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1182 D. Gepner and J. Heller

1. Introduction

In his 1970 International Congress of Mathematicians talk [36], Segal sketched a
computation of the endomorphism ring of the equivariant sphere spectrum for a finite
group G, identifying this endomorphism ring with the Burnside ring of finite G-sets.
Using other methods, this computation was recovered and massively generalized by tom
Dieck’s splitting theorem [13]. These results form a crucial layer of the foundations on
which the successes of equivariant homotopy in the ensuing decades were built, from
early foundations [27] to Carlsson’s resolution of the Segal completion conjecture [8] to
the Hill-Hopkins—Ravenel solution of the Kervaire invariant one problem [22].

An equivariant version of motivic homotopy theory was introduced by Voevodsky [11]
to study quotients of motives by group actions, which played a role in his work on the
Bloch—Kato conjecture. A number of authors have subsequently further developed this
theory, and variants, including Hu, Kriz, and Ormsby [25], Heller, Krishna, and @stveer
[19], Herrmann [21], and Carlsson and Joshua [9]. The state of the art is Hoyois’s [24],
where he develops the formalism of Grothendieck’s six operations in this theory.

In this paper we establish an analogue of tom Dieck’s splitting in the context of stable
motivic homotopy theory for finite group actions. Throughout, we assume that G is a
finite group whose order is coprime to the characteristics of the residue fields of the base
scheme B; in other words, the group scheme associated to G is linearly reductive over B.
Our splitting theorem, proved in Theorem 7.4, computes the N-fixed points of suspension
spectra (more generally of ‘split spectra’) as a motivic G/N-spectrum, where N 4G is a
normal subgroup. In the case N =G, this takes the following form, where (H) denotes
the conjugacy class of a subgroup:

Theorem 1.1 (motivic tom Dieck splitting). Let G be a finite group whose order is
invertible on B. Let X be a based motivic G-space over B. There is an equivalence of
motivic spectra

Ox: @ (E= (X)) wy — (E=X).
(H)

Corollary 1.2. For integers a and b, there is a canonical isomorphism

75y (1) 2 @ map (BWH,).
(H)

The reader familiar with tom Dieck’s theorem [13] will recognize this result as taking a
very similar form as the classical result. The key difference here is that the functor (-)ng
is an algebro-geometric, or motivic, version of the homotopy orbits functor rather than
the familiar categorical construction. Recall that the ordinary homotopy orbits functor is
defined as follows. A G-spectrum Y determines a diagram on the category BG ~ ByisG,
and the homotopy orbits are the colimit of this diagram: Y} g ~ colimpg Y. The motivic
version should then be thought of as a motivic, or parameterized, colimit of Y over the
category B¢ G of étale G-torsors. We do not make the version of the definition, as just
stated, precise here (this can be done using [6]); instead, we provide a direct construction
of the functor (-)ng. First, recall that Morel and Voevodsky [32] introduced a geometric
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model for the classifying space of étale G-torsors. This construction is distinct from the
usual simplicial construction of the classifying space; rather, the simplicial construction
is a model for the classifying space of Nisnevich G-torsors. The equivariant manifestation
of this fact is that the universal free motivic G-space EG is not equivalent to the usual
simplicial construction E,G. The motivic homotopy orbits of a G-spectrum Y are defined
here by a variant on the standard formula Yy, ¢ ~ (E.G4 ®Y) /G, obtained by replacing E,G
by EG. That is, we take Y¢ ~ (Y ® EG, ) /G as the definition of the motivic homotopy
orbits of Y.

Before explaining the intermediate results leading to the splitting theorem, we pause
to point out an obvious, but important, difference between ordinary equivariant and
motivic equivariant homotopy theory. In the topological case, equivalences are detected
by the fixed-point functors for subgroups H < G. This corresponds to the fact that
a set of generators is given by the orbits G/H, or that the homotopy theory of G-
spaces can be presented as presheaves of spaces on the category of G-orbits. On the
other hand, generators for equivariant motivic homotopy theory are smooth schemes
over B with a G-action. Orbits G/H are examples of smooth G-schemes over B, but of
course there are many more. Equivalences between motivic G-spaces or G-spectra are not
detected by fixed points,’ because smooth G-schemes cannot in any meaningful way be
decomposed into pieces of the form G/H x X (where X has trivial action). However, by
analyzing filtrations of equivariant motivic homotopy theory arising from localizations and
colocalizations determined by families of subgroups, as in §3, one can see that equivalences
can be detected using only (desuspensions of) smooth G-schemes of very special form,
namely those of the form G xx X such that there is a normal subgroup N < K which acts
trivially on X and the quotient K/N acts freely on X. These are the G-schemes whose
stabilizers are concentrated at a single conjugacy class.

In addition to the six-functor formalism established in [24], the proof of Theorem 1.1
relies on several new results for equivariant motivic homotopy theory which should be
of independent interest. As with the splitting theorem, there are versions for all of these
results established relative to a normal subgroup N < Gj for simplicity we discuss here in
the introduction only the results for N =G.

The first key ingredient which we need is the geometric fixed-points functor, constructed
in §4.3. The geometric fixed points X% of a motivic G-spectrum X may be obtained
as the G-fixed points of a suitable localization of X, namely one determined by smooth
G-schemes with trivial action. This functor satisfies analogues of the main features of
the geometric fixed-points functor from ordinary equivariant motivic homotopy theory,
as follows:

1. It is a symmetric monoidal left adjoint, and (E‘X’YJr)(I)G ~ 3 (YF) for any Y € Smp.

~ .G ~
2. X®C (X ®E77) , where EP is the unreduced suspension of the universal motivic
G-space associated to the family P of proper subgroups of G.

Lof course, one can define a homotopy theory which has this property, but as pointed out by
Herrmann [21], equivariant algebraic K-theory is not representable in the resulting homotopy
category.
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G _
3. X®C~(X[a™'])", where a is the Euler class a:S” - TP¢ and p is the reduced
regular representation.

Here, given a representation V, we write TV for the associate motivic sphere (i.e.,
its Thom space). The connection between items 2 and 3 is provided by a geometric
presentation for universal motivic G-spaces for families, established in §3, analogous to
Morel and Voevodsky’s geometric description of classifying spaces. In particular, for the
family of proper subgroups, what we find is that EP may be described by the formula
EP ~T*?c = colim,, T"7<, analogous to the familiar formula from topology.

Also of interest is that the construction of the geometric-fixed points functor here
permits a motivic version of the Tate square for Cj-equivariant motivic spectra in §4.4.
This is a homotopy push-out square of motivic spectra,

X% — X®C

| |

Xth Xth,

where X" is a motivic version of the homotopy fixed-points functor, defined using EC,.

