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Abstract. In this paper, we consider absorbing Markov chains X, admitting a
quasi-stationary measure p on M where the transition kernel P admits an eigenfunction
0<ne L' (M, ). We find conditions on the transition densities of P with respect to
@ which ensure that n(x)u(dx) is a quasi-ergodic measure for X,, and that the Yaglom
limit converges to the quasi-stationary measure p-almost surely. We apply this result
to the random logistic map X, 41 = w, X, (1 — X;;) absorbed at R\ [0, 1], where w,
is an independent and identically distributed sequence of random variables uniformly
distributed in [a, b], for 1 <a <4 and b > 4.
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1. Introduction

Consider a family of transformations 7 = {f,, : E — E},ca, Where E is a metric space.
Given a subset M C E and endowing F with a probability measure, we aim to understand
the statistical behaviour of the random dynamical system

s o1, .. ) = fu, 00 fu (X)

conditioned upon remaining in M.
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Such a problem can be naturally modelled via the Markov chain X, = f,(X,—1) with
fn € F absorbed at 0 := E \ M, thatis, X,, € 9 implies X,,+1 € 9. Statistical information
for the above (conditioned) random dynamical system is then obtained by certain limiting
distributions for the paths X,,. In the literature, such limiting distributions appear mainly
in two forms. The first is the so-called Yaglom limit

lim P[X, €e A| Xo=x,T > nj, (L1.1)
n—>oo

where x € M, T = min{n € N | X,, € 9} and A is a measurable subset of M. The second
one is the so-called quasi-ergodic limit

n—1
lim E[lZ]leX,, X0=x,t>n]. (1.2)
n—oo n s

There are several contexts in which the Yaglom limit converges to a quasi-stationary
measure. We recall that a probability measure 1 on M is called a quasi-stationary measure
for X, on M if for every n € N, u(dx) :=P[X,, € dx | Xo ~ u, T > n]. However, the
limit in equation (1.2) is related to the existence of a quasi-ergodic measure for X, on M.
A measure v on M is called a quasi-ergodic measure for X, on M if for every measurable
subset A of M, equation (1.2) converges to v(A) for v-almost every x € M.

In the literature [3, 4, 7-9, 29], various sufficient conditions are presented for the
existence and uniqueness of quasi-stationary measures p and quasi-ergodic measures
v. These conditions imply that v <« p and that the Radon-Nikodym derivative
n(x) = v(dx)/u(dx) is an eigenfunction of P, where P is the transition kernel of X,,. The
uniform convergence of the sequence {P" (-, M)/\"},eN, Where A := fM Py, M)u(dy),
to the eigenfunction 7 plays a crucial role in the proofs.

In this paper, we take a different approach. We set out to derive a quasi-ergodic measure
starting from a quasi-stationary measure. The existence of quasi-stationary measures is
a well-established problem (see [26] for a bibliography). Quasi-stationary measures arise
as positive eigenmeasures of the operator p — f y P(x, )u(dx) and extensive literature
exists on how to solve such eigenvalue problems [22, 24, 25]. Since quasi-ergodic measures
do not admit such an approach, they are less well understood. Quasi-ergodic measures are
important in the analysis of random dynamical systems, for instance, in the context of the
recently established conditioned Lyapunov spectrum [6, 11].

Inspired by these results, where quasi-ergodic measures can be expressed as a density
over the quasi-stationary measures, we obtain natural conditions on the transition kernel
‘P such that the existence of a quasi-ergodic measure becomes equivalent to solving an
eigenvalue problem for P in L'. As a result, we considerably simplify the procedure
of finding a quasi-ergodic measure. Furthermore, we also obtain, under aperiodicity
conditions, that the Yaglom limit in equation (1.1) converges to the quasi-stationary
measure p-almost surely (a.s.)

As an application of our results, we characterize the limits in equations (1.1) and (1.2)
for the random logistic map Y,,+1 = w,Y,(1 — Y,,) absorbed at R \ [0, 1], with {w,},eN
an independent and identically distributed (i.i.d.) sequence of random variables such that
wo ~ Unif([a, b]), with 1 < a < 4 and b > 4, where Unif([a, b]) denotes the continuous

https://doi.org/10.1017/etds.2023.69 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.69

1820 M. M. Castro et al

uniform distribution in [a, b]. The analysis of this system is challenging since its transition
kernel presents a change of behaviour on the points 0 and 1. In particular, for every
x € (0, 1),

P(x, dy) = P[Y, € dy | Yo = x] < Leb(dy),

while P(0, dy) = P(1, dy) = §p(dy). This implies that the transition densities P (x, dy)
explode when x approaches the points 0 and 1. Consequently, the results in the literature
[3, 4, 7, 8, 29] cannot be applied, since P does not act as a compact operator on CO(M )
and L? (M), with p > 1. Hence, a more refined analysis is needed.

To overcome this issue, we consider AM-compact operators (see [16, Appendix A]),
a generalization of compact operators. Inspired by the novel results on positive integral
operators in [14-16], we analyse the action of P on L'(M, u). Since P is an integral
operator, it is AM-compact, and we can establish its peripheral spectrum from which the
asymptotic behaviour of Y,, follows.

This paper is divided into six sections. In §2, the basic concepts of the theory of
absorbing Markov chains are briefly recalled, the main underlying hypotheses of this
paper are defined (Hypotheses H1 and H2) and the main results of this paper are stated
(Theorems 2.1, 2.2, 2.3 and 2.4). In §3, it is shown that Hypothesis H1 implies that P /A
is a mean ergodic operator. Section 4 is dedicated to a brief presentation of Banach lattice
theory, the definition of an A M-compact operator and the proof of Theorem 2.2. In §5, we
combine the results of the previous sections to prove Theorems 2.3 and 2.4. Finally, in §6,
we analyse the asymptotic behaviour of the random logistic map Y,,, introduced above, and
prove Theorem 2.1.

2. Main results

Let E be a metric space and M a subspace of E. We aim to study Markov chains on E
conditioned upon remaining in the set M. With this objective in mind, we denote as Ey,
the topological space M LI d generated by the topological basis

T ={ANM,; Aisanopensetof E}LId,
where LI denotes disjoint union. In this paper, we assume that

X = (Q’ {fn}nENo, {Xn}nENO’ {Pn}nGNo’ {]P)X}XGEM)

is a Markov chain with state space Ey, in the sense of [27, Definition IIL.1.1], that is, the
pair (2, {F, }nen) is a filtered space; X, is an F,,-adapted process with state space Ez; P"
a time-homogeneous transition probability function of the process X, satisfying the usual
measurability assumptions and Chapman—Kolmogorov equation; {Py}.cE,, is a family of
probability function satisfying P,[Xo = x] = 1 for every x € E; and for all m, n € Np,
x € Ey, and every bounded measurable function f on Eyy,

Exlf o Xppgn | Ful = (me)(Xn) Py-as.
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We assume that X, is a Markov chain that is absorbed at 9, meaning that P (9, 9) = 1.
In view of the above definitions, it is natural to define the stopping time
T(w) :=inf{n € N; X,,(w) &€ M}.
Throughout the paper, the following notation is used.

Notation 2.1. Given a probability measure w on M and p € [1,00], we denote
LP(M, B(M), n) as LP(M, u) and M(M) as the set of Borel signed-measures on
M. Moreover, we denote P (-) := fM P, ()u(dx).

We denote as CO(M) := {f : M — R; fiscontinuous} and F»(M) as the set of
bounded Borel measurable functions on M. Given f € F,(M), write

P f(x) =P "Amfx) = /M FOYP"(x, dy),

and by abuse of notation, denote

foX, =

foX, ifX,eM,
0 if X, ¢ M.

Given a sub o-algebra .% of Z(M) and f € L'(M, ), we denote E.lf | Z]e
L' (M, F, 1) as the conditioned conditional expectation of f given .%, that is, the unique
function in L' (M, .Z, u) such that

/F FE)udx) = /F Eu[f | Flu(dx) forevery F € 7.
We define the sets
M (M) = {n € M(M); u(A) > 0 for every A € B(M)},
and
LM, w)={f € LP(M, n); f>=0p-as.} forevery p €[l ocl.

Finally, given a Banach space E, we say that the sequence {x,},cny C E converges in the
weak topology to x € E if for every bounded linear functional ¢ € E*, lim,_, o0 ¢ (x,) =
¢ (x). Moreover, we say that the sequence {¢, },en C E™ converges in the weak™ topology
to ¢ if lim;,—, 5 ¢, (x) = ¢ (x) for every x € E.

Since stationary measures do not capture the behaviour of X, before absorption, they
become irrelevant when dealing with absorbing Markov chains. Due to this issue, it is
necessary to extend the concept of stationary measures to quasi-stationary measures.
Below, we recall the definition of a quasi-stationary measure.

Definition 2.2. A Borel measure © on a metric space M is to be a quasi-stationary measure
for the Markov chain X, if

PulX, e -1t >n]l=p() forallneN.

We call & = [,, P(x, M)u(dx) the survival rate of p.
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Observe that if X,, admits a quasi-stationary measure ;£ on M with survival rate A, then
‘P may be seen as a bounded linear operator in L°>°(M, ). Moreover, since

/ P(x, Ayu(dx) = Au(A) forevery A € B(M), 2.1)
M

and L®(M, p) is dense in L' (M, p), the operator P can be naturally extended as a
bounded linear operator in LY(M, ).

While we have that ergodic stationary measures can be described in terms of Birkhoff
averages for classical Markov chains, this is not true any longer when dealing with
absorbing Markov chains, meaning that quasi-stationary measures cannot be described
in terms of conditioned Birkhoff averages. This obstruction motivates the definition of
quasi-ergodic measures.

Definition 2.3. A measure v on M is called a quasi-ergodic measure if for every f €
Fp(M),

n—1

. 1
a1 o
i=0

T > n} = / f(v(dy) forv-almostevery x € M.
M

One of the main objectives of this paper is to study the statistical asymptotic behaviour
of the Markov chain Y;:fl = w0, YP (1 — Y2) absorbed at R\ [0, 1], where {wy}, is an
i.i.d. sequence of random variables such that wy ~ Unif([a, b]) with 1 <a <4 and b > 4.

