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Abstract We investigate Carlson—Griffiths’ equidistribution theory of meormorphic mappings from a
complete Kahler manifold into a complex projective algebraic manifold. By using a technique of Brownian
motions developed by Atsuji, we obtain a second main theorem in Nevanlinna theory provided that the
source manifold is of nonpositive sectional curvature. In particular, a defect relation follows if some
growth condition is imposed.
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1. Introduction

Early in the 1970s, Carlson and Griffiths [7, 13] made significant progress in the study of
Nevanlinna theory, which devised the equi-distribution theory for holomorphic mappings
from C™ into complex projective algebraic manifolds intersecting divisors. Later, Griffiths
and King [14, 13] further extended this theory from C™ to algebraic manifolds. More
generalisations were done by Sakai [24] in terms of Kodaira dimension, and the singular
divisor was considered by Shiffman [25]. To begin with, let us review Carlson—Griffiths’
work briefly.

Let V be a complex projective algebraic manifold. Given two holomorphic line bundles
Lq1,Ls over V, we set

~

|:C12L2 :| = inf {t eR: wo < twy; le c Cl(Ll), 3(4)2 c Cl(LQ)},
1 1

1(L2) ] . = 3

i 7sup{t€R. we > twy; “wi € ¢1(L1), wgecl(Lg)}.
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Let f:C™ — V be a holomorphic mapping. The defect §¢(D) of f with respect to D is
defined by

. Nf (’/‘ D)
0¢(D)=1-limsup ————,
s(D) rome Ty(r,L)
where Ny(r,D),T¢(r,L) are respectively the counting function and the characteristic
function of f (see definition in Remark 3.3). Carlson—Griffiths proved the following:

Theorem A. Let f:C™ — V be a differentiably nondegenerate holomorphic mapping
with dime¢V =m. Let D € |L| be a divisor of simple normal crossing type, where L is a
positive line bundle over V. Then

<[]

The purpose of this article is to generalize Theorem A to complete Kahler manifolds.
The method is to combine the logarithmic derivative lemma (LDL) with a stochastic
technique developed by Carne and Atsuji. So, the first task here is to establish the LDL
for meromorphic functions on complete Kéhler manifolds (see Theorem 1.1), which may
be of its own interest. Recall that the first probabilistic proof of Nevanlinna’s second
main theorem of meromorphic functions on C is due to Carne [8], who reformulated
Nevanlinna’s functions in terms of Brownian motions. Later, Atsuji wrote a series of
papers to study the second main theorem of meromorphic functions on complete Kéahler
manifolds; see [1, 2, 3, 4]. Recently, Dong-He—Ru [11] re-visited this technique and gave
a probabilistic proof of H. Cartan’s theory of holomorphic curves.

Let M be a complete Kéhler manifold. In what follows, we state the main results of
the article, and some notations will be provided later. For technical reasons, we assume
that M is connected and noncompact in this article.

We first establish the following LDL.

Theorem 1.1. Let v be a nonconstant meromorphic function on M. Then for any § >0,
there exist a function C(o,r,0) > 0 (independent of 1) and a set Es C (1,00) of finite
Lebesgue measure such that

IV (1+4)?
m<7n’ W> < (1 + T) log T'(r,%) +log C(o,r,0)

holds for r > 1 outside Es, where o is a fived reference point in M.

The estimate of term C(o,7,d) will be provided when M is nonpositively curved (see
(19)). Let Ricys and Zas be the Ricci curvature tensor and Ricci curvature form of M,
respectively. Set

! min Ry (z), (1)

=
#) = S e i -1 e
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where Rjs(x) is the pointwise lower bound of the Ricci curvature defined by

.. Ricu(&8)
Ru(@)= Bof —ee

Based on the LDL, we obtain a second main theorem as follows:

Theorem 1.2. Let f: M — V be a differentiably nondegenerate meromorphic mapping
with dime M > dim¢ V. Let D € |L| be a divisor of simple normal crossing type, where L is
a holomorphic line bundle over V. Then for any é > 0, there exist a function C(o,r,6) >0
(independent of 1) and a set Es C (1,00) of finite Lebesgue measure such that

Ty(r,L)+Ty(r,Kv) +T(r,%m)
< Ny(r,D)+O(logTy(r,w) +logC(o,r,6))
holds for r > 1 outside Es.

If M is nonpositively curved, then we prove the following:

Theorem 1.3. Let f: M — V be a differentiably nondegenerate meromorphic mapping
with dime¢ M > dim¢ V. Let D € |L| be a divisor of simple normal crossing type, where L
s a holomorphic line bundle over V. Fiz a Hermitian metric w on V. Then for any § > 0,

Tf (T,L) +Tf(7",Kv)
< N¢(r,D)+O(logTy(r,w) — k(r)r* + Slogr)

holds for r > 1 outside a set Es C (1,00) of finite Lebesgue measure.

Let © (D) be the simple defect of f with respect to D defined by

. Nf(’l“,D)
O¢(D)=1-limsup ——,
#(D) mSUp T

where N ;(r,D) is the simple counting function of f with respect to D.

Corollary 1.4 (Defect relation). Assume the same conditions as in Theorem 1.3. If f
satisfies the growth condition

2
liminf i) =
r—oo Tf(r7w)

then

w - w

@f(D){Cl(L)} <W.

In particular, if M = C™ with standard Euclidean metric, then (r) = 0. Hence,
Corollary 1.4 implies Theorem A. More generally, we further consider the second main
theorem for singular divisors.
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Theorem 1.5. Let f: M — V be a differentiably nondegenerate meromorphic mapping
with dim¢ M > dimc¢ V. Let D be a hypersurface of V. Then for any é >0,

Tf(r7LD) +Tf<T7KV) _Nf(er)
< my(r,Sing(D)) + O (log Ty (r,w) — k(r)r® +dlogr)

holds for r > 1 outside a set Es C (1,00) of finite Lebesgue measure.

2. Preliminaries

We introduce some basics concerning the Poincaré—Lelong formula, Brownian motion and
Ricci curvature. We refer the reader to [5, 6, 9, 14, 16, 17, 18, 22].

2.1. Poincaré—Lelong formula

Let M be an m-dimensional complex manifold. A divisor D on M is said to be of normal
crossings if D is locally defined by an equation zj---zx = 0 for a local holomorphic
coordinate system z1, - - -, z,,. Additionally, if every irreducible component of D is smooth,
one says that D is of simple normal crossings. A holomorphic line bundle L — M is said
to be Hermitian if L is equipped with a Hermitian metric h = ({hq},{Us}), where

he : Uy — R

are positive smooth functions such that hg = |gag|*ha on U, NUs, and {gag} is a
transition function system of L. Let {e,} be a local holomorphic frame of L; then we
have ||eq||? = hq. A Hermitian metric h of L defines a global, closed and smooth (1,1)-
form —ddlogh on M, where
d—0+0, ¢=Y"L0-0) dir=Y"Lop

47 27
We call —dd¢logh the Chern form denoted by ¢1(L,h) associated with metric h, which
determines a Chern class ¢ (L) € H3g (M,R); ¢1(L,h) is also called the curvature form of
L. If ¢;(L) > 0, namely, there exists a Hermitian metric h such that —dd®logh > 0, then
we say that L is positive, written as L > 0.

