a finite-type hyperbolic surface acting on Teichmiiller space [KM96, Horl8,
DH18, BCK21] or the curve complex [Mah10a, Mah10b, Mah11]; the outer automorphism group
of a finite-rank free group acting on the Culler—Vogtmann outer space [Horl8, DH18] and the
free factor complex; groups acting on CAT(0) spaces [KM99, KL06, Ferl8, LB22b, LB22a].

In this paper, we propose a unified theory for random walks on the aforementioned spaces.
We first study the case where X possesses strongly contracting isometries (see Convention 2.11),
and p is non-elementary (see §2.4). This condition is mild enough to cover all the aforementioned
spaces (except for outer space, which will be studied carefully in [Cho22b] due to the asymmetry
issue). At the same time, this is just the right amount of restriction that leads to limit laws
under optimal moment conditions.

1513

https://doi.org/10.1112/S0010437X25007511 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007511

I. CHoOI

We also present a parallel theory for metric spaces with weakly contracting isometries (see
Convention 7.2). As a result, we obtain limit laws on hierarchically hyperbolic groups (HHGs)
with optimal moment conditions. We describe the case of mapping class group for concreteness.

THEOREM 1.1. Let G be the mapping class group of a finite-type surface, let d be a word metric
on G, let (Zy)n>0 be the random walk generated by a non-elementary probability measure j on
G, and let

1 :
A=A(p) = nh_)nolo EE[d(ld, Zn)]

be the drift of u on G. Then, for each 0 <L <\, the probability P(d(id, Z,) < Ln) decays
exponentially as n tends to infinity.

This is an analog of the result of Gouézel [Gou22, Theorem 1.3], who established the expo-
nential bound for Gromov hyperbolic spaces. Note that, for every admissible probability measure
i on the mapping class group G, the spectral radius of pu is strictly smaller than 1 due to the
non-amenability of G' [Kes59]. Combining this with the exponential growth of G, one can obtain
L >0 for which P(d(id, Z,,) < Ln) decays exponentially. Hence, the nontrivial part of Theorem
1.1 is that L can be as close to A as we want.

We also obtain the deviation inequalities with optimal moment conditions (see Proposition
4.13). Combining this with Mathieu—Sisto’s theory [MS20], we establish the central limit theorem
(CLT) and law of the iterated logarithms (LIL) on mapping class groups.

THEOREM 1.2. Let G be the mapping class group of a finite-type hyperbolic surface, let d
be a word metric on G, and let (Z,)n>0 be the random walk generated by a non-elementary
probability measure p on G with finite second moment. Then, there exists o(u) >0 such that
(1/+/n)(d(id, Z,) — nA(p)) converges in law to the Gaussian law N'(0,0(u)) of variance o(u)?,
and moreover,

lim su d(1d7 Z’n)_nA(:U’) _O'( )
n—)oop V2nloglogn K

In acylindrically hyperbolic groups, Mathieu and Sisto established CLT for random walks
with finite exponential moment [MS20, Theorem 13.4]. We strengthen their result by weakening
the moment condition.

Lastly, we address the geodesic tracking of random paths.

almost surely.

THEOREM 1.3. Let G be the mapping class group of a finite-type surface, let d be a word metric
on G, and let (Z,)n>0 be the random walk generated by a non-elementary measure y on G.

(i) Let p>0 and suppose that ; has finite pth moment. Then for almost every sample path
(Zn)n>0, there exists a geodesic v on G such that
. 1
Jim md(zm 7)=0.
(ii) If p has finite exponential moment, then there exists K < oo such that the following holds.
For almost every sample path (Z,)n>0, there exists a geodesic v on G such that

lim sup
n—oo 108

d(Zy,v) < K.

For finitely supported random walks, Sisto established the deviation rate d(Z,,v)=
O(v/nlogn) [Sisl7, Theorem 1.2]. Later, Qing, Rafi, and Tiozzo obtained the rate d(Z,,y)=
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O(log®?—3*2(t)), where g and b denote the genus and the number of punctures of the surface
[QRT20, Theorem C]. We refine these results by suggesting the deviation rate O(log(t)) for
random walks with finite exponential moment.

In full generality, the main results hold in the setting of Conventions 2.11 and 7.2. In particu-
lar, Theorems 1.1, 1.2 and 1.3 apply to random walks on rank-one CAT(0) spaces. This extends
the author’s previous work [Cho23] that deals with Gromov hyperbolic spaces and Teichmiiller
space, and recovers several results by Le Bars [LB22b, LB22a).

To obtain the main theorems, we blend the pioneering theories due to Gouézel [Gou22| and
due to Mathieu and Sisto [MS20]. Gouézel’s method effectively captures the alignment of the
orbit path on X (see §4.1), while Mathieu—Sisto’s technique provides the desired limit theorems
when appropriate deviation inequalities are given. Both of these theories rely on the Gromov
hyperbolicity of the ambient space. Our contribution is to replace the Gromov hyperbolicity
with weaker notion of hyperbolicity. In particular, we obtain large deviation principle, CLT and
geodesic tracking on (possibly non-proper) CAT(0) spaces. Moreover, we generalize Mathieu—
Sisto’s theory by lifting the moment condition, leading to the exponential bounds for the escape
to infinity and CLT for random walks without finite exponential moment.

1.1 Context

Random walks on groups have often been studied via their actions on Gromov hyperbolic spaces.
For instance, random walks on Teichmiiller space and outer space have been understood by
coupling them with the curve complex and the free factor complex, respectively [Horl8, DH18].
A similar strategy was recently pursued for proper CAT(0) spaces by Le Bars [LB22b, LB22a],
building upon a new hyperbolic model for CAT(0) spaces [PSZ24].

These strategies eventually depend on the following ingredients:

— the non-atomness of the stationary measure on the Gromov boundary [MT18,
Proposition 5.1];

— CLT for martingales arising from Busemann cocycles [BQ16, Theorem 4.7];

— linear progress with exponential decay [Mah12, Theorem 1.2]; or

— linear progress using the acylindricity of the action [MS20, Theorem 9.1, Proposition 9.4].

The first two items require a nice (e.g., compact) boundary structure of X. These boundary
structures are also available in some class of non-Gromov-hyperbolic spaces (such as Teichmiiller
space, outer space and finite-dimensional CAT(0) cube complices, see [Ferl8, Ferl8, FLM24]),
but are hard to come by in the general case.

To establish the third item, Maher considered a stopping time that arises when a random
path penetrates nested shadows, which relies on moment conditions: see [Mah12] and [Sun20].
For the last item, Mathieu and Sisto assumed finite exponential moment condition to couple the
random paths on G with the corresponding paths on G in probability.

It is not straightforward to apply the aforementioned strategies to, say, random walks on
(non-proper) CAT(0) spaces. Even in well-known settings such as Gromov hyperbolic groups,
moment conditions are often necessary. Our goal is to lift these restrictions: we want a structure
for random walks on a wide class of spaces X that:

— does not assume global Gromov hyperbolicity of X;

— does not rely on any boundary structure of X;

— does not assume any moment condition a prior:i; and

— effectively captures the ‘alignment’ of a sample path on X.
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The first goal was studied by Sisto in [Sis18]. Not assuming global Gromov hyperbolic-
ity of X, Sisto presented a random walk theory using strongly contracting isometries, which
are found in both Gromov hyperbolic spaces and CAT(0) spaces. Note that the existence
of strongly contracting isometries also has implications on the growth problem and counting
problem [ACT15, Yan14, Yanl9, Yan20, Leg22, Cou22].

The second goal was pursued by Mathieu and Sisto for acylindrically hyperbolic groups in
[MS20], establishing deviation inequalities without referring to the boundary of X.

The first and the second goals were also pursued by Boulanger, Mathieu, Sert, and Sisto
in [BMSS22]. They discuss Corollary 6.5 for Gromov hyperbolic spaces and pointed out the
versatility of Schottky sets in other spaces. For more detail, see § 6.

All the goals except the first one were achieved in Gouézel’s recent paper [Gou22]. In [Gou22],
Gouézel establishes Theorem 1.1 for Gromov hyperbolic spaces by recording the Schottky direc-
tions aligned along a random path. Such a recording, called the set of pivotal times, grows
linearly with exponential decay. More importantly, this growth is uniform and s independent of
the intermediate non-Schottky steps.

Our theory achieves the four goals in the setting of Convention 2.11. For this purpose,
we combine Gouézel’s pivotal time construction with Sisto’s theory of random walks involving
strongly contracting isometries. This was indirectly pursued for Teichmiiller space in [Cho23].
Our usage of strongly contracting isometries is also hugely influenced by Yang’s series of papers
[Yan14, Yan19, Yan20] in the context of counting problems.

Although strongly contracting isometries are found in various groups, it is not known whether
the Cayley graph of a mapping class group possesses strongly contracting isometries. A related
issue arises when one considers a group G that is quasi-isometric to another group H. Having
a strongly contracting isometry is not passed through quasi-isometries: it is even not preserved
under the change of finite generating set of a group [ACGH19, Theorem 4.19].

This is why we provide a parallel theory in the language of weakly contracting isometries.
We note that having a weakly contracting infinite quasigeodesic is stable under quasi-isometry.
Strictly speaking, our setting is not stable under quasi-isometry: we consider two coarsely
equivariant G-actions, one involving weak contraction and the other one involving strong con-
traction. Nevertheless, the present theory is an attempt towards quasi-isometry (QI)-invariant
random walk theory. We record recent breakthrough in this direction by Goldborough and Sisto
[GS21], showing that certain QI-invariant group-theoretic property (that involves an action on
a hyperbolic space) guarantees a CLT for simple random walks.

1.2 Strategy
Morally, contracting directions constitute a tree-like structure. As a toy model, consider
G=Fy«7?={(a,b,c,d|cd=dc)

acting on its Cayley graph X. A geodesic 7= abaaba in X is composed of edges e; = [id, a],
es = [a, abl, es = [ab, aba], and so on. The geodesicity of v forces the local alignment among e;: e;
projects onto e;41 at the beginning point of e; 1 and e;41 projects onto e; at the ending point of
e;. Conversely, this local alignment implies that v is geodesic. (This is false when e; are directions
in a flat, e.g., e; = [id, ¢, e2 = [c, ed], and e3 = [ed, cdc™!].) The same conclusion holds even if we
insert edges in the flats in between e;. For example, consider

e1=c,ca), ey =|[cacd, cacdb?], g=cacdb’cd.

Observe that (id, e1), (e1, e2), and (e2, g) satisfy the local alignment conditions. This forces that
e1 and eg are subsegments of any geodesic between id and g even if such a geodesic is not unique
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due to flat parts. We will formulate this more precisely in the alignment lemma in §3. We will
then construct many independent ‘tree-like’ directions. In our example, the set

SM,m = {(8182 s SM)m 18 € {a, b}}

consists of 2™ directions in the free factor. We have the following properties.

(i) For any x € X, d(id, [z, sT!]) < M for all but at most 1 element s € Sy m.
(ii) For all s € Spsm, the geodesic [s71, s] passes through id.

These properties will be captured by the notion of Schottky sets (Definition 3.15). Note that
one can increase the cardinality of Sy, by taking larger M.

Let us now consider the random walk Z generated by a probability measure p with
p(a), p(b) > 0. Then, for any M, m >0, each element of the Schottky set Spr,, is admitted
by p*M™ By decomposing ;™™ into a uniform measure on S M,m and the remainder, a ran-
dom path (Z,), can be modelled by the concatenation of some non-Schottky isometries w; and
Schottky isometries s;, where the timings for Schottky progresses are given by a renewal process.
That means, for a large K, a random word Z, =g; - - - g is of the form

Zn =wopS1wq - - sn/Kwn/K,

where the s; are drawn from Sy ,,. Now Gouézel’s construction of pivotal times provides a large
K’ such that the following holds: among {1, ...,n/K}, we can pick indices i(1) < - - - <i(n/KK")
at which the Schottky segment is aligned along the entire progress, i.e., wos1 - - - wi(k)[id, ;1)
are subsegments of [id, Z,] (x). Now pick x € X. We have plenty of Schottky isometries avail-
able for the slot s;;). By choosing the right choice among them (i.e., by pivoting), we can also
assure that (x, wos1 - - - wig [id, si1)]) is aligned. Combined with (x), this means that we have a
bound of d(id, [z, Z,]) in terms of an initial subsegment wos1 - - - w;(x) of the random path. All
these phenomena are exponentially generic (see Lemma 4.10). We subsequently obtain devia-
tion inequalities (Proposition 4.13), CLT, and geodesic tracking. A more involved combinatorial
model for random paths leads to the large deviation principle.

In this example, the contracting property of a tree-like edge e is as strong as possible: any
geodesic v connecting the left and the right of e passes through e. We study two variants of such
a contracting property. If we require that « passes through a bounded neighborhood of e, we say
that e is strongly contracting. If we require that « passes through a log(diam(e))-neighborhood
of e, then we say that e is weakly contracting. The argument so far also works for strongly
contracting directions, up to a finite error. A more delicate argument is required for weakly
contracting isometries. We will deal with these notions in Part I and Part II, respectively.

2. Preliminaries

Before entering Part I, we review basic notions and lemmata. We fix a metric space (X, d) and a
basepoint 0 € X. For x,y, z € X, we define the Gromov product of x and z with respect to y by

(2, 2)y = 5(d(z,y) +d(y, 2) — d(z, 2)).

2.1 Paths

Let A and B be subsets of X; A is K-coarsely contained in B if A is contained in the K-
neighborhood of B; A and B are K -coarsely equivalent if A is K-coarsely contained in B and vice
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FIGURE 1. Axes associated with a sequence of isometries s = (¢1, ¢2, @3, ¢4). Points inside the
darker shadow constitute I'"(s), and those inside the lighter shadow constitute I'2(s). Points in
the dashed region constitute I'"(s).

versa; A is K-coarsely connected if for every x,y € A there exists a chain x =ag, a1,...,a, =y
of points in A such that d(a;, a;+1) < K for each i.

A path on X is a map v:I — X from a 1-coarsely connected subset I of R, called a domain,
to X. A subdomain J of I is of the form I N [a,b] for some a, b€ R. The restriction of v on J is
called a subpath of y. We denote this subpath by /(g3

For paths v: I — X and v/ : I’ — X we say that o/ is a reparameterization of v when there
exists a non-decreasing map p:I’— I such that 7/ =~o0p. We say that two paths x:I — X
and n:J — X are K-fellow traveling if there exists a reparameterization x’':J — X of s such
that d(k'(t),n(t)) < K for every ¢t € J. In this case, note that the images of k and 7 are within
Hausdorff distance K and the endpoints of k and 7 are pairwise K-near. By abuse of notation,
for a k: I — X path, k will often refer to the set-theoretical image k(I) of k. For instance, when
we say that a path x:I — X is K-close to a point z, it means d(k(¢), x) < K for some t € I.

We say that X is geodesic if for each pair of points x, y € X there exists a geodesic connecting
x to y. Given two points z,y € X, we denote by [z, y] an arbitrary geodesic connecting = to y.

Let [z,y] be a geodesic on X and Ay,..., Ay be subsets of [z, y]. We say that A;,..., Ay
are in order from left to right if d(x, x1) < d(z,z2) <--- < d(z,zy) for any choices of x; € A;.

We will construct a path for a sequence of isometries as follows. Given a sequence o=

(¢1,- -+ , ¢r) of isometries of X, we denote the product of its entries ¢; - - - ¢ by II(«). Now let
T =111 -+ $i0= (91~ &)™ -+~ o
for each me€Z and i =0,. ..,k — 1; see Figure 1. We let I'"(«) := (¢, 21, . . . , Tmg) When m >0
and I'"(«) := (g, 1, . .., k) Wwhen m < 0. For m = £1, we also use a simpler notation
I'*(s):=(wg, 71, ..., T),

I (s):=(xo,x-1,...,2_g).
In other words, we write

F+(¢17 s 7¢k’) = (Oa ¢107 ¢1¢207 s 7¢1¢2 o ¢k’0)7
F_(¢1a s 7¢k) = (07 ¢];107 ¢I;1¢];7110> ceey Qslzl o ¢I10)‘
Given a path v = (y1,...,yn), we denote by 7 its reversal, defined by

’_Y::(y]\[,-. "yl)‘
For example, the reversal of I'~(«) is denoted by I'~(«), which is

L7 (¢1,. .., ¢%) == (T, T_(k—1), - - -, T0)
= (¢p "¢ '0, ... 0 D0, ¢ o, 0).
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2.2 Strong contraction

Given a subset A of X, we define the closest point projection 74 : X — 24 onto A by
ma(x):={a€A:d(x,a)=d(z, A)}.
Note that m4(z) is nonempty for each x € X when A is a closed and locally compact set.

DEFINITION 2.1. Let K >0. A subset A of X is K-strongly contracting if the following holds
for the closest point projection 7 4:

diamy (ma(x) Uma(y)) < K
for all z,y € X that satisfy dx(z,y) <dx(z, A).
A K-strongly contracting K-quasigeodesic is called a K -contracting axis. A lemma follows.

LEMMA 2.2. Let A be a K-strongly contracting subset of X. Then the closest point projection
ma: X — Ais (1,4K)-coarsely Lipschitz, i.e., for each x,y € X we have

diam(ma(x) Uma(y)) <d(z,y) +4K.

This lemma is well known in various forms ([ACT15, Lemma 2.11], [Sis18, Lemma 2.4] and
[Yan19, Proposition 2.4(4)]). The explicit constant 4K is given as a consequence of Lemma 3.1.

LEMMA 2.3 [Yan20, Proposition 2.2 (3)]. For each K >1 there exists a constant K' = K'(K)
such that any subpath of a K-contracting axis is a K'-contracting axis.

LEMMA 2.4 ([ACT15, Lemma 2.15] and [Yan20, Proposition 2.2(2)]). Let A and A’ be coarsely
equivalent subsets of X. Then A is strongly contracting if and only if A’ is strongly contracting.

DEFINITION 2.5. An isometry g of X is strongly contracting if its orbit {g’0}icz is a strongly
contracting quasigeodesic.

DEFINITION 2.6. We say that isometries g and h of X are independent if for any = € X the map
(m,n)—d(g™o, h"0)
is proper, i.e., {(m,n):d(¢g"™o, h"0) < M} is bounded for each M > 0.
The following lemma will be proved in § 3.1.
LEMMA 2.7. Two strongly contracting isometries g and h of X are independent if and only if

T(gioiczy({h'0o:i € Z}) and T(pipiezy({g'0: i € Z}) have finite diameters.

2.3 Weak contraction

This subsection only matters in Part II; readers interested in Part I may skip this subsection.

DEFINITION 2.8. Let K >0 and A C X. A K-projection onto A is a K-coarsely Lipschitz map
7: X — A such that d(a,7(a)) < K for each a € A. Note that for each x € X we have

d(z, m(z)) < inf [d(z, a) +d(a, 7(a)) + d(7(a), 7(z))]
(K + 1)d(z, a) + 2K] < (K + 1)d(z, A) + 2K. (1)

inf
acA
< inf
S gea
A set A is K-weakly contracting if there exists a K-projection 74 such that

diamy (ma(x) Uma(y)) < K (2)

holds for all z,y € X that satisfy d(z,y) <d(z, A)/K.
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LEMMA 2.9. For each K, M > 1 there exists K' > K such that the following holds.

Let z,y€ X. Let A be a K-weakly contracting set such that d(x,A) > K’ and such that
diam(m4(x) Uma(y)) = K'. Then there exists p € [z, y] such that diam(m4(z) Uma(p)) < 2K’ and
such that either

d(x,A) > Md(p,A) or Md(z,A)<d(p,A).

Proof. We set K' = K2(M(M +7)(K +1)+1).
Let n: [0, L] — X be a geodesic connecting z to y. Note that for

7:=inf{0 <t < L:diam(ma(z) Uma(n(t))) > K + K}.
The K-coarse Lipschitzness of m4 and inequality (2) imply
. . <
Jim diam(ma (n(7)) Uma(n(r +€))) < K,
diam(ma(z)Uma(n(r))) > (K'+ K)- K=K

Hence, by replacing y with 7(7), we may assume diam(7a(x) Uma(n(t))) < K'+ K for t €0, L].
If d(n(t), A) < (1/M)d(x, A) for some t € [0, L], then we are done; suppose not. We inductively
take

. 1 .
to:=0, t;:=min {ti,l—}—md(x,A),L} (1>0).
The process halts at step N when ¢ty reaches L. We then have

Alnftir). ) =t — tis < 1 od(e, A) < d(nftis), A)

for each i. Using inequality (2), we deduce

N
diam(74(z) Uma(y)) < Z diam(ma(n(ti—1)) Uma(n(ti))) < NK.
i=1

Since the left-hand side is at least K', we have N > K'/K >2KM (M +7)(K +1) + 1.
Meanwhile, t; — t;—1 = d(z, A)/M K holds for i < N — 1. This implies
1
d Stno1—to> (N —1)——d(z, A
(@,y) 2 tn-1—to = ( i@ A)

and considering the assumption d(z, A) > K' > K we deduce

d(z,y) — diam(r a(z) Uma(y)) > (N — 1)ﬁd(x, A)— (K + K)

> ME(M +7)(K +1)- ﬁd(gg, A) - 2K
= (M +7)(K +1)d(z, A) — 2K’
> (M +1)(K + 1)d(z, A) + 4K.

Now using inequality (1) twice, we get

Ay A) > 1 dy, ma(y) — 2K
> Ki— 1 [d(y,z) —d(z, ma(x)) — diam(ma(x) Uma(y)) — 2K]
> g ldy) — diam(ma(e) Uma(y) — (K + 1d(z, 4) — 4K]
> Md(x, A) O
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LEMMA 2.10. For each K > 1 there exists K' > 0 satisfying the following.
Let A be a K-weakly contracting set, let z,y € X, let p be a point on [z, y] and define

Dy :=diam(ma(x) Uma(p)), D2:=diam(ma(y)Uma(p)).
Then we have
d(p, A) < K'e P/ gz, A) + K'e P2/ K q(y, A) + K. (3)

Proof. Let M :=2K + 4, let K; := K'(K, M) be as in Lemma 2.9, and let K/ :=9MKj.
Suppose on the contrary that inequality (3) does not hold. Our goal is to find a triple 2/, ¢/, 2’
on [z, y], in order from left to right, such that

d(y', A) > max(Md(x', A), Md(%', A), K'),
4K > diam(wa{a’, v/, 2'}).
If we find such triple, then we have

K+1 K+1
(. A
W, A) > o 2K +4

> (K +1)d(z', A) + (K +1)d(#, A) + 18K,
> (K +1)d(2/, A) + (K +1)d(7', A) + (2K, + 4K).
This will then lead to the contradiction
d(2',2) <d(2', ma(2))) + diam(wa(z") Uma(2)) + d(ma(Z), 2))

<((K+1)d(2', A) +2K) + 4K + (K + 1)d(7/, A) + 2K)
<2d(y',A) — (K +1)d(2', A) — (K +1)d(2', A) — 4K
< dly', A) —d(@, ma(2')] + [d(y', A) — d(2', ma(2"))]
<d(@,y) +d(y, ).