A second key ingredient entering into the splitting theorem is the motivic Adams
isomorphism, proved in Theorem 6.36. This fundamental result identifies the quotient
of a free G-spectrum with its fixed points. There is a natural transformation from the
former to the latter, and the bulk of the work in §6 is devoted to verifying that this
morphism is an equivalence. Our strategy is to first check that this transformation is an
equivalence on the full subcategory of dualizable free G-spectra. Of course, unless the
base is a field of characteristic 0, this does not suffice to conclude the result in general.
But since EG, is a colimit of dualizable spectra, it does imply that the fixed points
of EG, coincide with BG,. Using the fact that BG, contains 1 as a summand, this
lets us define an inverse to the Adams transformation to obtain the general result. It
is worth pointing out that if f:T — B is an étale torsor, then the Adams isomorphism
for fulyp is a straightforward consequence of ambidexterity, proved in [24], for the finite
étale map f. An obvious strategy presents itself. If ¢: X - B is a smooth G-scheme over
B with free action, then g: X — X/G is an étale torsor and p: X/G — B is smooth.
Since (gx1 X)G = (g#lx)/G and py commutes with the quotient functor, to verify the
Adams isomorphism for px (g41x) it would suffice to check that the fixed-points functor
commutes with px. Establishing this change-of-base formula directly appears to be as
difficult as the Adams isomorphism itself, and we actually obtain this base-change formula
as a consequence of the Adams isomorphism. It is interesting to note that from the
viewpoint of motivic homotopy theory of stacks, this is an instance of a smooth proper
base-change formula, along the nonrepresentable map BG — B.

Once all of the foundational results are in place, the proof of the splitting theorem is
actually fairly straightforward. It is not hard to write down the map © x of the statement
of the theorem, and to check that it is an equivalence it suffices to check that it is an
equivalence when X is concentrated at a single conjugacy class — a case which follows from
the analysis in §3 of localizations and colocalizations of equivariant motivic homotopy.
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1.1. Outline

We use the language of co-categories throughout this paper. We begin in §2 by recalling
the construction of the oco-categories of motivic G-spaces and motivic G-spectra from
[24], as well as a few extensions used in this paper. In §3 we study the colocalizations and
localizations of equivariant motivic homotopy theory which are determined by a family. In
§4 we define fixed-point functors and geometric fixed points. In §5 we define the quotient
functor on N-free spectra, and in §6 we prove the motivic Adams isomorphism. Finally,
in §7 we prove the motivic tom Dieck splitting theorem.

1.2. Notation

Throughout, B is a quasi-compact, quasi-separated base scheme and G is a finite group
whose order is invertible in Op. We write Schg for the category of G-schemes which
are finitely presented and G-quasi-projective over B. For S e Schg, write Schg for the
slice category over S and Smg c Schg for the full subcategory whose objects are smooth
over S.

If £ is a locally free Og-module, we write

V(&) :=Spec(Sym(EY)) and  Pg(&):=Proj(Sym(&£Y)),

respectively, for the associated vector bundle scheme and the associated projective bundle
on S. A representation of G over B will mean a locally free G-module on B (for a
recollection of the definition, see [38]). If M is a G-set, we let

pMZOB[M] = OB®Z[M]

denote the associated permutation representation. In particular, pg is the regular
representation.

We use the language of co-categories in this paper and mostly follow the terminology
in [28, 29], with the exception that we write Cate, for the co-category of not necessarily
small co-categories. We write Map,(z,y) for the space of maps in an co-category C and
Map.(z,y) for the spectrum of maps in a stable co-category. If C is a closed symmetric
monoidal co-category, we write F¢(z,y) for the internal mapping object.

2. Equivariant motivic homotopy theory

We recall definitions and basic properties of equivariant motivic homotopy theory. We
will use the co-categorical approach to equivariant motivic spectra introduced by Hoyois
[24]. Since we are working with finite groups, the unstable homotopy category agrees with
those constructed by Voevodsky [11] and Heller, Krishna, and @stvaer [19], and the stable
homotopy category agrees with the one from [20, Appendix A.4].

2.1. Equivariant geometry

Set S e Schg. If :G - K is a group homomorphism, we write

¢! :Schh - Schg—ls
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for the restriction functor, which regards a K-scheme over S as a G-scheme over S via
¢. When no confusion should arise, we write Sch§ instead of SChg—l g

Set X €Sch. Say that G acts freely on X if the action of G(T) on X(T) is free for
any T eSchp. If G acts freely on X, then the fppf-quotient (X /G)gpr is representable by
an object X /G € Schp (since all of our schemes are quasi-projective; see [37, Tag 07S7].
Since G is smooth, the fppf-torsor X — X /G is an étale torsor (as it is a smooth map and
so étale locally admits sections).

Definition 2.1. The stabilizer of a point x € X is the subgroup Stab(z) < G, defined by
Stab(x) ={g€G|g-x =2 and g acts as id on k(x)}.

Then G acts freely on X, provided Stab(z) = {e} for all z € X. More generally, if H <G
is a subgroup which acts freely on X, then the quotient X /H inherits an action of the
Weyl group W(H)=Wqg(H):=Ng(H)/H, and so defines a functor (-)/H : Schg’H'free -
Schyy ¥, This is the composite of the restriction functor Schg’H‘free - SCth"H'free and

followed by the quotient Schy™#¢ - Schy#.
Let N 4G be a normal subgroup. Suppose that either

(i) N acts trivially on S or
(ii) N acts freely on S.

In either case, the quotient functor yields a functor

G, N-free G/N
Smyg —>SmS/N.

G/N

“1.gm8N Smg’" for the

Write ¢: S — S/N for the quotient map of schemes and ¢ S/N

functor defined by ¢7'(Y) =Y xg/n S.

Proposition 2.2. Suppose that N acts freely on S. Then (=)/N and n71q™! are inverse
equivalences

(=)/N: Smg 2 Smg//;\\[[ sttt

Proof. Let f: X - S be in Smgf. By descent, we have a Cartesian square in
Smg (hence in Smg)

X — S

| |

X/N — S/N.

It follows that (=)/N is fully faithful. It is also essentially surjective, since if Y € Smg//]]\\,,,
then YE(YXS/NS)/N ]

Let ¢: H = G be a monomorphism of groups. The induction-restriction adjunction

1u:Schf = Schg ot
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restricts to an adjunction

n:Smf 28m§ .
When H < G is a subgroup and ¢ is the inclusion, we often write ¢(X) =G xyg X, and
this scheme is described concretely as follows. The scheme G x X becomes an H-scheme
under the action h(g,z) = (gh™',ha), and we define

GxgX=(GxX)/H.

The scheme G x g X has a left G-action through the action of G on itself. We can describe
G xg X in slightly more concrete terms as follows. Choose a complete set of left coset
representatives g;; then G xy X =1],, X;, each X; is a copy of X, and g€ G acts as
k:X; - X;, where k € H satisfies gg; = g;k.

Set X € Schg. The presheaf of sets X is the presheaf of sets on Schp defined by

XC(V)={yeX(Y)|y is fixed by G}.

If X — B is seperated, the presheaf X is represented by a closed subscheme of X which
is finitely presented over B, which is moreover smooth over B if X is (see [12, Proposition
X11.9.2, Corollaire XII.9.8] or [10, Proposition A.8.10]). Note that if H <G is a subgroup,
the fixed-point subscheme X comes equipped with an action of the Weyl group W (H).

Now, suppose that N <G is a normal subgroup which acts trivially on S. Write 7: G —
G/N for the quotient map. Restricting action along 7 defines a functor 7! :Schg/ N
Schg, which is left adjoint to fixed points. We will usually simply write again X instead of
771X, whenever context makes the meaning clear. Now, restricting attention to smooth
S-schemes, we obtain the adjunction

! :Smg/N 28m¢&: (-)V.