Let T'M denote the holomorphic tangent bundle of M. The canonical line bundle of M
is defined by

KM:;L\T*M

with transition functions g,z = det(azf /0z%) on Uy NUg. Given a Hermitian metric & on
Ky, it well defines a global, positive and smooth (m,m)-form

1y V=1 ~
Qzﬁji\l o de/\de

on M, which is therefore a volume form of M. The Ricci form of € is defined by
Ric§) = dd¢logh. Clearly, c1(Kp,h) = —RicQ2. Conversely, if we let Q be a volume form
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on M which is compact, there exists a unique Hermitian metric h on Kj,; such that
ddlogh = Ricf).

Let H°(M,L) denote the vector space of holomorphic global sections of L over M. For
any s € H°(M,L), the divisor D is well defined by D, NU, = (s)|y,. Denote by |L|
the complete linear system of all effective divisors D, with s € H°(M,L). Let D be a
divisor on M; then D defines a holomorphic line bundle Lp over M in such manner:
let ({ga},{Ua}) be the local defining function system of D; then the transition system
is given by {gag = 9ga/9s}. Note that {g.} defines a global meromorphic section on M
written as sp of Lp over M, called the canonical section associated with D.

Lemma 2.1 (Poincaré-Lelong formula, [7]). Let L — M be a holomorphic line bundle
equipped with a Hermitian metric h, and let s be a holomorphic section of L over M with
zero divisor Dg. Then log||s||y, is locally integrable on M and defines a current satisfying

dd*[log s3] = Ds —c1(L,h).

2.2. Brownian motions

Let (M,g) be a Riemannian manifold with the Laplace-Beltrami operator A, associated
with metric g. A Brownian motion X; in M is a heat diffusion process generated by Ajs/2
with transition density function p(t,z,y) being the minimal positive fundamental solution
of the heat equation

0 1
&u(t,x) - iAMu(t,x) =0.

In particular, when M =R™,

T
p(ta,y) = Ok lz—yl?/2t

Let X; be the Brownian motion in M with generator A,;/2. We denote by P, the law of
X; starting from = € M and denote by E, the expectation with respect to P,.

A. Co-area formula

Let D be a bounded domain with the smooth boundary D in M. Denote by dr9” (y)
the harmonic measure on 9D with respect to = and by gp(z,y) the Green function of
Ay /2 for D with Dirichlet boundary condition and a pole at z; that is,

1
—§AMgD(x,y)=5m(y), yeD; gp(x,y)=0, yedD.

For each ¢ € 6, (D) (space of bounded and continuous functions on D), the co-area formula
[5] says that

E. [ I ¢<Xt>dt} ~ [ antanotav )
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where dV is the Riemannian volume element on M. From Proposition 2.8 in [5], we have
the relation of harmonic measures and hitting times as follows:

E: [(Xr,)] = | 4(y)dnl® (y) 3)
oD
for 1) € €(D). The co-area formulas (3) and (2) still work when ¢,¢ are of a pluripolar
set of singularities.

B. It6 formula
The following identity is called the Ité formula (see [1, 17, 18]):

1 t
wtx)—ate) =B ( [ IVl x0as) + [ Susatxo, Bo-as
0

for u € €2(M) (space of bounded %?-class functions on M), where B, is the standard
Brownian motion in R and V), is the gradient operator on M. It follows the Dynkin
formula

Eo[u(X1)] —u(z) = %Ex [ /0 AMu(Xt)dt]

for a stopping time T such that each term makes sense. The Dynkin formula still works
if u is of a pluripolar set of singularities.

2.3. Ricci curvatures

Let (M,g) be a Kéhler manifold of complex dimension m. Write the Ricci curvature of
M in the form Ricy; = E” R;;dz; @ dzj, where

2
02;0%;
A well-known theorem by S. S. Chern asserts that the Ricci form of M

Rijj =~ log det(gs7)- (4)

=1 &
Xy = —ddClogdet(g,7) = o Z R;5dz;i Ndz;

ij=1

is a real and closed (1,1)-form which represents a cohomology class of the de Rham
cohomology group H]%R(M ,R). Let sps be the scalar curvature of M defined by

m
— E 2 -
SM = g]Rz]7
i,j=1

where (™) is the inverse of (9;3)- Since M is Kéhlerian, then by

Am =2 Z g 821(9,2]

7,7=1
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acting on a function, which yields from (4) that
1
Sy = —iAMlogdet(gsg).

Lemma 2.2. Let Ry, be the pointwise lower bound of Ricci curvature of M. Then

Proof. Fix a point x € M; we take local holomorphic coordinates z1, - --,z,, near x such
that g;;(z) = 6. Then we obtain
sy (x) = ZRﬁ(x) = ZRICM(?,?)I > mRy(x),
=1 =1 “ 9%
which proves the lemma. O

3. First main theorem

We first extend the notion of Nevanlinna’s functions to the general Kéhler manifolds
and then give the first main theorem of meromorphic mappings on Kéhler manifolds.
Let (M,g) be a Kahler manifold of complex dimension m, the associated Kéhler form is
defined by

VT & )
o= — mzﬂgijdzl NdZ;.
Fix 0o € M as a reference point. Denote by B, (r) the geodesic ball centred at o with radius
r and by S, (r) the geodesic sphere centred at o with radius . By Sard’s theorem, S,(r) is
a submanifold of M for almost all » > 0. Also, one denotes by g, (0,x) the Green function
of Aps/2 for B,(r) with Dirichlet boundary condition and a pole at o and by dn’(x) the
harmonic measure on S,(r) with respect to o.

3.1. Nevanlinna’s functions
Let

f:M—N

be a meromorphic mapping to a compact complex manifold N, which means that f is
defined by such a holomorphic mapping fy: M \ I — N, where I is some analytic subset
of M with dim¢ I <m—2, called the indeterminacy set of f such that the closure G(fy)
of the graph of fy is an analytic subset of M x N and the natural projection G(fy) - M
is proper. Let n be a (1,1)-form on M, we use the following convenient notation:

/\ m—1
—omI Y

en(2) am

Given a smooth (1,1)-form w on N, since I is an indeterminacy set of f, one could confirm
the local integrability of g,(o,z)es-.(z) on M with respect to measure o™ by using the
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arguments in Noguchi-Ochiai [[20], Subsection 5.2]. We define the characteristic function
of f with respect to w by

Ty(rw) = ;/B{,(r) gr(0,z)efxy,(x)dV (z)

ﬂ.m

=71\ gr(O,T f*W/\am_la
(m—1)! /Bo(r) (0.2)

where dV =7"a™ /m! is the Riemannian volume element on M. Let (L,h) be a Hermitian
line bundle over N. By the compactness of N, we well define

Ty(r,L) =Ty (T, e (L, h))

up to a bounded term. We further remark that the indeterminacy set I does not affect the
local integrability of integrands in those quantities treated and hence the definitions of
the following introduced proximity function my(r,D) and counting function Nj(r,D)
(including Nevanlinna’s functions in Section 5) make sense. We refer the reader to
Noguchi-Ochiai [[20], Subsection 5.2].