We mention that in the case where Y, b does not escape from the interval [0, 1], that
is, 1 <a < b <4, [2, Theorem 2] and [30, Proposition 9.5] show that Y,ﬁ"h admits a
unique stationary measure [i, ; for Yy ® on [0, 1] such that i, 5((0, 1)) = 1. For dynamical
considerations of random logistic maps and an analysis of the case were the sample space
is finite, see [1].

The following theorem describes the asymptotic distribution of Yy, b conditioned upon
survival when 1 <a <4 < b, also establishing the existence of quasi-stationary and
quasi-ergodic measures for Y, > on [0, 1].

THEOREM 2.1. Consider M = [0,1], 1 <a <4 < b, the Markov chain Y,'f’b on Ry

absorbed at 9 = R\ M and %0 () = min{n € N; Y,‘,”b € R\ [0, 11}. Then we have the

following.

i v b admits a quasi-stationary measure [Lqp With survival rate A,p such that

supp(iap) = [0, 1] and pqp < Leb, where Leb denotes the Lebesgue measure on
[0, 1].

(i1)  There exists nap € LY (M, p) such that Pnap = rapNap Mabllpim,y =1 and
Nab > 0 g p-a.s.

(iii) For every h € L°°(M, Leb) and x € (0, 1),

1 n—1

. a,b

Jim B3 el
=

% > ni| = /M h()Nab(Y)hap(dy).
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(iv) Foreveryh € L®(M, Leb) and x € (0, 1),

n—0oo

lim Ec[ho¥®" |c* > n]= / RO 1t (dy).

Theorem 2.1 is proved in §6.1. Later, we generalize the above result allowing values
of a in the interval (0, 1) (see Theorem 6.15). However, this result relies on the technical
assumption of (a, b) being an admissible pair (see Definition 6.1). We were not able to
show the existence of quasi-stationary and quasi-ergodic measures for all values of a €
[0, 1), which can be seen from technical details in the inequalities of Proposition 6.17 that
is used in Step 2 of Lemma 6.7. This technical obstruction is explained in Remark 6.10.

We use a more general setup for the proof of the above theorem. We present two
incrementally restrictive hypotheses, Hypothesis H1 and H2, which are satisfied by Y,; b
for every (a, b) € [1, 4) x (4, c0), and implies results similar to Theorem 2.1 in different
modes of convergence (see Theorems 2.2, 2.3 and 2.4).

In the following, we recall the definition of an integral operator.

Definition 2.4. Let p, q € [1, co) and (21, F1, 1), (22, F2, 12) be measure spaces. We
say that the bounded linear map T : LP (21, Fi, 1) = L9(Q20, F2, up) is an integral
operator if there exists a measurable function « : 2y x Q1 — R, called kernel function,
such that for every f € LP (1, F1, K1),

k(x,)f() e Ll(Ql, w1) for puo-almost every x € €,

and

Tf(x)= / F Ok (x, y)u1(dy) for puor-almost every x € ;.
Q)

For a large class of Markov processes, it is common for the existence of a probability
function p on M such that

P(x,dy) « p(dy) for p-almost every x € M.

In such systems, it is natural to seek quasi-stationary measures that are absolutely
continuous with respect to p. In this situation and assuming that u < p, we have from
equation (2.1) that P : L' (M, u) — L'(M, ) is an integral operator.

It is also natural to assume that the absorbing Markov chain X, is irreducible, that is,
if there exists A € Z(M) such that u({P(-, A) > 0}AA) = 0, then either u(A) =0 or
w(X \ A) =0, where A denotes the symmetric difference of sets. In cases where X, is
not irreducible, it is always possible to separate the state space into irreducible regions and
analyse each region separately.

The conditions discussed above are summarized in Hypothesis HI.

HYPOTHESIS H1. Let X, be an absorbing Markov chain on Ep; absorbed at 9. We say

that X, fulfils Hypothesis H1 if the following conditions are met.

(Hla) There exists a quasi-stationary measure € My (M) for the Markov chain X,
with survival rate A.

(H1b)  There exists n € LL_(M, W) such that Py = An and [nll g1y ) = 1.
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(Hlc) The transition kernel P : LY(M, ) — LY (M, ) is an integral operator with
kernel functionx : M x M — R,.
(H1d) Forevery A € B(M) such that 0 < u(A) < 1,

f f e, Y(dy)u(n) > 0,
ma Ja

that is, if there exists A € SB(M) such that
w({Ply > 0}AA) =0,
then either w(M \ A) =0 or u(A) =0.

We mention that given an absorbing Markov chain X, satisfying Hypothesis H1, we
obtain from [22, Lemma 4.2.9 and Example (i) on p. 262] that n(x) > 0 for p-almost
everyx € M.

The theorem below implies that under Hypothesis H1, 1(x)u(dx) is the only candidate
for the quasi-ergodic measure for X,, on M. Moreover, it is also shown that such a

hypothesis implies the existence of a maximal m € N, with the following properties:

e there exists measurable sets Co, . .., C—1 C M suchthat M = Co - --UCyy_1;
o foreveryn e N, X;, € Ck (mod m)> then X;, 11 € Cki1 (mod m)-

THEOREM 2.2. Let X, be an absorbing Markov chain fulfilling Hypothesis HI then the
following assertions hold.

(i) There exist a natural number m € N and sets Cy, := Cp, C1,...,Cpu_1 € B(M)
such that u(C;) = 1/m foreveryi € {0,1...,m — 1} and

{Plc, > 0} C Ciyq foreveryi € {0,1,...,m—1}.
(i) Forevery f € L\(M, ),

—ZEP" =% f FOMPy).
M

in LY(M, 1) and ji-a.s.
(iii)  The following limit holds

1
P06 M) = () in LM, ),
(iv) I, in addition, we assume that M is a Polish space, then for every h € L°°(M, ),
= _—
x> By =Y hoXilt>n|) == | hOmGudy) 22
"o M
in the L°° (M, p)-weak* topology (see [5, Ch. 3.4] for the definition and the main
properties of the weak™ topology), in particular, we obtain that (2.2) also converges

weakly in L' (M, ).

Theorem 2.2 is proved in §4.
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It is observed that Theorem 2.2(iv) gives us L°°(M, u)-weak* convergence of equation
(2.2), and to guarantee such convergence in L°°(M, ), we require an additional regularity
hypothesis (Hypothesis H2) on the kernel functions of the operator P.

HYPOTHESIS H2. Let X,, be a Markov chain X,, on Ey; absorbed at 0. We say that X,
fulfils Hypothesis H?2 if:
(1) X, fulfils Hypothesis HI; and
(2) for p-almost every point x € M, k(x,-) € L°°(M, u). Equivalently, since i is an
inner regular measure [28, Proposition A.3.2], there exists a sequence of nested
compact sets {K;}ien such that n(( ;e Ki) = 1, and for every i € N,
ess sup”®* || 1k, (x)k (x, y)|| < oo.
(x,y)eK;xM
We mention that, in practice, once (H1a) and (H1b) are verified, then (Hlc), (H1d) and
Hypothesis H2 can be readily verified. We exemplify this in §6 considering the absorbing
Markov chain Y,; b (see the proof Theorem 6.15).
In addition to quasi-stationary measures, the so-called Yaglom limit
P (x, A)
im ———
n—oo P (x, M)
provides an alternative perspective on the asymptotic behaviour of the paths X, condi-
tioned on survival. Observe that for the Yaglom limit to exist, it is necessary that M does
not exhibit a cyclic decomposition under X,,, that is, that m = 1 on item (i) of Theorem 2.2.
The following two results provide conditions that ensure the existence of a quasi-ergodic
measure for X, on M and the convergence of the Yaglom limit.

forx e Mand A € B(M),

THEOREM 2.3. Let X, be an absorbing Markov chain fulfilling Hypothesis H1. If any of
the following items hold:
(a) there exists K > 0 such that u({K < n}) =1a.s.;
(b) there exists g € L' (M, ) such that
1
FP”C, M) <g foreveryn e N;
(c) the absorbing Markov chain X,, fulfils Hypothesis H2,
then for every h € L (M, 1),

1 n—1
lim Ex|:f Z hoX;|t> n] = / h(y)n(y)u(dy) for p-almost every x € M. 2.3)
If, additionally, m = 1 in Theorem 2.2(i), then

P*h
lim Ex[hoX, |7 >n]= lim & = / h(y)u(dy) for u-almost every x € M.
ns0o noo P, M)y
2.4)

Theorem 2.3 is proved in §5.
The following theorem is a refinement of the previous theorem, allowing us to
characterize the set where the convergence of equations (2.3) and (2.4) hold.
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THEOREM 2.4. Let X, be an absorbing Markov chain fulfilling Hypothesis H2. Then,
given h € L (M, w), equation (2.3) holds for every x € UieN Ki, where {K;}ieN is the
nested sequence of compact sets given by the second part of Hypothesis H2.

In the case where m = 1 in Theorem 2.2(i), equation (2.4) holds for every x € | J; .y Ki.

Theorem 2.4 is proved in §5.

Remark 2.5. Notice that Theorems 2.3 and 2.4 also hold in a non-escape context. This
means that if X, is a Markov chain on the metric space M without absorption, satisfying
the following properties:

e . is ergodic stationary measure for X, on M;

e the transition kernel P : L' (M, u) — L'(M, 1) is an integral operator; and

e X, is aperiodic, that is, m = 1 in Theorem 2.2(i),

then for every h € L®(M, ), lim,_, oo P*h = f h du, p-a.s. In particular, from [20,
Theorem 1(ii)], we obtain that X, is a weak-mixing Markov chain.

3. Mean-ergodic operators
For classical dynamical systems and Markov processes, mean-ergodic operators provide a
vast array of tools and techniques for analysing their statistical properties [10, Chs. 7, 8 and
10]. This section shows that this is also true for absorbing Markov chains.

In the following, we recall the definition of a mean ergodic operator.

Definition 3.1. Let (E, || - ||) be a Banach space, we say that T : E — E is a mean-ergodic
operator if there exists a projection P : E — E such that

~1
1
lim |- Z T'x — Px|| =0 foreveryx € E.