2.2. Families of subgroups

Families of subgroups provide a convenient way to filter equivariant motivic homotopy
theory.

Definition 2.3. A family F of subgroups of G is a set of subgroups which is closed
under taking subgroups and conjugation.

Example 2.4. The following families play an important role:

. The trivial family Fy := {e}.

. The family of all subgroups F.y:= {H <G| H is a subgroup}.

. The family of proper subgroups P:={H %« G| H is a proper subgroup}.

. For a normal subgroup N 4G, define F[N]:={H <G| N ¢ H}. Note that P = F[G].

. For a normal subgroup N <4 G, define F(N):={H <G|HnN ={e}}. Note that
.7:(G) = ftriw

U = W N =
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If F is a family, we write co(F) := Fay—F for its complement. Note that co(F) is not
a family.?

Remark 2.5. A family of subgroups can be equivalently viewed as a sieve on the orbit
category Orb®. The sieve corresponding to F is the full subcategory OrbG[}" ]c Orb® of
orbits such that G/H € Orb®[F] if and only if H € F.

A family F determines a sieve on Sm$§ by letting Sm$[F] < Sm$ be the full subcategory
whose objects are smooth G-schemes over S such that all stabilizers are contained in F.
It is useful to make the following more general definition:

Definition 2.6. Let &£ be a set of subgroups of G which is closed under conjugacy. Write
Sm§[E] € Sm§ for the full subcategory whose objects are those smooth G-schemes X
over S such that Stab(z) €& for every point z € X.

Notation 2.7. Set X ¢ Schg. Write

x7= U x7
Heco(F)

and
X(F)=X-X7.

The subset X (F) c X is the set of points whose stabilizers are in F. Observe that
X (F)<c X is an open invariant subscheme and X7 ¢ X is a closed invariant subscheme,
since X7 is a finite union of closed subschemes.

2.3. Motivic G-spaces
Recall that the Nisnevich topology can be defined via a cd-structure.

Definition 2.8 ([40]). Let C be a small category which has an initial object @.

1. A cd-structure on C is a collection A of commutative squares in C such that if Q€. A
and if Q' is isomorphic to @, then Q' € A.

2. Given a cd-structure A in C, the Grothendieck topology t4 generated by A is the
smallest topology on C such that:
(a) the empty sieve is a covering sieve of @ and

(b) given any square

V—
l
U

in A, the sieve generated by {U - X,Y — X} is a covering sieve.

R reiay

o

2Rather, it is a cofamily, meaning it is closed under conjugation and K € co(F) whenever K
contains a subgroup in co(F).
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Definition 2.9. An equivariant map f:Y — X is said to be fized-point reflecting at yeY
if f induces an isomorphism Stab(y) = Stab(f(y)). If this condition holds at every yeY,
then f is simply said to be fized-point reflecting.

Let Cs ¢ Schg be a full subcategory containing &. We often require Cg to satisfy one or
both of the following properties:

(P) 'Y - X is fixed-point reflecting and étale, then Y € Cg whenever X €Cg.
(H) If X €Cg, then so is X xg A

Our primary examples of interest are the categories Sm$[£], where & is a set of
subgroups closed under conjugacy. More generally, we could also consider the following
property:

(P") Y — X is an equivariant étale map, then Y € Cg whenever X €Cg.

The condition (P) on Cg guarantees that the fixed-point Nisnevich cd-structure (defined
later) is complete, while the condition (P’) guarantees that the Nisnevich cd-structure is
complete. Some categories of interest in this paper — for example, Sm§ [co(F)] for a family
F — do not satisfy (P’) but do satisfy the weaker property (P). We will see in Proposition
2.13 that when Cg satisfies (P’), then the topology associated to the fixed-point Nisnevich
cd-structure coincides with the Nisnevich topology.

Definition 2.10. Let Cs ¢ Schg be a full subcategory containing @.
1. The Nisnevich cd-structure Nis on Cg consists of Cartesian squares

VeY

l lp (2.11)

UCL>X,

where j is open immersion, p is étale, and the map (Y =V )yeq > (X =U)req is an
isomorphism in Schg.
2. The fixed-point Nisnevich cd-structure fpNis on Cg consists of Cartesian squares as

in the Nisnevich cd-structure, but with the added condition that p is a fixed-point-
reflecting étale map.

Remark 2.12. In general, if G is a flat group scheme over B, one may choose a scheme
structure on Z:= X \U so that Z is invariant under the G-action [24, Lemma 2.1]. Since

G is a finite discrete group, Zyeq is invariant and the map p~(Z),ed = Zreq is equivariant.

Proposition 2.13. Suppose that Cs satisfies (P'). The topology tenis coincides with the
Nisnevich topology on Cg.
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Proof. Every tgnis-cover is a Nisnevich cover. We show that the reverse implication
holds. It suffices to show that any Nisnevich square

Ve e-> Y

I

U<l X.
admits a tgynis-refinement.
Write fpr(Y) €Y for the set of points where p is fixed-point reflecting. Since ¥ - X is
unramified and Stab(X) — X is universally closed, [35, Proposition 3.5] applies to show

that the set fpr(Y) cY is an invariant open subset. We have that Y \V c fpr(Y). It
follows that the outer square

fpr(V) —— fpr(Y)

[ ]

Vee———Y

| I

(2.14)

is a fixed-point Nisnevich square (as is the top square). In particular, {j,pi} is a tgNis-
cover which refines {j,p}. O

Write P(Cg) for the oo-category of presheaves of spaces on Cg. Note that Cg does not
necessarily contain a terminal object; in particular, a terminal object P(Cg) is in general
not representable. We write pt € P(Cg) for this terminal object. Of course, if S €Cg, then
pt is representable; it is the presheaf represented by S.

Definition 2.15. Say that F'e¢ P(Cg) is Nisnevich excisive if:
1. F(@) is contractible and

2. for any Nisnevich square (2.11) in Cg, the square
F(X) —— F()
F(V) — F(U)
is Cartesian.

Write Shvis(Cs) € P(Cs) for the subcategory of Nisnevich excisive presheaves of spaces
on Cg.

Temporarily, say that F is ‘fixed-point Nisnevich excisive’ if F/(@) ~pt and F(Q) is
cartesian for any fixed-point Nisnevich square Q. There is no real need for this extra
terminology, by the following proposition:

Proposition 2.16. Set F € P(Cs) and suppose Cs satisfies (P'). Then the following are
equivalent:
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1. Fis fized-point Nisnevich excisive.
2. Fis Nisnevich excisive.

3. F is a sheaf for the Nisnevich topology.

Proof. If Cg satisfies (P’), then the cd-structures fpNis and Nis both satisfy the conditions
of [4, Theorem 3.2.5] — that is, they are complete and regular, in the terminology of [40].
Together with Proposition 2.13, it follows that 1, 2, and 3 are equivalent. O

Definition 2.17. Let Cg € Schg be a full subcategory which contains @ and satisfies
properties (P) and (H). Say that F e P(Cs) is Al-homotopy invariant if for any Y e
Cs, the projection map 7:Y x A! - Y induces an equivalence F(Y) ~ F(Yx&l). We
write Py1(Cs) € P(Cs) for the full subcategory consisting of the A'-homotopy invariant
presheaves.