In what follows, we define the prozimity function and counting function.

Lemma 3.1. A log(ho f) is well defined on M\ I satisfying
frei(Lh) Aam—1
m .

a m

Anlog(ho f) = —4

Hence, we have
1
ef*cl(Lvh) = —iAI\/[].Og(hOf)

Proof. Let ({U,},{eq}) be alocal trivialisation covering of (L,h) with transition function
system {ga5} of local holomorphic frames {e,}. On U, NUsg,

€8 = GaBCa; he = h|UQ = H%Hz, hﬁ = h|Uﬁ = ”eﬁHQ'
We get
Aprlog(hgo f) = Anrlog(ha o f) + Aprlog|gas o f|?

on f~1(U,NUg)\I. Notice that g, is holomorphic and nowhere vanishing on U, NUg; we
see that log |gaso f|? is harmonic on f~1(U,NUg)\I. So, Aplog(hgo f) = Aplog(hao f)
on f~HU,NUg)\I. Thus, Aprlog(ho f) is well defined on M\ I. Fix x € M; then we
choose a normal holomorphic coordinate system z near z in the sense that g;;(z) = 5;-
and all of the first-order derivatives of 95 vanish at z. Then at x, we have

|/\F

Ay =2 d dz
M = Z aZJaZJ ’ Zj A Zj (5)

as well as

—1)! 2 ™
f*c1(L,h)/\am_1:—(m 1)'tr<6 log thof )/\ dzJAdzj,
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where ‘tr’ means the trace of a square matrix. Indeed, by (5),

olog(ho f)
32’1‘62]'

at x. This proves the lemma. O

Apslog(ho f) = 2tr(

Take 0 # s € H°(N,L). Locally, we can write s = Se, where e is a local holomorphic
frame of L. Then

Aplog||so f||* = Anlog(ho f) + Aprlog|so fI2.
Using similar arguments as in the proof of Lemma 3.1, we get

dd®log|3o fI? Aam~1
m .
am

Aprloglio fI? =4

Lemma 3.2. Let s € H°(N,L) with zero divisor D. If (L,h) >0, then

(i) log||so f||? is locally the difference of two plurisubharmonic functions, and hence
toglls© fI1? € Zioe(M).

(ii)dd°[log||so f||?] = f*D — f*c1(L,h) in the sense of currents.

Proof. Locally, we can write s = Se, where e is a local holomorphic frame of L with
h = |le]|?>. Then
log |so f||* = log|30 f|* +log(ho f).

Since ¢1(L,h) > 0, one obtains —dd®log(ho f) > 0. Indeed, § is holomorphic; hence,
dd¢log|3o f|? > 0. This follows (7). The Poincaré-Lelong formula implies that dd‘[log|3o
fI?] = f*D in the sense of currents; hence, (ii) holds. O

Let D € |L|, where (L,h) is a Hermitian positive line bundle over N. We define the
proximity function of f with respect to D by

1
m (nD):/ log ——————dn"(z).
! sur) lspof@)]
Write
log|lspo f|| 72 =log(ho f)~* —log|3po f|?

as the difference of two pluri-subharmonic functions. It defines a Riesz charge du = dp; —
dpsg, where duo is a Riesz measure for f*D. The counting function of f with respect to
D is defined by

1 m

m _
N¢(r,D) = 1/B o gr(0,x)dps(x) = (ml)!/f*DmB " gr(0,z)a™

Similarly, we can define N ¢(r,D) := N(r,Suppf*D).

3.2. Probabilistic expressions of Nevanlinna’s functions

Let us formulate Nevanlinna’s functions in terms of Brownian motion X;. Since [ is a
thin analytic subset contained in some pluripolar subset of M, X, hits I in probability 0,
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I will not affect the expectation of those quantities involving f treated with respect to
probability measure dP,. We define the stopping time

T = inf{t >0: Xy €Bo(r)}'

Set w := —dd°logh. By the co-area formula, we have

1 Tr
Tf(’r,L) = i]EO |:/ Ef*w(Xt)dt:| .
0
By the relation between harmonic measures and hitting times, it gives that

1
my(r,D) =E, {log ||st(X)|J '

For the counting function Nf(r,D), we use an alternative probabilistic expression (see
[1, 4, 8, 12]) as follows:

1
N¢(r,D)= lim AP, | sup log—————=>\]. 6
s(r.D) = lim, QgéngmoﬂXm ) ©)

Remark 3.3. The definitions of Nevanlinna’s functions in the above are natural
extensions of the classical ones. To see that, we recall the C™-case:

"odt N m—
Tf(’l“,L) = / 12m—1 / f cl(Lvh) Na 17
0 B,(t)

1
P (e —
d sy Cllspof]
Tt o
Nf(T’D):/ t2m—1/ a 1’
0 f*DNB,(t)

where o is taken as the coordinate origin of C™, and

c c c m—1
o= dl|s|%, = dlog = A (ddlog |=2) ™"

Notice the following facts:

M m> 2:
'7:d7T7ON(Z), gr(07z): 1(m*1)w2m—1 ’ = ,
;logﬁ, m=1.

where way, 1 is the volume of unit sphere in R?*™. By integration by part, it is not difficult
to see that they are a match.

3.3. First main theorem

Let N be a complex projective algebraic manifold. There is a very ample holomorphic line
bundle L’ over V. Equip L’ with a Hermitian metric A’ such that w’ := —dd“logh’ > 0. For
an arbitrary holomorphic line bundle L — N equipped with a Hermitian metric h, whose
Chern form says w := —ddlogh, we can pick k € N large enough so that w+kw’ > 0. Take
the natural product Hermitian metric ||| on L ® L'®*; then the Chern form is w + kw'.
Choose o € H°(M,L') such that f(M) ¢ Supp(c). Due to w+kw’ > 0 and w’ > 0, we see
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that log||(sp ®c¥)o f||? and log || o f||? are locally the difference of two pluri-subharmonic
functions, where D € |L|. Thus,

log|lsp o f||* =logll(sp ®c*) o f[|* — klog loo f||?

is locally the difference of two pluri-subharmonic functions. Hence, my(r,D) can be
defined.
We have the first main theorem (FMT).