Let M be a metric space, p a Borel probability measure on X, and 7 : Ll(M , p) —
LY(M, p). We denote

LT, p)=0(A € BM); T 1s = 1a),

where T* : L®°(M, p) — L°°(M, p) is the dual operator of 7', that is, the unique bounded
automorphism on L°°(M, p) such that

/ (Tf)(x)h(x) p(dx)
M

= / FOO(T*h)(x) p(dx) forevery f € L' (M, p)and h € L®(M, p).
Our results are highly dependent on the following two propositions.

PROPOSITION 3.1. ([18, Theorem 3.3.5] and [25, Corollary V.8.1]) Let M be a metric
space and p be a probability measure on M, and T : L'(M, p) — L' (M, p) be a linear
operator such that || T|| = 1. Assume that there exists n € L' (M, p) satisfying Ty = n and
o({n > 0}) = 1. Then, we have the following.
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(i) Forevery f € L"(M, p),

n—1
| , Eolfn | Z(T, p)]
1 _ Tl — p—
oo 7 Zj:o f=n E,[n | Z(T, p)]

(i)  The operator T is mean-ergodic.

While Hypothesis H1 does not imply that P is a compact operator, the proposition
shows that given f € LY (M, ), the orbit {(1/A")P" fuen is weakly precompact.

PROPOSITION 3.2. Suppose that the Markov process X, satisfies Hypothesis HI, then for
every f € L' (M, 1) the sequence

1 .
{—iP’ f } is weakly-L' (M, ) precompact.
A ieN

Proof. Let f € LL(M, w). Note that for every i, m € N,
1 1 [ [
0= P'f < 3PS = F Amm)+ P (f Amn) < P = f Amn) 4 m,

where given two functions fi, f>, we define fi A f> := min{f], f>}. Since |(1/A))P!
Iy = WL m,y for every i € Nand mn A f MmN fin LY (M, 1) and p-as.,
we can obtain that for every ¢ > 0, there exists 6 > 0 such that

1 .
o P f(x)u(dx) < gif u(A) <8 foreveryi € N.
A

From [19, p. 87, item 3], we conclude that {(1/A")P" f},en is weakly L'(M, 1)
precompact. O

4. AM-compact operators

Observe that under Hypothesis H1, the operator (1/1)P : LY(M, ) — LY (M, p), is well
behaved in a functional analytical point of view. Namely, %P is a positive integral operator
whose orbits are weakly compact. The theory of Banach lattices provides powerful tools
for studying the spectrum of such operators. In the following two paragraphs, we recall the
definition of a Banach lattice (we follow the definitions provided in [22, Ch. 2] and [25,
Ch. 2]).

Given (L, <) a partially ordered set and a set B C L, we define, if exists,

sup B=min{l € L; b < { forall b € B}
and
inf B=max{¢{ € L; ¢ <bforall b € B}.
With the above definitions, we say that L is a lattice if for every f1, f» € L,

f1V f2i=sup{fi, f2}, fi A f2i=inf{f1, f2}
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exists. Additionally, in the case where L is a vector space and the lattice (L, <) satisfies
fsh=hAA+tf<fr+f; foral f3e€L, and

A< fh=afi <af, foralla >0,

then (L, <) is called a vector lattice. Finally, if (L, || - ||) is a Banach space and the vector
lattice (L, <) satisfies

LAl <12l = LA = LA,

where | fi| := f1 V (— f1), then the triple (L, <, || - ||) is called a Banach lattice. When
the context is clear, we denote the Banach lattice (L, <, || - ||) simply by L.

In this paper, we use two fundamental notions from Banach lattice theory. The first one
is that of an ideal of a Banach lattice and the second one is that of an irreducible operator
on a Banach lattice. A vector subspace I C L is called an ideal if for every f1, f> € L such
that f> € I and | f1| < | f2|, we have f] € I. Finally, a positive linear operator 7 : L — L
is called irreducible if {0} and L are the only T-invariant closed ideals of 7.

The theory of A M -compact operators provides a generalization to the theory of compact
operators. AM-compact operators are considerably more general than compact operators
and possess a sufficient degree of regularity. In the following, we recall the definition of
an A M -compact operator.

Definition 4.1. Let E be a Banach lattice and Y a Banach space. A linear operator 7 :
E — Y is called AM-compact if for every x1, xa € E, T([x1, x2]) is precompact in Y,
where [x1, x2] :=={y € E; x1 <y < x2}.

The following result shows us that all positive integral operators are A M -compact.

THEOREM 4.1. [14, Proposition A.5] Let (21, n1) and (22, n2) be the o-finite measure
spaces and p,q € [1,00). Let T : L? (21, u1) = L9(20, u2) be a positive bounded
integral operator, then T is an AM -compact operator.

Given f € L'(M, 1), the key to our results is to understand the asymptotic behaviour
of the sequence {(1/A")P" f},en. It turns out that the behaviour of this sequence
has a strong connection with the peripheral spectrum of P. In this way, we denote
LY(M, u; C) := L'(M, u) ® i L' (M, 1) and linearly extend the operator P to the Banach
space LY(M, w; ©).

Here, we summarize the spectral properties implied by Hypothesis H1.

PROPOSITION 4.2. Let X, be an absorbing Markov chain satisfying Hypothesis HI. Then:
(@) forevery f € L'(M, ),

n—1

1 I ;. nooo
-y P n/ FOn(y)udy),
n = A M

in L"(M, ) and p-a.s.;
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(ii)  there exists a decomposition L' (M, ; C) = Erey @ Eaws, such that Erey and Eqys
are P-invariant,

1 3
Erey = span{f e L'(M, u; C); pr = 2™ £ for some j € {0, 1,...,m— 1}},

and
n—>0oo

1 .
Eaws = {f € LI(M, w; C); F'Plf — 0, in LI(M, /,L)}
Moreover,

1 .
dim ker (XP — eZ”J’/mId> =1 foreveryje{0,1,...,m—1}.

Proof. (i) From Proposition 3.1, it is enough to show that if A € Z(P/A, u), then either
(A) =0or u(A) = 1. To see this, let A € LB(M) such that %P*IIA = 14, then

1
0=puANM\ A)) = /M La@)Lana(r)u(dx) = — /M P La(x) Lo a(x)p(dx)

1 1
= —/ LTa()PLya(x)p(dx) = X_/ / K (x, y)u(dy)p(dx).
M AJmA

A
From Hypothesis H1, we obtain that either n(A) = 1 or u(A) = 0.
(i1) From Propositions 3.2 and 4.1, we have that the semigroup {(1/1\")P"},cn fulfils
the standard assumptions of [16, §6]. Combining [16, Proposition 4.3, Theorem 2.2] and
[10, Proposition 16.27 and Corollary 16.32], we obtain that

1 .
Erey = {f e LY(M, u; C); pr = ¢2i79 f for some @ € R},

and 1
Eaws = {f € L'(M, 1; C); P~ 0in LY (M, ).

Applying [16, Theorem 6.1(a)], we obtain that if re2im? ¢ opnt(P), then 6 € Q. Observe
Hypothesis H1 implies that P/ is an irreducible operator [22, Example (i), p. 262]. From
[16, Theorem 6.1(b)], we obtain that P /A has only finitely many unimodular eigenvalues.
Finally, from [22, Theorem 4.2.13(iii)] (taking x" = 1), the proof is finished. O]

Let opne((1/2)P) := {% € C; there exists h € L'(M), (1/2)Ph = Xh} be the point
spectrum of the operator (1/A)P. In [7, 23], it is shown that the cardinality of
St Nopnt((1/A)P) is intrinsically connected with the existence a possible periodic
behaviour of X, in a suitable partition of M. This remains true under Hypothesis HI,
and such periodic behaviour is established in Lemmas 4.3 and 4.4.

Definition 4.2. Given an absorbing Markov chain X,, that satisfies Hypothesis H1, we
define m(X,) := #(S' N apm(%P)), which is finite from Proposition 4.2.

From now on, we denote m (X,,) simply as m.
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LEMMA 4.3. Let X, be a Markov chain satisfying Hypothesis HI. Then there exist
eigenfunctions g1, ..., 8m—1 € LEF(M ,u) of P™ such that ||gjll 1y =1 for every
jel{o,1,... — 1}, and spanc({g;}/, ) = ker(P™ — A™1d).

Moreover, the eigenfunctions go, g1, - - ., &m—1 can be chosen in a way such that they
have disjoint support, that is, defining C; = {g; > 0} for all i € {0, ..., m — 1}, then
w(CiNC;) =0 foralli # j.

Furthermore, the family of sets {C ,-};";J satisfies

M(M\(COUCI U---uCp-1)) = 0.

Proof. The proof follows from similar arguments and computations laid out in [7,

Proposition 6.9] with the following two adaptations:

(1) the space CO(M) is replaced by LM, n); and

(2) the set equalities are replaced by the relation ~ . Namely, the given A, B € (M)
are said to be equivalent, thatis, A ~ B if u(AAB) = 0, where AAB := (A\ B) U
(B\ A). -

The proof of the following lemma is analogous to the proof [7, Lemma 6.15].

LEMMA 4.4. Let {g; }l 0 C L+(M W), as in Proposition 4.3. Then, there exists a cyclic

permutation o : {0,1,...,m —1} - {0, 1,...,m — 1} of order m such that for every
i€{0,1,...,m—1}, Pgi = Ago(). In particular, this implies that
{P(x,C;) >0} C Coj) foreveryi € {0,1,...,m —1}.

The following two lemmas are the last ingredients needed for the proof of Theorem 2.2.

LEMMA 4.5. Suppose the absorbing Markov chain X, satisfies Hypothesis H1. Then,
1 -
A—nP"(x, M) =5 p(x) in LY(M, ). .1
Proof. We divide the proof into three steps.
Step 1. We show that u(C;) = 1/m foreveryi € {0,1...,m — 1}.