Let n: [0, L] — X be the geodesic connecting p to = and let ¢ty = 0. Given ¢;_; € [0, L), we pick
t; € [ti—1, L] such that

diam(ma(n(ti-1)) Uma(n(ti))) <2K1,  d(n(ti), A) = Md(n(ti-1), A). (4)

If such tny does not exist at step N, we let ¢ty = L and stop.
Recall that we are assuming

d(n(te), A) = K'e PV/E q(z, A) + K'e P2/ K d(y, A) + K' > K'.

Hence, d(n(t;), A) > MK’ > K' fori=0,..., N — 1. () Since 7 is bounded, the process must
stop at some N. We always have ¢ty = L and n(ty) = x. We discuss possible scenarios.

2
- K!
2K +4

"M -d(2', A) + "M -d(Z,A) +

)d
)d

(1) d(mra(n(ty—1)) Uma(n(tn))) > 2K;. Recall Lemma 2.9: there exists 7 € [ty_1, t 5] such that
diam(ma(n(ty—1) Un(7)) <2K; and either d(n(7), A) > Md(n(ty—1),A) or d(n(r), A) <
(1/M)d(n(tn—1), A). Since the first possibility is excluded, we conclude that d(n(7), A) <
(1/M)d(n(tny-1), A). There are two subcases.

(a) N >2:in this case, d(n(ty—1), A) = Md(n(tn—2), A) holds by our choice in display (4).
By (), we also know that d(n(tn-1), A) > K'. Lastly, ma{n(tny—2), n(tn-1),n(7)} has
diameter at most 4K7. Hence, we can take 2’ =n(7), v’ =n(tn-1) and 2’ =n(ty_2).

(b) N =1: in this case, we have d(n(1), A) < (1/M)d(p, A). We first pick 2’ =n(7) and will
pick ¥/ and 2’ later.
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(ii) diam(ma(n(tn—-1)), ma(n(tn)) < 2K7. Then we have
N
Dy = diam(ra(n(0)), ma(n(tn)) < S diam(ma(n(ts 1)), ma((t:))) < 2K1 V.
i=1

Since K’ > 4K, K' > ¢® and e <4 < 2K + 4= M, we deduce
1 , 1 1
d(z, A) < FeDl/K d(p, A) < EeNd(p, A) < (2K +4)N2d(n(t), A) < Md(ﬁ(tN—l)a A).

Given this, when N >2, we can pick o' =z =n(ty), v =n(tn-1) and 2’ =n(ty_2) and
deduce a similar contradiction. When N =1, we set 2/ = x.

So far, we have obtained either the desired triple (2/,v’, 2’), or a point 2’ € [z, p| such that
diam(ma(z')Uma(p)) <2K', d(z', A) < (1/M)d(p, A).

A similar discussion on [p, y] also gives either the desired triple, or a point 2’ € [p, y] such that
d(ma(2), ma(p)) < 2K’ and d(2', A) < 1:d(p, A). If we fall into the latter cases in both discussions,
we let iy = p and deduce the contradiction. O

2.4 Random walks

Let 1 be a probability measure on a discrete group G acting on a metric space (X, d). We denote
by /i the reflected version of u, which by definition satisfies fi(g) := u(g~"'). The random walk
generated by p is the Markov chain on G with the transition probability p(g, h) := u(g~'h).

Consider the step space (GZ, u%), the product space of G equipped with the product measure
of pu. Each element (g, )nez of the step space is called a step path, and there is a corresponding
(bi-infinite) sample path (Zy)nez under the correspondence

g1 Gn, n>07
ZTL: i(i7 n:07

9 ~~g;i1, n < 0.

We also introduce the notation gn:g:}I 41 and Z,=Z_,. Note that we have an isomor-
phism (G%, u”) = (G#>0, #>0) x (G*>°, i*>°) by (gn)nez = ((gn)n>0, (9n)n>0)- In view of this,
we sometimes write the bi-infinite sample path as ((Zy,)n>0, (Zn)n>0), where the distributions
of (Zy)n and (Z,), are independent.

In certain circumstances, it is beneficial to consider a probability space (€2, P) where the step
distributions for the random walk are defined, together with some other random variables (RVs).
For this purpose, we say that (2, P) is a probability space for p if there is a measure-preserving
map from (Q, P) to (GZ>°, u%>°), or equivalently, if independent step RVs {g,(w)}n>0 are defined
and distributed according to u. We similarly define a probability space (Q,IP’) for fi, together
with RVs {g, (@) }ns0. Then the product space (€ x €, P) models the (bi-infinite) random walk
generated by p. We often omit w while writing e.g., g, = gn(w) and Z, = Z,(w). To make a
distinction, we mark RVs on € with the ‘check’ sign, e.g., Gn = gn (@), Zn := Zn ().

We define the support of u, denoted by suppu, as the set of elements in G that are assigned
nonzero values of u. We denote by pV the product measure of N copies of p, and by pu*V
the Nth convolution measure of u. We say that p is non-elementary if the subsemigroup gen-
erated by the support of p contains two independent strongly contracting isometries g, h of
X. By taking suitable powers, we may assume that g and h belong to the same suppu*" for
some N > 0.
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When a constant My (to be fixed later) is understood, we use the notation
Yi(w):=(Zi—pm,(w)o, Zi—ny+1(w)o, . .., Zi(w)o).
Similarly, we denote (Z;_ns,(@)o, ..., Zi(@w)o) by Y;(©).

PART I. Random walks with strongly contracting isometries

In Part I, we develop a theory of random walks that involve strongly contracting isometries. The
following convention is employed throughout Part I.

CONVENTION 2.11. We assume that:

— (X, d) is a geodesic metric space;
— G is a countable group of isometries of X ; and
— (G contains two independent strongly contracting isometries.

We also fix a basepoint o € X.

We emphasize that no further requirements (properness, weak proper discontinuity, etc.) are
imposed on X or GG. Convention 2.11 includes the following situations:

(i) (X,d) is a geodesic Gromov hyperbolic space and G contains independent loxodromics,
e.g.,
(a) (X,d) is the curve complex of a finite-type hyperbolic surface and G is the mapping
class group; or
(b) (X,d) is the complex of free factors of the free group of rank N >3 and G is the outer
automorphism group Out(Fy);
(ii) X is a Teichmiiller space of finite type, G is the corresponding mapping class group, and
d is either the Teichmiiller metric d7 [Min96] or the Weil-Petersson metric dy p [BF02];
(iii) (X,d) is the Cayley graph of a braid group modulo its center B,,/Z(B,) with respect to
its Garside generating set, and G is the braid group B,, [CW21];
(iv) (X, d) is the Cayley graph of a group G with nontrivial Floyd boundary [Kar03, GP13];
(v) (X,d) is the Cayley graph of a Gr/(1/6)-labeled graphical small cancelation group G
[ACGH19];
(vi) (X,d) is a (not necessarily proper nor finite-dimensional) CAT(0) space and G contains
independent rank-one isometries; e.g., G is an irreducible right-angled Artin group and
(X, d) is the universal cover of its Salvetti complex.

3. Alignment I: strongly contracting axes

In this section, we will formulate and prove the following claim. Let (k;)!_; be a sequence of
long enough contracting axes. Suppose that each pair of consecutive axes is aligned: x; (Kit1,
respectively) projects onto x;11 (K4, respectively) near the beginning point of ;41 (the ending
point of k;, respectively). Then the axes are globally aligned: x; projects onto x; near the
beginning point (ending point, respectively) of £; when i < j (i > j, respectively).

1523

https://doi.org/10.1112/S0010437X25007511 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007511

I. CHoOI

3.1 Contracting geodesics

The goal of this subsection is to establish Corollary 3.5. We begin by recalling a lemma that
appeared as [ACT15, Lemma 2.14], [Sis18, Lemma 2.4] and [Yan19, Lemma 2.4(4)]. For a version
with an explicit constant, see the work by Chawla et al. [CCT25, Lemma 2.2].

LEMMA 3.1. Let A be a K-strongly contracting set and let n:1 — X be a geodesic such
that diam(ma(n)) > K. Then there exist t <t' in I such that ma(n) and 7|4 are 4K-coarsely
equivalent, and moreover, such that

diam(7A(1|(—oo,) Un(t)) <2K and  diam(ma(nlp +o0)) Un(t')) < 2K.

LEMMA 3.2. For each K > 1 there exists K' = K'(K) > K that satisfies the following.

Let n:J — X be a K-quasigeodesic whose endpoints are x and y, let A be a subset of  such
that d(z, A) < K, d(y, A) < K, and let v : J' — X be a geodesic that is K-coarsely equivalent to
A. Then, n and v are also K'-coarsely equivalent, and, moreover, there exists a K'-quasi-isometry
¢ :J— J" such that d(n(t), (yo)(t)) < K’ for each t € J.

Proof. Without loss of generality, let J = [a, b], J' = [¢, d] and n(a) =z, n(b) =y. For each s € J',
we can pick ts € J such that d(v(s), n(ts)) < K as 7 is coarsely contained in A. Note that

[ty = toa| SKd(n(ts,), n(ts;)) + K* < Kd(y(s1),7(s2)) + 3K = K|s1 — s + 3K,

Similarly, [ts, —ts,| > (1/K)|s1 — s2| —1 — 2K holds. Hence, s+ t, is a 3K?-quasi-isometric
embedding.

It remains to show that {ts:s € J'} is coarsely equivalent to J. Note that A is 3K-coarsely
connected, as it is K-coarsely contained in a 1-connected set 7. It follows that n~!(A) is
4K?-coarsely connected subset of [a, b]. Moreover, since x and y are K-close to A, we have
d(a,n71(A)),d(b,n7(A)) < 2K?2. Combined together, [a, b] is 4K 2-coarsely contained in n~1(A).

Next, for each p € A there exists s € J' such that d(~(s), p) < K. This implies d(n(ts), p) < 2K
and diam(ts, 771 (p)) < 3K?2. Hence, n~!(A) is 3K 2-coarsely contained in {ts:s¢€ J'}. O

The K-quasi-isometries between intervals are K'-coarsely equivalent to a monotone map for
some K'= K'(K) (for an explicit K’, see the proof of [San06, Theorem 1.2]). Hence, we have:

COROLLARY 3.3. For each K > 1 there exists K' = K'(K) > K that satisfies the following.

Let nn:J — X be a K-quasigeodesic connecting x to y, let A be a subset of i such that
d(z,A) < K and d(y, A) < K, and let v:J' — X be a geodesic that is K-coarsely equivalent to
A. Then n and v are K'-fellow traveling.

Combining Lemmas 3.1 and 3.2, we observe an instance of the Morseness of contracting axes
([ACGH17, Theorem 1.3], [Sis18, Lemma 2.8.(2)] and [Yanl4, Lemma 2.2]).

COROLLARY 3.4. For each K > 1 there exists a constant K’ > K that satisfies the following. Let
n:J— X be a K-contracting axis and ~y: J' — X be a geodesic that share the endpoints. Then
n and v are K'-fellow traveling.

COROLLARY 3.5. For each K > 1 there exists a constant K' = K'(K) that satisfies the following.
Let k:1— X and n:J — X be K-contracting axes. Suppose that diam(m(n)) > K'. Then,
there exist t <t' in I and s < s’ in J such that the following sets are all K'-coarsely equivalent:

K“’[t,t’}? 77’[5,8’}7 Wﬁ(n)a Wﬂ(ﬁ)'
Moreover, we have

diam (7 (1] (—oo,5) Un(s)) <K', diam(m.(n

[s’,+oo)) U 77(8/)) < K'.

1524

https://doi.org/10.1112/S0010437X25007511 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007511

RANDOM WALKS AND CONTRACTING ELEMENTS I

Proof. For simplicity, we focus on the case where x, 1 have endpoints.

Let v:.J' — X be a geodesic that connects the endpoints of 7. Then ~ and 7 are coarsely
equivalent by Corollary 3.4. Lemma 2.2 tells us that 7.() is coarsely equivalent to m.(n) and
hence large. By Lemma 3.1, there exist u <’ in J' such that 7.(v) and 7|}, are coarsely
equivalent and such that v|(_oc . and | 4oy Project onto s near y(u) and v(u'), respectively.

Note again that 1 and v are fellow traveling by Corollary 3.4 and 7, is coarsely Lipschitz.
This enables us to replace v with 7: there exist s < s’ in J such that m.(n) and 77|[8, & are coarsely
equivalent and such that 7|(_s 5 and 7| o) Project onto & near n(s) and n(s’), respectively.

Since 7, (n) C x and 7], ] are nearby, each point 7(t) in 1| ¢ is near a point (s;) of x. This
#(st) projects onto n near n(t). It follows that m,(x) coarsely contains 7|(s ) and hence ().

This implies that 7, (k) is also large, and we have another round: there exist ¢ <t' in I such
that m,(x) and k[ 4 are coarsely equivalent. Moreover, 7, (n) coarsely contains m,(x). Hence,
the two projections are coarsely equivalent, and

tt] Tk (n)v 77| [s,8]

are all coarsely equivalent. O

71—77("5)’ K

We now digress to the proof of Lemma 2.7.

Proof of Lemma 2.7. Let n and x denote the axes of g and h, i.e., n:i+ g'o and k: j — h/o. Let
n and k be K-contracting axes for some K > 0.
Suppose that m,(n) has finite diameter, i.e., there exists M such that
Te(n) C{r(—M), k(=M +1),..., k(M —1),k(M)}.
Then, for each i € Z and |j| > M + 2K?, the diameter of 7, (n(i)) U k(j) is greater than K and
(1), k(7)] is 2K-close to m(n(i)). This forces that
1 M
d(n(i 1)) > inf d(k(j),k(t)) — 2K > —=|j| — — — 3K.
(n(2), £(5)) By (r(4), K(1)) =%

Similarly, if m,(x) has finite diameter, then there exists M’ such that d(n(i), k(5)) > (1/K)|i| —
M’ holds for all j and |i| > M’. Hence, d(g‘o, ho) is a proper function, and g and h are
independent.

Now suppose that m(n) has infinite diameter. By Corollary 3.5, n and x have subpaths 7’
and x/, respectively, that are coarsely equivalent to 7. (n), of infinite diameter. This means that
1 and k are not independent. O

3.2 Alignment

Let us now define the notion of alignment. See Figure 2.

DEFINITION 3.6. For¢=1,...,n, let k; be a path on X whose beginning and ending points are
x; and y;, respectively. We say that (k1, ..., ky) is C-aligned if

diamyx (y; Uy, (kit1)) < C,  diamx (zi41 Uy, , (ki) <C
hold for t=1,...,n—1.

Note that, if (ki,...,x;) and (kj,..., k) are C-aligned, then (K4, ...,Kj,...,KE) is also
C-aligned. We allow degenerate paths, e.g., the case where k1 or k, is a point.
Combining Lemma 3.1 and Corollary 3.3, we obtain the following consequence of alignment.
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FIGURE 2. Schematics for an aligned sequence of paths.

COROLLARY 3.7. For each C, K >1, there exists K' = K'(K,C) >max(K,C) such that the
following holds.

Let x,y € X and let k be a K-contracting axis such that diam(x) > K + 2C" and such that
(x,k,y) is C-aligned. Then [x,y] contains a subsegment 7 that is 4K-coarsely contained in Kk
and is K'-fellow traveling with k.

Our first lemma states that the alignment of two strongly contracting axes is governed by
the projections of their endpoints to the other axis.

LEMMA 3.8. For each C, K > 1, there exists D = D(K, C) > max(K, C) such that the following
holds.

Let k,n be K-contracting axes. If (k, (beginning point of n)) and ((beginning point of k), n)
are each C-aligned, then (k,n) is D-aligned.

Proof. For simplicity, let us assume that the domains of x and n are closed intervals, say, I =
[to, t1] and J = [so, s1], respectively.

It suffices to show that m.(n) and m,(x) are both small. Suppose not. Then Corollary 3.5
provides t <t' in I and s < s’ in J such that

7%(77)7 7T77(/£), K|[t,t’]> 77|[s.s’]

are all coarsely equivalent and large. Moreover, m,((to)) is near x(t) and m,(x(t1)) is near x(t').
Similarly, 7. (n(s0)) is near n(s) and m.(n(s1)) is near n(s’).

Since m.(n) and m,(k) are large, both t' —t and s’ —s are large. Since [k(t), x(t')] and
[n(s),n(s")] are coarsely equivalent, one of the following is true:

— k(t) is near n(s) and k(') is near n(s’); or
— k(t) is near n(s’) and x(t') is near n(s).

This leads to the following contradictions.

— If k(t) is near 7n(s), then n(sg) projects onto x near x(t). Since t; —t >t —t is large, this
projection cannot be near k(t1) =y.

— If k(t) is near n(s’), then k(ty) projects onto n near n(s’). Since s’ —sg > s — s is large,
this projection cannot be near n(sg) = a’.

Hence, 7. (n) and 7,(x) cannot be large and the conclusion follows. O

The following lemma was inspired by Behrstock’s inequality for subsurface projections and
curve complexes [Beh06, Theorem 4.3].
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LEMMA 3.9 [Sis18, Lemma 2.5]. For each D, K > 1, there exists E = E(K, D) > max(K, D) that
satisfies the following.

Let k, n be K-contracting axes in X. Suppose that (k,n) is D-aligned. Then for any p € X,
either (p,n) is E-aligned or (k, p) is E-aligned.

We are now ready to prove the main result of this section.

ProposiTION 3.10. For each D,K >1, there exist E=FE(K,D)>max(K,D) and L=
L(K, D) >max(K, D) that satisfy the following.

Let z,y € X and let k1,...,Kk, be K-contracting axes whose domains are longer than L.
Suppose that (x, K1, ..., kn,Yy) is D-aligned. Then (x, k;,y) is E-aligned for each i.

Proof. Let E = E(K, D) be as in Lemma 3.9 and let L =3KFE + K2. Our claim is that (z, x;)
and (k;,y) are E-aligned for each i. By symmetry, it suffices to prove the alignment of (z, ;).

Let k be a K-contracting axis whose domain is longer than L. Then the endpoints of k are
at least 3E-apart. Consequently, no point p in X satisfies the following at the same time:

(p, k) is E-aligned, (k,p) is E-aligned.
From this observation, we inductively deduce
(z, ki) is E-aligned = (k;, z) is not E-aligned = (z, k;+1) is F-aligned,

for i=1,...,n, where the latter implication follows from Lemma 3.9. O

The above proposition can be strengthened as follows. First, we record an immediate
consequence of the definition of fellow traveling.

LEMMA 3.11. Let £ >0 and z,y € X. Let k be a path that E-fellow travels with a subsegment
of [x,y]. Then (z, k,y) is 4F-aligned.

ProposITION 3.12. For each D,K >1, there exist E=FE(K,D)>max(K,D) and L=
L(K, D) >max(K, D) that satisfy the following.

Let x,y € X and let k1, ..., k, be K-contracting axes whose domains are longer than L and
such that (x,K1,...,kn,Yy) is D-aligned. Then the geodesic [x,y] has subsegments n1, ..., 0y,
in order from left to right, that are longer than 100F and such that n; and k; are 0.1 FE-fellow
traveling for each i. In particular, (x, k;,y) are E-aligned for each 1.

Proof. Let By = E(K, D) and L1 = L(K, D) be as in Proposition 3.10. Let K; = E; 4+ 8K and let
E=10K'(K, K;), where K'(K, K) is as in Corollary 3.7. Let also L = L1 + 101K (K + E) 4 2K.

We will inductively prove a variant of the given statement, namely: First, we know that
(k1,y) is Ep-aligned by Proposition 3.10. Since (z, k1,y) is Kj-aligned and k; is long enough,
Corollary 3.7 provides a subsegment 7 = [z, y;] of [z, y] that is 4K-coarsely contained in k1
and is 0.1 F-fellow traveling with x;. We then have

L
d(z},y1) > diam(k1) — 0.2E > ' K —0.2E > 100E.

If n =1, this finishes the proof. If not, note that y] is 4K-close to ;. Lemma 2.2 implies that
(v}, k2) is (D + 8K)-aligned, and hence Kj-aligned. Now the induction hypothesis implies that
[y, y] has subsegments 72, . . ., 7, in order from left to right, that are longer than 100E and such
that n; and x; 0.1 E-fellow travel for ¢ > 2. Then 7, ..., n, become the desired subsegments. [

Using Proposition 3.12, we can recover the following results by Yang.
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LEMMA 3.13 [Yanl4, Lemma 4.4, Yanl9, Proposition 2.9]. For each D, M >0 and K > 1, there
exist E=FE(K,D,M)>D and L= L(K, D) > D that satisfy the following.

Let Ki1,...,kn, be K-contracting axes whose domains are longer than L. Suppose that
(K1, ..., kn) is D-aligned and d(k;, ki+1) < M for each i. Then the concatenation ki U---U Ky,
of K1, ..., Ky Is an E-contracting axis.

LEMMA 3.14 [Yanl4, Corollary 3.2]. For each D >0 and K > 1, there exist E = E(K,D) > D
and L =L(K, D) > D that satisfies the following.
For each 1 € 7Z, let k; be a K-contracting axis whose beginning and ending points are x;

and y;, respectively, and whose domain is longer than L. Suppose that (..., ki, Kit1,...) IS
D-aligned. Then the concatenation of (..., [zi—1,Yi-1], [Vi—1, ®i], [, Yi], [Yis Tig1], .. .) Is an E-
quasigeodesic.