Theorem 3.4 (FMT). Assume that f(o) & D. Then
Ty(r,L) =my(r,D)+ Ny (r,D) + O(1).

Proof. Since I is an indeterminacy set and X; meets I in probability 0, we may ignore
1. Set

1
T\ :inf{t> 0: sup log——m——— >)\}.
selog  |lspo f(X)

Due to the definition of T, X; does not hit Suppf*D when 0 <t < 7. AT). By Dynkin’s
formula, it follows that

1
E, |log ] 7
Ty "
1 AT 1 1
—_F, / Aplog ————dt| +log ————
2 0 [sp o f(X)]l [spo f(o)
where 7. AT\ = min{7,,T»}. Note that Apslog|$po f| =0 outside f*D. We see that
1 1
Apylog————— = —=Ap/logho f(X
VB g () 2t ioshe SR
for t € [0,Ty]. Thus, (7) becomes
1
E, |log }
[ lspo f(Xr Azl
1 TrNT'x
:_ZEO / Aprlogho f(X3)dt| +0(1).
0

The monotone convergence theorem leads to

1
“E,
4

T NT Tr
/ Ap loghof(Xt)dt] — %EO [/ ef*w(Xt)dt} =Ty¢(r,L)
0 0

as A — 0o. We handle the first term in (7) and write it as two parts:

-
lsp o f(X )l

1

I+11=F, |1 .
" {Og I5p0 F(Xn)]

:T,,<T,\} +E, [1og :T,\STT}
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Using the monotone convergence theorem again,

oy
lsp o f(Xx)ll

as A — oo. Finally, we deal with II. By the definition of T, we see that

I-E, {log } =my(r,D)

1
II=M\P sup log————— >\ | = N¢(r,D
’ <te[o,m [sp o F X ) D)
as A — oo. Putting the above together, we show the theorem. O

4. Logarithmic derivative lemma

The LDL is an important tool in derivation of the second main theorem. The goal of this
section is to prove the LDL for Kéahler manifolds (i.e., Theorem 1.1).

4.1. Logarithmic derivative lemma

Let (M,g) be an m-dimensional complete Kéhler manifold and V,; be the gradient
operator on M associated with g. Let X; be the Brownian motion in M with generator
Apr/2.

Lemma 4.1 (Calculus lemma, [1]). Let k>0 be a locally integrable function on M such
that it is locally bounded at o € M. Then for any § > 0, there exist a function C(o,r,6) >0
(independent of k) and a set Es C [0,00) of finite Lebesgue measure such that

(1+4)?

E, [k(X,)] < C(or.0) (E [ I k(Xodt} ) (3)
holds for r> 1 outside Ej.

Let ¢ be a meromorphic function on M. The norm of the gradient of ¢ is defined by

2_9 § w2 Zr
||VM¢|| 7:j:lg aZi 6Zj7

where (gﬁ) is the inverse of (gﬁ). Locally, we write 1 = 11 /1, where 1,91 are
holomorphic functions so that codimg (19 =11 = 0) > 2 if dime¢ M > 2. Identify ¢ with a
meromorphic mapping into P1(C) by z ~ [tho(x) : 11 (2)]. The characteristic function of
1 with respect to the Fubini-Study form wrg on P1(C) is defined by

1

Ty(rwrs) = Z/B ( )97-(0,3?)A1v110g(|¢o(ﬂ?)|2+|¢1($)\2)dV(l‘)-

Let i : C < P!}(C) be an inclusion defined by z + [1: z]. Via the pullback by i, we
have a (1,1)-form i*wrg = ddlog(1+[¢|?) on C, where ¢ :=w;/wo and [wp : wy] is the
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homogeneous coordinate system of P!(C). The characteristic function of 1) with respect
to i*wpg is defined by

. 1
Ty(raors) = [ orloa)Bslog(L+[v(@))aV (@)
o(r)
Clearly,
Tw(r,wFs) < Tw (T,wFs).
We adopt the spherical distance || -, - || on P1(C); then the proximity function of ¢ with

respect to a € P*(C) = CU{oo} is defined by

m (r,a):/ log ————dn) (x).
v suy Iz > a
Again, set
N T

N, (Taa) = 7/ gr(()?x)amil'
v (m =1 Jy-1()nB,(r)

Using similar arguments as in the proof of Theorem 3.4, we easily show that Tw(r,w Fg) =
1y (1,a) + Ny (r,a) + O(1). We also define Nevanlinna’s characteristic function

T(Tﬂ/f) = m(rﬂ/’) + N(T’dj)’

where

mira) = [ log” [o(@)ldmi o),

So(r)
N - . m-t
(r,%) (m—l)!/wl(oo)mgn(r)g (0,2)ax
We have
. 1
T(r,y) = Ty (rwrs) + O(1), T(T,H> = T(r,¢) +O(1). (9)

On P'(C), we take a singular metric

1 V-1

= d(/\d(
ICI2(1+1og?[¢[) 4m
A direct computation shows that
*H A m—1 2
/ b=1, dmn’ 2 - QHVM”)HQ . (10)
P1(C) a [[2(1+1log” [4)])

Set

Ty (r,®) = %/B . gr(0,2)ey-o(z)dV (z).
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Invoking (10), we obtain

RN N\ PR
)= 5 o IR i "

Lemma 4.2. We have
Ty(r,®@) <T(r,p) +O(1).

Proof. Using Fubini’s theorem,

Ty(r,®) =m gr(o,x)MdV(x)
B,(r) «
= ™ ) r\0, m-l
(m—1)! /Pl«m (O/wwc)mBo(r)g (o)
[ Nuroe
CEP(T)
<[ @ew)+o)e)
¢eP(C)
=T(r,y)+0(1).
The proof is completed. O

Lemma 4.3. Assume that ¢(z) # 0. For any 6 > 0, there are C(o,r,8) > 0 independent
of ¥ and Es C (1,00) of finite Lebesque measure such that

2
E, [mg* M(Lﬂ] < (148)*og T(r) + log C(0,15)

holds for r > 1 outside Es.

Proof. By Jensen’s inequality, it is clear that

£ [log _IVavl? XT}<EO[1 I 22 }
[Og WP+l ) < oz TP A+ log? ) )

{ IVar]?
[9[2(1+1og?¢])
By Lemma 4.1 and the co-area formula, there is C(o,7,0) > 0 such that

IVarl?
| x,)
|[¢[2(1+1og™ [¢])
™ 2
< (146)%log" E, [/ 42“VM¢H2
o [¢P(1+1og”[¥])
< (1402108 T(r,16) +log C(0,7,8) + O(1),
where Lemma 4.2 and (11) are applied. Modify C(o,r,6) such that the term O(1) is
removed; then we get the desired inequality. O

<log™E

(XTT)} +0(1).

log™ E

(Xt)dt] +logC(o,r,0)
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n () = Lo Tl

Now we prove Theorem 1.1.