Observe that Proposition 3.1 implies that for every i € N,

121 s

- Z ﬁplﬂc — n(Cin

and

oo Eul(1/A)PIC, MY | Z((1 /AP, W]
=N — ;P =pi1 ® . ,
ZW( ) ( M) L 20 1 (/AP )]

in L' (M, ) and p-a.s.
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However, from [12, Theorem E, p. 29], we obtain that for p-almost every x € M,

OGP, Gy Y (AT My PEEm (x| M)
u(Ci) = lim Zé:o Pix. M) i, ]Z?Zo(l/)\j)Pj(x’ M)
limy, 00 (1/nm) 35 _o(1/AF )P (xc, M)
lim,,_, oo (1/mn) Z;’-ZO(I/)J)Pi (x, M)
_ LELA/ADPC M) /AP, )]

m Euln | Z((1/Am)PE, w)]
Therefore,
1 ,
u(Ci) = M(Ci)/ Eu[n | I(ﬁpl’“ﬂ“(dx)
M
1 1 _; 1 _;
= P fM E. [FP (-, M) |I<ﬁp ,/L>](X)M(dX)
< l foralli € {0, 1,...,m — 1}.
m
Since

1 1
1= u(M) = p(Co)++ +p(Cpn) S — -+ — =1,
m m

we obtain that

1
u(Ci) = — foreveryi € {0,1,...,m—1}.
m
Step 2. We show that for every i € {0, 1, ..., m — 1}, there exists f; € E,ws such that
1
e, =—gi + fi-
m
From the decomposition L' (M, 1t) = Erey @ Eaws (see Proposition 4.2(ii)), there exist
a1, ...,y € Rand f; € Euys such that
m—1
e, = ) igi+ fi-
i=0
Since f; € Eays, it follows thath fi(y)u(dy) = 0. Therefore, o, . . ., oti—1, ¥ig1, . . .

a, =0and 1¢, = «;8; + fi. Since u(C;) = 1/m, we obtain that o; = 1/m.
Step 3. We conclude the proof of the proposition.
From Step 2, we obtain that

m—1
1
Iu=) le=—@+ +g)+fit+f)=n+ it +fu)
i=0

Since f := fi 4+ - + fu € Eaws, this shows that (1/A")P"(-, M) =5 pin LY(M, p).
O
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LEMMA 4.6. Let X,, be an absorbing Markov chain satisfying Hypothesis HI, then for
every h € L (M, ),

lnll,Pl
;ZN (()

1=

=P M)) = n/M h(n(y), in L' (M, p). 4.2)

Proof. Leth € L*°(M, 1), from a direct computation

n—1 n—1

1 1 1 1 __.
= |2 X 3P (OGP ) = 2 Y P )
i=0 i=0

LY(M )
1 n—1 1
- —Pi(h- P, M) —
n Z Al ( <)»" i M) Tl)) LU(M.0)
SR
== H— P M) =
A LU(M.p)
h - ; —
oy ||OOZ‘ L puic - g R
no= A LI(M,y) Lem45
The theorem follows by combining the above equation with Proposition 4.2 (i). O

Now, we prove Theorem 2.2.

Proof of Theorem 2.2. Ttems (i), (ii) and (iii) follows directly from respectively Proposi-
tions 4.4, 4.2(i) and Lemma 4.5.
In the following, we prove item (iv). Given h € L°°(M, w), define

n—1

i PUNS L
gn(x)5=Ex[;Zh0Xi|T>ni|=mzz ( () Pn i, M))(X).
i=0 ’ i=0

It is clear that ||g, | Loo(m,u) < llAllLoe(a,) for every n € N. Since M is a Polish space,
from the Banach—Alaoglu theorem, we obtain that the space

Byl o, (0 1lloo) i= {g € L=(M, ) gl ooy < IhllLoo(m iy}

is a compact metric space when endowed with the L°°(M, w)-weak® topology. Let
{8n; Inen be a L= (M, w)-weak™ convergent subsequence of {g,},en, and denote its limit
as g.

We show that g = f  hn du p-as., which implies item (iv). Observe that given A €
PB(M), from Lemmas 4.5 and 4.6, we obtain that

1
g)n(x)pu(dx) = lim / gnk(X)TkP""(x, M)Ta(x)p(dx)

= lim/ Z)JP‘<h() P M))(x)llA(x)u(dx)

n—oQ

=/ n(x)u(dX)[ h(x)n(x)p(dx).
A M

Since n({n > 0}) = 1, it follows that g = fM h(x)n(x)u(dx) p-a.s. O
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5. Almost-sure convergence
In this section, we strengthen the L (M, p)-weak™ convergence given in Theorem 2.2 to
L*°(M, ) convergence.

Note that foreveryn € N, x € M and A € B(M),

1 n—1
Ex[; 2; L oX
=l

Therefore, to prove Theorem 2.3, it is enough to find conditions where equations (4.1) and
(4.2) converge almost surely.
To prove Theorem 2.3, we need the following three propositions.

__» 1”_11731'1 L pnic m
T > ni| = m; ; o ( A(')An—i G ))(x)

PROPOSITION 5.1. [22, Proposition 3.3.3] Let T : L'(M, u) — L'(M, n) be a positive
bounded integral operator. Then if { fy}nen C LY, n) is a LY(M, w)-order bounded
sequence satisfying f, — 0 in pu-measure asn — oo, then T f, — 0 asn — 0o u-almost
everywhere.

PROPOSITION 5.2. Let X, be an absorbing Markov chain satisfying Hypothesis HI.
Suppose that one of the following items holds:

(a) there exists K > 0 such that u({K < n}) = 1 almost surely;
(b) there exists g € L' (M, ) such that

1
X—nP"(x, M) <g foreveryn €N,
(c) the absorbing Markov chain X,, fulfils Hypothesis H2.

Then for every h € L®°(M, )

n—1
1 1. 1 i nes
lim —Z—iP (h(')—n_,.P‘ D, M))(x) LI n(X)/ h(yn(y)n(dy) p-as.
n—>00 n = A A M
(5.1)
In addition, if
1 n, N—>00 . 1
A_"p h—— 1 h(x)u(dx) in L™ (M, w), (5.2)
M

n—oo

then (1/A")P"h —— 1 [}, h(x)pu(dx) p-as.

Proof. Observe that item (a) is a particular case of item (b). In fact, note that for every x €
M, (1/APx, M) < 1/K({1/A")YP"n(x) = n(x)/K which correspond to item (b) when
setting g := n/K. Now, we assume item (b). From Lemmas 4.2 and 4.5, we obtain that
equations (5.1) and (5.2) converge in probability. Moreover, item (b) implies that for every
n € N and for p-almost every x € M,

1
—1AllLoompyg(x) < X—nP"h(x) < Al Lo a8 (x)
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and

n—1

_||h||Loo(M’M)g(x)§%Z Lp (h() i, M))(x) < l1hlloog (x).

Therefore, Proposition 5.1 implies the result.
Now, we assume item (c). Let us consider the set

Ky ={x € M; | k(x, ')||L°°(M,/L) <m}
It is clear that the
G" L' (M, 1) > LK. ),
1 .
f= XlePl(f)

is a bounded linear operator. Therefore, we have for every h € L (M, w),

1 .

lim ‘ 1k, (77/ h(y)pu(dy) — —.Plh) =0

"o M M L(K;.p0)
and

n—1 1 ) 1 )
lim ‘ Ik, Z = ( —— P, M)) — 1,7 / h(y)n(y)p(dy) =0.

n—o00 -0 )\. M L (K1)
Since Hypothesis H2 implies that p(| J,,_; K») = 1, we obtain the result. O

PROPOSITION 5.3. Let X, be an absorbing Markov chain satisfying Hypothesis H2 and
m = 1 in Theorem 2.2(i). Then for every h € L*°(M, 1),

iP"h—> n/ h(x)u(dx) in L'(M, w).
An "

Proof. In the case where m = 1 in Theorem 2.2(i), we obtain that dim(Eey) = 1. Then,
given f € L'(M, 1), there exists & € C and g € E,ys such that

f=an+g.

From Proposition 4.2, we obtain that

1
)\—nP”f 27 an in LM, w).

Finally, integrating over u in the above limit, we obtain that o« = f SO (dx). O]
Finally, we prove Theorems 2.3 and 2.4.

Proof of Theorem 2.3. Observe that given h € L (M, ), for every n € N and x € M,
we obtain

n-l n—1 INDL(h(. n—iypn—i.
]Ex[l S hoXi > n} _ Un XS AP ROA/A P M)
(1/am) P (x, M)

(5.3)
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From Proposition 5.2, we obtain that for p-almost every x € M,

lim Ey[hoX; | T > n] =/ n(x)h(x)u(dx),
n—0o0 M

which proves the first part of the theorem.
In the case where m = 1 in Theorem 2.2, then #(opn (P/A) N S') = 1, then combining

Propositions 5.2 and 5.3, we obtain that for p-almost every x € M,
P"h(x)

Jim_ Pite. M) = /M h(y)u(dy). O

Proof of Theorem 2.4. Observe that under the conditions of Theorem 2.4, we obtain that
for every i € N, the operators

G LY (M, u) — C°(Ki,)

8 = ]lKin
are bounded linear operators, since
1 n! 1 i 1 (n—i) n—oo
=) =PUhO)==P" ¢, M) )(x) ———> n(x) [ h()n(y)ndy)  (5.4)
M A LY(M.p) M
and
1
lim —P"(x, M) —>5 5(x). (5.5)
n—o0 A\ LY(M )

Composing G' on both sides, we obtain that equations (5.4) and (5.5) hold pointwise
in K' for every i € N. From equation (5.3), we obtain that for every x € |J, .y Ki and
h e L®(M, p),

. 1 n—1
lim Ex[— D hoXilt> n] =f h(y)n(y)n(dy).
Note that if m = 1 in Theorem 2.2, we obtain that #(opnep/x N S!) = 1. Therefore, h €
L®(M, )
n

nll)n;o m :/M h(y)u(dy) forevery x € U K. 0

meN

6. Random logistic map with escape

In this section, we analyse the Markov chain Yf_’fl — w YP (1 — Y9P) absorbed at
0 =R\ M, where {wy},en is an ii.d. sequence of random variables such that w, ~
Unif([a, b]), where 0 < a <4 < b and M = [0, 1]. As before, for every A € (M) and
x € M, we denote

Px, A) =PY" e A Y = x1.

Clearly, 8y is a stationary measure for Y, * on [0, 1]. In the following, we provide
conditions to show that Y,f’b admits a non-trivial quasi-stationary measure on [0, 1],
which we define as a quasi-stationary measure for Y, b different from 8o. For the sake
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of simplicity and in the interest of readability, we denote Y,f’h simply as Y,. Similarly,
when the context is clear, we omit the a, b superscript from future objects that depend on
a and b.