The property that a presheaf is Nisnevich excisive is defined by a small set of conditions.
It follows from [28, Section 5.5.4] that the inclusion Shvyis(Cs) € P(Cs) is an accessible
localization. Write Lyjs for the resulting localization endofunctor on P(Cg). Moreover,
this localization is left-exact in the sense of [28, Section 6.2.2].

Similarly, the property that a presheaf is A'-homotopy invariant is defined by a small
set of conditions, so that the inclusion Py1(Cs) € P(Cs) is also an accessible localization.
Write Lt for the resulting localization endofunctor. It can be described explicitly by the
formula Lx1 ~ Sing 41, where

Sing 41 (F)(U) := cogm(nHF(UxAg)) (2.18)

(for details, see, for instance, [2, Theorem 4.25]). A map f:F; - Fy in Shvnis(Cg) is
a Nisnevich equivalence provided that Lyis(f) is an equivalence, and an A'-equivalence
provided that L1 (f) is an equivalence.

Remark 2.19. Say that F e P(Cs) is strongly A'-homotopy invariant if for any
projection F - X of a G-affine bundle in Cg, the induced map is an equivalence
F(X)=F(E). Any X eSm¢ is Nisnevich locally affine. This implies that if F' is Nisnevich
excisive, then F is strongly Al-invariant if and only if it is A'-homotopy invariant (as
E — X always has local sections in this case) [24, Remark 3.13].

In particular, the motivic localization considered here agrees with the one in [24].

Definition 2.20.

1. A motivic G-space over S is a Nisnevich excisive and A '-homotopy-invariant presheaf
FeP (Smg).

2. Write Spc¥(S) for the oco-category of motivic G-spaces. The category of based
motivic G-spaces is Spcd (9) = Spc® () /-

3. More generally, write Spc(Cs) for the oco-categories of Nisnevich excisive Al-
homotopy-invariant presheaves on Cg and Spc,(Cs) = Spc(Cs)py/-
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When € is a set of subgroups, closed under conjugacy, we use the notation
Spc®€(8) = Spe (Smg[(‘)])
Spcf€(S) = Spe, (Smg [5]) .
The inclusion Spc(Cs) €P(Cs) is an accessible localization, and we write
Lot : P(Cs) = P(Cs)

for the corresponding localization endofunctor. The motivic localization functor may be
computed by the formula [32, Lemma 3.2.6]

Lmot(F) = LNis Colim(LN OLNiS)n (F) (221)

Proposition 2.22. The motivic localization functor Lyt : P(Cs) = P(Cs) s locally
Cartesian® and preserves finite products. In particular, colimits in Spc®(Cs) are
universal.

Proof. The localization functors Lyjs, Lyt satisfy these properties, and therefore so does
Lot using equation (2.21). O

We will make use of the notion of the tensor product of presentable oco-categories as
defined and studied in [29, Section 4.8.1] (see especially [29, Proposition 4.8.1.17]). The
category Spc(Cg) is Cartesian monoidal (i.e., it is symmetric monoidal with respect to
the Cartesian product). The symmetric monoidal product on Spc(Cg) extends to one on

Spey(Cs) ~Spe(Cs) ® S,

where S, := Sp,;; denotes the co-category of pointed spaces (see [15, Lemma 3.6] and [29,
Proposition 4.8.2.11]). We write A for the symmetric monoidal product on Spc,(Cg).
Sometimes we will need to use the symmetric monoidal product on Ps(Cs) := P(Cs)pt/,
which we denote A” to avoid confusion. The symmetric monoidal localization functor
Lot : P(Cs) = Spc(Cs) induces a unique symmetric monoidal localization functor Lyet :
Pe(Cs) = Spc,(Cs). In particular, given X,Y € P,(Cs), then

Linot (X) ALmot (Y) 2 Linet (X A7 Y).

Given a functor u:C — D, the functor u* : P(D) - P(C), defined by precomposition
with u, preserves small limits and colimits, as these are computed objectwise in presheaf
oco-categories [28, Corollary 5.1.2.3], which are presentable oco-categories [28, Theorem
5.5.1.1]. It follows from [28, Corollary 5.5.2.9] that u* admits both a left adjoint w1 and
a right adjoint wu,,

U

/*\
P(C) «+———— P(D).
\_/r

Ux

3A localization endofunctor L:D — D is locally Cartesian if L(Axp X) - AxpL(X) is an
equivalence for any maps A — B, X — B in D, where A, B eL(D) [16, §1].
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A functor u:C - D between small co-categories equipped with Grothendieck topologies
is called topologically co-continuous® if for every Y e C and every covering sieve R on
u(Y"), the sieve u* R xyy,y Y = Y, consisting of arrows Z — Y such that uZ — uY factors
through R, is a covering sieve on Y.

Lemma 2.23. Let u:C — D be a topologically co-continuous functor between small oo-
categories equipped with Grothendieck topologies T¢ and Tp, respectively. Then u* : P(D) —
P(C) preserves all Tp-local equivalences.

Proof. The set of Tp-local equivalences in P(D) is the closure under push-outs, small
colimits, and 2-out-of-3 of the set of maps R — X, where R is a covering sieve on
X €D. Since u* preserves colimits, it suffices to show that w*R — u*X is a 7¢-local
equivalence. Since colimits are universal in P(C), it suffices to show that u*Rx,»xY =Y
is an equivalence for any map Y — u*X, where Y € C. To see this, note that it is
in fact a covering sieve. Indeed, R xx uY — uY is a covering sieve, and therefore
W (RxxuY ) Xyeyy Y ~u*Rx,+x Y =Y is covering, since u is co-continuous. O

For the remainder of this section,
u:Cs €Dg (2.24)

is the inclusion between full subcategories of Schg7 both containing @ and both satisfying
properties (P) and (H). Main examples of interest to keep in mind are the inclusions

Sm&[£] cSmE[£].

Lemma 2.25. Let u:Cs € Dg be as in formula (2.24). Then w is topologically co-
continuous.

Proof. Set X €Cg. Since the cd-structure fpNis on each of these categories is complete,
the covering sieves on X and on u(X), in both cases, are exactly those which contain the
sieve generated by a simple covering [40, Section 2]. Property (P) implies that any simple
covering of X in Dg is a simple covering in Cg. It follows that the pullback u*R of any
covering sieve R is again a covering sieve. O

Proposition 2.26. Let u:Cg S Dg be as in formula (2.24).

1. The functor u;: P(Cs) = P(Dg) preserves all Nisnevich and all motivic equivalences.

2. The functor u* :P(Dg) > P(Cs) preserves all Nisnevich and all motivic equivalences.

Proof. Recall that if A is a presentable co-category and S is a set of morphisms in A,
then the class of S-local equivalences is the closure of S under push-outs, small colimits,
and 2-out-of-3 (see, e.g., [28, Proposition 5.5.4.15]).