Define

Proof. On the one hand,

() <2 o s g e

log™ (1+1log” [v(z)|)dnl (z)
O(T)

+
N =
o

Y21+ 1log? [])

+%/S log (1+10g2|¢(x)|)d7rg(m)

[9[2(1+log™ [4])
—&-1/ log (1—&-(logﬂzb(av)\—i—log+ ;)Q)dﬂ'r(l‘)
2 Js,(r) v ()] ¢
IV ap||?
|9[2(1+1log® [])

+ log (1 +log™ |9 (x)| +log™
So(r)

< 3E, {log+ (XT)]

1 ‘s
o) e

Lemma 4.3 implies that

—E, 1 + ”VMwH2
2 ["g [ 2(1 + log® [ 1)

2
< @ log T'(r 1) + %logc(oﬂ"";) +0(1).

(x5,

On the other hand, by Jensen’s inequality and (9),

+ + 1 r
/S s (110" @) +log™ s ) (0)

1
|9 ()]
< log (m(r,y) +m(r,1/¢)) +O0(1)
<logT(r,1)) +O(1).

< log/ (1 +log™ [t (x)] +log™ 7)d7r;(x)
So(r)

Replacing C(o,7,0) by C?(o,r,0) and combining the above, the theorem is proved.
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4.2. Estimate of C(o,r,9)

Let M be a complete Kahler manifold of nonpositive sectional curvature. Indeed, we let
k be defined by (1). Clearly,  is a nonpositive, nonincreasing and continuous function
on [0,00). Treat the ordinary differential equation

G"(t) +s()G(t) =0; G(0)=0, G'(0)=1 (12)

on [0,00). Now compare (12) with y”(t) +«(0)y(t) = 0 under the same initial conditions;
we see that G can be estimated simply as

G(t)=t for k=0; G(t)>t for K £0.
This follows that

G(r)>r forr>0; /1 (;d(i) <logr for r>1. (13)

On the other hand, we rewrite (12) as the form
log’ G(t) -log’ G’ (t) = —k(t).

Since G(t) >t is increasing, the decrease and nonpositivity of x imply that for each fixed
t,G must satisfy one of the following two inequalities:

log' G(t) < \/—k(t) fort>0; log'G'(t) <+\/—k(t) fort>0.
By virtue of G(t) — 0 as t — 0, by integration, G is bounded from above by
G(r) <rexp(ry/—k(r)) forr=>0. (14)

In what follows, one assumes that M is simply connected. The purpose of this section is
to show the following LDL by estimating C(o,r,9).

Theorem 4.4 (LDL). Let v be a nonconstant meromorphic function on M. Then

m <r, Hvi‘gﬁ”) < (1—1-7(1—;6)2)IOgT(T,lﬁ)-l—O(T\/T(T)-F(SIOgT) {,

where K is defined by (1).

‘We need some lemmas.

Lemma 4.5 ([4]). Let n >0 be a number. Then there is a constant C' >0 such that

g,,(o,x)/ G1*2m(t)dtzo/ G772 (t)dt
n r(z)

holds for r >n and x € B,(r)\ Bo(n), where G is defined by (12).

Lemma 4.6 ([10, 16]). Let M be a simply connected, nonpositively curved and complete
Hermitian manifold of complex dimension m. Then
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Llog -~ m=1
. < ™ r(x)’ .
(4) gr(07$) = { (mfl)lwzm,l (r2_2m(x) _702_2m)7 m>2

1

(i) dmy(x) < md‘%(x)a

where g.(o,x) denotes the Green function of An/2 for Bo(r) with Dirichlet boundary
condition and a pole at o, dr’)(x) is the harmonic measure on S,(r) with respect to 0,wWam—1
is the Euclidean volume of a unit sphere in R*™ and do,.(z) is the induced Riemannian
volume element on S,(r).

Lemma 4.7 (Borel lemma, [23]). Let T be a strictly positive nondecreasing function of
€*-class on (0,00). Let v > 0 be a number such that T'(v) > e and ¢ be a strictly positive
nondecreasing function such that

> 1
C¢—/e %dt<00

T'(r) < T(r)¢(T(r))

holds for r > v outside a set of Lebesgue measure not exceeding cy. Particularly, take
&(T) =T?° for a number 6 > 0; then we have T'(r) < T*+9(r) holds for r >0 outside a set
E5 C (0,00) of finite Lebesgue measure.

Then, the inequality

Now we prove the following so-called calculus lemma (see also [4]) which gives an
estimate of C(o,r,9).

Lemma 4.8 (Calculus lemma). Let k >0 be a locally integrable function on M such that
it is locally bounded at o € M. Then for any 6 > 0, there is a constant C' > 0 independent
of k,6 and a set E5 C (1,00) of finite Lebesque measure such that

(1+6)%] (149) T (1+9)?
Bk < — St (] [ kxar
p(1=2m) o (1-2m) (1+8)ry/—k(r) 0
holds for r > 1 outside Es, where  is defined by (1).

Proof. By Lemma 4.5 and Lemma 4.6 with (13), we get
E, [/ k:(Xt)dt} :/ gr(0,2)k(x)dV (z)
0 B, (r)

_/(:dt/s 0Ok (2)

Gl 2m
ft d dO’t
f G- 2m t)

G~ 27" s)ds k(z)do(z
10g7‘/ / So(t) (z)dor()

> O
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and
Eo[k(X,,)] = / k(z)dn" () < # /S Ko@)

So (T) Wam—

where wa,,_;1 denotes the Euclidean volume of a unit sphere in R?>™ and do,. is the induced
volume measure on S,(r). Hence,

E, [/Tk(Xt dt] Go / dt/ G2 ds/ k(z)dory ()
0 logr So(t)

and
Eo[k(X,)] < m /S o). (15)
Put
F(r)z/o dt/t Gl_zm(s)ds/s (t)k:(x)dat(x).
Then
T(r) < kéi%o UO rk(Xt)dt} (16)

A simple computation shows that

F/(’I‘) _ G1*2m(7~) /()TdtL " k(SC)dO't(JC)

B (X0)] € o (s ). )

WQm,17"27” 1 dr

By this with (15),

Using Lemma 4.7 twice, for any § > 0 we have
/ (145)?
d I'(r) < r (r) (18)
dr \ GI-2m(r) G=2m)(140) ()

holds outside a set Es C (1,00) of finite Lebesgue measure. Using (16)—(18) and (14), it
is not hard to conclude that

C(1+8)? log(1+6) ™ (1+6)*
E, k(X )] < k(X;)dt
o k(X)) F(1=2m)5 o(1=2m) (148)r/—k(r) < {/ (Xe) D
with C' =1/Cp > 0 being a constant independent of k. O

Lemma 4.8 implies an estimate
C(1+5)2 log(1+5)2

C(o,r,6
( )< r(1—2m)5 o (1— 2m) (148)ry/—r(r)

Thus, we get

log C(o,7,9) <O( v/ — +5logr) (19)
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We prove Theorem 4.4.