In the following proposition, we explicitly compute the transition functions of Y,,.

PROPOSITION 6.1. Let 0 <a < b, and consider the absorbing Markov chain Y,'f’b
Moreover, given f € Ll(M, Leb),
bx(1—x)A1

1
ARCERNTES NI

In the case where f € CO(M), then P f € CO(M) and P f(0) = P f(1) = £(0).

Proof. Let f € L'(M, Leb) by a direct computation,

1 b
Pfx)= h—a / To,11(wx(1 — x)) f (wx(1 — x))dw
1 bx(1—x) L q
=G _oxd—D ) 0,1 f(»dy

1 bx(1—x)Al

- dy.
(=0 Jogoy T O¥

Now, consider f € C°(M). The above equation implies that P f is continuous in (0, 1).
For every x € (0, 1), let us define the interval J, := [ax(1 — x), bx(1 — x) A 1]. It follows
that for every x € (0, 1/b), minyey, f(y) <P f(x) < maxyey, f(y).From the continuity
of f, we obtain that lim,_,o P f = f(0). Since P(x) = P(1 — x) forevery x € (0, 1/2), it
follows that lim,_,; P(x) = f(0), implying that P f € coO(M). O

The first step to apply Theorem 2.4 to Y, on [0, 1] is to show that ¥, admits a
quasi-stationary measure different from ¢ on [0, 1].

Consider ameasure u € M (M) such that © < Leb(dx) and define g := w(dx)/Leb(dx).
Note that

P*(u)(A) = /M Plx, A)g(x) dx

=/Mm/ Tax(1—x)bx(1—01 (M La(y)g(x) dy dx

(x)
// Lax(1—x),bx(1-0)1(») b aé;x(l—x) dxdy

/ </a+()) g(x) /ﬁ+()/\a/4) g(x) )
= .~ P 80 gy,
A a(y (b—axl—x) b_(yrasdy (b —a)x(1 —x)

A ¢ ey Ll [
—+ - 1= n -+ /1——x.
252V Tt d )=yl = oF

where
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The above observation motivates the definition of the stochastic transfer operator,

L : L' ([0, 1], Leb) — L'([0, 1], Leb), 6.1)
( / o+ (%) gy
g [x— —d
a_(x) b—-—a)y(l -y
/ﬁ+(x/\a/4) g(y) q )
_ — 27 dy),
p_(xrasdy (b—a)y(l—y)
note that £ is a well-defined linear operator since for every g € L! ([0, 1], Leb),

1
LN Lt (a1 Leby 1=/0 |£g(x)] dx < /M P, M)Ig(»Idy = lIgll Lt (m.Leb)-

The following two propositions summarize the above comments and show that £ is well
defined as an automorphism in L? (M, Leb) for every p € [1, oo]. For the following result,
see for instance [30, §5].

PROPOSITION 6.2. A probability measure p € M (M) \ {80} on [0, 1] is a quasi-
stationary measure for Y, if and only if u(dx) < Leb(dx) and there exists 0 < X < 1,
such that
p(dx) _a p(dx)
Leb(dx) Leb(dx) "

PROPOSITION 6.3. For every p € [1, 00], the operators

PlreonLebys Llrro,1yLeby : LP([0, 11) — LP([0, 1])

are well defined and bounded.

Proof. By a direct computation, one can check that

4 4 4
- (tanhl <,/1—7x)—tanh1 ( 1——x)> ifOsxchI,
Lly =17 " “

_ 4x a
tanh 1—— 1fZ§x§1,

b
4 a
tanh™! (. /1—==).
—a an < b)

Since ||£||L|(M,Leb) <1, by the Riesz-Thorin interpolation theorem [13, Theorem
6.27],

—a

implying that

1L oo (m.Leb) = 5

ILllLr(mLeby < 00 forall p € [1, oo].

For the operator P, note that for every 0 < f € Ll([O, 1D (1 < p <o),

1 1
/O Prx) dx = /0 FE)LLy () dx < 10 oqar Ly | 121 ot ey
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showing that || Pl L1 ps Leby < I£N Lo Leb) < 00. Using that | P|| Lo (arLeb) < 1, we have
again by the Riesz—Thorin interpolation theorem that ||P|l1r(pm 1eb) < 00 forall p e
[1, col. O

For every a € (0,4) and 0 < ¢ < 3/8, let us define M, := [4e(1 — €)2, 1 — ¢] and the
Markov chain Y 1= Y2, | = w, Y (1 — Y{) absorbed at 3° = R \ M,, where {w, }nen
is an i.i.d. sequence of random variables and w, ~ Unif([a, b]). Moreover, for every ¢ €
(0, 3/8), we denote the transition kernels and transfer operator for the absorbing Markov

chain Y respectively as

Pef(x) =1y, )P (Aag, fH(x) and  Le f(x) := Ly, (X)L A, f)(x). (6.2)

In the next proposition, we show the existence of a sequence of positive real numbers
{&i}ien converging to 0, such that for every i € N, the absorbing Markov chain Y,;’ admits
a unique quasi-stationary measure [Lg; supported on M. Moreover, these measures will
play an important role in constructing a non-trivial quasi-stationary measure for Y,, on M.

PROPOSITION 6.4. Let (a, b) € [1,4) x (4, 00) and Y,’,l’b’s be the Markov chain absorbed

at 3¢ defined above. Then, there exists a sequence of positive numbers {&;};eN converging

to 0 such that, for every i € N, the following items hold:

(a) Yf’b’si admits a unique quasi-stationary measure fLqps, ‘= [Le 0n Mg with survival
rate g, > 0;

(b) there exists a continuous function gg’b =g € CO(MSI.) such that g, (dx) =
8s; (x) dx; and

(©) supp(ie;) = Me;.

Proof. From [17, Theorem B and Remark XIII/5], there exists a sequence {r;}ien C
[a, 4) converging to 4 such that for every i € N, the logistic map f;, : [0, 1] — [0, 1],
fr.(x) =r;x(1 —x) admits an invariant ergodic measure p,, < Leb and supp(p,,) =
[£7(1/2), fr; (1/2)].

Consider the sequence {¢; = (4 — r;)/4}ien. Combining equation (6.2) and Proposition
6.1, we obtain that

Pe;(x,dy) Iy, ()
Lebdy) (b —a)x(1 —a)

Tiax(1—x)bx(1—x)1(y) foreveryi € N. (6.3)

In the following, we show that for every i € N, given x € M,, and open interval I C
Mg, = [f2(1/2), f,(1/2)], there exists no = no(x, I) € N such that P£’ (x, I) > 0.

Consider the set J :={y € M,; wox(1 —x) =y for some w € [a, b]}. Since J has
non-empty interior, we obtain that p,,(J) > 0. Since p,, is an invariant ergodic mea-
sure, there exists wg € [a, b] such that y := wpx(1 —x) € J and n; > 0 € N such that

r};-ll ) e I
Consider the natural number ny € N and the continuous function F*0 : [a, b]"0 — R,
FY™M0(c1, oo eng) i= fey 0 fey0. .. fcno (x). From the last paragraph, we obtain that
F*™(wy, rg;, . .., Fe;) € 1. Finally, since F*"'0 is a continuous function, we obtain that
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P(x, I) =PYSPe e 1| Xo = x]

— ®ng no. pX.no
=G —ay Leb®"({p € [a, b]"°; F*"0(p) € I}) > 0. (6.4)
From equations (6.2) and (6.4), we conclude that [7, Hypothesis (H)] is fulfilled and
therefore items (a), (b) and (c) follows directly from [7, Theorem A]. O]

Observe that the family of measures given by the previous proposition {ts, };en can
be naturally extended on [0, 1] by imposing that pg, ([0, 1]\ M) = O for every i € N.
To construct a quasi-stationary measure for the Markov process Y, on [0, 1], we use that
{1, }ien is precompact in the weak™ of M ([0, 1]), that is,

W MM
) e e 1 2 9, 6.5)
ieN
where w*- M (M) denotes the weak* topology of M (M).

The proposition below shows that the elements of equation (6.5) are natural candidates
for quasi-stationary measures for ¥;, on [0, 1].

PROPOSITION 6.5. Assume that there exists a probability measure (1, := L on M, L > 0,
and subsequences

{1es, tneN C (e, tneNs {As,tneN C {Ag, tneN,

such that
Ws, —> W, in the weak™-topology as n — oo,
lim A5, =X and lim §, =0.
n—oo n—oo

Then w is a quasi-stationary measure for Y, on [0, 1].

Proof. Let
E={x €0, 1], u({x}) > 0},
note that E is, at most, countable. Consider the set
A= {I € B(IM); Iisaninterval, I C (0, 1) and sup I,inf I ¢ E}.
It is clear that o (A) = B(M). Note that for every I € A, there exists ng = no(I) such that
A C M;, foralln > ny.

This implies that for every n > ng,

fM P(x, Dus, (dx) =/ Plx, De, (dx) = As, s, (1).

M,
Since P(x, I) is a continuous function, we obtain

/ P(x, Du(dx) = Au(l) forevery I € A.
M

Since (4 — b)/(b —a) < P(x, M) for all x € [0, 1], it follows that A > 0.
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Applying the monotone class theorem, we obtain that u is a quasi-stationary measure
for Y,, on [0, 1]. O]

In light of Proposition 6.5, to construct a non-trivial quasi-stationary measure for ¥,, on
[0, 1], it remains to show that

W M(M)
() (eriien \ {80} # 2. (6.6)
ieN
Note that for every i € N, ., (dx) <« Leb(dx). To show that equation (6.6) holds, we
study the behaviour of the distributions of s, with respect to the Lebesgue measure.

The definition below provides conditions on a and b, which implies that equation (6.6)
holds (see Theorem 6.9).