The first statement then follows from the facts that w preserves colimits and fixed-point
Nisnevich squares and that w (X X Al) ~u(X) x Al. The second statement follows from
Lemma 2.23, Lemma 2.25, and the fact that u* (X ><A\1) cu* (X)x Al O

4This is called ‘cocontinuous’ in [3, Definition III.2.1]. We follow the terminology in [26] to
avoid confusion with the category theorist’s term ‘cocontinuous functor’.
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Corollary 2.27. Let u:Cg € Dg be as before. There are natural equivalences u* o LiNis
Lnisou* and u* oLiyot ® Linos ou™ of functors P(Dg) — P(Cs).

The adjoint pairs (uj,u*) and (u*,u,) extend to adjoint pairs on A'-invariant Nisnevich
sheaves. Overloading notation, we continue to write wy,u*,u, for the induced functors on
categories of Al-invariant Nisnevich sheaves.

Proposition 2.28. Let u:Cg S Dg be as in formula (2.24).

1. The restriction functor u* : P(Dg) — P(Cs) preserves Al-invariant Nisnevich
sheaves.

2. The induced functor u* : Spc(Dg) — Spc(Cs) is symmetric monoidal and has a left
adjoint uy and a right adjoint u.,.

3. Similarly, u* : Spc,(Ds) = Spc,(Cs) is symmetric monoidal and has a left and a
right adjoint, which we again denote respectively by ui and u..

Moreover, these functors fit into commutative diagrams

P(Cs) 7= P(Ds) P(Ds) 7= P(Cs)
o] 7 ] ] ]
Spe(Cs) 7= Spe(Ds) @ Spe(Ds) T —* Spe(Cs)
(—»ﬂ ’ (—»ﬂ (—»ﬂ * (—»ﬂ
Spea(Cs) = Spe,(Ds) Speu(Ds) o Speu(Cs):

Proof. Since w preserves fixed-point Nisnevich squares and (X x Al) cu (X)) x AL it
follows that u* preserves Al-invariant Nisnevich sheaves on Cg and thus restricts to a
limit-preserving functor u* : Spc(Dg) - Spc(Cs). As these are categories are presentable,
u* has a left adjoint w. It follows from Proposition 2.26 that u* : Spe(Dg) - Spe(Cs)
preserves colimits. In particular, it has a right adjoint u.. Note that «* is symmetric
monoidal, since it preserves limits and Spe(Dg) is Cartesian monoidal.

The functors u* and wu, preserve final objects and so induce adjoint pairs on based
spaces. Since u* preserves limits, it has a left adjoint w,. It is straightforward to verify
that these fit into the commutative diagrams displayed. O

Remark 2.29. Suppose that Cg and Dg are also closed under binary products. Then
wy : Spe(Cs) - Spe(Dg) preserves binary products (the monoidal product on these
categories). However, w; is not in general a symmetric monoidal functor, since it does not
always preserve the unit object pt (because it is not in general representable), but there
is always a canonical map w(pt) — pt adjoint to the equivalence pt ~ u*(pt). Similarly,
w1 : Spe,(Cs) = Spe, (Dg) preserves the smash product, but need not preserve the unit
object SY ~ pt]]pt, though again there is a canonical map wu (SO) - S50,
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Proposition 2.30. Let u:Cg SDg be as before. The functors

uy,uy : Spe(Cs) — Spe(Ds),
uy,uy : Spe, (Cs) = Spey (Ds)

are all full and faithful. In particular, if € is a family of subgroups closed under conjugacy
and u:Sm$[E] € Sm§ is the inclusion, then uu, : Spc®E(S) - Spc®(S) and wuy,u, :
Spcd€(S) > SpcC (S) are full and faithful.

Proof. First we note that the unit of the adjunction u! : P(Cs) 2 P(Dg) : u* is an
equivalence 7:id ~ u*ul, and the counit of u*: P(Dg) 2 P(Cs) : u is an equivalence
€:u*u, ~id. Indeed, u,PF and u,F are respectively computed by the left and right
Kan extensions of F along u, and so ul F(W) ~ colimy_x F(X) and u,F(W) =~
limx_w F(X). Here the indexing categories are respectively the categories of morphisms
W - X and X - W, where X ¢ Sm“[£]. In particular, if W e Sm§[£], these have an
initial respectively terminal object, and so id ~ u*u; and u*u, ~id, as claimed.

The counit of u* : Spe(Dg) 2 Spe(Cs) : uy is thus an equivalence, as u*u, ~id. To show
that the unit of uy: Spce(Cs) 2 Spe(Ds) : u* is an equivalence id ~ u*u), we note that
by Corollary 2.27 (and writing ¢ : Spc¥(Cs) € P(Cs) for the inclusion) we have u*u ~
u*Lmotu!PL ~ Lmotu*ulpa ~ Lipott ~id. Thus both of the functors uy,u. : Spc(Cg) - Spc(Dy)
are full and faithful.

The pointed cases follow immediately from these considerations. O

Let ¢: H < G be a group monomorphism. Let CX c Schg and Cg c Schg be full
subcategories satisfying (P) and (H), as before. Suppose further that the induction-
restriction adjunction ¢ : Schf 2 Sch§ :¢* restricts to the adjunction

w:CH=2c§ .
Lemma 2.31. Let t, Cg, Cg be as before.
1. The restriction functor .* :P(Cg) - ’P(Cé{) preserves A'-invariant Nisnevich

sheaves.

2. The induced functor .* :Spc (Cg) - Spce (Cg) is symmetric monoidal and has a left
adjoint vy and a Tight adjoint ¢, .
3. Similarly, * : Spc, (Cg) - Spe, (Cg) is symmetric monoidal and has a left and a
right adjoint, which we again denote respectively by vy and L.
Moreover, these functors fit into commutative diagrams

i ———c§ c§ ———clf

| Lo
Spe(C¥) == Spe(c§)  and  Spc(c§) —— Spe(cl)
(—»H L (—»ﬂ <—>+ﬂ (—»ﬂ
Spe, (CH) == Spe, (C§) Spe, (C§) == spe, (cl).

L
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Proof. The functors i :Cg - Cg, 7" :Cg - Cg both send distinguished squares to
distinguished squares, and ¢ (X ) xA' 24y (X x A') and ¢* (X) xA' 2% (X x A'). It follows
that ¢ :P(Cg) - P(Cg) and * :’P(Cg) - P(Csa) preserve all motivic equivalences. It
then follows that these induce functors on the category of motivic spaces as displayed.
Since * : Spc (C’g) - Spc (Cg) preserves limits and these categories are Cartesian
monoidal, it follows that ¢* is symmetric monoidal.