3.3 Schottky sets

Using the previous concatenation lemmata, we will construct arbitrarily many independent
contracting isometries. Recall again the notation introduced in §2.1.

DEFINITION 3.15 (Cf. [Gou22, Definition 3.11]). Let K >0 and let S C G™ be a set of sequences
of isometries. We say that S is K-Schottky if:

(i) T (s) and I'"(s) are K-contracting axes for all s € S;
(i) for each z € X we have

#{scS:(x,TT(s)) and (z, I (s)) are K-aligned} > #S — 1;
(iii) for each s€ S, ('~ (s),['(s)) is K-aligned.
Once a Schottky set S is understood, its element s is called a Schottky sequence and the translates
of I'*(s) are called Schottky axes. We say that S is large enough if its cardinality is at least 400.

Let © be a probability measure on G. If each element s of S is attained by the product
measure of p, i.e., S C (suppu)™, then we say that S is a Schottky set for p.

An intuitive example was given in the introduction. Consider Sy; :={s182 -+ - spr: s; € {a,b}}
in F5 = (a,b). For any infinite ray on Fj, at most 1 element s € S,,, heads into the direction

#{s€Su:(&s)a=Mor (&, s )ia=My<1,
for each infinite ray £&. Moreover, s and s~! diverge early for any s € Sys
(571, 8)ia<1 foreach s€S.
These properties are also satisfied by the set of Nth powers of elements of Sy
SN = {SN :s€Su}.

DEFINITION 3.16. Given a constant Ky > 0, we define:

— Dy = D(Kp, Ko) as in Lemma 3.8;
— Ey=E(Ky, Dy), Ly = L(Kp, Dy) as in Proposition 3.12.

A Ky-Schottky set S whose elements have domains longer than Lg is called a long enough
Ky-Schottky set. In other words, when S C G™ is Ky-Schottky and n > Lg, S is called a long

enough Ky-Schottky set. In this case, note that the endpoints of I'"(s) are 100 Ey-apart for each
ses.
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This definition is motivated by the alignment lemmata. Note that the Dg-alignment of a
sequence of Schottky axes (y1,...,7n) is a local condition, between consecutive pairs of axes.
Proposition 3.12 then promotes this into the global alignment, i.e., the Ep-alignment of (74, ;)
for any ¢ < j, given that the involved Schottky set is long enough. The following definition is
designed to capture this local-to-global phenomenon.

DEFINITION 3.17. Let S be a Schottky set, let z,y € X and let k1, ..., Ky be Schottky axes. We

say that (x,k1,...,KkN,y) is C-semi-aligned if it is a subsequence of a C-aligned sequence of z,
y, and Schottky axes, i.e., if there exist Schottky axes n1,...,nn and 1 <i(1) <--- <i(N) <N’
such that:

(1) (‘T? m,...,nNnv, y) is C—aligned;
(ii) Kk = Mi(k) fork=1,...,N.

Here, we also say that (x, k1,...,kn) and (K1, ..., kN, y) are C-semi-aligned.

LEMMA 3.18. Let S be a long-enough Ky-Schottky set. Let x,y € X, and for eachi=1,..., N,
let k; be a Schottky axis whose beginning and ending points are x; and y;, respectively.

(i) If (x1, ko) and (K1, x2) are Ko-aligned, then (k1, ko) is Dy-aligned.
(ii) If (x, K1,. .., kN, Yy) is Do-semi-aligned, then (k;, k;) is Ep-aligned for each i < j. Moreover,
ki is 0.1Ey-coarsely contained in [z,y] and (x, ki, y) is Egp-aligned for each i. We also have

N-1

d(.%' Tl +Zd xuyz + Z d yz7$z+1) +d(yN7 ) d(.%',y) + EoN,

=1 =1
N-1

d(z, z1) + Z d(yi, ziy1) +d(yn, y) < d(z,y) — 50EN.
i=1

Proof. (1) By Lemma 3.8.
(2) Proposition 3.12 explains the first two claims in item (ii). More explicitly, [z, y] contains
subsegments [z, v1], ..., [zy, Y], in order from left to right, such that:

(a) [z}, y!] and k; are 0.1Ej-coarsely equivalent;
(b) d(x},2;) <0.1Ey and d(y., y;) < 0.1Ep;
(c) d(z},y}) > 100Ey;

for each 7. This implies that

N N-1
d(z,y) =d(z, 2h) + > dla, u) + > dh, 2h1) + d(yn, )

=1 =1
N N-1

>d(z,z) + Y dwi,yi) + Y dyi, zi1) +dlyn, y) — 2 Z (i, x7) + d(yi, y7))
=1 =1
N N—-1

>d(x,z1) + Y d(wi,yi) + Y dyi, zi1) + d(yn, y) — EoN
=1 =1
N—-1

>d(z,21) + Y d(yi, zip1) + d(yn, y) + 50EQN. O
=1

We now associate long enough and large Schottky sets with non-elementary measures.
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PROPOSITION 3.19 (Cf. [Gou22, Proposition 3.12]). Let u be a non-elementary probability mea-
sure on G. Then for each N > 0, there exists K = K(NN) > 0 such that for each L > 0 there exists
a K-Schottky set of cardinality N in (suppu)™ for some n > L.

Proof. Since p is non-elementary, the semigroup generated by suppu contains independent
strongly contracting isometries a and b. By taking suitable powers, we may assume that a = II(«)
and b=1II(f) for some «, 3 € (supppu)’® for some Ly > 0. There exists Ky > 0 such that:

(i) T*(a), I'"(B) are Ko-contracting axes; and
(ii) diam(oU my(n)) < Ky for distinct axes 7, n among

(@), T7(a), T7(B), T7(B).

The above statements still hold with the same Ky when a and S are replaced with their self-
concatenations, thanks to Lemmas 2.3 and 2.7. Let:

- Ky = E(Ky, Ky) > Ky be as in Lemma 3.9;

- Ky =F(Ky, K1) > K1, Ly = L(Ky, K1) be as in Proposition 3.12;
— K3=F(Ky, K9) > Ky, L3 = L(Ky, K2) be as in Proposition 3.12;
- Lg :3KOK3;

- K4y = FE(Ky, Ky, 0), Ly = L(Ky, Kp) be as in Lemma 3.13.

By self-concatenating o and § if necessary, we may assume that

L0>L2—|—L3+L§+L4.

Since ' (a) is a Kp-quasigeodesic whose domain Ly-long, the endpoints of I't(«) are at least
(Lo/ K1 — K7)-apart. Since Ly is greater than 3KyK3 > 2K¢K; + Kg, the endpoints of ' (a) are
2K -far. In particular, no set A C X can be simultaneously contained in the Kj-neighborhoods
of the two endpoints of I'*(«). Hence, the statements

(z,T%(a)) is Kj-aligned, (I'F(a),z) is K;-aligned
are mutually exclusive for any x € X. Similarly, the statements
(x,T%(B)) is Ky-aligned, (I'(B),z) is K;-aligned

are mutually exclusive.
Let Sy be the set of sequences of N Ly isometries that are concatenations of o and S, i.e.,

SO = {(ley Ceey d)NLO) & GNLO . (¢L0(i—l)+17 P ,QZSLM‘) € {a, B} fOI‘ 1= 17 ey N} .
Note that #Sy =2V is greater than N. We claim that for each m > 0, the set
S(()m) = {m—self—concatenations of s € So} = {(s, L., 8)iS€E So}
——

m times

is a ((KoLo+ Ko)N + Ky + K4)-Schottky set.

Step 1: Investigating T™(s). Pick s =(¢1,...,¢nL,) and 8" = (¢,..., ¢y, ) in So. Recall the
notation

anLo‘i"i(S) = (¢1 to ¢NLo)n¢1 e ¢i07

forneZ and i=0,..., NLy— 1. We now define ‘sub-axes’
Li(s) == (2L,i-1)(5), - - -, TLoi($)),
F—i(s) = (foo(ifl) (5)7 s ,3:'_L0i(8)),
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for each i>0. These are translates of I'(a) and I'*(3). Our initial choices of Ky and Lo
guarantee that:

— T'i(s) is a Ky-co ntracting axis whose domain is longer than Lo, L3, L and Ly for each i € Z;
~ (Ti(s), Tiq1(s)) and (T'—4(s"),T_;41)(s")) are Ko-aligned for each i>0. Moreover,
(C_1(s"),T1(s)) is Ko-aligned.

Lemma 3.13 tells us that U;>ol';(s) is a Ky-contracting axis. In particular, I'™(s) is a Ky-
contracting axis for each m > 0. Similarly, '™ (s’) is a K4-contracting axis for each m > 0.
Now note that the following sequence of sub-axes is Ky-aligned:

(. . . ,f_g(s/), f_l(sl), Fl(s), FQ(S), e )

Let ¢ >0 and let peT'_;(s"). Then Proposition 3.12 tells us that d(p,T'1(s)) <d(p,T;(s)) for
each j > 1 and that (p,I'1(s)) is Kz-aligned. It follows that (p, U;»oLi(s)) is K»-aligned. For this
reason (and its symmetric counterpart), ([ =™(s"), T (s)) is Ks-aligned for each m > 0.

Next, fix € X and consider the condition

(x,Tn(s)) is Ky-aligned. (5)
If Condition (5) holds, then for each i > N
(x, FN(S), FN+1(5) e ,FZ(S))

is Kp-aligned and d(z,I'n(s)) <d(z,I;(s)) holds by Proposition 3.12. Hence, m,_,r,(s)(z) is
contained in I'1(s) U- - - UT'n(s). Meanwhile, recall that, for each i, I';(s) is a Ko-quasigeodesic
whose domain is Lg-long. Hence, we have

diam(T;(s)) < Ko - (length of the domain of s) + Ko = KoLg + K.
Combining these ingredients, we observe that
diam(mpm (s (7) Uo) < diam(I'1(s)) + - - - + diam(I' v (s)) < (KoLo + Ko) N
holds for every m > 0. For a similar reason, the condition
(,T_n(s)) is Ky-aligned (6)
implies diam(7pm(s)(z) Uo) < (KoLo + Ko)N for all m <0. In summary,

Observation 3.20. If s € S((]m) satisfies Condition (5) and (6), then (x, ' (s)) is (KoLo + Ko)N-
aligned for all m € Z.

Step 2: Comparing two distinct axes. We now pick m > 0 and consider an element of S(()m) which
violates these conditions.

Observation 3.21. If s=(¢1,...,PmNL,) ES(()m) violates Condition (5), then all the other
elements s' = (¢,..., ¢, nr,) € ( ) satisfy Condition (5) and (6).

To show this, let k€ {l,..., N} be the first index such that (¢r,(k—1)41,--->PL.k) and
( ILg(k—l)—i—l’ .oy @) differ. Let us denote x;(s) by x; and z;(s") by z}. Note that the path

0 / /
(TNLo» TNLo—1, - - - » T(k—1)Lo = T(k—1)Lo> T(k—1)Lo+17 " " * 7$NL0)

is the concatenation of Ky-aligned Ky-contracting axes

()75 = (D (), Tv—1(s), - -, Ti(s), Tu(s)), - ., T ("))
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Recall that s violates Condition (5): (I'n(s), z) = (71, ) is not Ks-aligned. Since (11, 12) is Ko-
aligned, Lemma 3.9 tells us that (z,79) is Ki-aligned. Then (@, 72, ..., nyn—k+1)) is Ki-aligned
and Proposition 3.12 tells us that (x, nyn—_r4+1)) = (7, n(s)) is Ka-aligned. Hence, s’ satisfies
Condition (5).

Similarly, by considering the Ky-aligned sequence

(Cn(s),Tnv_1(s),...,T1(s),T_1(s"), T _a(s"), ..., T_n(s"),

we can deduce that (x,T_y(s)) is Ka-aligned as desired.
A similar argument leads to the following.

Observation 3.22. If s € S[()m) violates Condition (6), then all the other elements in S(()m) satisfy
Conditions (5) and (6).

Step 3: Summary. We claim that S™ is ((KoLo + Ko)N + Ky + Ky)-Schottky. The first and
the third requirements for Schottky sets were already observed before, so it remains to discuss
the second requirement. Considering Observation 3.20, it suffices to show that Conditions (5)

and (6) are satisfied by all but at most 1 element of S(()m). Observations 3.21 and 3.22 imply that
this is the case.
Given these observations, we can finish the proof by taking K = (KoL + Ko)N + Ko + Ky,

m = L and by taking any subset S C S(()m) such that #S = N. O

4. Pivoting and limit laws

In this section, we establish the notion of pivotal times and pivoting. We will then deduce CLT,
LIL and geodesic tracking of random walks using probabilistic estimates about pivotal times.
The proof of a key probabilistic estimate will be postponed to § 5.

4.1 Pivotal times: statement

Let p be a non-elementary probability measure on G and let S be a long enough and large
Schottky set for p. Then for sufficiently small € >0, an n-step random path (g1, ..., g,) in the
p-random walk contains at least en subsegments

(gj(i)—Mo—i-la e ,gj(i)) €S (i=1,...,en).

The appearance of Schottky sequences in a random path does not necessarily imply something
about Z, = g1 - - - gn. For example, every Schottky sequence might be canceled out with the next
step, resulting in Z,, =id. We nonetheless claim that, for a high probability, a certain number
of Schottky axes survive. More explicitly, we seek indices j(1) <---<j(M), called the pivotal
times, such that the Schottky axes arising at these indices are aligned along [0, Z,,0]:

(0, Y1), -+ Yj(ar), Zno) is aligned,  where Y ;) = (Z(k)— 11,05 - - - » Zj(k)0)-

We will observe that, for a high probability, a random path has sufficiently many pivotal times.
Then, we will freeze the steps except at the pivotal slots and choose the Schottky sequences at
the pivotal times from .S. More explicitly, we will realize a structure where Y ;) are identical
and independent distributions (i.i.d.s) on the uniform measure on {I'(s):s€ S}: once this is
guaranteed, we can control the direction [0, Z,,0] and establish the deviation inequality.

We now formulate the discussion above.
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DEFINITION 4.1. Let u be a non-elementary probability measure on G, let (€2, P) be a probability
space for y, let Ko, Mg >0 and let S be a long enough Ko-Schottky set contained in (supppu)™e,
i.e., My is as large as described in Definition 3.16.

A subset € of €2, accompanied by the choice of a subset P(€) = {j(1) <j(2) <---} C MyZxyo,
is called a pivotal equivalence class if:

(i) for each i ¢ {j(k) —1:k>1,1=0,...,My— 1}, gi(w) is fixed on &;
(ii) for each w € £ and k > 1, the following is a Schottky sequence:

sp(w) := (gj(k)fMngl(w)’ gj(k)fMg+2(w)7 <5 94(k) (w)) € S;
(iii) for each w € &, (0, Y;(1)(w), Yj2)(w), . ..) is Do-semi-aligned; and
(iv) on &, {s1(w), s2(w), ...} are i.i.d.s distributed according to the uniform measure on S.

We say that P (&) is the set of pivotal times for £.
When a pivotal equivalence class € C €2 is understood, with the set of pivotal times P (&), for
each element w of £ we call P(E) the set of pivotal times for w and write it as P(w).

When the probability space (€2, P) for u is partitioned into pivotal equivalence classes {4 }a,
then belonging to the same £, becomes an equivalence relation. Choosing a different element
from the same pivotal equivalence class is called pivoting. But note that the choice of pivotal
equivalence classes is not canonical: given an w € {2, there are several ways to define the pivotal
equivalence class for w. Proposition 4.2 below describes a particular choice of pivotal equivalence
classes that will be useful.

Let k be a positive integer. We say that a pivotal equivalence class £ avoids k if k is not in
{j=1:7€P(E),1=0,...,My— 1}; in this case, g is fixed on £.

PROPOSITION 4.2. Let p be a non-elementary probability measure on G and let S be a long
enough and large Schottky set for u. Then there exist a probability space (2, P) for u and a
constant K > 0 such that, for each n >0, we have a measurable partition &, ={&,}« of ) into

pivotal equivalence classes avoiding 1,...,|n/2| + 1 and n+ 1 that satisfies
P(w : #(P(w) N {17 SRR k}) < k/K ‘ 9155 9|n/2]+1s gn-l—l) < Ke_k/Ka (7)
for each choice of g1, ..., g|n/2)+1; 9n+1 € G and k > n.

We postpone the proof of Proposition 4.2 to the next section and first see its consequence.

4.2 Pivoting

Let Ko, Ng > 0 and let S be a long enough Ky-Schottky set with cardinality Ny. Given isometries
u;, let us draw a choice s = (s1, s2,. .., sp) from S™ with the uniform measure and define

Uy, = uoll(s1)urll(so)ug - - - II(sp )y,
Let r; :=U; 1T (s;) = uoll(sy) - - - u;_1 " (s;). We claim the following.
LEMMA 4.3. We have
(1/No)*,
(1/No)*,

P((x, ki) is Ko-aligned for some i < k)
P((kn—i+1, Unx) is Kp-aligned for some i < k)
foreachl1<k<nandxe€ X.

>1-
>1-
Proof. We prove the first estimate only; the second one follows similarly. Consider the statement
(ug 'z, TH(s1)) is Ko-aligned.
1533

https://doi.org/10.1112/S0010437X25007511 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X25007511

I. CHoOI

Thanks to the Schottky property, at most one choice of s; from S violates this statement. Fixing
that bad choice, consider the statement

((uoIL(s1)uy) ta,IF(s)) is Ko-aligned.

Again, at most one choice of ss from S violates this. Keeping this manner, we conclude the
following: except at most one bad choice among S*

((uoII(s1) - - -ui_1) ta,TT(s;)) is Ko-aligned, i.e., (z, ;) is Ko-aligned,
holds for at least one i < k. This happens for probability at least 1 — (1/Ng)*. O

Now fix another set of isometries @; and another Ko-Schottky set S with cardinality No. We
draw §= (81, 82,...,8,) from S™ with the uniform measure, independently from s, and define

Uy, = tigI1(51 )ity - - - TI(8y,) iy
Let n; := U;_1T7(3;). Recall that 7; denotes the reversal of 7;.
LEMMA 4.4. We have

P((7i, ki) is Do-aligned for some i < k) >1— (2/No)*,

for each 1 <k <n.
Proof. Consider the statements

(ug g -0, TT(s1)) is Ko-aligned,

(g 'uoTl(s1) - 0, TT(51)) is Ko-aligned.

Thanks to the Schottky property, at most one choice of s; from S violates the first statement.
Similarly, given s, at most one choice of §; from S violates the second statement. In short, the
two statements hold for all but at most 2Ny choices of (s1,31) €S X S.

Fixing a bad choice (s1, 1), consider the statements

((uoIL(s1)uy) taoIl(5 )t - 0, TT(s2)) is Ko-aligned,
((oTT(51)wy)  tuoII(s1)utTl(ss) - 0, TT(32)) is Ko-aligned.
Again, at most 2Ny choices of (s2, 32) € S x S violate the statements. Keeping this manner, we
conclude the following: for probability at least 1 — (2/Ng)¥, there exists i < k such that
((uoTI(s1) - - - wi—1) ‘aoIl(31) - - - i1 -0, TT(s;)) is Ko-aligned,
((oII(81) - it—1) uoll(s1) - -~ ui—11I(s;) -0, TF(3)) is Ko-aligned.

In other words, (ending point of 7;, x;) and (7;, ending point of k;) are Ky-aligned. Lemma 3.8
then tells us that (7;, k;) is Dp-aligned. O

Applying Lemmas 4.3 and 4.4 to pivotal equivalence classes, we obtain the following
corollaries.

COROLLARY 4.5. Let p be a non-elementary probability measure on G, let Ky, No >0, and
let S be a long enough Ky-Schottky set for p with cardinality Ny. Let £ be a pivotal equiv-
alence class for p with P(£)={j(1)<j(2)<---} and let x€ X. Then for each k>1 we
have

P((2, Y ) (W), Y1) (w), - . .) is Do-semi-aligned | E€) > 1 — (1/No)*.
Moreover, for any m>1, n > j(m) and k=1,...,m, we have

P((Yj1)(w), -+ Yjim—ps1) (W), Zn(w)o) is Do-semi-aligned | E) > 1 — (1/No)*.
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COROLLARY 4.6. Let i1 be a non-elementary probability measure on G and let ji be its reflected
version, let Ko, No > 0 and let S and S be long enough Ky-Schottky sets for ju and fi, respectively,
with cardinality No. Let £ be a pivotal equivalence class for p with P(€)={j(1) <j(2)<---},
and let £ be a pivotal equivalence class for ji with P(£) ={j(1) < j(2) <---}. Then we have

P((Y j () (w), Y;1)(@)) is Do-semi-aligned| &) > 1 — (2/No)k  (Vk>0).
We now record a small consequence of pivoting.

COROLLARY 4.7. Let (Zy,)n>0 be the random walk generated by a non-elementary probability
measure i on G with finite first moment. Then there exists a strictly positive quantity A\(u) €
(0, +00], called the drift of u, such that

Ap):= nlg)go Ld(o, Z,0) almost surely.

Remark 4.8. The statement in Corollary 4.7 holds true even without the moment condition.
This will be the consequence of Theorem 6.4 in §6.

Proof. By Kingman’s subadditive ergodic theorem, \(u)=1lim,(1/n)d(o, Z,0) exists and is
constant almost surely. It remains to show that A(u) > 0.

Since p is non-elementary, Proposition 3.19 provides a long enough and large Schottky set
S for p. Given this, Proposition 4.2 provides a constant K >0 and a measurable partition
P ={E4}a into pivotal equivalence classes such that

P(w: #(Pw)N{l,...,k}) <k/K)< Ke *K,

for each k. Now let n > 0 and let £ be a pivotal equivalence class with P(£) ={j(1) <j(2)<---}
such that #(P(E)N{1,...,n}) =>n/K, ie., j([n/K])<n. Corollary 4.5 tells us that

P((0, Y j1y (W), - - s Yj(njax |y (W), Zy0) is Do-semi-aligned | €) > 1 — (1/4Sg) /251,
By Lemma 3.18, we then have
P(d(0, Zno) < 50Egn/2K | £) < (1/#So) /2K +1,
We sum up these conditional probabilities on {w: #(P(EN{L,...,n}) >n/K} to conclude
P(d(0, Zno) < 50Egn/2K) < (1/#8) /2 K+1 4 Ke /K.
The Borel-Cantelli lemma then implies d(o, Z,,0) > 50Eon /2K eventually almost surely. O

4.3 Deviation inequality

Let p be a non-elementary probability measure on G and let S be a long enough and large
Ko-Schottky set contained in (suppu)Me for some Ko, My >0. Consider a bi-infinite path
((Zn(w))n>0, (Zn(@))n>0) arising from the random walk generated by u. Recall:

Yl(w) = (Zi—M007 Zi—M0+107 ey ZiO),
Yl(@) = (ZZ‘_MOO, Zi—Mo+107 ey Zzo)
For each k > My, we investigate whether there exists My < ¢ < k such that:

(1) (gi—my+1,---»9:i) is a Schottky sequence;
(i) (Zmo,Yi(w), Zno0) is Do-semi-aligned for all n >k and m > 0.