Proof. Combining Theorem 1.1 with (19), we show the theorem. O

5. Second main theorem

5.1. Meromorphic mappings into P*(C)

Let ¢ : M — P"(C) be a meromorphic mapping from Kéhler manifold M into P™(C); that
is, there is an open covering {U, } of M such that ¢ has a local representation [¢§ : - -+ : 1)2]
on each U,, where ¢, ---,9% are holomorphic functions on U, satisfying

codime(¢f =+ =¢o=0)>2

Let [wp : -+ : wy,] denote the homogeneous coordinate of P™(C). Assume that wgo # 0.
Let i : C™ < P"*(C) be an inclusion given by (z1,-+,2n) — [1: 21 : -+ : 2,]. Clearly, wrg
induces a (1,1)-form *wpg = ddlog(|¢o* + 1>+ -+ +(¢n|?) on C", where (j := w;/wy
for 0 < j < n. The characteristic function of ¢ with respect to i*wpg is well defined by

Ty (rwrs) = E/B ( )gr(o,m)AMlog (Z\CJ— oﬁz(x)\z)dV(x).
ol\T j:U

Clearly,

1

Tw(’l",b.}FS) < 7/3 ( )gr(o,x)AMlogHz/J(a:)HQdV(x) =Ty(r,wrs).

4

The co-area formula leads to

Ty (r,wrs) / Aplog (Z'CJ op(Xy)| )dt]
Note that the pole divisor of (o1 is pluripolar. By Dynkin’s formula,

Tutraors) =5 [ )1og(io|<jow<x>|2)dwz<x>glog(iocjowon?),

Tt o (rwrs) = %/S ( )10g(1+|Cj0¢(fc)|2)dﬂ§(w)—;log(1+|4jow(0)|2)~

Theorem 5.1. We have

Jpax T(r,{jo0)+0(1) <Ty(r,wrs) Z (r,¢io) +0(1).

Proof. On the one hand,

W (rors) Z /S(r)loglwow ) ?)d () ~log (141, 0%(0)]?) ) + O(1)

n

=Y T(r,¢ow)+0(1).
j=1
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On the other hand,
T(an Ow) = TCJ'OTZJ(T7WFS) + 0(1)

1 n
= 4/30@) gr(0:) Ans log (Z|Cj°¢($)l2)dV(z)+O(1)

§=0
=Ty (rwrs)+0(1).
We conclude the proof. O

Corollary 5.2. We have
max T(r,¢j0v) < Ty(r,wrs)+O(1).

1<j<n

Let V be a complex projective algebraic variety and C(V) be the field of rational
functions defined on V over C. Let V < PV (C) be a holomorphic embedding and Hy be
the restriction of the hyperplane line bundle H over PV (C) to V. Denote by [wp : -+ : wy]
the homogeneous coordinate system of PV (C) and assume that wg # 0 without loss of
generality. Notice that the restriction {(; :=w;/wo} to V gives a transcendental base of
C(V). Hence, any ¢ € C(V) can be represented by a rational function in ¢y, ---,(y,

¢:Q(Cl77CN)

Theorem 5.3. Let f: M — V be an algebraically nondegenerate meromorphic mapping.
Then for ¢ € C(V), there exists a constant C >0 such that

T(r,¢o f) <CTy(r,Hy)+O(1).
Proof. Assume that woo f # 0 without loss of generality. Since @); is rational, there

is constant C’ > 0 such that T(r,¢o f) < C’ Ejvzl T(r,{;o f)+O(1). By Corollary 5.2,
T(r,{jof) <Ty(r,Hy)+O(1). This proves the theorem. O

Corollary 5.4. Let f: M —V be an algebraically nondegenerate meromorphic mapping.
Fiz a positive (1,1)-form w on V. Then for any ¢ € C(V'), there is a constant C >0 such
that

T(r,¢of) < CTy(r,w)+O0(1).
Proof. The compactness of V and Theorem 5.3 deduce the corollary. 0

5.2. Estimate of E,[r;]

Now we assume M is a simply connected complete Kéhler manifold of nonpositive
sectional curvature, and let X; be the Brownian motion in M with generator Ajs/2
started at o. Recall that dim¢ M =m,7,. =inf{t > 0: X; & B,(r)}.

Lemma 5.5. We have

2r2
]EO[T7.] < T
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Proof. The argument follows essentially from Atsuji [4], but here we provide a simpler
proof albeit a rougher estimate. We refer the reader to [4] for a better estimate that
E,[7.] <72/2m. Let X; be the Brownian motion in M started at o # 0, where 01 € B, ().
Let r1(z) be the distance function of z from o0;. Apply It6’s formula to ri(x),

1 t
Tl(Xt)—’l‘l(Xo) :Bt—Lt+§/ AMrl(Xs)ds, (20)
0

where B; is the standard Brownian motion in R and L; is a local time on the cut locus
of o, an increasing process which increases only at the cut loci of o. Since M is simply
connected and nonpositively curved,

Apri(z) >

By (20), we arrive at

2m—1 [t ds
r1(X) > By + /
o’

2 (Xs)
Let t = 7. and take expectation on both sides of the above inequality; then it yields that
2m—1)E, [,
max ri(z) > (2m — )Eo[7] )
€S, (r) 2max,eg, (r) 71(T)
Let o' — o, and we are led to the conclusion. O

5.3. Second main theorem

Let M be a complete Ké&hler manifold of nonpositive sectional curvature. Consider the
(analytic) universal covering

7 M — M.

Via the pullback by m, M can be equipped with the induced metric from the metric of
M. So, under this metric, M becomes a simply connected complete Kéhler manifold of
nonpositive sectional curvature. Take a diffusion process Xt in M such that X = W(Xt)

where X; is the Brownian motion started at o € M. Then Xt is a Brownian motion
generated by A ;; /2 induced from the pullback metric. Let X, start at 6 € M with o=7(5).
Then

Eo[$(X0)] = Es[pom(X)]
for ¢ € €,(M). Set
7= inf{t >0: X, ¢ Ba(T)}’

where Bj(r) is a geodesic ball centred at 6 with radius 7 in M. If necessary, one can extend
the filtration in probability space where (X¢,P,) are defined so that 7. is a stopping time
with respect to a filtration where the stochastic calculus of X; works. By the above
arguments, we may assume M is simply connected by lifting f to the universal covering.
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Let V be a complex projective algebraic manifold with complex dimension n < m =
dim¢ M, and let L — V' be a holomorphic line bundle. Let a divisor D € |L| be of simple
normal crossing type; then one can express D = Z?Zl D; as the union of irreducible
components. Equip Lp, with a Hermitian metric which then induces a natural Hermitian
metric b on L =®%_, Lp,. Fix a Hermitian metric form w on V, which gives a (smooth)
volume form € :=w" on V. Pick s; € H°(V,Lp,) with (s;) = D; and ||s;|| <1. On V, one
defines a singular volume form

Q
b= ——r. (21)
i=1 M52
Set
&a™ = ffOAQ™T.