Since ¢*, ¢, preserve final objects, they induce an adjoint pair on based spaces. Since ¢*
preserves limits, it has a left adjoint ¢;. It is straightforward to verify that these fit into
commutative diagrams as displayed. O

Let f:T — S be a map in Sch$. Let C& ¢ Sch$ and c§c Sch§ be full subcategories
satisfying (P) and (H), as before. Suppose that the base change f~1:Sch§ — Sch% restricts
to a functor f1:CY - CY. We write f, :’P(Crfﬁ) - P(Cgf) for precomposition with
ft —that is, f. = (f~1)* in the notation from before. The functor f, preserves Nisnevich
excisive presheaves and homotopy-invariant presheaves, and thus restricts to a functor
f+:Spc (qu) - Spc (Cg) This functor preserves limits and thus has a left adjoint, which

we write as f*:Spc (Cg) - Spc (C?) Suppose further that the adjunction w : Schg 2
Schg : f~1 restricts to an adjunction

u:CE2Cy

Then f*:P (Cg) -P (CTQ ) is precomposition with the forgetful functor u and it preserves
Nisnevich excisive presheaves and homotopy-invariant presheaves. Thus f* restricts to a
functor f*:Spc (Cg) —Spc (C?), which is left adjoint to f,. Also in this case, f* preserves
limits and so has a left adjoint fy:Spc (Cjcf) - Spe (Cg)

The functors f*, f. preserve final objects and so induce an adjunction f*:Spc, (Cg) 2
Spe, (Cg) : f+. In the case when the forgetful functor restricts to u: C? - Cg then there
is an adjunction fx :Spc (C:,q) 2 Spe (Cg) Y

Remark 2.32. The adjunctions of Lemma 2.31 admit the following alternate description
in terms of change-of-base functors. There is an equivalence of categories

Sch&,, ¢ — Schf (2.33)

induced by taking the fiber over {e} xS c Gxy S. Write Cgx,s C SChngS for the
full subcategory corresponding to Cg under formula (2.33). The restriction functor *
corresponds to pullback along f:Gxpg S —S. Moreover, the equivalence (2.33) induces
an equivalence of motivic spaces

Spe(Caxys) ~Spe (05)7

and under this equivalence the functors ,,*,7, are respectively identified with the functors

f#af*vf*'

2.4. Motivic G-spectra

We recall the construction of categories of motivic G-spectra from [24] and some variants.
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Let C® be a presentably symmetric monoidal co-category and X a set of objects in C.
If I ={x1,...,z,} is a finite subset of X, write @ [ =21 ® - @ x,,. Write

_ . -1
c[x]:= c?gll)lgl C[(@I) ],
I finite
where C [1:‘1] denotes the symmetric monoidal inversion of an object z € C in a presentable
symmetric monoidal co-category C [34, §2.1].
Alternatively, one may consider the stabilization in Mod¢, the co-category of C-modules
in Prl»®. Recall that if M € Mode and x €C, then Stab, (M) is the colimit, in Mod¢, of
the sequence

-®x

M 25 MBS M e
More generally, for a set of objects X in C, define
Stabx (M) := cgﬂi}gn Stabgr(M).
I finite
An object x €C is n-symmetric if the cyclic permutation on z®" is homotopic to the
identity. If each x € X is n-symmetric for some n > 2, then the canonical map of C [X ‘1}—
modules is an equivalence

M@cC[X] 5 Stabx (M)

(see [24, Section 6.1] and [34, Corollary 2.22]).
Let & be a finite-rank locally free G-module on S. Write T € Spc, (S) for the associated
motivic sphere, defined as the Thom space

T =V(E)[V(£)-2(8),
where z:.8 - V(&) is the zero section. We will also write ¥.¢ for the associated endofunctor
2T A

We will also be interested in stabilizing the categories Spes™” (S), for a family F.
Observe that Spes”” (9) is an Spef (S)-module and uy: Spes”” () - Spef(S) is a map of
Spcf (S)-modules, since if X e Sm§[F] and Y € Sm§, then X xY € Sm$[F]. In particular,
even though spheres T¢ € SpcS(S) are generally not objects of Spc?’}—(S), they still
determine endofunctors %€ : Spcs™? (8) - Sped7 (9).

Write Sph$ := {T‘E |E€ Repg}, where Rep$ is the set of finite-rank G-vector bundles
over B.

Definition 2.34. A subset T ¢ Sphg is stabilizing if there is some T¢€ € T such that
TE =T AT¢ , for some locally free G-module &’

Definition 2.35.
1. Let p: S — B be a G-scheme over B and T ¢ Sphg a stabilizing subset. Write
SptF(9) :=Sped (9) [(p*T) 7]
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If7 = {Tg} consists of a single sphere, we write Spt% (S) in place of Spt%i(S). When
T =Sph§, we simply write
Spt&(8) := SptSGPhCB; (S).
2. Let F be a family of subgroups. Define

SptF7(8):=8pclT(S) & SptE(S).
Sped (S)

Write
22 : SpedF(8) - Spt&7 (9)

for the stabilization functor. In the case when T = Sphg, we simply write X*°. When
no confusion should arise, given X ¢ Spc?’F(S ) we will write again X for its image in
Sptgi’f(S) instead of XFX. Given TVeT,p:S—B, Ee Spt7G-’}-(S), and k€7, we
typically write X%V E rather than X**"VE when no confusion should arise.

Proposition 2.36. Set S'e Schg. Then Spt?-’f(S) is a symmetric monoidal stable oo-
category satisfying the following properties:

1. There is a canonical equivalence of SpcS (S)-modules
Spt$7(8) = Stabr (Spel7 (9)).

2. Given a morphism f: T - S in Schg, there is an induced adjunction
Fr:Spte7(S) 2 SptF (1) : f.

such that f*33X =~ XF f*X. Similarly, if f is smooth, then there is an induced
adjunction

fa:SptET(T) 2 SptF 7 (S): f*

such that fuXFX ~3NF fuX.

3. The oo-category Sptg;-’}—(S) is generated under sifted colimits by the compact objects
»VYR X,

where k>0, TV €T, p: X - S is in SmS[F], and X is affine.

4. The family of functors
{p* :Sptf-’f(S) - Spt?-’f(X) |p: X - S is in Sm§[F], X affine}
is jointly conservative.

Proof. That Sptg-’f(S ) is stable is a consequence of the fact that 7 is stabilizing and that
T ~S'AG,,. It is symmetric monoidal by construction. The arguments for the remaining
points of (1)-(3) are similar to [24, Section 6]. Since Sptg-’F(S) is stable, in order to
establish (4) it suffices to show that E ~0 whenever p*E =0 for all p: X - S in Sm§[F]
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with X affine. If 7Y € T, then since V € Rep%, we have S FVE2 X, ~ py (57*V1x). Now,
if p*E ~0, we have

Mapg, .7 (5 (57 EF X0 E) = Mapg 0.7 ) (57 1x,p E) = 0.
Given E such that p* E ~0 for all p: X - S in Sm§[F] with X affine, let Cp ESpt?’}—(S)
be the full subcategory of whose objects are W such that Mapsptg,f(s)(W,E) ~( — that

is, the E-acyclic objects. Then Cg is closed under colimits and it contains E’WZ"T°X+
for any k>0 and T € 7. Thus by (3), Cg = Sptgi’F(S), which implies that E ~0 as
required. O

Remark 2.37. Over an affine base, every representation is the quotient of a finite sum
of copies of the regular representation pg. This implies that for any S,

Spte(S) = Sptfo (S).

Let N 4G be a normal subgroup and 7:G — G/N the quotient homomorphism. This

. . N .
induces a function 7* :Repg/ - Repg, and we write

N-triv = {T‘g |Een” (Repg/N)} c Sph§,

for the associated set of ‘N-trivial G-spheres’. This stabilizing set of spheres plays an
important role in later sections.