We define v = v(&, w) as the minimal index k with the auxiliary index i < k as described above.
See Figure 3.
A motivating observation for the definition of v(w,w) is as follows.
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FIGURE 3. Persistent progress and v. Here, all of the backward loci (Zno)n>0 are on the left of
the persistent progress Z;I'"(«), while the forward loci after Z.o are all on the right.

LEMMA 4.9. Let Q= G?%>° x G?>° be the space of (bi-directional) step paths in G, let Ko >0
and let S be a long enough Ky-Schottky set. Then for each (w,w) € 2, we have
(Zmo, Zn0)o < d(o, Z10),

for all m >0 and n, k > v(w, w).
Proof. Let i < v(@,w) be the index such that (Z,,0, Y;(w), Z,0) is Dg-semi-aligned for all n’ >

v(w,w) and m' > 0. Lemma 3.18 tells us that
A(Zyy 0, Z10) = d(Zmr0, Zi_a1,0) + d(Zi_ 1,0, Zi0) + d(Z;0, Zyr0) — Eg

A(Zy 0, Z10) = d(Zyr0, Zi—n1,0) + d(Z;0, Zyy0) + 50E).

Let us now pick n, k > v(w,w) and m > 0. Then we have
Ad(Z0, Z0) = d(Zmo, Zi—n1,0) + d(Zi_ 1,0, Zi0) + d(Zi0, Zn0) — Eg
> d(Zmo, Zi—p1,0) + d(Zi_ 1,0, Zno) — Ey, (8)
d(o, Zy0) = d(o, Z;—np,0) + d(Z;0, Z0) + 50Ey = d(0, Z;—pr,0) + 50Ey.

Hence
2(Zm0, Zp0)o = d(Zmo,0) + d(0, Zn0) — d(Zmo, Zn0)
(d(ZmO, Zi—MOO) + d(ZZ'_MOO, O)) + (d(o, Zi—MOO) + d(Zi_MOO, Zno))

N

— (d(Zmo, Zi—wm,0) + d(Zi— i, 0, Zno) — Ep)
< 2d<0, Zi—MOO) + Ep < 2d(0, Zk0>. O

We now provide a probabilistic estimate for v(w,w).
LEMMA 4.10. Let u be a non-elementary probability measure on G, let Ky >0 and let S be a
long enough and large K-Schottky set for p. Then there exists K' >0 such that

(9)

]P)(U((;), CU) > k ‘ 9k+1, g17 cee 7gk+1) g Kleik/K/

holds for all k > 0 and all choices of gx+1, 01, - - -, Jk+1 € G.
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Proof. Let S be a long enough and large Ko-Schottky set in (suppp)™ for some My > 0. Let S
be the reflected version of S, that means

{(sM,...,sfl):(51,...,5M0)€S}.

Then S is a long enough and large Ky-Schottky set for fi. Let K > 0 be the constant determined
for S and S in Proposition 4.2. We now fix k and gp41, d1,- - ., Jrs1 € G.

Let & = {&a}a be the partition of 2 into pivotal equivalence classes avoiding 1, ..., [k/2] +
1 and k + 1, given by Proposition 4.2. Let also Py, = {8 }a be the partition of Q into pivotal
equivalence classes avoiding 1, ...,k + 1 and 2k + 1, given by Proposition 4.2. We have

PA:={w:#(Pw)n{l,...,n})>n/K foralln>k})>1— 1%6_1‘7/[(,
—e

P(A:={&: #(P@) N{1,...,n}) >n/K forall n>2k})> l_eKil/Ke—%/K'

Let us enumerate P(w) by {j(1) <j(2) <---}, and P(w) by {j(1)<j(2) <---}. Let £ € #} and
E € Py, be pivotal equivalence classes in A and A, respectively. In € x 5 let B be the set of
(w,w) that satisfies the following:

(i) for z € {0, Zyo0, ..., Zao0}, the following sequence is Do-semi-aligned:

(@, Yj(rr/3x7) (@), Yj(rr/3r+1) (@), - - )3
(ii) for each n >k and m > 2k, the following are Dy-semi-aligned:

(0, Y 1) (w); Y2y (W), - - 5 Yi(ran/3x7) (W), ZvnO),
(07 Yj(l)(w)’ Yj‘(2) ((ZJ), s 7Yj‘((2m/3K])(a))’ Zmo);
(iii) (Yj'(i) (@), Yj(;)(w)) is Do-aligned for some i < k/3K.

The first item is handled by Lemma 4.3: it holds for probability at least 1 — 2k - (1/400)%/3K

Next, recall that, for each n > k, there are at least n/K pivotal times for £ before n. Also, for
each m > 2k, there are at least m/K pivotal times for & before m. Hence, we can apply Lemma
4.3 and deduce that the following are Dg-semi-aligned:

(Y (@)s - Yirznsann) (@) Zno) (Y5 (@)s -+ Y(amyar) (@) Zmo),

for probabilities at least 1 — (1/400)™35=1 and 1 — (1/400)"/35~1 respectively. Taking inter-
section for n >k and m > 2k, we observe that item (ii) holds for probability at least 1 —3-
(1/400)F/3K-1,
Finally, item (iii) is handled by Lemma 4.4: it holds for probability at least 1 — (1,/200)/3K-1,
Combining these, we deduce
P(B|Ex&E)=1— (2k+4)-(1/200)*/35~1 > 1-200- (2k +4) - 0.01%/3K

It remains to prove that v(w,w) <k for (w,w) € B. First, by definition of A, j([k/3K]) is

smaller than k£ and
Sik/3K] = (9([k/3K7)~Mo+15 - - - > Gj([k/3K7))

is Schottky. Next, for each n >k, (0, Y;1)(w), Y;(2)(w), -, Yj([2n/3K7) (W), Zno) is Do-semi-
aligned. Hence, (0, Y ([1/3x7)(w), Zn0) is also Do-semi-aligned.

We now investigate the alignment of (Z,,0, Y (1k/3k7)(w)). For m < 2k, this is guaranteed by
item (1). When m > 2k, we appeal to items (2) and (3). Namely, the sequence

(Zm0, Yi(tama/1) (@)s - > Y1) (@), Yy (@), Yy @)y - -+ Yiirassr]) (@) Yirr/sri+1)s - - )

is Dg-semi-aligned. In particular, (Z,,o0, Yj("k/gK‘D(W>) is Do-semi-aligned. O
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Here is a corollary of Lemma 4.10 that we will use in § 6.

COROLLARY 4.11 [Gou22, Lemma 4.14]. Let ;1 be a non-elementary probability measure on G
and let (Z,), be the random walk generated by u. Then for each € >0, there exists C' > 0 such
that

P(d(o, gZn0) = d(o,g0) —C for alln>0)>1—-¢/2 (Vgeq).

Proof. Let us pick Ky >0 and a long enough and large Ky-Schottky set S for pu. Let K’ be the
constant as in Lemma 4.10. Given € >0, we take N > 1 large enough so that K’e N/K" < /4.
Then, the definition of the RV v(&, w) and Lemma 4.10 tell us that

P there exists ¢ < IV such that Y; is a Schottky axis and ‘ =g ') >1— /4
(97 %0,Y;, Z,0) is Do-semi-aligned for each n > N g1=9 - ’
When (g~ '0,Y;, Z,0) is Dg-semi-aligned, the second inequality in Lemma 3.18(ii) implies
N

d(g~ "0, Zno) = d(g "0, Zi—p,0) + 50EGN > d(g "0, 0) — d(Z;—n1,0, 0) = d(0, go) — Y _ d(o, gjo0).
j=1
This bound also holds for n < N

N

d(g~ 1o, Z,0) > d(g 0, 0) — d(Zy0, 0) > d(0, go) — Z d(o, g;o).
j=1

Given these, the proof ends by taking large enough C > 0 such that
N
P(Zd(o,gjo)>c> <e/4. O
j=1

COROLLARY 4.12. Let u be a non-elementary probability measure on G whose expectation
is infinite. Then p*™ has infinite expectation for each m >0. In particular, the drift \(u) :=
limy, 00 (1/m)Ey-m[d(0, go)] is infinity.

Proof. Let €e=0.2 and let C' = C(u, €) be as in Corollary 4.11. Let (g1, ..., gm) be distributed
according to ™. Then by Corollary 4.11, we have

Eld(0, 9192 - - - gm0)|g1 = g] = E[(d(0, 90) — C) - L{d(0,9gs-gmo)>d(0,g0)} |91 = g] = 0.9 - (d(0, go) — O).
Now integrating over g; € suppu with law p, we get

Eld(0, 9192 - - - gm0)] = 0.9E,,[d(0, go) — C] = +oc. O

Similarly, fixing the Schottky set S for u, we similarly define © = 0(@, w) as the minimal index

k that is associated with another index 7 < k such that:

(1) (g7 ... 7gi_—1M0+1) is a Schottky sequence;
(i) (Z:mo, Y; (&), 0) is Dg-semi-aligned for all m > k; and
(iii) (Yi(w), Zn0) is Do-semi-aligned for all n > 0.

Then we similarly have
P(0(c,w) =k | Grat, g1 - - - Gog1) S K'e MK (10)

Thanks to these exponential bounds, we can establish the deviation inequality.
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PROPOSITION 4.13. Let p >0 and let ((Zn)n, (Zn)n) be the (bi-directional) random walk gener-
ated by a non-elementary probability measure p on G with finite pth moment. Then the random
variable sup,, ,,>0(Zm0, Zn0), has finite 2pth moment.

Note the difference between this proposition and [Cho23, Propositions 5.6, 5.8]; we are taking
the global suprema, not the limit suprema.

Proof. Let K’ be the constant for y as in Lemma 4.10 and let

k k
Dk 2:Zd(0, gi0)7 Dk ::Zd(O, gzo)
=1 i=1

By triangle inequality, d(o, Z,0) < D; and d(o, Z0) < D; for all k <1. We begin by claiming
o0

SuEO(Zmo Z,0)P DY, DY | — DYDP|(1p 5 p lico + 1p, < p lico) almost surely. (11)
nmz =0

Since P(max{v, 0} > k) is summable by inequality (9) and (10), the Borel-Cantelli lemma implies
that

l:=min{i: Ip,splicot+1p cp lico= 0} <400 almost surely.

Note that the right-hand side of inequality (11) is at least D} DY.
Now at i =1, we have either D; > D; or D; < D;. In the first case [ > v must hold. Then for
m >0 and n > [, we have

(Zm0, Zn,0)?P < d(0, Z10)*P < D2p <DP'DY,
by Lemma 4.9. Moreover, for m > 0 and n <1, we have
(Zm0, Z0)?P < d(0, Zn0)* < D < DP < DY DP.
In the second case [ > © must hold, and for a similar reason (Z,,0, Zno)gp is dominated by DYDY .

Inequality (11) now follows.
We now need a small observation.

Fact 4.14. For sy, 89,11, ta > 0, the following holds:
|tt5 — s{sh| =[] (t5 — s5) + (] — s7) sb|
<2P([tr = s1fP + 87" [t — sa|™ 7)< ([to — s2fP 55" [tg — 52[™)
+2P(|ty — s1|P + 8 "t — s1|™)sh  (np,=p if 0<p< 1, np=1 otherwise).
Proof of Fact 4.1/. The fact follows from the following inequality in [BQ16, Section 5.4]:
[tP —sP| <2P(|t — s|P + sP7 2|t —s|"") (n,=pif 0<p<1, np=1 otherwise).

We give its proof for completeness. Assume t > s without loss of generality. When p <1, the
concavity of f(x)=zP implies the inequality. When p > 1, we divide the cases. If s <t/2, then

tP—sP <tP < (2(t —s))P < 2P|t — s/P.
If s >t/2, then we have

t t -1
P _ P p—1 < S _ p .. S >
tr—s /Spac dx\/sp<t_s(x s)—l—s) dz ( t—s/1>
2
1
—(+_ &) .peP1 p—1 — _
(t—s)-ps /1u du (u t—s(x s)—l—l)
= (t—s)sP7H(2P — 1) < 2PsP 1 (t — s). O
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By Fact 4.14, the expectations of ]Ef+1Df+1 — Dfo‘(lbizDilKv + lDigDilKU) for i > 0 are
summable as soon as there exists K > 0 such that

Eld(0, gi41)™ (0, git1)™ D" DY (1p 5 p Licw + 1p e, Lico)] < K/ 27K, (12)

for each 0 < ny, ny < p with ny + ny > min(p, 1). We discuss the case ng > 0; the other case ny >0
can be handled in the same way.

We will take advantage of the fact that E[Df D] is bounded. Namely, the expectation of
DPT™M DP™" on the set {D; > c} is small for large c. Next, on the set {D; < ¢}, we will bound
the expectation of DY™™ DP™™1p _.1,., by using the exponential bound on P(i <v) (that
suppresses DY~ "? < ¢P~"2) independent of the distribution of D;.

We first discuss the term E[d(o, §iy1)™ d(0, giy1)™ DY DY - 15 ) Ticy]. Let us fix giy1

i/2pK’

and g;41 for the moment, and let c:=e . We then have a decomposition

E[DY™™ DI ™15 o p licw | Jit1, gita]

=E[DI™™ DV 1p,selp s p lico | Giv1, giv ]+ E[DY ™ DY " 1p <l s p Licw | Giv1, giva].

13
The first term is controlled as follows: "
E[DY™™ DI " 1p,sclp s p Licw | Giv1, giv1]
SE[DF™ DI 1p, 5| Git1, giti]
SE[DV™DP ¢ <E[DY V] E[DY) e (D<)
< PR, [d(o, go)P ™™ - iPTIE ,[d(o, go)P] - ¢ 2.
In the final step, we used the following fact for each » >0 and ¢ > 0:
i ! - " r i r| 1 r
EK;“ gjo)” <5[(i- max dlo.9,0)) | <E{Z -;dm 9;0) } <iTHE,[d(o, 9o)'].
(14)
Next, we apply Lemma 4.10 to the second term of the right-hand side of Equation (13) and
observe
E[DY™™ DI " 1p,<clp 5 p,Licw | Git1s giv1) SEDY™ B[P ™ licy [ §1, - - Jit1, Git]]
SE[DY™™ - P Plo>i|gu, -, Givt, giva]

<PTMHE, [d(o, go)P ™ - P KT VK
Here, ¢?~ is dominated by ¢? = €"/25". Overall, we have
DPTM DI o p LicolGits Gig
BB DI 1 Licoldisn, gint]
< K'E,[d(0, go)? ™ (1 + By [d(0, go)?]) - i max(e™ /2K, ¢mail/ K"y
We now multiply d(o, gi+1)"d(0, gi+1)™ and integrate. As a result, we observe
Eld(0, §i+1)" d(0, giy1)" DY ™ DY 1 o Licy)]
=E[d(0, gi110)"d(0, §is10)" - E[DY ™ D™ 1p o p Licy | Git1s gita])
< E[d(0, git10)™d(0, §ir10)™ - Eu[d(0, g0)P~™](1 + E,[d(0, go)*]) - i*P K' e~ (n2/2pH DK
<C(p) - iK' e~ (2/2p+DE)i

for some constant C'(u) < 400 determined by the distribution of u, independent of i. Note that
1 has finite gth moment for every 0 < g < p thanks to Jensen’s inequality.
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We similarly deal with the term E[d(o, §i+1)"d(0, git1)"> DY "™ DY 1p < p,li<o]. Fixing
gi+1 and g;11 first, we split the expectation based on the dichotomy for D;:

E[DY™™ DY "1 p Lico | Git1, git]
=E[DY ™D ™1 L A p < p, Li<o | i1, gita)
+E[D] ™ DY 1p,<clp,<p,Li<o | Git1; givl-

. . . p—n Dp—n : :
Here, a crucial observation is that D; ™'D; 21D,-,>c1Di<Di1i<ﬁ is dominated by

DP~™DP"1p .. The remaining step is analogous to the previous computations
E[DfinlDfianigDilKo | Git1, Git1]
<E[D] ™ DY ™ 1p,se| iv1s gip1] +EIDY™ DY ™15 ico | it giva
SE[DI™™ DY 7" | git, gi1] + E[DY " E[P ™ Licy | Giv1, 91, - - - » Git1]]
E[D?™™]-E[D}]- ¢ + E[D]™]- "MP[0 >0 | §iy1, 91 - -, git1]

PR, [d(0, go)P ™) - iPTIE,[d(0, go)P] - ¢ T2 + PR [d(0, go)P ] - P - K eV E

N

We then multiply d(o, gi+1)™ d(0, gi+1)"™ and integrate over g;11 and g;1+1 to obtain a summable
bound. This concludes the inequality (12). O

The previous proof also yields the following corollary.

COROLLARY 4.15. Let p>0 and let ((Z)n>0, (Zn)n>0) be the (bi-directional) random walk
generated by a non-elementary probability measure p on G with finite pth moment. Then there
exists K >0 such that

E[min{d(o, Z,0), d(o, Z50)}*"] < K.

Proof. In view of the previous proof, it suffices to check
o
min{d(o, Z,0), d(0, Z30)}* < Z ’Df—&-lD?—o—l - Dfo’(lbigDilKv +1p,<p,Llics)-
i=0

The rigiht—hand si(%e is at least Dfo for | =min{i: Ip,splico +1p <plico = 0}. Note that
either D; > D; or D; < D; holds. In the first case, we are forced to have [ > v; then

min{d(o, Z,0), d(0, Z50)}* < d(0, Z,0)* < D* < D} < DV DP.

In the second case, we are forced to have [ > ©¥; then

min{d(o, Z,0), d(0, Z50)}* < d(0, Zy0)* < D < D} < DV DP. O

o
We now discuss random walks with finite exponential moment.

COROLLARY 4.16. Let ((Zn)n>0, (Zn)n>0) be the (bi-directional) random walk generated by a

non-elementary probability measure i on G with finite exponential moment. Then there exists
K >0 such that

Elexp(d(o, Z,0)/K)] < K.

Proof. Let K’ be as in Lemma 4.10 and D; = 2221 d(o, gz0). Then e¥Z29)/K is dominated by
dicw ePi/K Hence, we need to show that E[e”/%1;_,] is summable. Let K, ¢ >0 and observe
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E[eP/K1;c0] KE[eP/®1p,cclicy] + E[eP/K1p, 5 licy]
< E[GC/K1i<U] + E[62D1/K€—C/K]
<eEK TR e/ K (K, [exp(2d(0, go)/ K)])".

By taking K large enough, we can make E,,[exp(2d(o, go)/K)] < e'/4K’. Then we take c = i K /2K’
and conclude E[eP/K1;_,] < (K" +1)e /4K, .

4.4 Limit theorems

The second-moment deviation inequality implies the following CLT.

THEOREM 4.17. Let (X,G,0) be as in Convention 2.11 and let (Z,)n~0 be the random walk
generated by a non-elementary probability measure p on G with finite second moment. Then
the following limit (called the asymptotic variance of 1) exists:

o(p) := ILm L Varld(o, Z,0)),

and the random variable (1/+/n)[d(o, Z,0) — XN(u)n] converges in law to the Gaussian law
N(0,0(u)) with zero mean and variance o2(p).

Proof. Since 1 has finite second moment, Proposition 4.13 implies that sup,, ,,,~0(Zmo, Z,0), has
finite fourth moment, and hence finite second moment. Now Theorems 4.1 and 4.2 of [MS20]
lead to the conclusion. O

Remark 4.18. In fact, the following non-degeneracy statement holds.

Fact 4.19. Let (X,G,o0) be as in Convention 2.11 and let (Z,), be the random walk gener-
ated by a non-elementary probability measure u on G. Then the asymptotic variance o2 () :=
lim,, Var[d(o, Z,0)] is nonzero if and only if x is non-arithmetic, i.e., there exists N >0 and
two elements g, h € (suppu*N ) of suppp*N with distinct translation lengths.

The strict positivity of o%(u) for non-arithmetic random walks on Gromov hyperbolic spaces
and Teichmiiller space was discussed in [Cho23]; see Theorem B and Claim 6.2 of [Cho23]. Since
the argument in [Cho23| also applies to the general case, we omit the proof here.

‘We next discuss the LIL.

THEOREM 4.20. Let (X, G,0) be as in Convention 2.11 and let (Zy)n>0 be the random walk
generated by a non-elementary probability measure p on G with finite second moment. Then
for almost every sample path (Z,), we have

. d(o, Zno) — A(p)n ()
im su =0
n_mop v2nloglogn H

where \(u) is the drift of yi and o(yu) is the asymptotic variance of .

We proved the LIL based on the uniform fourth-order deviation inequality in [Cho23]. We
give another argument because we will only have second-order deviation inequality in Part II.

Proof. In the proof of the LIL in [Cho23] (see [Cho23, Claim 7.1]), the author proved the following
lemma.
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LEMMA 4.21. Let K >0 and let {Uy;}ikez., be RVs such that, for each k, {Uy;}; are ii.d.s
with zero mean and variance at most K. Then for each € > 0, there exists M > 0 such that

[log, n] [n/2"*! ]
e) <e.

1
> > Ukil>
Yiei i=d(Zax(i-1)0, Z2+i0),  br;i = (Zar(2i-2)0, Z2¢.2i0) Z,1 5, _, 0

P( 1i _
( 1mnsup v2nloglogn

k=M i=1

We now set

Equivalently, we have Yy y1; = Yy 2i—1 + Yi,2; — 20 ;. Note that {by;}1; have uniformly bounded
variance by Lemma 4.10 and {by; —E[by;]}; are ii.d.s with zero mean for each k. We
also set

by, = (Zows1pyar+1 )0, ZTLO)ZQk(QLn/2k+1j+1)07 if 28(2[n/2" | +1) <n
kin 0, otherwise.