Definition 6.1. A pair (a, b) € (0, 4) x (4, 0o) is called an admissible pair if either
e a>2;0r
e forevery x € [(4a® —a®)/16, a/4],

1 1 2 4
0<-—=ji—2(1=J1=2)<? (6.7)
2 2 b a 4
and

2(tanh™! (v2/T = (4x/b) + b — 2/b) — tanh™! (y/a + 2/T— (@x/b) — 2/a))

2tanh~! (v/2¢/T = (@x/a) + b —2/b) + log(a/4 — a)
_NT—4x/b
=5

In Theorem 6.18, we show that if (a, b) € [1,4) x (4, 00), then (a, b) is an admissible
pair. Assuming that (a, b) is an admissible pair, it is possible to show that Y,y b admits
a non-trivial quasi-stationary measure on [0, 1]. To accomplish this goal, we need the
following three technical lemmas.

(6.8)

LEMMA 6.6. Let (a,b) be an admissible pair, with a <2, and f :[0,1] > R be a
function continuous by parts with a finite number of discontinuities, such that:
(1) 0 < f(x)foreveryx € [0, 1];
(2) fis non-decreasing in the interval [0, a/4]; and
(3) fis non-increasing in the interval [a /4, 1].
Then L f is a continuous function such that:
(1) 0=<Lf(x)foreveryx € [0, 1];
(2) Lf is non-decreasing in the interval [0, (4a2 — a3)/16]; and
(3) Lf is non-increasing in the interval [a /4, 1].

Proof. Recall that

() fo) /ﬁ+<““/4> Fo)
L = — dy - — dy, 6.9
A /a_m G—anyU= Y7 ) ray G—aya—y €Y
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1 1 4 1 1 4
Oli(x)zziz 1—E.X and /gi(x)zziz 1—;x

It is clear that £f is continuous and a non-negative function. Observe that L f is
differentiable except for finitely many points. In fact, the derivative of £f on the points
where the derivative exists is given by

d/J_f(x) _ Jlay () + fla—(x) 1 ) S (B+(x)) + f(B-(x))
dx T T T —ap T —dbx O T o T = dJax
Since for every x € [a/4, 1],
ALf oL S +fe @)
dx  b—a x+/T —4/bx -
if follows that £ f is non-increasing in [a /4, 1].
Observe that for every x € [0, a/4], we obtain
1 1
b —ax/T—4/bx  (b—a)x/l = 4jax

Since f is non-increasing in [a /4, 1], we conclude that

_ S ot (x) n S (B (x)) -0
b—a)x/1—4/bx (b—a)x/1 —4/ax —
To finish the proof, it is enough to show that f(8_(x)) > f(a_(x)) for every x €

[0, (4a2 — a3) /16]. Observe that since f is non-decreasing on [0, a/4], we obtain that for
every x € [0, (4a2 — a3)/16],

where

(6.10)

and

< B+(x) < ayp(x).

&~

B-(x) < a_(x) <a/4,
implying that
J(B-(x)) = fla-(x)) = 0. O

LEMMA 6.7. Let (a,b) be an admissible pair and ¢ € (0,3/8) such that [(4a*> —
a)/16, a/4] C M,. Consider that sequence of functions {L21p,  neN, then for every
n € N, the following assertions hold:

(1) 0= L1y, (x)forevery x € [0, 1];

(2)  LI1pm, (x) is non-decreasing in the interval [0, (4a* — a*)/16]; and

(3)  LI1pm,(x) is non-increasing in the interval [a/4, 1].

Proof. Recall that for every ¢ € (0,3/8) and f € CO(M,), Lof = Ipm, L(1p, f). We
divide the proof into two steps.

Step 1. We show the result for the case where a > 2.

We show the above result by induction on n. The case n = 0 is immediately verified.
Suppose that items (1), (2) and (3) are true for £ 1), . We will show that the same is true
for L1111y, .
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Item (1) is trivially fulfilled since L. is a positive operator. Additionally items (2) and
(3) follow from equation (6.10) and realizing that for every (a, b) € [2, 4) x (4, 00),

4a* — a3

a_(x) <p_(x) < —— < 2 < B+(x) <ay(x) foreveryx e |:O, M]
- - 16 — 4 - 16
This proves Step 1.
Step 2. We show that if (a, b) is an admissible pair and a € (0, 2), then:
(1) 0= L1y, (x)forevery x € [0, 1];
(2)  L71pm,(x) is non-decreasing in the interval [0, a/4]; and
(3) L}1p,(x) is non-increasing in the interval [a/4, 1].
We will prove that the above items hold by strong induction on n. For the cases n = 0
and n = 1, the computations can explicitly be done and such a conclusion is achieved.
Now, suppose that the conclusions of Step 2 are true for

]lMg’['é]lMg’ C.. ,[:;l]lM‘E withn > 1

and we will show that it is also true for £7711, .
From Lemma 6.6, it follows that:
(1) 0< LMy, (x) forevery x € [0, 1];
2) ﬁ’;“ 1, is non-decreasing in the interval [0, (4a2 — a3) /16]; and
3) ,C’g“ 14, is non-increasing in the interval [a/4, 1].
It remains to show that LZHMS is non-decreasing in [(4a2 — a3) /16, a/4]. From the
proof of the previous theorem, it is enough to show that

LMy, (@—(x) LM, (B—(x)) [4a2—a3 a]
£ < £ fi el——, —|. 6.11
T—dxb ~ Jl—dxa e 16 ©.10)
Observe that
) a b(x) f 64612—61361
— < — — —_— = |.
o_(x 2 < X or every x TR
Therefore,
aqof_(x) En—l]l
L2y, (B-(x)) = / Lo In) 6.12)
aop_(x)y (b—a)y(l—y)
and

o oa—_(x) Ln 1 1 Broa_(x) £n—l 1
Ly (o (x)) = LT I () / e Lm.(y)
B

~/(; oo—(x) (b - a))’(l - J’) _oa_(x) (b - a)y(l - y)
/ﬂ oar— (x) En 1 ]l (y) dy N /aJrooz(x) E;;—l ]lMg (y)
a B

oo—(x) (b - a))’(l - y) oo (x) (b - a)y(l - )’)

Since (a, b) is an admissible pair, equation (6.7) implies that for every x € [(4a? —
a)/16, a/4],

B_oa_(x) <a_oB_(x) < % <t o0B(x) < By oa_(x).
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This implies that
L (B oa_(x)) [B-ou-@ 1 q
b— a_oo_(x) yd —y)
L (Broa_() oo™ 1
b—a Boa_(x) y(l - y)

L, (B 00 () + L7 Ly, (By 02— (1)
- b—a

Ly, (- (x) <

y

+

b
1P ),

where

1P (x) := 2(tanh™! (\/2,/1 —4x/b+b —2/b) — tanh™! (\/a +2/1—4x/b —2/a)).

However, from the induction hypothesis and equation (6.12),
L0 Ly, (B oa_(x)) [/ 1
b— a_ofi_(x) )’(1 - y)
L0y (B oa—(x)) [P~ 1
b—a a/4 y( =y

L (B 00 (0) + L7 1y, (By 0 @ (x)
= b—a

Ly, (B-(x)) = dy

+

b
L7 (),

where

19 (x) = (2 tanh—" (\/zmw; — 2/17) + log (—4 i a))

Combining the above three equations, equation (6.8) and using the definition of
admissible pair, we obtain that equation (6.11) holds. This proves Step 2.
Observe the above two steps imply the proof of the lemma. O

Recall from Proposition 6.4, for every i € N,

e (@)
85 = Leb(dx)

where we set g¢, (x) = 0 forevery x € M \ M,,.

gar = e L'([0, 1], Leb),

LEMMA 6.8. Let (a, b) be an admissible pair. Then, for every i € N:
(1) 0 =< ggx) forevery x € [0, 1];

(2) g (x) is non-decreasing in the interval [0, (4a2 — a3) /16]; and
(3) g (x) is non-increasing in the interval [a /4, 1].

Proof. Recall that foreveryi € Nand f € CO(MSi), Le f = ]]‘Meil:(]‘Msi f). Observe that
if (a, b) is an admissible pair and i € N, then L, : CO(MSI.) — CO(MSI.) is an irreducible
compact operator. Moreover, it is readily verified that £,, admits a single eigenvalue in its
peripheral spectrum, implying that

n—oo
— 0

COMe,)

1
‘ A ‘CZ,I]'M — Og; 8
&

for some a; > 0.
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The lemma follows directly from the above equation in combination with
Lemma 6.7. O

Combining Lemmas 6.6, 6.7 and 6.8, we obtain the following result.

THEOREM 6.9. Let (a, b) be an admissible pair. Then the absorbing Markov chain Y, b
admits a quasi-stationary measure u on [0, 1] different from .

Proof. For every i € N, let ug, (dx) = g, (x)dx be the unique quasi-stationary mea-
sures for Y, on M., given by Proposition 6.4 and extend it to [0, 1] in a way that
We; (M \ Mg;) = 0.

Since M ([0, 1]) is sequentially compact in the weak™ topology, we can assume without
loss of generality (passing to a subsequence if necessary) that the sequence of real numbers
{&i}ien is such that lim;_, o & =0, ug; — @ in the weak™ topology and lim;_, Ag;, =
A>@—a)/b—a).

From Proposition 6.5, the probability measure p is a quasi-stationary measure of
P. It remains to show that u # &g. Suppose by contradiction that p = §p. Then,
lim; o0 g, ([0, (4012 — a3)/32]) = 1. However, from Lemma 6.8, it follows that

e, ([0, (4a® — a)/32]) < pe, ([(4a® — a®) /32, 4a* — a®)/16]) foreveryi € N.

Taking the limit as i — 0o, we obtain that 1 < pu([4a® — a®)/32, (4a®> — a3)/16]), which
is a contradiction, implying that p # &. O

Remark 6.10. Observe that without assuming that (a, b) is an admissible pair, the
inductive step presented in Step 2 of Lemma 6.7 no longer holds. Without this lemma,
the core argument in the proof of Theorem 6.9 cannot be applied, and the existence of a
non-trivial quasi-stationary measure for Y, * becomes unclear.

From now on, we define 5 = @ as a non-trivial quasi-stationary measure for Y,
on [0, 1] and A,p = A its associated survival rate (given by Theorem 6.9). The next
proposition shows that p is absolutely continuous to the Lebesgue measure.

PROPOSITION 6.11. Let (a, b) be an admissible pair. Then, © < Leb(dx) and0 < A < 1.