Lemma 2.38. Let F be a family. The adjunction w: Spcs™” (S) 2 Spcf(S):u* of
Spcl(S)-modules induces an adjoint pair
U :Sptg—’f(S) 2 Spt3(S) 1 u*.
Moreover, u* is symmetric monoidal and
u :Spt7G-’}-(S) - Spt$(9)
is full and faithful with essential image the localizing tensor ideal generated by ¥V X,

where TV € p*T and X € Sm§[F].

Proof. That the adjunction (uj,u*) of Spcf(S)-modules induces an adjoint pair on
categories of motivic spectra follows from the description of Spt%i(S ) and Spt% ¥ (9),
respectively, as Stabs(Spcf(9)) and Stabr(Sped™” () (see the discussion preceding
[24]). This also implies that u is full and faithful, since u;:Spes™” () = Spef () is, by
Proposition 2.30. O

Let C® be a presentably symmetric monoidal co-category and E € C an idempotent
object. Recall that this means there is a map e: 1 — E such that id®e: F~E®@1 > EQFE
and e®id: E~1® E - E® F are equivalences [29, Definition 4.8.2.1]. Tensoring with F
is a localization functor L=E®—-: M - M on any M € Mod¢ [29, Proposition 4.8.2.4].

Lemma 2.39. With notation as before,

LM =~LC®c M.
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Proof. An argument similar to [29, Proposition 4.8.2.10] shows that the forgetful
functor Mod g (M) - M determines an equivalence of C-modules Modg (M) ~LM. Since
Modg (M) ~Modg(C) ®c M by [29, Theorem 4.8.4.6], the lemma follows. O

We record the following result which we will use a few times. A similar statement can
be found in [5, Lemma 26].

Lemma 2.40. Let C® be a presentably symmetric monoidal co-category and X a set of
objects. Suppose that E €C is an idempotent object. Write L= E® — for the associated
symmetric monoidal localization endofunctor. Then there is an equivalence

Le[x™])=aoy[x]
in CAlg(Pr'-®).

Proof. Both of these categories can be identified with LC ®¢C [X_l]. O

Next we record the motivic version of the Wirthmiiller isomorphism, which is a special
case of the ambidexterity equivalence proved in [24]. If H <G is a subgroup and ¢ is the
inclusion, we sometimes write

Gixg X :=uX.

Proposition 2.41 (Wirthmiiller isomorphism [24]). Let ¢: H = G be a group monomor-
phism. Let F, F' be families of subgroups of, respectively, H and G such that the induction-
restriction adjunction restricts to v : Sm4 [F] =2 Sm§[F']:1~'. Then there is an induced
adjunction

u:Spt™7(8) 2 Spt® T (5) 1,

such that 1(2°X) ~ £ (uX) and *(2%X) ~ £ (.71 X). Moreover, .* admits a right
adjoint ¢, and there is an equivalence

L!—>i*.

Proof. The first statements are straightforward. We explain the last statement. Consider
the G-equivariant map f:Gxg S —S. Then v,.%,t, are identified with fu,f”, f« via the
equivalence Spt@7 (G xg S) =~ Sptf7(S) (see Remark 2.32). Here F is the family of
subgroups of G generated by F.

We have u*ujvy ~ 1y and w*t, vy ~ 1., where we write u: Smg’f c Smg and v: Smg’}- c Smg
for the inclusions and ¢],¢} : Sptf(9) - Spt®(S) are the corresponding functors for the
family F, = F'. In particular, the general case follows from the case when F = F,). But
in this case, the Wirthmiiller isomorphism is the ambidexterity equivalence [24, Theorem
1.5] for the finite étale morphism f. O

2.5. Functoriality

We will make use of the functoriality of the co-categories of equivariant motivic spaces
and spectra with respect to the group G, the family of subgroups F, and the base scheme
S. To establish this, it will be convenient to introduce the following notation:
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Definition 2.42.

1. The category Schy of equivariant B-schemes has objects pairs (G,S) consisting of a
finite group G (whose order is invertible in Op) and S € Sch. A morphism (G’,5") -
(G,S) is a pair (¢, f), where ¢: G’ - G is a homomorphism of groups and f:5" > S
is a ¢-equivariant map of B-schemes.

2. The category Schg[-] of equivariant B-schemes and families has objects consisting
of triples (G,F,S), where (G,S) € Schy and F is a family of subgroups of G. A
morphism (G',F',S") - (G,F,S) is a triple (¢,i,f), where (¢,f) is a morphism in
Schy and i:¢ ' F c F’ is an inclusion of posets.

The inclusion i: ¢ *F c F’ is unique if it exists. When no confusion should arise, we
write (¢, f) instead of (¢,4,f) for a morphism in Schy[-].

We identify Schy with the full subcategory of Schy[-] whose objects are triples
of the form (G,F.n,S). The inclusion Schp € Schp[-] is left adjoint to the forgetful
functor.

In this subsection we extend constructions in the previous sections to functors

Spe*,Spea,Spt® : (Schy[])°P - CAlg (PrY),

whose respective values on (G,F,S) are the symmetric monoidal co-categories Spc&F (),
Spcs 7 (S), and Spt® 7 (S), and on morphisms, (i, ) ~i10* f*.

Lemma 2.43. The categories Schy and Schg[-] admit finite products. In particular, they
are Cartesian symmetric monoidal.

Proof. It is straightforward to check that (G,S)x (G',S") ~ (G xG",Sxp S") and
(G,F,S8) x (G"\F'.S") ~ (Gx G, FxF,SxpS8), where FxF' denotes the family of
subgroups of G x G’ consisting of those subgroups of the form H x H' for H € F and
H' eF'. O

Corollary 2.44. The assignment (G,F,S) — Smg[]:], (¢, f) =it 71, extends to a
functor

Schy[-]°P - CAlg(Cat),

the category of commutative algebra objects of Cat with respect to the Cartesian symmetric
monoidal structure (equivalently, the category of symmetric monoidal categories).

Composing with the symmetric monoidal presheaves functor Cat - Cato, — Pr", we
obtain a functor

(Schp[])*" — CAlg(Pr"),

which sends the object (G,F,S) to ’P(Smg[}"]) and the morphism (¢,i,f) to
hotfr.
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To obtain the necessary functoriality of equivariant motivic spaces and spectra, we
follow the techniques of [7, Section 6.1]. Recall from there that we have a commutative
diagram of oo-categories

MCatee —— OCate, —— &

Ly b

Cat,, — Cat,, — Pos,

in which all squares are Cartesian. Here Pos denotes the oo-category of (not necessarily
small) posets, the lower right-hand horizontal arrow sends an co-category to the poset of
subsets of the set of equivalence classes of objects, and £& — Pos is the universal co-
Cartesian fibration, restricted to posets. The oco-categories OCat., and MCat., are,
respectively, the co-categories of co-categories equipped with a collection of equivalence
classes of objects respectively a collection of equivalence classes of arrows.

Lemma 2.45. Set (C,W) € MCats such that C is presentable and W is of small
generation.

1. The partial adjoint to
Cato, > MCato,, Cw+ (C, equivalences),

is defined at (C,WW), and the localization C[W‘l] is again presentable.

2. Suppose that C admits a symmetric monoidal structure C® € CAlg(Cato,) and W is
stable under the monoidal product. Then (C,W) lifts to (C,W)® € CAlg(MCato ),
and the partial left adjoint to

CAlg(Cate ) > CAlg(MCates ), C+ (C,equivalences),
is defined at (C,W)®.