We then observe the decomposition

[n/2] [log, n [n/2%+]
(0, Zno) = Y Yari+d(Zow om0, Zno) =2 Y (bkm+ > bk> (Vn, M >0).
i=1 k=M i=1
(15)
Indeed, the right-hand side is unchanged when M increases by one and is equal to d(o, Z,0) at
M > [logy 1.

Now, fixing an € > 0, we take M > 0 for {b;; — E[by ;] }; 1 using Lemma 4.21. We balance each
term in display (15) by subtracting its expectation, normalize with the denominator v/2n log log n
and then examine the almost sure limit supremum. The classical LIL tells us that

1 /2]
lim sup

- - Yoy —
n—oo v2nloglogn ; (Yo, \/

Regarding the second term, note that d(Za |, /9m |, Zy0) is dominated by the sum of at most
M independent steps distributed according to u. This implies that

E[YM,z]) Var(YM 1)

2 M

P(d(ZQJ\l [n/2M |5 nO) > 6\/> <Z d o, gz > 6\/>>

and the right-hand side is summable in n because u has finite second moment. By the Borel-
Cantelli lemma,

1
v2nloglogn

Next, Lemma 4.21 implies that the term

|d(Zant | pjor |0, Zyo)| =0 almost surely.

1 [logy n| [n/2"*]

(br,i — Elb;
\/2n10glogn Z ; F [bx.i])

eventually falls into the interval [—e, +€] outside a set of probability e.
It remains to deal with (1/y/2nloglogn) klogQ g (b — E[bg;p]). Let

bj = sup (Zj—;0, Zj+i0)o.
1,/ >0
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Then, for each k and n, 0< bk;n < boranjor+1)4+1) holds. Moreover, b; values are identically
distributed with finite variance (and hence finite expectation). This implies that

1 [log, 7

logy n
0 —— Elbg.n) < ——=——=E|b
v2nloglogn ; LE v2nloglogn o]

tends to 0 as n goes to infinity.
We now estimate the summation

L
ZP 2k (2i—1) V2 (21 —2)).
k=0 i=1
To estimate this, for each y > 0 let us count the number of pairs (i, k) € Z2 <o such that eQ\f 27(2i —

2) <y. For each k € Z>, there exist at most y/(v/2 \f €2) candidates for i. Summing them up, there
are at most Cey such pairs (i, k), where C, >0 is a constant. This implies that

Z P(b 2’c 2i-2) 2 QZ - Z Z Py 2k(21 2) < y)1y262\/§k(2i—2)

k=0 t=1 kg y=0

2
- Z Z P - 1< bl < y)1y2e2\/§k(2i—2)
k
<Y Ply—1<b <y) - #{(i, k) 1y > V2 (20 - 2)}

<Y P(y—1<bi <y) - Cey <E[Ceb]] < +00.

By the Borell-Cantelli lemma, for almost every sample path by (g;_1) <e€- 2k/4, /27 =2 holds for
all but finitely many (i, k). In particular, for sufficiently large n, we have

bi;n < b2k(2Ln/2k+1J+1) <e- 2k/4\/mz eﬁ/QkM,

for each k=1,...,|logy n|. Hence, we have

1 [log, 7

k/4
V2nloglogn Z D < € 21/2 < 10e.

k=1
Combining these estimates with Equatlon (15), we observe that for probability at least 1 — ¢,

- M d Z M
Jimn sup d(o, Zno0) —E[d(0, Z,0)] c \/Var[d(oj,v[Zg o] 20c. \/Var[ (ol,w 910)] +20e
n—00 v2nloglogn 2 2
By decreasing e while increasing M, we arrive at the desired conclusion. O

We finally prove the geodesic tracking by random walks.

THEOREM 4.22. Let (X, G, 0) be as in Convention 2.11, let p >0, and let (Z,), be the ran-
dom walk generated by a non-elementary probability measure i on G with finite pth moment.
Then there exists K >0 such that, for almost every sample path (Z,)n>0, there exists a
K-quasigeodesic v on X satisfying

1
i d(0,7) =0
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Proof. Recall Definition 3.16. Given Ky > 0, we have defined:

— Dy = D(Ky, Ky) > Ky as in Lemma 3.8;
— Ey=E(Ko, Do) > Dy, Lo = L(Ky, Dy) as in Proposition 3.12.

In addition to these, we define:

- E1 = E(Ko, Do), L1 = L(Ko, Do) as in Lemma 3147
— By = E(Ky, Ey + 5Ky), L2 = L(Ky, Eg + 5K)) as in Proposition 3.12.

Since p is non-elementary, Proposition 3.19 guarantees that there exist Ko >0, Mg > Lo+ L1 +
Ly and a large enough Ko-Schottky set S C (suppu)™°. We fix this S from now on.

By Proposition 4.2, there exists a probability space (Q,P) with RV P(w)={j(1) <j(2) <
-+ } € MoZso, the set of pivotal times, such that (0, Y;1)(w), Yj(2)(w), .. .) is Do-semi-aligned.

We now define I'(w) as the concatenation of [o,Z;)-ag0l [Zja)—m,05 Zj1)0l,
[Z;(1)0, Zj(2)—m,0) [Zj(2)-11,0, Zj(2)0)s - - .. By Lemma 3.14, T'(w) is an Ej-quasigeodesic for
almost every w € Q. It remains to prove lim, d(Z,(w)o, I'(w))/n'/?’ =0 almost everywhere.

By Corollary 4.15, min[d(o, Z,,0), d(0, Z50)]?P is dominated by an integrable RV. This implies

> P(min(d(o, Zv0), d(0, Zz0)) > g(k)) < +00, (16)
k

for some function g such that limy, g(k)/k'/? = 0. Also, Lemma 4.10 tells us that
Z P(max(v, 0) = k — Mp) < 4o0. (17)
k

Now, for each k € Z~(, we consider the following sets:

A= (@,w): there exists My <1i <k — My such that d(o, Z;0) < g(k) and
ke Y Zk0, (Zi— My 0, - - -y Z;0), Zyo) is Do-semi-aligned for all n >k [’

there exists My <i <k — My such that d(o, Z;0) < g(k) and
Zyo, (Zso,. .., Zi,Moo), Z,0) is Dy-semi-aligned for all n >k |~

Bk = {(oﬁ;,w) : (
Then the definition of the RV v(w,w) and v(w, w), together with inequality (8), tells us that
AS N Bf C {(w,w) : min(d(o, Zy0), d(0, Z50)) > g(k) or max(v, ) =k — My}.

Thanks to display (16) and (17), we observe that P(Af, N Bj) is also summable.
Finally, consider

Cho= 4 (0, w) - there exists My < i < 2k — My such that d(Zy, Z;0) < g(k) and
LA R (0, (Zi—p1,0, - - ., Z;0), Zno) is Dy-semi-aligned for all n > 2k ’

Then C} contains T*(Ay U By), where T is the Bernoulli shift operator on the bi-infinite sam-
ple paths, which is measure preserving. Hence, P(C}) < P(Af N Bj) is summable. The Borel-
lemma implies that, for almost every sample path, for each sufficiently large k there exists My <
j'(k) < 2k such that diam(Z,oU Y j/(y)0) < d(Zyo, Zj o) + diam(Y j xy0) < g(k) + KoMy + Ko
and such that (0, Y (), Zn0) is Do-semi-aligned for n > 2k (x),

Let us now pick a sample path satisfying (x), pick a sufficiently large k, and let N be an index
such that j(N) > 2k. Recall that (0, Y;()(w), Yj@2)(w),...) is Do-semi-aligned. By Proposition
3.12, [0, Zj(nyo] have subsegments [z1,41], ..., [zn,yn], in order from left to right, such that
[zi, yi] and Y ;) are 0.1E-fellow traveling for i =1,..., N. Moreover, by Corollary 3.4, Y (;
and [Z}()— 1,0, Zj(iy0] are 0.1 Ep-fellow traveling for i =1,..., N. Finally, since (0, Y j(1), Zj(n)0)
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is Do-semi-aligned, Proposition 3.12 tells us that [0, Z; o] also contains a subsegment [g1, g2]
that 0.1Ep-fellow travels with Y /(). For convenience we let yo = o0 and j(0) = 0.

If [q1, o] overlaps with some [z;, y;], this implies d(Y j k), [Z;(i)— 11,0, Zj(i)0]) < Eo and hence
d(Zyo,T'(w)) < g(k) + Eo + KoMy + Kp. If not, then [g1, g2] is a subsegment of [y;_1, x;] for some
i. Lemma 3.11 then tells us that (yi—1, Y (), ;) is 0.4Ep-aligned. Since d(y;—1, Z;;—1)0) < 0.1Ep
and d(z;, Zj()—m,0) < 0.1Ep, Lemma 2.2 implies that (Z;;_1)0, Y (x), Zj(i)—m,0) is (0.5Ep +
4Kp)-aligned. By Proposition 3.12, [Z;;-1)0, Zj()—nm,0] passes through the Ep-neighborhood of
Yj’(k)7 and d(Zyo,T'(w)) < g(k) + Es.

In summary, almost every sample path (@,w) satisfies (%), which leads to d(Zyo,T'(w)) <
g(k) + Ey + By + KoMy + Ko = o(k'/?P) eventually. This ends the proof. O

Recall Corollary 4.16. if y has finite exponential moment, then E[exp(d(o, Z,0)/K)] is finite,
i.e., P(d(o, Z,0) > K log k) is summable for some K > 0. By replacing g(k) in the previous proof
with K log k, we obtain the following theorem.

THEOREM 4.23. Let (X, G,0) be as in Convention 2.11 and let (Z,), be the random walk
generated by a non-elementary probability measure y on G with finite exponential moment.
Then there exists K >0 such that, for almost every sample path (Z,)n>0, there exists a K-
quasigeodesic vy satisfying

1
lim sup ——d(Zy0,7) < K.

n—oo logmn

5. Pivotal time construction

In this section we prove Proposition 4.2 by generalizing Gouézel’s theory in [Gou22, Section 4A]
to the setting of Convention 2.11. We first construct and study pivotal times in a discrete model
and then realize them on random walks. This strategy is also employed for LDP in §6.

5.1 Pivotal times: discrete model

Throughout the subsection, we fix a long enough Ky-Schottky set S with cardinality Ny. Given
sequences of isometries w = (w;)72, and v=(v;){2; in G, we draw a sequence of Schottky
sequences

s= (1, B1,71, 61, -« - » Qny By Yy ) € S,
with respect to the uniform measure on S$%". We define isometries
a; :=(cy), b;:=1(5), ci:=1(y), d;:=I1(), (18)
and study the word
woarbyvicrdiwy - - - apbgvgerdiwy, - - - .
With the base case war, o :=1d, we define its subwords for ¢ >0,
W, 5= w;r_mwi,l, W, ) =W, 5, w; = w;Qaibi,
w;ro = wiTQaibivi, w;ﬁ = w;zaibivici, wig = w;Qaibivicidi.
Let us also employ the notations
T () = wi U (i), Y(Bi) :=w; TT(6),
Y(y):= w:OF'F('yi), Y (6;) :=wTT(&).
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We define the set of pivotal times P, = P,(s;w,v) and an auxiliary moving point z, =
zn(s; w, v) inductively. Let Py =0 and zp = o as the base case. Given P,_1 C{1,...,n— 1} and
zn—1 € X, the data P, and z, at step n are determined by the following criteria.

(A) When (zp—1, Y(aw)), (T(ﬁn),w:[’lo), (wy, 00, Y(yn)) and (Y (6n), w,, 1 20) are Ko-aligned,
we set P, = P,_1U{n} and z, = w;:lo (see Figure 4).

(B) Otherwise, we seek i € P,,_1 and an integer j € {i+1,...,n—1} such that (Y(4;), Y(5;))
is Do-semi-aligned and such that (T(5;), w,, 50) is Ko-aligned.
If such a pair (7, j) exists, we pick the lexicographically maximal one and let P, := P,_1 N
{1,...,i} and 2, = w; ;0. If such a pair does not exist, then we let P, :=0 and z, :=o.

We note that the set the set P, depends solely on (w;), (vi)i_; and (o, Bi, Vi, 6i)7q; it is
independent of {wj, v;, a;, Bi, Vi, 0; 11 >n}.

The Schottky axes aligned along [0, w,, +1’2o] are recorded by P,. More precisely, we have the
following.

PROPOSITION 5.1. Let P, ={i(1) <---<i(m)}. Then
(07 T(az(l)) (ﬁz ) (’7@(1)) T(6 (1))’ SRR T( ) (62 (m) ) (’Y@(m)) T(dz(m))’ wr:+1,20)’

is Dg-semi-aligned.

On Gromov hyperbolic spaces, this corresponds to [Gou22, Lemma 5.3]. Before proving the
entire statement, let us prove two small parts of it.

LEMMA 5.2. For any s € S* and 1 <i<n, (Y(a;), Y(8:)) and (Y (7;), Y(J;)) are Dy-aligned.

Proof. Let us prove that (Y(c;), Y(5;)) = (wi_,lf‘*(ai), w; ,T*(8;)) is Do-aligned, or equivalently,
that (I~ (a;),7(8;)) is Do-aligned. When «; = 3;, this is guaranteed by the definition of K-
Schottky sets.

Now suppose «; # f3;. First, ([~ («;), o) is 0-aligned. Second, (a;lo, ' (o)) is not Ky-aligned
as d(0, a; 10) = 100Ey > K. Then, by the Schottky property of S, (a; 'o,TT(8;)) is Ko-aligned.
Now Lemma 3.8 tells us that (I'"(a;), I (3;)) is Dg-aligned.

The alignment of (Y (v;), Y(d;)) holds for the same reason. O

LEMMA 5.3 [Cho24, Lemma 3. 2] Let k€ Z~g. Let | <m be consecutive elements in Pj, i.e.,
m € Py, and | = max (P, N{L,.. —1}). Then (Y(8;), Y(cun)) is Do-semi-aligned.

Proof. Here [, m € P, implies that [ € P, and [, m € P,,. In particular, [ and m are newly chosen at
step [ and m, respectively, by fulfilling criterion (A). Hence, (Y(¢;), wl_+1,20) and (zm—1, Y(am))
are Kp-aligned (), and z; = wzrlo. Moreover, we have P, = P,,—1 U{m} and | = max P,,,_1.

If I=m — 1 and m was newly chosen at step m =1+ 1, then z,,_1 =2z = wl+10 holds. Lemma
3.8 and (x) imply that (Y(d;), Y(cuy)) is Do-aligned. ’

If I<m—1, then |=max P,,_; has survived at step m —1 by fulfilling criterion (B);
there exist j > 1 such that (T(&;), Y(B;)) is Do-semi-aligned and (Y(8;), w,; 0) is Ko-aligned.
Furthermore, z;,,—1 equals w; 0, the beginning point of T(5;).

Note that (2pm—1, T(au)) is Ko-aligned by (x). Lemma 3.8 then asserts that (Y(8;), T (o)) i
Dy-aligned. Concatenating the two Dy-semi-aligned sequences, we conclude that (Y (9;), Y ()
is Dg-semi-aligned.

78

o=

Proof of Proposition 5.1. Having established Lemma 5.3, it remains to prove that:
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FIGURE 4. Schematics for criteria (19), (20), (21) and (22).

— (0, Y(ay(1))) is Ko-aligned;
— for 1 <t m, (T(az(t))7 T(,Bz(t)), T(’YZ(t))? T((Sz(t))) is Do—aligned;
= (T (8i(m))s Wy y1,20) 18 Do-semi-aligned.

Note that for each t =1, ..., m, i(t) is newly chosen as a pivotal time at step i(¢) by fulfilling
criterion (A). In particular, we have that:

— (Y(viw), T(Bir))) is Do-aligned (Lemma 5.2);

o (T(ﬁz(t)%’r(’%(t))) is DO'ahgned since (T(ﬁz(t))awr—:lo) and (wi_(t)’oovT<7i(t))) are KO'
aligned (Lemma 3.8); and

— (Y(i@)), Y(di(s))) is Do-aligned (Lemma 5.2).

This guarantees the second item.

We also note that Py = (). Indeed, any j in Pj1)-1 is smaller than i(1) and would have
survived in Py (since what happened at step i(1) was adding an element, not deleting some).
Since i(1) was not deleted at any later step, such j would also not be deleted until the end and
should have appeared in P,. Since i(1) is the earliest pivotal time in P,,, no such j exists. Hence,
2i(1)—1 = 0 and criterion (A) for i(1) leads to the first item.

We now observe how i(m) survived in P,. If i(m) =n, then it was newly chosen at step n by
fulfilling criterion (A). In particular, (Y(6,), w, 1 0) is Ko-aligned as desired.

If i(m) # n, then it has survived at step n as the last pivotal time by fulfilling criterion (B).
In particular, there exist j >i(m) such that (Y(d;(y)), Y(53;)) is Do-semi-aligned and such that
(Y(B;), w,, 11 20) is Ko-aligned. In particular, (Y (di(mn)), Y(5)), w41 20) is Do-semi-aligned. [

Next, we study when P, = P,,_; U {n} happens, i.e., a new pivotal time is added to the set of
pivotal times. This will guide us how to pivot the direction at a pivotal time without affecting
the set of pivotal times. Recall that we draw «;, 5;, Vi, 4; from S with the uniform measure.

LEMMA 5.4. Let us fix w = (w;);, v = (v;); and s € S~ Then
P(#Pn(s, an; B, Yoy 6n) = #Pp-1(s) +1) =1 —4/Np.

Proof. Recall criterion (A) for #P,, = #P,_1 + 1. We will investigate the four required conditions
one by one.
First, the condition

diam(7y () (w,, go) U w:{’Oo) = diam(7p+(y,,) (v, ') Uo) < Ky (19)

depends only on ;. This holds for at least (#S — 1) choices in S by the Ky-Schottky-ness of S.
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Similarly, the condition
diam(my s,y (w;, 11 20) U w;tgo) = diam(7p- (5, (wn0) U o) < Ko (20)

depends only on 4, and holds for at least (#S — 1) choices in S.
Fixing the choice of ,,, the condition

diam(wr(ﬂn)(wﬁlo) Uw,, g0) = diam(mr-(g,)(vncr0) Uo) < Ko (21)

depends only on f,,. This holds for at least (#S — 1) choices in S.
We now additionally fix the choice of s= (a1, S1,71,01,. ., 0n-1,Bn-1,Vn—1,0n-1); In
particular, Wy, o and z,_1 are now determined. Then the condition
diam(my(q,,) (2n—1) U w,, 50) = diam(ﬂp(an)((w;z)_lzn_l) Uo) < K (22)
depends on ay,. This holds for at least (#S5 — 1) choices of a,.
In summary, the probability that criterion (A) holds is at least
#S—1 #S-1 #S-1 #S—1>1_i 0
#S #5 #S #S 7 No
We now define the set S of triples (83,7, v) € S? x G that satisfy Conditions (19) and (21):
S:={(8,7,v) € S? x G: (I (B),vII(7)o), (v 1o, TF(y)) are Ko-aligned}.
We also define its section for each v € G
S(v) :=={(B,7) € §%: (T (B), vII(7)0), (v Lo, (7)) are Ky-aligned}.

While checking displays (19) and (21), we observed that #S(v) > #52 — 248 for each v e G.
We now define pivoting.

LEMMA 5.5. Let s = (a1, B1,71, 01, - - - s Qny By Yns On) be a choice drawn from S*" and let w, v
be auxiliary sequences in G.

Let k € P,(s;w,v) and let (s; w, V) be obtained from (s; w,v) by replacing (B, Vi, Vi) with
some (B, 3, U) chosen from S.

Then, P(s;w,v) = P)(s;w, V) for any 1 <l < n.

On Gromov hyperbolic spaces, this corresponds to [Gou22, Lemma 5.7].

Proof. Since a1, f1,71,01, .., Qk—1, Be—1, Te—1, 01 are intact, Pj(s) = P;(s) and S;(s) =S;(s)
hold for [=0,...,k—1. At step k, a) and J; satisfy Condition (22) and Condition (20) since
k € P,(s). Furthermore, ) and 7 satisfy Conditions (19) and (21) for the new choice vy,

diam(ﬁm(%)(ﬁkflo) Uo) <Ko and diam(mp-(g,)(0kCk0) Uo) < Ko,
since (Bg, Yi, Ux) € S. Hence, k is newly added in Py (8) and
Pi(8) = Py_1(8) U{k} = Pr_1(s) U{k} = Py(s).

Meanwhile, 2z is modified into Zz,= H),ilo = gw,ilo =gz, where g¢g:= wkaakBk@kék
X (w,;Qakbkvkck)*l. More generally, we have

W, =gw;, (t€{0,1,2}, I>Fk),
Wiy = 9wy (1> k), (23)
W), = gwpy (te{l1,2},1>k).

We now claim the following for k£ << n.
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(i) If s fulfills criterion (A) at step [, then so does S.
(ii) If not, and if (4, 7) is the maximal pair of indices for s in criterion (B) at step [, then it is
also the maximal one for s at step [.
(iii) In both cases, we have P;(s) = F(8) and z; = gz;.

Assuming the third item for | — 1: P,_1(s) = P,_1(8) and Zz;_1 = gz—1, Equality (23) implies the
first item. In this case we deduce Pi(s)=P,_1(s)U{l} = F_1(8) U{l} = P(S) and % :u_)ﬁo:
ngrlo = gz, the third item for .

Furthermore, Equality (23) implies that ¢ in P_1(s)N{k, ..., =1} =P_1(s)n{k,..., 1 —
1} and j > work for s in criterion (B) if and only if they work for S. Such ¢ can be found in
{k,...,l—1}, because k survived in P, (s) and should not have been erased at step [. Hence,
the maximal pair (¢, j) for s is also maximal for s. We then deduce P(s) = P_1(s)N{l,...,i} =
Pi(s)n{l,...,i} = R(s) and z =w, 0= gw; 0= gz (using j > 1), the third item for {. [

For s,s’ € $%" and sequences w, v, v in G, we say that (8;w, V) is pivoted from (s;w,V) if:

- ;= ay, 0 :~5 forallie{l,...,n};
~ (B4, i, v;) €S for each i € P,(s; w,v); and
— (B, i, vi) = (Bi, 3i, 0;) for each i € {1,...,n}\ Pu(s; w, V).