Note that
a™ =m!det(g;3) /"i gdzj NdZ;.
j=1
A direct computation leads to
dd® [logf] > f*er(L,h) — f*RicQ+ Xy — Suppf*D
in the sense of currents, where %) = —dd“logdet(g,;). This follows that

1), elemdulose@av (22

> Tf(?”,L) +Tf(7‘,Kv) +T(T,%M) *Nf(T,D) JrO(l).
We now prove Theorem 1.2.

Proof. By Ru-Wong’s arguments (see [23], pp. 231-233), the simple normal crossing type
of D implies that there exists a finite open covering {Ux} of V together with rational
functions wy1, -+ ,wx, on V for A such that wyy, -+ are holomorphic on Uy as well as

dwxy A+ Adway(y) #0, Yy € U,
DOU,\ = {wM~~~w>\hA :0}, Hh)\ STL

In addition, we can require Lp, |o, 2 Uy x C for A\,j. On Uy, we get

P = dek A dw g,

|wA1|2 |wxm|2 /\

where @ is given by (21) and e, is a smooth positive function. Let {¢,} be a partition of
unity subordinate to {Uy}; then ¢yey is bounded on V. Set

D, = ;[))\e)\ 5 /\ dw)\k/\du»\k
w12+ Jwan,y [* ]
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Put far = wro f; then on f~1(Uy) we obtain

prof-exof x V-1
A

1 ~
Oy = dfz\p Nd . 23
fr®x TR o Ik Adfak (23)

Set
FOAQ™ =™, fFPANQTTT =600

which arrives at (22). Clearly, we have £ =), £x. Again, set

ffona™ ! = pa™ (24)
which follows that
1
0= %e‘f*w. (25)

For each X\ and any x € f~1(U)), take a local holomorphic coordinate system z around
x. Since ¢y o f-eyo f is bounded, it is not very hard to see from (23) and (24) that &) is
bounded from above by P, where P, is a polynomial in

0 gﬁ%’“ 8@’“/lm|2, L<ij<m 1<k<n.
This yields that
log® &, SO(log+g+Zlog+ W)JrO(l). (26)
. k|
Thus, we conclude that
log+§S()(logJFQJerogJr W) +0(1) (27)
k,A

on M. On the one hand,

1

1
4/BU(T)gr(o,x)AMlogé(x)dV(x) = 5]E(,[logg()(ﬁ)] +Oo(1)

due to the co-area formula and Dynkin’s formula. Hence, by (22) we have
1
5Eo[log€(X,)] (28)
>Ty(r,L) + Ty (r,Kv) + T(r, %) — Ny (r,D) + O(1).

On the other hand, since fy is the pullback of rational function wy; on V by f, Corollary
5.4 implies that

T(r, far) <O(T¢(r,w))+O(1). (29)
Using (26) and (29) with Theorem 1.1,

5 Bollogé(X,)]

+ IVarfaell ot
<O(§Eo [log Tl (XTT)])JrO(]Eo [log® o(X-,)]) +0(1)
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< O(;;m(r,W)) +0(log" E, [0(X7,)]) +0(1)

< O(ZlogT(r,f,\k) —|—1ogC’(o,T,6)) +0(log" Eo[0(X7,)])
3

< O(logTy(r,w)+logC(o,r,6)) +O(log" E,[0(X-,)]).

In the meanwhile, Lemma 4.1 and (25) imply

log" E,[0(X-,)] < (1+0)*log™ E, U ' Q(Xt)dt] +logC(o,r,6)
0

1+0)2 “
007 R, [ / ef*w<Xt>dt} +1ogC(o,r,9)
2m 0

(1+9)

2
< log Ty (r,w)+1log C(o,r,9).

By this with (28), we prove the theorem. O
We proceed to prove Theorem 1.3.
Lemma 5.6. Let  be defined by (1). If M is nonpositively curved, then
T(r,Zxr) > me(r)r?.

Proof. Lemma 2.2 implies that 0 > sp; > mRj;. By the co-area formula,

T(r, %y ) = —i}EO [/ ' AMlogdet(gﬁ(Xt))dt}
0

1 ™ 1 i
- _E, [/ sM(Xt)dt} > mEO[ RM(Xt)dt}
2 0 2 0
2m—1
> %n(r)uﬂo[n].
Since E,[7,.] < 2r%/(2m —1) by Lemma 5.5, we prove the lemma. O

Proof. With the estimate of C(o,7,d) given by (19) and estimate of T'(r,%y;) given by
Lemma 5.6, Theorem 1.3 follows from Theorem 1.2. U

Corollary 5.7 (Carlson-Griffiths—King, [7, 14]; Noguchi, [19]). Let f: C™ =V be a
differentiably nondegenerate meromorphic mapping with dimcV < m. Let D be a divisor
of simple normal crossing type, where L is a holomorphic line bundle over V. Fiz a
Hermitian metric w on V. Then

Ty(r,L)+Tg(r,Kyv) < Wf(r,D) —l—O(long(nw) +510gr) H

6. Second main theorem for singular divisors

We extend the second main theorem for divisors of simply normal crossing type to general
divisors. Given a hypersurface D of a complex projective algebraic manifold V, let S
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denote the set of the points of D at which D has a nonnormal crossing singularity. By
Hironaka’s resolution of singularities (see [15]), there exists a proper modification

V=V
such that \7\5' is biholomorphic to V' \ S under 7 and D is only of normal crossing

singularities, where S=7"1(S) and D = 7 H(D). Let D =D\ S be the closure of D\ §
and S; be the irreducible components of S. Put

T*D:f)—!—ijS’j =D+Z(pj—l)§j, RT:quSj, (30)
where R, is ramification divisor of 7 and pj,q; > 0 are integers. Again, set
S*zquS'j, cjzmax{pj—qj—l,()}. (31)
We endow Lg+ with a Hermitian metric ||| and take a holomorphic section o of Lg-
with Dive = (¢) = S* and ||o|| < 1. Let
fTM—->V

be a meromorphic mapping from a complete K&hler manifold M into V such that f(M) ¢
D. The prozimity function of f with respect to the singularities of D is defined by

: 1 r
my (r,Slng(D)) = /SO(T) logmdwo(m).