Proof. 'We can decompose w(dx) = w({0})8o(dx) + /' (dx) + w({1})d;(dx).
Since §¢ # 1, we obtain that ;£ ({0}) # 1. Observe that

A ({0)8o(dx) 4+ A/ (dx) + Ap({1})81(dx) = Au(dx)
= P*(w)(dx)
= (u({1}) + u{0)do(dx) + P*(u").
Since P*(u') < Leb(dx), it follows that P*(u')({1}) = 0, implying that
n(1h) =0

and

Apn({0}) = n({0h).
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We claim that A < 1. Suppose, by contradiction, the opposite that A = 1, then
p=P"" 1= pn{0Ns (dx) + (P)"u'.

Since P"1(x) — Ljoju(1)(x) pointwise as n — oo, we have, by the Lebesgue dominated
convergence theorem,

p= lim (P")"u = p{0}1(dx) + lim P = n({0}h)do,

which is contradiction since @1 ({0}) # 1.
This implies that A < 1 and therefore 1 ({0}) = 0. Therefore, u({0} U {1}) = 0 and

A = P*u <« Leb(dx). O

From now on, we define

Map(dx)
Leb(dx)

The next result summarizes the properties of g.

g =g e L([0, 1], w.

PROPOSITION 6.12. Let (a,b) be an admissible pair. Then the function g fulfils the
following properties:
i) gec’m);
(i) g is non-decreasing in the interval [0, 4q? — a3)/16];
(iii)) g is non-increasing in the interval [a /4, 1];
(iv) there exists k > O such that k < g(x) for every x € M.

Proof. We divide this proof into 3 steps.
Step 1. We show that g(x) > 0 for every x € (0, 1].
Suppose that there exists x € (0, 1] such that g(x) = 0. Therefore,

ay(x) By (xna/4)
0= hg(r) = / &) dy _/ gy v,
e (b—a)yd—y) B_xnassy (b—a)y(l—y)

This implies that
g(y)=0 forally € I} :==[a—(x), B_(x Aa/H]U[B+(x Aa/4), ar(x)] C (O, 1).

Let xo € supp(u) N (0, 1). By the same arguments presented in the proof of Proposition
6.4, we can show that there exist ng = ng(x, I;) such that P"0(xg, I;) > 0. Since
P"0(xg, I1) is a continuous function, there exists an open neighbourhood B C (0, 1) of
x such that

inf P"0(y, I) > %P"O(xg, 1) > 0.
yeB
Therefore,

no I
WMB) >0,

1
0=nul) = o /M P"(y, g(y) dx >

which is a contradiction. Therefore, g(x) > 0 for every x € (0, 1].
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Step 2. We show (i), (ii) and (iii).
Recall that for every i € N, g4, (x) = (1/A,)1 My, Lge; (x). This observation, combined
with Theorem 6.8 and Lemma 6.6, implies that

1Lge; Lo = sup Lge (v) foreveryi € N.
yve[(da?—a3)/16,a/4]
Let
J = U ([a—(x), B—(x) ANa/4 U [B_(x) Na/4, ar(x) ANa/4]) C (0, 1),

x€[(4a?—a3)/16,a/4)]

and observe that J is a compact set. Finally,

1 1 1 8e: (y)
0<g,(x) < —Lge(x) < — sup Lge(y) < — | — = —
Ag; Ag yel(a2—a3)/16,a/4] heg Jy (b—a)y(1 —y)

1 1
<sup ———sup — =: C < o0. (6.13)
yeJ 4y(1 =) jeN Ag

Therefore, we obtain a uniform bound for {g, };ey on L (M) for n big enough. For
every § > 0, consider the map

Ts : L¥(M) — CO([8, 1 — 8)),
f—= Llisi1-Lf.

From the Arzela—Ascoli theorem, it is readily verified that 75 is a compact operator
for every 0 < § < 1/2. From equation (6.13), we obtain that there exists a subsequence
{L8e;, Inen C {Lge;)ien and f5 € CO([8, 1 — 8]) such that

lim ”TBEgs,-n — fsllo = 0.
n—>oo
Choosing an interval Is C [§, 1 — §], observe that
P(x, Is) is continuous on x € [0, 1],

it follows that

1
fs(y)dx = lim / Lge,; (x) dx = lim / P(x, I5)ge;, (x) dx = f Ag(x) dx.
Is n—0o0 J . n—oo J Is

Since I5 is an arbitrary interval subset of [§, 1 — §], we obtain f5 = Ag|[s,1—s5]. Using
that for every subsequence of {1[s,1—51£g, }ieN there exists subsubsequence converging
to 1i5,1—5)Ag, we obtain that

lim [ 1s,1-51(Lge; — A8 oo = 0.
11— 00

Since {g¢, }ien is bounded L*°(M, ) and g lies in LY(M, p), the above equation
implies that

Lg., — rgin L'([0, 1]).
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Thus, there exists a subsequence {gg,,l_ }ieN C {ge, }nen such that
lim Lg,, =Xig p-as. (6.14)
i— 00 !

Therefore, for p-almost every x € M,

1 . C
0<gk)<—- lim Lg, (x) < —,

A i—00 i A

which implies that g is L*°([0, 1]). Since for every i € N:

(1) Lgs, isnon-decreasing in the interval [0, (4a? — a) /16]; and

2) ,Cgsni is non-increasing in the interval [a /4, 1],

from equation (6.14) and the continuity of g on (0, 1], we obtain that:

(1) g is non-decreasing in the interval [0, (4a* — a*)/16]; and

(2) g is non-increasing in the interval [a/4, 1].

The proof is finished observing that g € C°([0, 1) when imposing g(0) := infyc(0,a/4) &(x).

Step 3. We show item (iv).

Observe that in virtue of Step 2, it is enough to show that g(0) > 0. Since g is
continuous, it follows that

e—>0 &

1 £
lim ~ fo ¢(») dy = 5(0).

Since g(x) dx is a quasi-stationary measure of ¥, on [0, 1], we obtain that

e 1 1
/ g(y)dy=—/ P(y, [0, eDg(y) dy.
0 A Jo
It is clear that

Px,[0,e]) =1 foreveryx € [ay(e), 1] C [a/4, 1].

Since g is decreasing in [a/4, 1] and g(1) > 0, it follows that

¢ 1! g(1) g1 1 [ de
/0 gy)dy = 3 fo P(y, [0, eDg(y)dy > )\<1 —a+(€)) = x(z ~5 1- b).

Finally,
Y o lgM 11 4e g(1)
0) = lim — dy>lim -—-—=,/1—— ) ==—>0.
8O gf%gfog(y)y—ag%g,\ 272 b b
Combining Steps 1-3, we conclude the proof of the theorem. O

To apply Theorem 2.4, we need to show that P admits an eigenfunction lying in
L'([0, 1], Leb). To do this, consider the operator
T :C°([0, 11) — €°([0, 1]),
L
Fis @f)
rg

It is clear that T is a Markov operator that is:
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(1) T :¢%(/0,1]) — €°([0, 1]) is a bounded positive linear operator;

2 Tl=1.

PROPOSITION 6.13. Let (a, b) be an admissible pair. Then there exists a probability v <
Leb such that v is a fixed point of the operator T* : M(M) — M(M).

Proof. Since T is a Markov operator, it is well known that there exists a probability
measure v such that 7*v = v (see [10, Ch. 10]).
Let us decompose v as

v =169 + 0521)/ + o361,

where v € M (M) and v/ ({0} U {1}) = 0.

Since
1 A F(1)g(y) /“+<x> FMeg») )
L 0) = 1 e g EACECATE|
(&) —axl—%(/a_(x) y(d—y) v grcy Y —y) Y
1
05( (D 0)g(0) + ;f( /9 £(1yg (),
we obtain that
log(b/a) log(b/a) g(1)
T —— 21 1 6.15
fO = Z= 5 F O+ 5= (O)f() (6.15)

From a similar computation, we obtain that

1 oy (1)
Tf() = ) /(;(1) fx)g(x) dx. (6.16)

Note that given A € H([0, 1]) such that Leb(A) =0 and A C [8, 1 — §] for some
8 > 0, then T (14) = 0. This implies that

1
T*V'(A) = f T*14(x)v'(dx) =0,
0

since v/ ({0} U {1}) = 0, we obtain
T*v'(dx) <« Leb(dx). 6.17)

Combining T*v = v, and equations (6.15), (6.16) and (6.17), we obtain that v/ <
Leb(dx).
Let { fu}nen € CP(M) be a sequence of continuous functions such that:
(1) 0< fu(x) <lforeveryn € Nandx € [0, 1];
(2)  fu(1) =1;and
3)  fax) =0foreveryx € [0,1 — 1/n].
Since T*v = v and f;, is continuous, it follows that

/ Sn(x)v(dx) =/ Tfu(x)v(dx) foreveryn € N. (6.18)
M M
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The left-hand side of equation (6.18) is equal to

/M fn(x)v(dx)=052/fn(x)v(dx)+a3fn(1):a2/fn(x)v(dx)‘l'a?n

and the right-hand side of equation (6.18) is equal to

/fn(x)T*v(dx)
M

_ (log(b/a) log(b/a)g(1) : .

= a ((b O+ _a)g(o)kfna))wzfo FuO)T*v(dx)

1 oy (1)
tos ), FrsE s
_log(b/a) g(1) ! . @
= - Ag(0)+a2/o fn()T v(dx)+a3kg(1) - fn(x)g(x) dx.

Taking the limit as n — oo in equation (6.18), we obtain that

10g(b/a) &)
b—a )»g(O)

Repeating the same argument with the sequence {f,(l — x)},en C co([o, 1]), we
obtain that
log(b/a)
= —al
(b —a)r
If @1 = 0, then a3 = 0 and the proof is finished. Suppose by contradiction that «; > 0,
the above equation shows that 1 = log(b /a))fl (b — a)~L. However, we obtain that

1 1 log(b/a) 1 log(b/a) 1 log(b/a)
0)=-Lg0)=-——""g0)+ ————g(1) =g(0) + ————g(1),
8(0) =5 Lg(0) = - ———=g(O) + - ———g(1) =g(0) + - ———¢(D)
therefore, g(1) = 0, contradicting Proposition 6.12. O

With the above results, we can prove the following two theorems.