By Lemma 5.5, being pivoted from each other is an equivalence relation.
Fixing w and v, for each s € $4" let £,(s) be the equivalence class of s
En(s):={s€ 8% :(s;w, V) is pivoted from (s; w,v)}.

We endow &, (s) with the conditional probability of the uniform measure on S*". We now claim
that #P,+1 — # P, conditioned on an equivalence class &, (s) until step n and the choice at step
n + 1 has uniform exponential tail.

PROPOSITION 5.6. Fix w = (w;)°, and v = (v;)%°;. For each j >0 and s € S1",
P(#PnJrl(éa 415 Bng1s Ynti,s 5n+1) < #PH(S) -J | se Sn(s)7 (an+17 Brt1; Yo+, 5n+1) € 54)
is less than (4/Ng) +t.

On Gromov hyperbolic spaces, this corresponds to [Gou22, Lemma 5.8].

Proof. An element s € &,(s) is determined by its coordinates (Bk, Yk )kep, (s) Subject to the condi-

tion (Bk, ks Vg) € S. We consider a finer equivalence class by additionally fixing the coordinates
vi: for s € £,(s), let E),(8) be the set of § € £, (s) such that 5 = for all k. Then &,(s) is parti-
tioned into {&] (8) : S € &,(s)}, and it suffices to establish the estimates on each &/, (S). Henceforth,
we will prove that

P(#Prt1(8, Ont 15 Bty Yot 15 Ont1) < #Pn(8) — 5 |8 € EL(S), (Qnt1, Bat1s Vi1, Ont1) €S

is less than (4/Ng)/*! for each s = (a1, B1, V1,01, - - -, Qn, Buy Tn, 0n) € S and j > 0.
Recall that we are fixing the sequences w and v throughout the proof. Let us define

Sk:={Be€S: (T (B),vll(y)o) is Ko-aligned}.

Then &,(s) is parameterized by [[;cp () Sk with the uniform measure. Let

- {(an+17 Bn—i—la Yn4+1, 61’L+1) € S #Pn-l-l(s Qnt1, /Bn+17 Yn41, n+1) #P ( ) + 1}
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Lemma 5.4 implies that P(A) > 1 — 4/Ny with respect to the uniform measure on S*. Note that
for each element (a41, Bnt1s Ynt1, Ont1) of A, we have

Pn(S) g Pn(S) U {n + 1} = Pn+1(s7 An+1, /Bn-f—la Tn+1, 5n+1)~
Hence, for each s €&/ (s), (S, nt1, Bnt1, Ynt+1,Ont+1) (as a choice in 5’4("“)) is pivoted from

(S, Qnt1, Brtt, Ynt1s Ont1) and Poi1(8) = Pot1(s) = Pu(s)U{n+1} = P,(S)U{n+ 1}. Thanks
to this, we have

]P)(#Pn—l-l(éa On+1, Bn-‘rlv Tn+1, 5n+1) < #Pn(é) | S S E;L(S), (an-‘rlu ﬁn-i—h Yn+1, 5n+1) € S4)
<1— P(A) <4/Np.

This settles the case j =0.

Now let j=1. The event under discussion becomes void when #P,(s) < 2. Excluding such
cases, let [ < m be the last two elements of P, (s). We now freeze the coordinates ) except for k =
m. Namely, for § € £ (s), let E(™)(8) be the set of § € £/,(s) such that 3, = fy for k € P,(s) \ {m}.
Then {E(™)(8) : 5 € £ (s)} becomes a partition of £’ (s), and E(™)(8) is parameterized by By, € Sy
with the uniform measure. Note that S,, has at least #S — 1 elements.

Fixing (ni1, Bri1s Vil Ong1) €S54, and let F™(8) be the set of §€ E(™)(8) such that
(Y (Bm), w,, +2720) Kp-aligned, or more precisely,

diam (-3, 1 (@, 0) '@, 9011001100 11Cn11dnt1Wn110) U0) (24)

= diam(o U Tr-1(3 )(vmémdmwm o CpdpWy + Apt1bp 41V 416 1dn1Wn410)) < Ko.

m

This amounts to requiring a new Schottky condition to fB,,, in addition to the alignment of
(C7Y(Bm), vmIl(vm)o0); there are at least #S — 2 choices that additionally satisfy this.

We now claim # P, 11 (8, i1, Bnt1s Yntls Ont1) = #Pn(s) — L forse F(m) (8). First, since [ <
m are consecutive elements in P,(s) = P,(8), Lemma 5.3 asserts that (Y(d;), Y(auy)) is Do-semi-
aligned. Moreover, Lemma 5.2 and Condition (24) imply that

(T(O_ém), T(Bm))v (T(Bm)v wr:+2,20)?
are Dg-aligned and Kjy-aligned, respectively. These together imply that

(Y0, L(Bm)), (Y (Bm), @y 42,20),
are Dy-semi-aligned and Kjy-aligned, respectively: the pair (I, m) qualifies criterion (B) at step
n+ 1. Hence, P,4+1(8, nt1, Bnt1s Ynt1, Ont1) 2 Pu(8) N{1,... 1}

As a result, for each § € &,(s) and (ani1,---,0n41) €5* we have
P(#Pn+1(§, Qn+1, BnJrl» Tn+1, 5n+1) < #Pn(s) —1 | s€ E(m) (§))
#HEME\FME) 2 _ 3
#Em)(8) SH#HS -1 Ny

Since {E(™)(8):5 € £,(s)} partitions &,(s), we deduce

X

- N 3
P(#Pn+1(sy Anp41, ,Bn+17 Yn+1, 6n+1) < #Pn(s) —1|se gn(s)) < ﬁo’
for each (ani1,Bntls Vi1, 0ne1) €S54 Moreover, this probability —vanishes when
(i1, 0n11) €A Since P((anat, - 0n11) €Al (ngts .- 0ns1) €81 =1 —4/Ny, we

deduce that
P(#Pn—i-l (§7 Qn+t1, Bn—i—l’ Tn+1, 6n+1) < #Pn(s) -1 ‘ se gn(S), (an—i—l’ /Bn—i-la Yn+1, 6n+1) € 84)

4 4 4\?
S <+ 2
No Ny <N0> (25)
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Now let j = 2. Excluding the void case, we assume that #P,(s) > 3; let I’ <l <m be the last
three elements. To ease the notation, for 5 € S we define
S,(ﬁ) = (Oél, 617 15 517 <oy Oy, /87 Tms 5ma <oy On, 6%7 Tns 5n)
In other words, s'(8) is obtained from s by replacing 3, with 5. Now let

Al = {(ﬁ7 Apt1, /Bn-f—la Yn+1, 5n+1) S S7’n X S4 : #Pn+1(sl(/6)7 Apt1y .- 75n+1) 2 #PTL(S) - ]-}

Equivalently, we are requiring

Pa(s) {1, ..., 1} C Poya(s', any1, But1, Yot 15 Ong1)-
(This equivalence relies on the fact P,(s’) = P,(s) due to Lemma 5.5.)
Observation 5.7. For each
8= (ks Brs hs 081 €En(S)s (Qntts Bt Ynt1s Ongr) € 5%,
(Bms 0t 1, Bt Yna1, Ong1) € Ay if and only if #Pn i1 (8, a1, .-, Ong1) = #Pu(s) —

To  see  this, suppose first that (Bm, On+1, Brtls Ynt1, Ont1) € A1 Then
(§7 An+1, 6n+17 Yn+1, 5n+1) is inOted fI'OHl (S,(ﬁm)7 An+1, ﬂn-{-b Tn+1, 5n+1)7 as they differ
only at entries Sy for k€ P,(s)N{1,...,l} C Poi1(s’, ant1, Brnt1, Ynt1, Ont1)- Lemma 5.5 then
implies that

Pn(s) N {17 ey l} g Pn+1(s/7 Qn41, /Bn—i-h Tn+1, 6n+1) = Pn—l—l(éa A1, 571—&—17 Tn+1, 5n+1)

and # Ppi1(S, @t 15 Bt 1: Y1, Ong1) = # P (s) —

Conversely, suppose #P,,1+1(8, a1, Bn+1,fyn+1, Ont1) = #Pu(s) — 1. (%) Recall that P,(8) =
P,(s), and recall that P,4+1(S, apt1,--.,0n+1) is either an initial section of P, () or contains
P,(8). Considering these, the assumption (x) implies

PTL(S) N {17 ceey l} - PTH-l(éa An+1, 611-"-17 Yn41, (5TL+1)'

Then (s’(Bm), 1y Brtls Ynt1, Ont1) 1S pivoted from (S, U415 Bnt1s Yot On+1), as the former
choice differs from the latter choice only at entries (ay, Sk, Jx)’s for k€ P,(s)N{l,...,l} C
Poi1(8, ant1, Brt1, Ynt1, Ont1)- Lemma 5.5 then implies that

Pn(s) N {17 ) l} - PTL+1(§’7 Apt1y-- -, 5n+1) = Pn+1(sla Ont1,--- 76n+1)

and (BWL) an—i—l’ /B’n-i-].a ,yn+17 6n+1) S Al'
Combining Observation 5.7 and inequality (25), we deduce

P(AL | S x S
=P((Bm, i1, Bt 1, Yt 1, 0ni1) € A1 |8 € EL(S), (ns1, Bty Yor1s Ons1) € SY)
=P(#Pn11(8, 0nt1, Brtt, Vi1, Ong1) = #Pn(s) — 1| S € E(S), (Ont1, Bnt1, Y1, Ong1) €Y
4\2
210 <N) |

This time, we freeze the coordinates fy except for k=1: for § € £ (s), let E?(8) be the set
of § € £, (s) such that §y = ) for k € Py(s)\ {{}. Then {EV(3):8€ &/ (s )} partitions &}, (s) and
E(Z)(~) is parameterized by §; € S; with the uniform measure; note that #S; > #S — 1.

Fixing 8, now pick (nt1, Butt, Ynil, Onsr1) € S%, and let F(l)( ) be the set of s € E(m )( ) such
that (Y(5;), w W, 550) is Ko-aligned, i.e.,

diam(ﬂr—l(ﬁl)(('Ujljo)_1“77;20%-1—1bn+1'l}n+lcn+1dn+1wn+10) U 0) < K. (26)
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This amounts to requiring another Schottky condition to ;; there are at least #S — 2 choices
that additionally satisfy this.
We now claim that # Py, 1+1(8, n+1, Bnt1s Ynt1, Ont1) = #Pn(s) — 2 fors e F(l)(é). First, since
I’ <1 are consecutive elements in P, (8), Lemma 5.3 asserts that
(T (o), Y(ar)),
is Dy-semi-aligned. Moreover, Lemma 5.2 and Condition (26) imply that

(T (@), Y(Br)), (Y(Br), Wy 40.20),
are Dy-aligned and Kj-aligned, respectively. Combining these, we observe that the pair (I',1)
qualifies criterion (B) at step n+4 1. This implies Pp,11(S, @nt1s Bnt1s Yntls Ont1) 2 Pnr(8)N
{1,...,I'}, hence the claim.
As a result, for each § € £,(s) and (api1, ..., 0n11) € S* we have

P(#P41(8, i1, But1s Yt 1, 0ni1) < #Pa(s) —2|s€ BV (5))
#EOE\FOE]_ 2 _ 3

#EW0(3) S #S—-1 7 Ny
Moreover, Observation 5.7 asserts that the above probability vanishes for those equivalence

classes E((8) such that (B, i1, ..., 0ns1) € Ar. Since P[A;[S,, x S4] < (4/Np)?, we conclude
P(#Po11(8, Qni1s Bt 1, Tt Oni1) < #Pu(s) —2[8 €E/(S), (ns1, Bur1s Ynr1s Ong1) €5Y)

~

4\ 4 4\?
ER YA (27)
Ny Ny Ny
We repeat this procedure for j < #P,(s). The case j > #P,(s) is void. O

COROLLARY 5.8. Let us fix w and v. When s = («;, B3, Vi, 0;), is chosen from S*" with the
uniform measure, # P, (s) is greater in distribution than the sum of n i.i.d. X;, whose distribution

is given b
sven by (No—4)/No,  ifj=1,
P(X;=j) = (No—4)4~ /Ny 7", if j <0, (28)
0, otherwise.

Moreover, we have P(#P,(s) < (1 —10/No)n) < e ¥ for some K > 0.

Proof. Let {X;}; be the family of i.i.d. as in Equation (28) that is also assumed to be independent
of the choice s. Lemma 5.4 and Proposition 5.6 together imply the following for each 0 < k < n:

1-4+  ifj=1
>. . — > ND‘ ) -
P(#P/ﬂ-f-l(s) 21+ | #P/ﬂ(s) 7’) /{1 _ (Nio)—j—f—l if 7 <O0. (Z 0,1,2,.. ) (29)

Hence, there exists a non-negative random variable Uy, such that #Px,1 — Uy and #P; + X141
have the same distribution.

For each 1 <k <n, we claim that P(#P, >1i) >P(X1 +---+ X >1) for each i. For k=1,
we have #P;,_; =0 and the claim follows from inequality (29). Given the claim for k, we have

P(#Pp1 2 1) 2P#Pr+ Xp1 2 1) = > P(#P, 2 j)P(Xpp1 =i — j)
J
>3 P(Xy A+ Xp 2 )P( X =i — §)
J

=P(X1+ -4 Xp + Xpg1 >1).
The second claim holds since X; have finite exponential moment and E[X;] >1—9/Ny. O
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We now describe a simpler situation when v; =id for all ¢, i.e., we study
woairbicrdiwy - - - apbpcpdywy, - -
Before defining the pivoting, note that the conditions
(T~ (B),I1(7)o), (0, T (7)) are Ky-aligned

and are satisfied by every pair of Schottky sequences (3,7) € S?, as we proved in Lemma 5.2.
Hence, criterion (A) while defining the set of pivotal times is simplified as follows.

(A") When (2,1, Y(an)) and (T(dn),w,  90) are Ko-aligned, we set P, = P,_1U{n} and
Zn = w;lr’lo (see Figure 4).

Moreover, S contains all of {(3,~,id): 3, € S}. Hence, when w and v = (id)$2, are fixed, the
previous definition reads as follows: given a choice s = (a1, B1, ..., 7, 6n) in S*", we say that
s € 8% is pivoted from s if:

- o = @y, 51’_:51‘ forallie{1,...,n};
= (Bi,7i) = (B, %) for each i € {1, ..., n}\ Py(s).

Therefore, for s€ S%", sc&,(s) is parameterized by the choices (B;,%i)ic p.(s) distributed
according to the uniform measure on S2#(s),

5.2 Pivotal times in random walks

In this subsection, we define pivotal times for random walks and prove Proposition 4.2. Let u be
a non-elementary probability measure on G and S C (suppp)™° be a large enough Ko-Schottky
set with cardinality Ny > 400. We also fix an integer n > 0.

Let pg be the uniform measure on S. By taking suitably small «, we can decompose p*Mo as

pto = apy + (1 - )y,
for some probability measure v. We then consider Bernoulli RVs (p;); with P(p; =1) =« and
P(p;=0)=1—a, (1;); with the law p and (v;); with the law v, all independent, and define

v, when pp =0,

(GaMokt1s - - - > GAMok+4M,) = {le when pg = 1.

Then (g;)7°, has the law p°°. Since we need to prove Proposition 4.2 by fixing the choice of
g1+ 9|n/2)+1 and gni1, we slightly modify p;, namely,

m) |0, ifi<n/8Myori=|n/4My],
Pi = pi, otherwise.

Let 2 be the ambient probability space on which the above RVs are all measurable. We denote by
B(k):= Z?:o p(n) the number of the Schottky slots until k£ and by 9(i) :=min{j > 0: B(j) =i}

the ith Schottky slot. We also set ©#(0) = —1. Note that {j >0: pgn) =1} ={9(1)<9(2)<---}.
For each w € ) and 7 > 1 we define

Wi—1 = G4Mo[0(i—1)+1]4+1 * * * G4Mo9(3)s
QG t= (94M019(i)+17 cee 794M019(z‘)+M0)7
Bi := (9409 (i)+ Mo+15 - - - » JAMI(i)+2My )
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Vi = (94M019(i)+2M0+17 ce 794M019(i)+3M0)a
0i 1= (GAMo9(i)+3Mo+1s - - - » JAMeO(i)+4Mo)-
In other words, ny¢; becomes (i, B, Vi, d;) (with My steps each) and w; is the product of
intermediate steps between 7y(;_1) and ng(;). As in §5.1, we write a; := II(«a;), b; :=I1(5;) and so
on. We then have
WiM9(I+1) = woarbrvicrdiwy - - - aybyvidywy, (30)
for each [ > 0. Following the discussion in § 5.1, we define
Pr(w) = Pi((a1, bi, e, dv); (wi)j—g, (id)j—y),
Po(w) = Pa((as, bi, ciy di)i—y; (wi)i, (id)7y), (31)

and we finally define
P(w) :={4MpI(i) +2Mp:i € limkinf Pr(w)}.

Recall that P is formed from P;_; by adjoining a new element k or taking an initial
section of Py_;. Hence, any initial section {i(1) <---<i(NN)} of liminfy Py(w) is an initial
section of some P, (w) (in fact, for all sufficiently large m). Proposition 5.1 then tells us the
following.

Observation 5.9. Let P(w) ={i(1) <i(2) <---}. Then
(o, T(ai(l))a T(ﬁm)), T(%’(l))a T(5i(1)), S T(ai(k))a T(ﬂi(k))v T(%’(kz))a T((Si(k)), .
is Dg-semi-aligned.

Note that (w;); and (o, 55, i, 0;)i>0 are independent, the latter being i.i.d. with the uniform
distribution on S*. By Corollary 5.8, P, linearly increases.

Observation 5.10. There exists K > 1 such that
P(#Py(w) < k/K |wo, wr, ...) < Ke */K (32)
for every k>0 and every choice of (w;);.

Here, the growth rate is independent of the g; that are not involved in (ay, 5;,7vi, ;). In
particular, it is independent of g1, ..., g|n/2)+1 and gnt1.
To couple the words w, , and the actual random walk Z,,, we need to control ¥(¢). For each
k> |n/4My| and L >0, we have
k
P(B(k)<L)-e L <Ele=?®)] = H E[exp(—pgn))] (".- Markov’s inequality)
i=1
I1 Elexp(—p{")]
n/8Moy<i<k,i7#|n/4 My ]
— (1 _ a(l . efa))kf[n/SMo]fl

< (1 —a?/2)n/3Mo—4 (reT*<a/2for 0<a<]).
By plugging in L = ((log(1 + o?/2))/3My)k, we obtain
P(AB(k) <k/K') < K'e "K' (k>n/4My), (33)

for some K' = K'(«, Mp) > 1 (independent of «).
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Let us now combine the ingredients and prove Proposition 4.2. Given the measure p, integers
k = n, and the choices of g1, ..., g|n/2)4+1 and gn+1, we do the above construction. Then we have

P(Ay = {B(|k/4Mo)) < |k/AK' Mp)}) < K'e™ F/AK Mol

Let us fix a combination of the values of { pgn) 11> 0} in Af, which determines ¥(7). Furthermore,
we fix a combination of the values of {7; :i > 0}. These choices determine

{gj 27 ¢ Ui>0{4M019(i) +1,... ,4M019(i) + 4M0}}, (34)
and consequently w;. Note also that {(ci, B, Vi, i) = n9(;) : i > 0} are i.i.d.s distributed according
to uk. Hence, conditioned on choices of {pgn) :i>0} € Af and {n;:i >0}, we are now reduced
to the combinatorial model. From Observation 5.10, we deduce that

P(#P(w) > |k/AKK'My| for all I > |k/4K' My | wo, w1, . ..)
K !
_ —I/K B k/AKK M,
>1-K Z e >1 1_671/[{6 .
I>|k/AK' M, |

In other words, except for probability (K/(1 —e~Y/K))e~lk/4KK Mol (ynder the conditioning),
the initial |k/4K K'My]-sections of Py 4k, |(w) remain the same in Pj(w) for [ > [k/4Mo].
Hence, it becomes an initial section of lim inf; Pj(w). This means that

#(P(w) N {4M079(Z) + 2M0 1€ PLk/4K’MoJ (w)}) > |_k‘/4KK/M0J. (35)
Meanwhile, since {pz(-n) 1> 0} is determined in A¢, we have B(|k/4My|) > |k/4K' M| and

Pty (@) S{I(1), . I([B/AK Mo))} €{1,..., [k/4Mo| — 1}.

This implies {4Mo9(i) +2Mo : 4 € Pgjagar, (W)} S{1,...,k—2Mp}. Combined with display
(35), this implies

H(P(w) N {L,... k}) > [k/AKK My). (36)
Summing up the conditional probabilities, we have
. K _ '
P(#(P(w)N{1,...,k}) > |k/AKK My] |A$) >1— =Yy & L/ 4K K Mo]

Since P(Ay) decays exponentially, we conclude inequality (7).

It remains to partition the probability space €2 into pivotal equivalence classes that satisfy
Definition 4.1, with P(w) as the set of pivotal times. We say that w € Q is pivoted from w if
they only differ in the value of 3; for i € lim inf; P;(w). Then, being pivoted from each other is an
equivalence relation. On an equivalence class £, all random paths have the same set of pivotal
times P(€) ={j(1) <j(2) <---} C MyZ that avoids 1, ..., [n/2] and n. Moreover, the steps g;
are uniform across £ except for

Sk 1= (Gj(k)— Mo+ 10 Gj(k)—Mot2s - - -+ 9i(ky)  (K=1,2,...),

which are i.i.d.s chosen from S according to ug. Lastly, observe that

Y (Bitky) = (Z(aMo+MY9G(k))+Mo O - - + 5 Z(aMy+M")9(i(k))+2M0 ©)
= (Zj)-m0: -+ Zj()0) = Y j k)
By Observation 5.9, (0, Y1), Yj@),--.) is always Do-semi-aligned. Proposition 4.2 is now

proved.
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6. Large deviation principles

In this section, we consider a more delicate pivoting that leads to the large deviation principle.
Definition 6.1 and Proposition 6.2 rephrases Gouézel’s result in [Gou22, Section 5A] in terms of
strongly contracting isometries.