Let f : M — V be the lift of f given by 7o f = f. Then f is a holomorphic mapping
on M\ I, where I = IU f~*(S) with the indeterminacy set I of f. Here we remark that
Nevanlinna’s functions of f can be defined similarly as in Section 3.1 by the lift of f via 7.
For example, given a smooth (1,1)-form w on V, we have already noted that g,(o,x)es=,
is integrable on Bo(r). Since 7 is biholomorphic restricted to V'\ S, gr(0,x)ef. ;. is
integrable on B,(r)\ f~*(S). And because f~1(S) has measure 0 with respect to ™1,
we see that gr(o,sc)ef*(ﬂw) is integrable on B,(r) and I does not affect the definition of
T§(r,m*w). It is easy to verify that

my (r,Sing(D)) = m(r,S") = Zgjmf(r,gj). (32)

Now we prove Theorem 1.5.

Proof. We first suppose that D is the union of smooth hypersurfaces, namely, no
irreducible component of D crosses itself. Let E be the union of generic hyperplane
sections of V so that the set A= DUF has only normal crossing singularities. By (30)
with Ky = 7Ky ® Lr., we have

Ky ®Lp=7"Ky @7 Lp@@LE " #H). (33)
J
Applying Theorem 1.3 to f for divisor A,
Ti(r,La)+T5(r,Ky)

f
< Nf(nA) + O(logT];(r,T*w) —r?k(r)+dlogr).
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The first main theorem implies that

T§(r,La) =m(r,A)+Ns(r,A)+0(1)
m(r,D)+m(r,E)+ Nj(r,A)+O(1)
m(r,D)+ Nj(r,A)+0(1)
:T~(r,LD)—N];(r,f))—FNf(r,A)—FO(l),

| \/

which leads to

Ti(r,La) =N j(r,A) > Tj(r,L) — N j(r, D)+ O(1).

Note that T¢(r,7*w) =T (r,w) and Wf(r, D) =N 4 (r,D). By this together with the above,
we obtain

Ti(r,Lp)+T5(r,Ky) (34)
<N j(r,D)+0(log Ty (r,w) —r*k(r) + dlogr).
It yields from (33) that

Ti(r,Lp)+Tj(r,Ky)

= Tj(r,7" Lp) + T§(r,m" Kv)+ Y _(1—-p;+¢;)T(r,Lg))

=Ty (r,Lp) +Ty(r,Kv)+ Y _(1=p;+4;)Tj(r,Lg,). (35)

Since Nf(r,S') =0, it follows from (31) and (32) that

Y (L=pj+a))Ts(r,Lg,) = > (1=p;+¢;)m5(r,5;)+O(1)
<3 Gm(r,8)+0(1)
=my (r,Sing(D)) + O(1). (36)
Combining (34)—(36), we show the theorem.
To prove the general case, according to the above proved, one only needs to verify this
clalm for an arbitrary hypersurface D of normal crossing type. Note by the arguments
n [[25], p. 175] that there is a proper modification 7:V — V such that D = 7—(D)
is only the union of a collection of smooth hypersurfaces of normal crossings. Thus,

my(r,Sing(D)) = 0. By the special case of this theorem proved, the claim holds for D by
using Theorem 1.3. O

Corollary 6.1 (Shiffman, [25]). Let f: C™ — V be a differentiably nondegener-
ate meromorphic mapping with dimcV < m. Let D CV be an ample hypersurface.
Then

Ty(r,Lp)+Ty(r,Kv)
< N¢(r,D)+my (r,Sing(D)) —I—O(long(r,LD) +6logr) H
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Corollary 6.2 (Defect relation). Assume the same conditions as in Theorem 1.5. If f
satisfies the growth condition

2
liminf ros(r) =
r—00 Tf(r,w)

where k is defined by (1), then

c1(L)} - [cl(Ké;)]Himsup my (r,Sing(D))

r—00 Tf (T}w)

w

0/(D)|

w

For further consideration of defect relations, we introduce some additional notations.
Let A be a hypersurface of V such that A D S, where S is a set of nonnormal crossing
singularities of D given before. We write

TA=A+) 1,8, A=771(A)\S. (37)
Set
S
YA, p = max -+ (38)
tj
where g; are given by (31). Clearly, 0 <~4 p < 1. Note from (37) that
my(r,A) =ms(r,7" A) > Y " t;m(r,S;) +O0(1).
By (32), we see that
my (r,Sing(D)) < ya,p thmf(r,gj) <ya,pmys(r,A)+0(1). (39)

Theorem 6.3. Let f: M — V be a differentiably nondegenerate meromorphic mapping
with dimg M > dimc V. Let Dq,---,Dy € |L| be hypersurfaces such that any two among
them have mo common components, where L is a holomorphic line bundle over V. Let
A CV be a hypersurface containing the nonnormal crossing singularities of Z?:l D;. If
f satisfies the growth condition

2
liminf i) =
r—oo Tf(r7w)

where k is defined by (1), then

Eq:(af(pj) [Q(L)] < 2M+ vA,D[cl(LA)}

w w q w

Proof. By (39), we get

W

msup——m————————
s Ty(rw)

ili mf(r,Sing(Dj)) <’)’A,D[61(LA)]~

Note that Lp, +...4p, = L®9. By Theorem 6.2, we show the theorem. O
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Corollary 6.4 (Shiffman, [25]). Let f:C™ — V be a differentiably nondegenerate
meromorphic mapping with dime¢V < m. Let D, ---,Dy € |L| be hypersurfaces such that
any two among them have no common components, where L is a positive line bundle
over V. Let A CV be a hypersurface containing the nonnormal crossing singularities of

i1 Dj. Then
v - -
1 Cl(K\*/)} YA, D {Cl(LA)}
Of(D;) < - + = .
2.,9:(D)) i eoivom el vres
Proof. Replace w by ¢1(L,h) in Theorem 6.3. O

Corollary 6.5. Let D € |L| be a hypersurface, where L is a positive line bundle over V.
If there is a hypersurface A C'V containing the nonnormal crossing singularities of D

such that
a(K7) c1(La)
1
S]] <
then every meromorphic mapping f: M — V' \ D with dim¢ M > dimc V' satisfying
r2k(r)
liminf ———+= =
T5ee Ty(r,L)

is differentiably degenerate, where k is defined by (1).

Corollary 6.6. Let D C P*(C) be a hypersurface of degree dp. If there is a hypersurface
A C P*(C) of degree da containing the nonnormal crossing singularities of D such
that dayap+n+1<dp, then every meromorphic mapping f: M — P"(C)\ D with
dimec M > n satisfying

2

liminf ros(r)

M
r=oo Ty(r,Lp)

is differentiably degenerate, where k is defined by (1).

Proof. The conditions imply that

c1(Bgn ) [cl([A])} n+1 da
_|_ = + — < 1.
[ C]([D]) YA,D Cl([DD dD 7A7DdD
By Corollary 6.5, we see that the corollary holds. O
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