THEOREM 6.14. Let (a, b) be an admissible pair. Then the operator P : Lo, 11, w) —
L'([0, 11, ) admits eigenvalue n with respect to eigenvalue A such that u({n > 0}) =1
and ||l 1y, = 1. In particular, Y,’,"b fulfils Hypothesis H1.

Proof. From Proposition 6.13, there exists an eigenmeasure v(dx) = a(x) dx of T* with
h e L([0, 1], ). This implies that for every f € cO(M),

1 1
/0 T(F)0)h(x) dx = /O FEO) dr.

However, since fg € L°([0, 1]), we obtain that

1 1 1
/ f)h(x) dx = / Tf(x)h(x)dx = / Mh(x) dx
0 0 0

7(x)
1
=/0 flx )wp( )
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Finally, defining n(x) = h(x)/g(x), it follows that Pn = An. Since

1 bx(1—x)Al
nx)=—— n(y) dy,
Ab —a)x(1 —x) ax(1—x)
we clearly have that € CY((0, 1)). Moreover, it is easy to see that if there exists xg € (0, 1)
such that n(xg) = 0, then n(x) = 0 Leb-a.s. in (0, 1), which is a contradiction. O]

THEOREM 6.15. Let (a, b) be an admissible pair. Consider M = [0, 1] and the Markov

chain Y0 = 0, ¥, P (1 — v,*")) absorbed at § =R\ M, with {wp}nen an iid

sequence of random variables such that w, ~ Unif([a, b]) on Ry; with absorption 9.

Then we have the following.

G v b admits a quasi-stationary measure [Lqp With survival rate A,p such that
supp(u) = [0, 1] and u <« Leb, where Leb denotes the Lebesgue measure on [0, 1].

(i) There exists n™" € L'(M, 1) such that Pn®* = hqpn®?, ||77a’b||L1(M,m =1 and
n“’b > 0 g p-a.s.

(iii) For every h € L®°(M, Leb),

' 1 n—1
lim E[; Z ho Y,f’b |7 > ni| = /M h(y)r;“’b(y)ua,b(dy) for every x € (0, 1).
i=0

n—>oo
(iv) Foreveryh € L®°(M, ),

Iim Ey[hoX; | T >n]l= / h(y)u(dy) foreveryx € (0, 1).
n—oo

Proof. Note that Theorem 6.14 implies that Y,fa’b) satisfies items (Hla) and (H1b) of
Hypothesis H1, also items (Hlc) and (H1d) of Hypothesis H1 follow from Propositions
6.1 and 6.12.

Once again, from Propositions 6.1 and 6.12, we obtain that Y,; b satisfies Hypothesis H2
defining K; :=[1/i,1 — 1/i] for every i € N. Also, since the logistic map 4x(1 — x) is
chaotic in [0, 1] and f : R x [a, b] — R, f(x, w) = wx(1l — x) is a continuous function,
so we conclude that m = 1 in Theorem 2.2. Therefore, the conclusions of the theorem
follow directly from Theorem 2.4. O

6.1. Analysis of the admissible pairs. Fixing a pair (a, b) € (0,4) x (4, 00), it is
relatively easy to check if (a, b) is an admissible pair or not. However, it is complicated to
solve inequality equations (6.7) and (6.8) in terms of (a, b). In this section, we prove that
every (a, b) € [1,4) x (4, o0) is an admissible pair.

We start showing that for every (a, b) € [1, 2) x (4, 00), inequality equation (6.7) is
fulfilled.

PROPOSITION 6.16. For every (a, b) € [1,2) x (4, 00), we have that

o1 2 4 4a’ —a®
0<-——=J1-=(1- 1__x 56—1 forevery x € u,g-
2 2 b a 4 16 4
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Proof. Note that % — %\/1 —2/b(1 — /1 —4x/a) is an increasing function in x. There-
fore, for every x € [(4012 — a3)/16, a/4], we obtain

1 1 2 4x 1 1 2 1 a
O0<-—=J1-=(1-y/1-—)<=—=/l—-Z<-<-.
2 2 b a 2 2 b~ 4~ 4 O

PROPOSITION 6.17. For every b > 4, the following maps

FP (x)
_2(tanh™! (/1 =2/b+2/b/T— (4x/b)) — tanh ™" (/1 —2/a + 2/a/T— (4x/b)))
- V1= (4x/b)
and
by 2tanh~! (v/=2 + 2/T — (4x/a) + b/b) +log (a/(4 — a))
2 X) =

J1— (4x/a)

are increasing in x in the interval [(4a® — a*)/16, a /4].

Proof. 1t is readily verified that

e (1242 o) et (122 d
> tan — =+ -/l —— ) —tan ——4 =/l == an
* b b b e a b

Al
b

are respectively increasing and decreasing for x € [(4a® — a3)/16, a/4], implying that
F"(x) is increasing in x in the interval [(4a> — a®)/16, a/4].

In the following, we prove that an ? is an increasing function in [(4a? — ) /16, a/4].
Through the change of coordinates y = v/(—2 + 24/1 — 4x/a + b)/b, we obtain that to
show that an *is an increasing function, it is enough to show that

log((1 +y)/(1 —y)) +log(a/(4 — a))
by2 —b+2

is decreasing in x in the interval [/(b —2)/b,/(b—1)/b] D [/(—2+ b)/b,
/(b — a)/b]. Since

de( ) = 2662 ~ Dylog(a/(4 = a)) +log((1 +)/( = y)) +by? ~b+2)
N (1= y)bG? =1 +2)?

F{P(y) =

k]

it is enough to show that

b(y? —1)<ylog (La rr—i) )+2<b(y —1)<ylog( 3yy)+1)+2
[b—2 2 [b—1
<0 foreveryye|: ]
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Observe that given y € [£/(=2 + b)/b, /(—1 + D)/b] C [ﬁ/Z, 1], we obtain that

1 1
by(y2 — 1) log (3 +3y ) <0 and 3 +3y —1>0.
-3y — 3y

From [21, equation (2)], it follows that log(l + x) > x/(1 + x/2) for every x > 0.
Therefore,

+1
2+ b(y* — 1) + by(y* — 1) log (;_ 3y>

by(y +1)/3—=3y) —D(* -1
12+ 1D/G=3y) — D+ 1
b(1 —y?)(4y? =3y +2)

_ — .

<24b(*—1)+

=2

(6.19)

Using standard techniques, one can check thatb > 4and y € [/(—2 + b)/b, \/(—1 + b/b]
then equation (6.19) is less than or equal to 0, implying that F3a b s decreasing in the
interval [+/(—=2 + b)/b, /(—1 + b)/b] for every (a, b) € [1,2] x (4, c0) and therefore

F? is increasing in [(4a? — a®)/16, a/4] for every (a, b) € [1,2] x (4, 00). 0O

Using the above proposition, we show that if (a, b) € [1, 4) x (4, 00), then (a, b) is an
admissible pair.

THEOREM 6.18. If (a, b) € [1,4) x (4, 00), then (a, b) is an admissible pair.

Proof. From the definition of admissible pair, we just need to consider the case (a, b) €
[1, 2] x (4, co0). From Proposition 6.16, we obtain that the pair (1, b) satisfies equation
(6.7).

In the following, we show that the pair (1, b) satisfies equation (6.8). Observe that
equation (6.8) is equivalent of showing that F}' ) < Fy b (x) for every x € [(4a® —
a’)/16, a/4], where F} * and Fy > are defined in Proposition 6.17. From Proposition 6.17,
it is enough to show that

abf @ b 4a* - a’
F& Z < F} e for every (a, b) € [1,4) x (4, 00).

We divide the proof into two steps.
Step 1. 1 We show that for every b > 4, (1, b) is an admissible pair.
Note that for every b > 4,

e _ 2(tanh™! (V/(b +2¢/T—1/b —2)/b) — tanh™" (y2/T—1/b — 1))
! < ) JI—1/b

V2JB=D/b—1—/(b+2Jb - 1)/b—2)/b )
1- \/(2./(1; —D/b—1)((b+2J/B—=T1)/b —2)/b)

4

<4 tanh™! (
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and

P(2) st (LTI (3«/—;;_1@—2)
2 \16) =" Uiz am) ~ 7™ 3b + 1 '

Since the function x > 4 tanh~! (x) is increasing, to finish the proof of this step it is
enough to show that

V=14+2Jb=1D/b—/(b+2J/(b—1)/b—2)/b
| — \/( — 142G = /b)((b + 2B = 1)/b — 2)/b)

- 30— 1/b—2
- 3b+1

for every b > 4. (6.20)

Using standard methods, one can show that the above equation simplifies in showing that

p(b) := 4239b° — 23868b° + 31482b* + 8964h°
— 4040157 + 23424b — 4096 > 0 for every b > 4.

However, since for every § > 0,

p(4+8) = 42395% + 7786857 + 5714828*
+ 21197168 + 409167952 + 36832568 + 998384 > 0,
we obtain that equation (6.20) holds. This completes Step 1.

Step 2. 2 We show that (a, b) is an admissible pair for every (a, b) € [1, 2) x (4, 00).
Fixing b > 4, observe that

Q@ —a)F&? (%)

_, 2-a (t - (\/24/71—(a/b)+b—2>_t - (\/2«/71—(a/b)+a—2>)
T am\ " b an a

and

_ ab 4a* — a* _ 1 |b—a a
2-a)F, <—16 >_2<2tanh (_b + log )

It is readily verified that

2-a (\/2«/71 —(a/b)+b—2> B (\/2«/—1 —(a/b)+a—2)
JT=@h b a

are decreasing functions in a € [1, 2), implying that (2 — a)Ff ’b(a /4) is a decreasing
function in a € [0, 1] and

(a —2)F ((4a® — a®)/16) = 2(2 tanh™! <,/ b;—a> +log <4 i a))
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is an increasing function in a € [1, 2). From Step 1, we obtain that for every a € [1, 2),

Fu,b

a QC—a)yF /4 FY4y  FEPGe) L, (4a—d3
— ) = < < < F57 —).
I \4 2—a -~ 2—a — 2—a ~ 2 16

This completes the proof of the theorem. O

We finish the paper proving Theorem 2.1.

Proof of Theorem 2.1. The theorem follows directly from Theorems 6.15 and 6.18. O
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