DEFINITION 6.1. Let o and v be non-elementary probability measures on G and (2, P) be a
probability space for . Let 0 <e <1, let Ko, N >0 and let S C (supp,u)MO be a long enough and
large Ko-Schottky set for pu.

A subset £ of Q is called an (n, N, €, v)-pivotal equivalence class for u, associated with the
set of pivotal times

PrNe)(£) = (1) < j'(1) <+ < j(#P/2) < j'(#P/2)} € MoZso,
if the following hold:

(i) for each we & and k> 1,

51(wW) 1= (95(k) = Mo+1(W)5 Gj (k) —Mos2(W)s - - -5 Gy (W),
Sk(w) = (gj’(k)fMngl(W% gj’(k:)fMoJrQ(w)a < 950 (k) (w)%
are Schottky sequences;
(ii) for each w €&, (0, Y1), Yjr(1)s - - > Yjp/2)s Y ji(#p/2)s Zn0) is Do-semi-aligned;
(iii) for the RV defined as

Tk = 9jk)+195(k)+2 " " " 95’ (k)—Mo>

(Sk,Sz,T‘k)k>(] on &£ are ii.d.s and r; are distributed almost according to u*2M0N*

p*(('(k)=3(k))/2Mo)=N—=05 i the sense that the following holds for every g € G:

( 6)(M*2M°N * y*((j/(k’)_j(k))/QMo)—N—O.B)(g)

1
<P(ry = g) < (1 (PN 5 (0 -I0)/200)-N-05) )
for each g € G.

PROPOSITION 6.2. Let My >0, i be a non-elementary probability measure on G, let 0 <e <1
and let S C (suppp)™° be a long enough and large Schottky set for yi with cardinality greater than
100/e. Then there exists a non-elementary probability measure v on G such that the following
holds.

For each sufficiently large integer N, there exists K >0 such that for each n we have a
probability space (2,IP) for p and its measurable partition &y ne, ={Ea}a into (n, N, e, v)-
pivotal equivalence classes that satisfies

]P’(w : %#"P(”’N’E’”) (w)<(1—e¢) ) < Ke K, (37)

n
2MyN
We will in fact prove a statement that is more explicit than Proposition 6.2.

PROPOSITION 6.3. Let 0 < e <1, let Ko, My > 0 and let S C GM° be a long enough and large K-
Schottky set with #S > 100/e. Let j1 be a probability measure on G such that m := min{u™o(s) :
s € S} is positive. Let N > 40/m?e and let v be the measure defined by

_ 1

~ 1-0.5m?
Then v is a non-elementary probability measure. Moreover, there exists K > 0 depending only on
S, m, N and € (but not on u) such that, for each n, we have a probability space (2, P) for u and

v (u**Mo — 0.5m? - (uniform measure on {II(s)II(s') : s, s' € S})).
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its measurable partition Py, N = {Ea}a into (n, N, €, v)-pivotal equivalence classes, associated
with the set of pivotal times PN:6V) that satisfies

1
]P’(w : §#P(”’N’6’“)(w) <(1—e)—n ) < Ke ™K (YneZsy).

2MyN
Gouézel proved Proposition 6.2 for random walks on a Gromov hyperbolic space in [Gou22,
Section 5C|. We adapt his proof to our setting here.

Proof. Let us denote the uniform measure on S by ug. In this proof, when a probability measure
7 on G* is given, we denote by 7* the pushforward measure by convolution

™(g) = > (155 k)

(91,95 EG*, g1 gr=g
Let Ny = #S be the cardinality of S. Note that 10/Ny < €/10. Consider the decomposition

p?Mo = 0.5m%u% 4 (1 — 0.5m?)r, (38)

where 7 is a probability measure on G?Mo with 7* = v. Recall that S is a long enough and
large K-Schottky set, so there exists a, b € S such that II(a) and II(b) are independent strongly
contracting isometries. Since 7 has the same support with 2, v puts nonzero weights on a?
and b?. Hence, v is non-elementary.

Given the decomposition as in Equation (38), we consider Bernoulli RVs (p;);>0 with P(p; =
1) =0.5m? and P(p; =0) =1 — 0.5m?, (m;);>0 with the law of p%, (r;); with the law of 7, and
(&)i=0 with the law of u?Mo | all independent. We define RVs {t;, t;- 321 First, ¢; is the smallest
i >0 with p; =1, and ¢} :=min{i > t; + N : p; = 1}. Inductively, we define

tr:=min{i >t,_,:pi=1}, t,:=min{i>t;+ N:p;=1}.
For convenience, we set ¢}, := 0. We then define

Mk, when k€ {t;,1;}22,,
(920 (k—1)+15 - - - » G2Mo(k—1)42M,) i= § &k When t; +1 <k <t; + N for some j,

Tr, otherwise.

Then (g;)$°, is distributed according to the product measure x> [Gou22, Claim 5.11]. We let
B(k):=4{j > 1:t; <k}. Now define

Wi—1 = G2Mot,_+1 """ 92M,(t;—1)>

Qi 7= (G2Myt,~2My+15 - - - » G2Mot, — M)
Bi = (92Mot,—Mo+1, - - - » G2Mot, )

Ui = G2Mot;+1 " " G2Mot;—2My>

Vi := (G2Mot)—2Mo+15 - - + > G2Mot!— M)
0i 1= (G2Mot;—Mo+15 - - - » 92Mot, )5

fori=1,...,%(|n/2Mp]) and define wz(|n 201, |) = 92Motly 1 jansy)+1° " "I Using these data, we
define the set of pivotal times

B(|n/2My B(|n/2Mq B(|n/2Mq
Pag(nyanto ) (@) = Paa(injanao)) (@i Bis s 8:) 2 2MoD; () 240 D () Zn/2Mol)y

as in §5.1.

We first determine the values of p;. Observe that %([n/2Mo|) and {t;,t}}; depend solely on
{p;}; and counts the renewal times in [0, n/2Mj] formed with a geometric distribution after a
delay N. More explicitly, if we ‘omit’ p;, 1, for k>0and ¢=1,..., N and define

AN L
(P15 02, P35+ -) = (P1y -+ s Pty PHAN+15 P N+2s -+ 5 Plas Ptat N+1s -+ -),
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then {p}}; are i.i.d. Bernoulli RVs and ¢} = kN + min{j : g:l p; =2k}. Hence, we have

P B/ 2M0) < (1= ¢/10) 570 ) =Pt _cpayupannn > 1n/200)

:p<[(1—e/10)2M ] + min {j:;p’iz { 1—6/10%\401\1“Z bJT\Lﬂ)D

|—€7L/20M0‘| +3

<2 X d<a-qugy)

=1

which decays exponentially because E[p}]=0.5m? >20/eN. Hence, there exists K; >0 that
depends on m, e and N such that
) < e (39)

IP’<%’(Ln/2MOJ) < (1-¢/10) MZ]N

Let us fix the choices of (p;)i>0. This determines (;, t})i~0 and HA( Ln/2M0J) We then fix the data
(Ln/ZMOJ) and (v )@(Ln/QMUJ)

(73, &)iso0 and {n; 13> t/fﬂ(Ln/QMoj)}' These in turn determine (w;);_
Furthermore

(a“ﬁz)ﬂ(L”ﬂMOJ) (Utl)i(1tn/2M0Da (i,

are all independent and identically distributed according to ,u%. Hence, the situation is reduced
to the combinatorial model in §4. Corollary 5.8 asserts the following for some K3 > 0:

(#P% (In/2Mo]) = (1 - 10/N0) (\_n/QMOJ) ’ (piv Tiy gi)i>0) < KQe_%(Ln/zMDJ)/QMOKQ' (40)

Combining inequalities (39) and (40), we can conclude that P(#Pg|y 201, ]) < (1 — €)n/2MyN)
decays exponentially.
Now, given w € Q with Pg |, /20, ])w)(w) = {i(1) <i(2) <-- -}, we define

PN (0 ) {J( ) <J'(1) <J(2) <j'(2)<--}

5 )J(Ln/QMOJ) (77t )Zﬂ(lln/QMOJ)

We just established the estimate is display (37) for this P(":¢*) Furthermore, note that
T (Bik)) = (Zoboty—MoOs - - - ZzMot.(k)O) = (Zj(k)=My05 - - - 5 Zj(k)o) =Y k),

o —Mo0) = (Zji (k) =11, 05 - - - Zjr(1)0) = Y (k)
/oMo ) 4+1,2 = Zy. Proposition 5.1 tells us that (o, Y;(1), Y (1)
Y;2): Yji(2)- -, Zn0) is always Do-semi-aligned. This settles items (i) and (ii) in Definition 6.1.

It remains to realize the partition as in Definition 6.1 and check item (iii) in Definition 6.1. We
declare the equivalence by pivoting. More precisely, given w € 2 with Pg|y, /211, | (w) = {i(1) <
i(2) <---}, we declare that another element w’ € € is equivalent to w if it has the same values of
(pi)i=o (hence the same values of (t;,t})i>0) as w , and if it has the same values of (n;, 74, & )i>0
as w, possibly except for

{ni i € Unltiny tiy s {& i € Ukltiny + Litiry + N1} {7 1d € Ultiny + N, g1y — 13-

Further, we require that (o) (w'), d;x) (W) = (i) (), di(xy(w)) for each k and
Biy W), vy (W), vy (W) €S (1=1, ..., #Pg(|nj201.))-

Note that, under this requirement, w’ has the same values of (wz)l %n/ M) and {vi:i#

i(1), .., i(#Pg(|nj2M,))) } a8 w. By Lemma 5.5, we have Pg(|n /201, 1) (W) = Pg(|n/2m,)) (@), and
the above relation becomes an equivalence relation.

T(%‘(k)) (Z2M0t Ly —2Mo 05 - Z2M0t

are Schottky axes, and that w;g(
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Recall that, conditioned on the data (p;)i>0, (3,75, vj) is distributed according to u% x
(p*2Mo s (7)== N=05)y — 2 5 (42Mo 4 y*(t/‘_t'_N_Ob)). Now let £ be a pivotal equivalence
class that has pivotal times Pg(|n 211, ]) = {i(1) <--- <i(m)}. Then (B, viq), vigy) are inde-
pendent and distributed according to the restriction of u% x (Mol G —ti=N 71)) onto the
set of ‘legitimate choices’ S. To describe this, let us define a (not mnecessarily probability)
measure

M(l)(sl s" 7“) = NS(SI)NS(SH)(M*2MON * vV “(t=t=N= 1))(T)’ if (3/7 SH? T) € Sv
o 0, otherwise.

Then (B, Yiqr), viry) is distributed according to the normalized version 1 of ™), namely,
pO(A) = (1/(pM(S? x G)))uM (A) for each AC S? x G.

For each r € G, among N choices of 5" and s” in S at least NZ — 2Ny choices qualify the
criterion and make (s, s”,r) €S by the Schottky property. (See the discussion in displays (20)
and (21).) This implies the bound for each r € G,

2 * *(th—t;—N— *2 Mo *(t.—t, —N—
(1= 5 ) 2 sy G0N0 1) € D (8 x {r}) < (20 w600 ),

Summing this up for all r € G, we obtain 1 —2/Ny < M (S? x G) < 1. Combining these two
estimates, we conclude the following for every g € G:

2 /
(1 - F) (Mo sy Gt ND) () K Pugy =7) = pO(S? x {r})
0
(1 " 3 )(M*QMON % V*(t;ftijfl))(T)'
No
This settles item (iii) in Definition 6.1, as desired. O

We now establish the large deviation principle for random walks.

THEOREM 6.4. Let (X, G, 0) be as in Convention 2.11 and let (Zy,),, be the random walk gener-
ated by a non-elementary probability measure p on G. Let A\(u) =1im,,(1/n)E[d(o, Z,0)] be the
drift of u. Then for each 0 < L < A(p), the probability P(d(o, Z,0) < Ln) decays exponentially
as n goes to infinity.

Recall that A\(u) = +0o0 when p has infinite first moment, by Corollary 4.12.

Proof. Due to the subadditivity, we have E,.~[d(0,go)] > A(u)N for each N >0. Since L is
smaller than A\(u), there exists € > 0 such that
(1—€)3Ap) > L+e

For this € > 0, let S be a long enough Schottky set for u with cardinality greater than 100/e. By
Proposition 6.2, there exists a non-elementary probability measure v, and for each sufficiently
large N, a partition &, y ¢ into (n, N, €, v)-pivotal equivalence classes for each n such that

1 n
. (n,N,e,v) <(1— )
IP’(w S#P () <= gy
decays exponentially in n. Let C' > 0 be a constant for v provided by Corollary 4.11: we have
Py«m(h:d(o, gho) > d(o,g0) —C) =1 —¢€/2,

for each g € G and each m > 0. We now fix an N such that N > C/2MyA(u)e.
Let € be an equivalence class such that %#P("’N’ﬁ’”) (€)= (1 —€)(n/2MyN). Then for each
weé&, (0,Yj1) -+, Yj#p/2), Zno) is Do-semi-aligned. The second inequality in item (ii) of
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Lemma 3.18 tells us that
#P/2 #P/2
d(0, Zyo) Z d(Z Zj0, Z i)fMoO) = Z d(o,r;0) (1 =9i()+1 'gj’(z')fMg)-
/L'i

Since r; are non-negative i.i.d. with
E[d(o, r;0)] > (1 — €)E -2mon [d(0, go) — C] = (1 — €)% 2MoN (1),
we can apply the classical theory of large deviation. As a result, there exists K’ > 0 such that
P(d(0, Zno) < (1 —e)*A()n | E) < K'e K" (vn>0).
Summing up this conditional probability, we obtain the desired exponential bound. O

We now connect Theorem 6.4 with the large deviation principle. In [BMSS22, Proposition 2.3,
Theorem 2.8|, Boulanger, Mathieu, Sert, and Sisto presented a general theory of large deviation
principles on metric spaces with Schottky sets. Combining their result with Theorem 1.1, we
establish the large deviation principle for random walks on the mapping class group.

COROLLARY 6.5 (Large deviation principle). Let (X,G,0) be as in Convention 2.11 and let
(Zn)n>0 be the random walk generated by a non-elementary probability measure p on G. Then
there exists a proper convex function I : R — [0, +00], vanishing only at the drift A(u), such that

— inf I(z)< hmlnfflog;IP’< d(le)EE),

z€int(E) n—oo 1

— inf I(z) >limsup — ! logIP’< d(id, Z,) € E),

z€FE n—oo T

holds for every measurable set E C R.

We note the work of Corso [Cor21], who proved that the rate function exists and is proper for
random walks involving strongly contracting isometries. Our Corollary 6.5 strengthens Corso’s
result by showing that I(z) #0 for x € [0, A(1)), which is a consequence of Theorem 1.1.

PART II. Random walks with weakly contracting isometries

In this part, we deal with groups acting on a space X and another space X equivariantly, where
the action on X involves strong contraction and the action on X involves weak contraction; see
Convention 7.2. After studying alignment of weakly contracting directions in §8, we establish
limit theorems for mapping class groups in §9.

7. Mapping class groups and HHGs

Let 3 be a finite-type hyperbolic surface, let (X , J) be the Cayley graph of the mapping class
group G =Mod(X) of ¥, and let (X, d) be the curve complex of ¥ or the Teichmiiller space of
Y. The action of G on (X, d) satisfies Convention 2.11: G contains independent pseudo-Anosov
mapping classes that have strongly contracting orbits on X ([Min96, Contraction Theorem)],
[MM99, Proposition 4.6]).

Let Pr: X — X be the orbit map: Pr(g) = go, where o € X is the basepoint. Since G is finite
generated and acts on X by isometries, the map Pr is coarsely Lipschitz and is G-equivariant.
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We will denote by A the object ‘in the upper space’ corresponding to an object A ‘in the lower
space’. For example, we fix basepoints 6 =id € X and o € X that satisfy Pr(0) =o.

For each subset A C X, we define the projection 7 4 from X onto A by referring to the closest
point projection at the lower space X. Namely, for T € X and its pro jection z := Pr(Z), we define
77(Z):=PrlomsoPrby a€s;(&) & acma(z).

LEMMA 7.1. For each C > 1 there exists D > 1 such that if a C-quasigeodesic 7:1— X on X
has projection v onto X that is a C-contracting axis, then 7 is D-weakly contracting with respect
to the map 75 := Prlo Ty 0 Pr.

Proof. Let us first consider the case that X is the Cayley graph of Mod(X) and (X,d) is
the curve complex C(X) of ¥. Recall that there are coarsely Lipschitz projections Pry : X -
{uniformly bounded subsets of CU} from X to the curve complex CU of subsurfaces U C %, and
p; : CU — {uniformly bounded subsets of CV'} for every pair of nested subsurfaces V C U C .
Further, Pry and pg o Pr are uniformly coarsely equivalent.

Since 4 and v = Pr o5 are C-quasigeodesics, {Pry (%) : U € X} have uniformly bounded diam-
eter (depending on C). This is due to the bounded geodesic image property. Namely, given a
proper subsurface U C 3, there exists a uniformly bounded neighborhood N of 0U C C(X) such
that v\ N is uniformly close to a geodesic on C(X) that is disjoint from OU. By [MMO00, Theorem
3.1], p%(7\ N) has bounded diameter. Since N is bounded, p¥(y N ) is also bounded.

Given the uniform boundedness of Pry;(7), i.e., the coboundedness of 7, the weakly contract-
ing property of 4 follows from [DR09, Theorem 4.2] (cf. [Beh06, Lemma 5.6]). More explicitly,
[DR09, Theorem 4.2] guarantees a constant £ = E(C) such that, for each # € X, we have

diamyx <7rV o Pr({ﬁ e X . d(,p) < %J(fn, fy)})) <E.

Since the d-diameter along ~ and d-diameter along 4 are coarsely equivalent (as v is a
quasigeodesic), we conclude that 74 is weakly contracting with respect to 75.

When (X, d) is the Teichmiiller space of ¥, the strongly contracting property of + implies
that the Teichmiiller geodesics [y(t),v(s)] for t <s are contained in a uniform neighborhood
of v (Corollary 3.4) and are hence uniformly thick. This in turn implies that Pry(%(t),5(s))
for t < s and proper subsurfaces U C ¥ are uniformly bounded ([Raf05, Theorem 1.1], [Rafl4,
Theorem 5.5], [RS09, Theorem 4.1] and [DT15, Lemma 5.1]). Then we similarly deduce the
weakly contracting property of 4 by [DR09, Theorem 4.2]. O

In general, Lemma 7.1 can be generalized to the setting where G is a HHG, (X, d) is its
Cayley graph and (X, d) is the top curve graph for G. This follows from [ABD21, Corollary 6.2]
((3) = (2)) and [ABD21, Theorem 4.4]. Note that, even though Corollary 6.2 and Theorem 4.4
assume the unbounded products of the HHG structure for G, which is not granted in general,
the directions we need do not require such an assumption.

In particular, the pseudo-Anosov axes on X are weakly contracting. Hence, our setting is as
follows.

CONVENTION 7.2. We fix B > 0 and assume that:

(i)

( X, CZ), (X, d) are geodesic metric spaces;
(ii) Pr:

X — X is a coarsely Lipschitz map, i.e., for all Z, 1 € X
d(Pr(z), Pr(y)) < Bd(Z,§) + B;

(i) G is a countable group of isometries acting on X and X equivariantly;
(iv) 6 € X and o€ X are basepoints that satisfy Pr(o) = o;
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(v) for each C' > 1 there exists D > 1 such that a path 4 on X is D-weakly contracting with
respect to 75 whenever its projection Pr(¥) is a C-contracting axis;
(vi) G contains two independent strongly contracting isometries of X .

For each object A C X, we denote by A its projection Pr(fl) cX.

When item (iii) is replaced with the coarse equivariance condition, this setting also covers
HHGs acting on the top curve graph. For simplicity, we denote the word norm of g € G by lgl.
In the general case, one can replace |g| with d(o, go).

8. Alignment II: weakly contracting axes

Throughout, we adopt Convention 7.2. We define the alignment among paths &1, ..., &, on X
based on Definition 3.6 with respect to the projections 7z, :== Pr—'om,, o Pr.

LEMMA 8.1. For each K >1 there exists K'> K such that the following hold. Let Z,§€ X
and let k be a path on X whose projection k on X is a K-contracting axis. Then & is a K'-
quasigeodesic that is K'-weakly contracting with respect to 7. Moreover, for each C >1 we
have the implication

(2, &, 7) is C-aligned = (x, k,y) is K'C-aligned,

(7, k,y) is C-aligned = (7, &, §) is K'C-aligned.
Proof. Let £: 1 — X and k:=Pro&:I— X. The weakly contracting property of £ is given by

Lemma 7.1. If we denote by F' the coarse inverse of x, Pr and & o F' are maps between x and &,
and are coarse inverses of each other. This implies the coarse comparison

- T

7 d(B, @) = K" < d(p, ) <K"d(p, @) + K",

for all points p, ¢ on &, for some K” = K”(K). This implies the remaining items. O
We now prove the main proposition of this section.

PROPOSITION 8.2. For each K, D > 1, there exist E, L' > K, D such that the following holds.

Let L>L', let ,5€ X and let &1, ...,R, be paths on X whose domains are longer than
L and such that their projections are K-contracting axes. Suppose that (x,K1,...,Kn,Yy) IS
D-aligned. Then there exist points pi, . .., py on [T, 7], in order from left to right, such that
n+1
Li(ﬁz, fﬁz) < Z e—\j—i—O.S\L/E diamX(Fu‘j_l @] /%j) + FE. (41)
j=1

Here, we plug in ko = and kn+1 =1.

Proof. Let B be the coarse Lipschitzness constant for Pr, and define the constants:

— let Ky = K'(K) be as in Lemma 8.1, which is larger than K > 1;
— let K4y = K'(K) be as in Lemma 2.10, which is larger than K > 1;
—let Ey = E(K, D) be as in Lemma 3.9, which is larger than K > 1;
—let By =FE(K,D), Lo=L(K, D) be as in Proposition 3.10.

Now we define constants
E=16KKyK4(1+1og2K,) + E1 + E2 + B,
L' =Lo+4KKs(B+5K + Ky F).
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Then, the following hold for all L > L'

L
7~ E—K>L/2K > Ey +2B; + B+ 4K,
B+5K
L>4KK2< 5 —|—K2E>,
2

1
56—2L/E > Kye HAKK: K.

Note the following.

Fact 8.3. Let C >0, let z € X and let xk be a K-contracting axis on X with L-long domain. If
(x, k) is C-aligned, then (k, z) is not ((L/K)— C — K)-aligned.

Let L>L', let 7,7 € X and let &1, ..., R, be paths on X whose domains are longer than L
and whose projections x; onto X are K-contracting axes. Recall our convention that, whenever
we define A C X, we use the notation A:=Pr(A).

Step 1. We prove the following for n > 2: We induct on the number n of the contracting axes.
First, Proposition 3.10 implies that (z, ;, y) is Eo-aligned for each i. In view of Fact 8.3, (k1, )
is not (Fy + E3 + B + 4K)-aligned but (k1,y) is Eo-aligned. Now, note that:

— 7, 18 (1,4K)-coarsely Lipschitz (Lemma 2.2);
— Pr is B-coarsely Lipschitz and hence 7, o Pr is (B, B 4+ 4K)-coarsely Lipschitz; and
— the geodesic [z, g] is connected.

Pick the rightmost point 2 € [Z, §] such that (K1, 22) is not (E; + Es)-aligned. Then (k1, 22) is
(E1 4+ E2 + B + 4K)-aligned, and hence FE-aligned, since 7, o Pr is B-coarsely Lipschitz. Since
(K1, ko) is D-aligned and (k1, z2) is not Ej-aligned, Lemma 3.9 implies that (29, k1) is F-aligned.
When n = 2, the proof ends here. Otherwise, note that (22, k2) is E-aligned and (ka, . . ., kn, y)
is D-aligned. By the induction hypothesis, there exist Zs, ..., Z, on [Z2, g, in order from left to
right, such that (k;_1, 2;) and (z;, k;) are E-aligned for each ¢ > 3. The claim now follows.

Step 2: Construction of pj. We now assume that (z, k1, ..., Ky, y) is D-aligned. By Step 1, we
obtain points 2, ..., Z, on [Z, g], in order from left to right. We let Z; :=Z and Z,41:=7.

Pick je{1,...,n}. Then (zj,x;) is FE-aligned, and hence L/2K-aligned. Meanwhile,
(Kj, zj+1) is E-aligned, so (zj41, k) isnot (L/K — E — K)-aligned, and hence not L/2K-aligned.
Now let p; to be the rightmost point on [Z;, Zj11] such that (pj, x;) is not L/2K-aligned. Then
by the (B, B + 4K)-Lipschitzness of 7, o Pr, we have that

L/2K — (B + 4K) < diam x (beginning point of x; Un,, (pj)) < L/2K + (B +4K).
In particular, (pj, k;) is not (L/2K — (B + 4K))-aligned. Moreover, (x;, p;) is not (L/2K — (B +
5K))-aligned by Fact 8.3. Denoting the beginning point of %&; by ¢;, Lemma 8.1 implies

diam g (75, (2)) U s, (p5)) > diam g (75, (2)) U ¢5) — diam g (g5 U 7, (5;))
1 L L
2> —(—=—-B—-4K)—-KyE > .
7> 3K )b > R,
For a similar reason, diam ¢ (7%, (Zj+1) U 7z, (9;)) is at least (1/K2)((L/2K) — B —5K) — Ko >
L/AK K5. Now Lemma 2.10 implies
d(pj, fj) < Kae DARIOK (7, i) + Kye PRI R (200 7)) + Ky

NS
< e 2HPA(z), Ry) + ge PPz, Ry) + Ka. (42)
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Step 3: Estimating d(ﬁj, ;). Given inequality (42), it now suffices to prove

n+1
d(Zi, i)+ d(Z, Ri) < 2e7 V1M E diam ¢ (R; 1 U k) + B (43)
j=1

for i=2,...,n. To prove this, we collect indices i that violate inequality (43). Let I ={m,m +
1,...,m'} be a maximal one-connected set of such indices. We aim to show that I is empty.

Suppose on the contrary that I is nonempty. Note first that Z; and Z,4; satisfy inequality
(43), i.e., 1,n+1¢ I; hence, m > 2 and m/ < n. We now compute d(Zpm—_1, Zm+1) in two different
ways. First, using inequality (42) we deduce

m’+1 m’+1
A1, Zr1) = > d(Z1,%) = > (d(Z-1,55-1) +d(Bj-1, )

j=m j=m
m’+1 ~ ~ ~

> Y (d(Z-1, 7j1) +d(Rjo1, ) — 2d(Bj-1, 1))
j=m
m’+1 ~

> (L= e *MP) Az, Fjor) + d(Rjo1, 2) — 2Ky).
j=m

Recall that ci(f%j_l, Zj) + J(Ej, Ri) 2> 9~ |k—ilL/E diam ¢ (Rr—1 U Rx) + E holds for m < j <m/.
Moreover, E - (#1) > 2K, - (#I1+1) 4+ 0.5E because #I > 1 and E > 8K,. Hence, we obtain

d(zm 1, Zm +1) (1 - 672L/E)(d(zm 1, Hm 1) + d("ﬁm’v Zm/ +1))
m’ N+1 ‘
+(1—e2EEY NN " 2o FHILE diam ¢ (fp—y U Rg) + (1 — e *2/F) - 0.5E.
j=m k=1
If we rearrange the double summation with respect to k, the right-hand side is at least

’

(1= e M) (A1, o) + A1, o) +0.5E) +2(1 — e 2H/) 3™ diam (71 U Ry)

j=m

+2(1- 6_2L/E)< Z e~ m=RL/E diam ; 5 (Rp—1 URyg)

1<k<m
+ Z e~ (k=m)L/E Qiam 5 (Rp—1 U Kk)>
m/'<k<N+1
Next, we will obtain an upper bound of d(Z,_1, Zm/+1)
d(Zm1, Znr 1) <A1, 1) + Y diam(fj_1 UR;) + d(Zo g1, o)
j=m
< (1= e ) (d(Zm-1, Fm-1) + d(Zmrg1, o)) + Y diam(fj 1 U fy)
j=m

+26_2L/E E+e_2L/E( (/fm 2, Zm— 1)+d(zm 1 fim—1) — E)
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We know that 6e~%/F <1 because L > 8E. Having this in mind, we now make use of the fact
that m — 1 and m/ + 1 are not contained in I: d(Zy—1, Zm/+1) is bounded from above by

/

(1— 72L/E)(d(zm 1, Fm—1) + Ci(gm/_i_l’ Fm)+0.5E) 4+ Z diamX(fij_1 U :‘Nij)

j=m

N+1
+€—2L/E (2 Z(e—|k—m+1|L/E +6_‘k_m/_1|L/E) diam < (K/k 1 U/@k))
k=1

<(1—e 25BN d(Zp 1, Fm1) + d(Zo i1, R ) + 0.5E)

m
—I—Z 1+4e™ 2L/E ) diam ¢ (71 U&;) + Z 4 LE o= (m=R)L/E giam < (Rp—1 U Ryg)

j=m 1<k<m
+ Z 467L/E . ef(kim/)L/E diamX(/%k_l U Rk),
m/'<k<N+1
which is a contradiction. Hence, I = () and inequality (43) is established. O

9. Limit laws for mapping class groups

We continue to employ the notion of Schottky sets defined in Definition 3.15. Once a Schottky
set S and its element s is understood, the translates of *(s) are now called Schottky azes on
X, whereas the translates of T (s) are called Schottky azes on X.

DEFINITION 9.1. Given a constant Kg > 0, we define:

- K1 =K'(K)) as in Lemma 8.1;
— Do = D(Kp, Ko) as in Lemma 3.8;
— Ey=E(Ky, Dy), Ly = L(Kp, Dy) as in Proposition 3.12;
~ By =K'(Ky, Ey), L1 = L'(Ky, Ey) as in Proposition 8.2.
Let 0 < e < 1. If a Ky-Schottky set S C GMo consists of sequences of length
My >max (Lo, L1, 2K1E1, (— log(€?/4)) - E1),
then we call S an e-constricting Ky-Schottky set.

Thanks to Proposition 3.19, for every non-elementary probability measure p on G and N, € >
0, there exists an e-long enough Schottky set for u with cardinality N. We are ready to state
the following proposition.

ProroSITION 9.2. Let i be a non-elementary probability measure on the mapping class group
G and ((Zn)n, (Zn)n) be the (bi-directional) random walk generated by p, with step sequences
((gn)n, (gn)n). Then there exists K’ >0 such that

P(d(id, [Zpm, Zn)) < K'Dy, for all n,m =0 i1, gry1) < K'e MK
holds for all k, where

k k [e’e) 0
D= gl + > gl + > e gil +> 7% |gi| + 1. (44)
=1 =1 =1 =1

Proof. Let S and S be long enough, large, and (2/e)-constricting Ky-Schottky sets for p and i,
respectively, for some Ky > 0. Proposition 4.2 determines a constant K >0 (not depending on
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k but only on ), a probability space (2, P) for ;1 and a partition of  into pivotal equivalence
classes that is independent of the backward steps (gn)n>0 and such that

P(#P(w) N {L,...,n} 2n/K |gey1) 21— Ke 5 (n>k),

and also another partition into (backward) pivotal equivalence classes that is independent of the
forward steps (gn)n>0 and such that

P(#P@)N{1,...,n} 2 n/K | ges1) =1 — Ke 5 (n>k).

We enumerate P(w) by {j(1) <4(2) <---} and P(@) by {j(1) <j(2) <---}. Let us now define
the event By in Q; (0, w) € By, if:

(i) #P(w)N{1,...,n} >n/K for all n > k/3;
(ii) #P(w)N{l,...,n}>n/K for all n > k/3;
(iii) for each n >k and m > k, the following are Dy-semi-aligned:

(0, Y )W), Yj2)(w), - - -, Yj(lans3K ) (W), Zno),

(0, Y500y (@), Y59) (@) - -+ Y5 9my3K )y (@) Zm0);

(i)(w)) is Do-aligned for some i < k/3K.

In the proof of Lemma 4.10 we proved that P(By) decays exponentially in k. It remains to prove
that d(id, [Zm, Zn]) < K'Dy, for any n, m > 0 and (@, w) € By, where we set K’ > 8+ 1.5K + Fj.
From now on, we fix k. When n < k, we automatically have

k
d(id, [Zm, Zn]) < d(id, Z,) <> |gil < K'Dy.
=0

Similarly, the desired inequality holds when m < k. Now assume n, m > k. The sequence

(Zim0s Y(12myar)) (@)s -+ > Y yare)) (@) Ytz ) @)y -+ 5 Y 2n/3k ) (W), Zin0)

is Dg-semi-aligned, and hence FEjy-aligned by Proposition 3.10. Here, recall that the involved
Schottky set is (2/e)-long enough and that —log(4/e*-1/4)=2. Hence, My/E;>2. By
Proposition 8.2, there exists p € [Z,,, Z,] whose distance to Y ; j(lk/3K ) (w) is at most

|2n/3K |

Z e—l—Lk/SKJ diam(Yj(l—l)(w) U Yj(l) (w))
I=|k/3K]+1

[2m /3K |
+ Z e_l_tk/?)KJ d1am(Y~' j— 1)( ) Uvavj(l) ((D))
I=|k/3K |+1
e~ (120/3K) = [K/3K)) giam (Y i(l2n/3K ) (W) U Zn)

+ e (12m/3EI= 163K diam (Y| gm s ) (@) U Zin)

e~ diam (Y k3 )) (@) U Y 543 )) (@) + B
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Here, note that
5 3 Jj(k)
diam (Y j(p—1)(w) UY ;) (w)) < Z |93,

i=j(k—1)—Mo+1
n

diam(Yj(Lgn/ng)(w) U Zn) < Z ‘gz|
i=j(|2n/3K])—Mo+1

Note also that [ — |k/3K| > 31 for I > |2k/3K |. Using these, we deduce

i(12n/3K]) 3([2m/3K]) )
J(ﬁv ?](I_k/?)KJ) (w)) < Z 26_% min{l>0:5(1)>i} ‘gz| + Z 26_% min{l>0:5(1) >4} ’gz|
i=5(|2k/3K])+1 i=7(|2k/3K|)+1
T Z 2e=3120/3K] || 4 Z 2¢~312m/3K] |5
i=j((2n/3K )+1 i=j(|2m/3K |)+1
i(12k/3K]) 7([2k/3K])
+ D 2al+ D g+ B
i=1 i=1
Since we have j([i/K]) <i for each i > k/3, this is bounded by
[2n/3] n
22 |gil +2Z Gil +2 > e PK|g| 4 2em ML N g
i=k+1 i=[2n/3]+1
[2m/3] m
+2 ) e g 2o BEL N g 4+ By
i=k+1 i=m/3]+1

Moreover, since diam(id U Yj(\_k/ng)) is bounded by Z]( Lk/3K]) lgi| < 25;1 |gi|, we conclude

k [e'e)
did, p) <4 (gl +1310) +2 D" e 5 (|gil + |gls) + En. O
=1 =1

PROPOSITION 9.3. Let p>0 and let ((Zy)n, (Zn)n) be the (bi-directional) random walk gener-
ated by a non-elementary probability measure p on G with finite pth moment. Then there exists
K >0 such that

E, | supd(id, [Zm, Z,))?| < K.

n,m

In particular, for almost every sample path (@,w), every geodesic in {[Zm, Zn):m,n >0}
intersects the same bounded metric ball centered at id.

Proof. Let K' >0 be as in Proposition 9.2. Let Dy be as defined by Equation (44) and let
Ay, = {(0,w) : d(id, [Zn, Zm]) < Dy, for all n,m > 0}.
Then, we have

min{m:(o,w)EA,,}

— sup d(id, [Zpn, Zn]) < (gl + 16D + D e gl +> " e "X g + 1. (45)
’ k= k=1 k=1

—_
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Noting that |z + y|P < (2max(|z|, |y|))P < [2z[P + [2y[P for =,y > 0, it suffices to bound E[Iﬂ for

min{m:(0,w)EA,, } min{m:(@0,w)EA,, }
I = > gkl I2:= > |9l
k=1 k=1
[e.e] o0
Ig:=> e " g, L= e K gel.
k=1 k=1

Observe the following: when |g|e */2K" is bounded by M for all k, we have

[e.o] o0
L=Y Mgl <MY e <M,
k=1 k=1

for C'= (1 — e~ Y/2K")=1 This means

E[15] < C7E | (max /2| g, |)?| < CPE| D (e7/2K g7
k

=CPE,|g|" - Z e FPI2K < 4o

For I, recall the inequality [tP — sP| <2P(|t — s|P + sP7"»|t — s|™) for each t,s>0 and p >0,
where n, =p for 0 <p <1 and n, =1 otherwise. From this, we have

o0 k pP—nyp
E[I] <2PZE[<\Q,€H|P+ (Z |9i|) ’9k+1‘np)1A;]
k=0 i=1

Since P(A$|gry1) < K'e K" by Proposition 9.2, E(|gr+1/P1ac) < (E,lgl?) - K'e kK" g
summable. Moreover,

k p—ny k P
() sG]
=1 =1

< KB, [gIn)? 4+ K g

holds for ¢ = e~*/2PK" which is summable for k. Hence, E[I?] is finite. The remaining terms E[I}]

and E[I}] can be handled in a similar way.

We obtain an analogous estimate for random walks with finite exponential moment. Because
it follows from the proof of Corollary 4.16 given inequality (45), we omit the proof.

PROPOSITION 9.4. Let ((Zn)n>0, (Zn)n>0) be the (bi-directional) random walk generated by a
non-elementary probability measure p on G with finite exponential moment. Then there exists
K >0 such that

1 . .
E, [exp(K sup d(id, [Zn, Zn])>] < K.

Using Proposition 9.3, we obtain the uniform second-moment deviation inequality for non-
elementary probability measures on the mapping class group. Now employing Theorems 4.1 and
4.2 of [MS20] and the proof of Theorem 4.20, we establish Theorem 1.2.

To prove Theorem 1.3, for each k>0 and (0, w) €Q x Q we define the infinite geodesic
['(@, w) to be a subsequential limit of {[Z, %, Zn_x]:n=1,2,...} (which exists by the Arzeld-
Ascoli theorem and the second result in Proposition 9.3). Note that d(Z, T'o(@, w)) are identically
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distributed with d(id, T’y (w0, w)), which are all dominated by d(id, supmm[Zvn, Zm])- Tt follows that
P(d(Zk, To(@,w)) = g(k)),

is summable for some o(k'/?)-function g(k) (K logk for some K >0, respectively) when the
underlying measure has finite pth moment (finite exponential moment, respectively). By the
Borel-Cantelli lemma, we deduce

1 1
lim ——d(Zp, To) =0 (hm sup ;

d(Z,, I'y) < K, respectively).
n nl/p n  logmn

We conclude this paper by establishing Theorem 1.1. Recall that Proposition 4.2 guaranteed
the alignment of Schottky axes along [0, Z,0] on X, which led to the reverse triangle inequal-

ity for distances on X (Lemma 3.18). We now record the corresponding result for distances
on X.

LEMMA 9.5. Let 0<e<1 and let S be a long enough, e-constricting Ky-Schottky set. Let
Z,j€ X and let R, . .., RN be Schottky axes on X. If (x, K1,y .., kN, Y) is Do-semi-aligned, then
we have

n

d(z,7) > (1—e)<d1amX(x R1 —I—Zdlamx(/@l 1, Ri) + diam g (Rp, 7 ) 4Zd1amX Ri).
1=2 i=1

Proof. Let My be such that S C GMo. Note that 4e~Mo/2E0 L ¢ < 1, which implies

1
—15—-0.5|Mo/Eo < _ <
D 41— (c/a)2

M

JEL

Now let & be an arbitrary Schottky axis on X. Because My > 2K1 FE; for Eq as in Definition 9.1
and & is a Kj-quasigeodesics by Lemma 8.1, we have diam ¢ (&) > E;.

Since (z,k1,...,6N,y) are Dyp-semi-aligned, they are Ejy-aligned by Proposition 3.12.
Consequently, (Z,R1,...,kN,7) is K1Ep-aligned by Lemma 8.1. Since the domains of k; are
longer than My > L, we can obtain the points p; on [Z, g] as described in Proposition 8.2.

We now have

J(i‘,g dez 15 pz (pmy)
=2

> (diam g (%, 1) — diam g (#1) — d(F1, p1)) + (diam g (4, &n) — diam g (%) — d(Fn, Pn))
+ Z(diamX(&i_l U El) - diamX(f%i_l) - diamX(F;i) — J(Ri_l, ﬁi—l) — CZ(I%Z, ﬁz))
=2

Here, Proposition 8.2 tells us that

n n
ZJ(F@-,@ < (dlamX(:ﬂ k1 —G—Zdlamx(/{Z 1UR;) + diam ¢ (R, ¥ ) Ze i=05IMo/ By 4 By
i=1 i=2 jEZ
€ n n
5 (dlamx(x K1)+ Z diam ¢ (R;—1 U R;) + diam ¢ (R, )) + Z diam ¢ (&;).
=2 i=1
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Using this, we conclude

n

d(z,g) > (1—6)(dlamX(1‘ R1 —I—Zdlamx(/@ 1 UR;) +diam ¢ (Rp, § ) 4Zd1amX Ri).
=2 i=1
O

COROLLARY 9.6 [Gou22, Lemma 4.14]. Let v be a non-elementary probability measure on G
and let (Z,), be the random walk generated by v. Then, for each € > 0, there exists C' > 0 such
that

P(|lgZn| = (1 —¢€)lg| —C foralln>0)>1—¢/2 (Ygeq).

Proof. Let S be a large, long enough and e-constricting Ko-Schottky set for 1 in GMo, for some
suitable Ko, My > 0. (This determines the constants K1, Dy, ... as in Definition 9.1.)
As in the proof of Corollary 4.11, there exists IV > 0 independent of g such that

P there exists ¢ < IV such that Y; is a Schottky axis and >1—e/d
(970, Yi(w), Z,0) is Dg-semi-aligned for each n > N €=

Also, when (9*10 Y, Z,0) is Dy-semi-aligned, Lemma 9.5 implies that
g, Z,) > (1 - €)(diamg (g~ UY;) + dlamX(Y UZy)) — 4diam)~((§~('i)
>(1—ed(g™", Zi—m,) — 4+ (K1 Mo + K1)

’LMO

>(1-e)lgl—(1—e) Zm\—c” e)lgl - Zw—c”

where C” = 4(K1 My + K7). This bound also holds for n < N

N
g™, Zn) =197 = | Zal = 191 = D lgjl.
j=1

Given these, the proof ends by taking large enough C” > 0 such that

N
P(Z\gj]>Cl—C/’><e/4. O
j=1

Proof of Theorem 1.1. As in the proof of Theorem 6.4, we first take € > 0 such that
(1—e)*A\(p)>L+e

Let S be a large, long enough and e-constricting Schottky set for p with cardinality greater than
10/¢, and let

=4 max diam ¢ I'*
c” max diam g (s).

By Proposition 6.2, there exists a non-elementary probability measure v, and for each sufficiently
large N, a partition &, y ¢ into (n, N, €, v)-pivotal equivalence classes for each n such that

2MoN
decays exponentially in n. Let C' > 0 be a constant for v provided by Corollary 9.6: we have
Ppem(h:|ghlZ (1 =€)lg| = C) 21 —¢/2
for each g € G and each m > 0. We now fix an N such that N >C + C”/My\(u)e.
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Let £ be an equivalence class such that %#P(”’N’E) (&)= (1—¢€)(n/2MyN). For each we &
(0, Y1)+ Yjsp/2), Zn0) is Do-semi-aligned. Lemma 9.5 tells us that

#P/2 #P/2
1 Zn| = Z ((1- 6)al(Zj(i)’ Zj/(i)—Mo) - C”) = Z (Iri| = C”) (7 = G5()+1 'gj/(z')—Mo)'
i=1 i=1

Since r; are i.i.d. with
El|r;| — M] = (1 — €)E 2mon [(1 — €)|g] — C] = C" = (1 — €)* - 2MyN A(n),
we can find K’ > 0 not depending on n such that
P(|Zn) < (1 —e)*An|E) < K'e ™K (vn>0).

Summing up this conditional probability, we obtain the desired exponential bound. O
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