Proof. The first item follows from [28, Proposition 5.5.4.15, Proposition 5.5.4.20]. It then
follows from [29, Proposition 2.2.1.9] that C [W‘l] inherits a monoidal structure such that
C-C [W‘l] is monoidal. This implies the second item. O

Consider the subfunctor of the composition
(Schg[-])? - Cat — Cato, Ept Fun (A',Cate)
whose value on the object (G,F,S) is the full subcategory
W, r,s) < Fun(Al,P (Smg [.7:]))

consisting of the motivic equivalences. Since motivic equivalences are stable under the
smash product and are preserved by the functors f*, ¢*, and 4, the assignments

(G,F,S) (P(Smg[f])vw(G,F,S))7 (P. (Smg[f])aw(c,f,s))
induce functors

(Sch[])°° > MCato,.
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The images of (P(Smg[f]),W(G7f7S)) and (73. (Smg[f]),W(G7}-7S)) under the partial
left adjoint to

CAlg(Cateo ) > CAlg(MCatoo)

are, respectively, Spc® 7 (S) and Spcs 7 (9).

Write Sphg for the set of spheres {T“z }, where £ is an equivariant vector bundle over
S. The assignment (G,F,S) — Sphg is a presheaf of sets on Schg[-]°P, which we write as
Sph. Let

T :Schp[-]°? - Set

be a subpresheaf of Sph, which is closed under the smash product and takes values in
stabilizing sets of spheres — that is, there is some T°¢ € T, F,s) such that TE ~TATE .
We obtain a functor

Sch[]°? - CAlg(OCat., ),

which on objects is the assignment (G,F,S) (Spc.G’f(S),7'(G7;7S)). By the following
lemma, we obtain Spt%’cff s (S) as the image of (Spc?’}-(S),'Y'(G7]:7S)) under the partial
left adjoint of CAlg(Cate,) » CAlg(OCats, ), C - (C,moPic(C)).

Lemma 2.46. Let (C®,U) be an object of CAlg(OCate,) such that C is presentable
symmetric monoidal and U is small. Then the partial adjoint of

CAlg(Cate ) » CAlg(OCats ), Cw (C,moPic(C)),
is defined at (C®,U).
Proof. This follows from [24, Section 6.1]. O
Corollary 2.47. The assignments (G,F,S) = Spc®¥(S) and (G,F,S) r Spt&7(9)

extend to functors Spc: Schg[-]°P - CAlg(Pr") and Spt: Schy[]°P - CAlg(Prl),
respectively.

3. Filtering by isotropy

In this section, we develop techniques to define and analyze filtrations of motivic G-spaces
and spectra by families of isotropy.

3.1. Universal motivic F-spaces

Let F be a family of subgroups. In classical equivariant homotopy theory, there is a G-
space E,F characterized by the property that a G-space X admits a unique map X - E,F
if all of the stabilizers of X are in F, and no maps from X to E,F otherwise. The G-space
E.F formally exists as a presheaf on Smg and hence as a motivic G-space over B, but it
does not have the correct universality property.

Example 3.1. Let G # {e}, B =Spec(k) a field, and let L/k be a finite Galois extension
such that G ¢ Gal(L/k), and consider Spec(L) as a smooth G-scheme over k via the
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Galois action. Then Spec(L)” =@ for all e+ H € G — that is, it has a free G-action.
However, we claim that
Mapg,cc ) (Spec(L),E.G) = 2.
Indeed,

(E«G)o(Spec(L)) = Homg,e (Spec(L), ]E[ Spec(k)) =,

and so the claim follows, since (E+G)o(Spec(L)) surjects onto mo(Mapgycc k) (Spec(L),
E.G)) (see, e.g., [32, Corollary 2.3.22, Remark 3.2.5]).

Definition 3.2. Let F be a family of subgroups in G. The universal motivic F-space
over S is the object EFg ¢ P(Smg) whose value on X € Sm¢ is
t, X eSm$[F],
E]—‘S(X):{p mg[7]
@, else.

When the base S is understood, we simply write EF.

Proposition 3.3. Let F be a family of subgroups in G. The presheaf EF is a motivic
G-space.

Proof. We need to check that EF is Nisnevich excisive and A'-homotopy invariant. From
the definition we have that EF(@) = pt. Given a Nisnevich square (2.11), the possible
values of

EF(X) — EF(U)

| |

EF(Y) —— EF(V)

are the squares

g — g —— @ g — O @ — pt pt — pt
g — I, g —— pt, pt —— pt, g —— pt, pt —— pt,

which are all Cartesian squares. It follows that EF is Nisnevich excisive. Also, EF is
A'-homotopy invariant, since (X Xg A};)H =X xgn AlsH. O

Totaro [39] and Morel and Voevodsky [32, Section 4.2] constructed a geometric model
for the classifying space of an algebraic group. This is generalized by Hoyois in [23,
Section 2] to construct a geometric model for certain equivariant classifying spaces. Similar
considerations lead to geometric models for the spaces EF.

Definition 3.4. A system of approximations to EFg is a diagram (U;)er, which is a
subdiagram of a diagram (V;);c; of inclusions of G-equivariant vector bundles over S,
where [ is a filtered poset and subject to the following conditions:
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1. Each U; is in Smg[F], and U; € V; is an open subscheme.

2. For ¢ € I, there exists an element 27 € I with the property that 2¢ >4 and such that
there is an isomorphism V5; 2 V; @ V; of G-vector bundles which identifies the inclusion
V; & Vo; with the inclusion (id,0):V; > V@ V;.

3. Under the isomorphism Vo, 2 V; @ V;, (U; x V;) U (V; xU;) € Us;.

4. There is a Nisnevich cover {T; - S} such that for any affine X in Sm% [F], there is
an i € I such that (U;)x — X admits a section.

Example 3.5. Write p = pg. Let U, € Vg(np) be the open invariant subscheme

Un=V(np)~ U V(np)".
Heco(F)
The inclusions V(np) c V((n+1)p) induce maps U,, = Up41.

Set f: S5 > B in Schg. Then (f*Up)nen is a system of approximations to EFg.
Conditions (1)—(3) are clear. To check the last condition, we may assume that B and
S are affine (since S is equivariant locally affine). Let X € Sm§[F] be affine. Then for
n sufficiently large, there is an equivariant closed immersion of B-schemes X < V(np).
For any H ¢ F, we have X n(V(np)¥ =@, which means that X - V(np) factors to give
a map X — U, over B. This defines the desired section X — f*U,.

Example 3.6. Let N 4G be a normal subgroup. The family F[N] consists of all
subgroups not containing N. Write W := pa/pg/n for the quotient representation (where
pan is viewed as a G-representation via the quotient homomorphism G — G/N). Let
U, = Vg(nW)~{0}. This defines a system of approximations to EF[N]g. Conditions
(1)—(3) of the definition are clear. As in the previous example, to check the last condition
it suffices to assume that B and S are affine. Let X € Sm§[F[N]] be affine. Then for
n large enough, there is an equivariant closed immersion of B-schemes X < Vg(npg).
The preimage of 0 under the projection p: V(npg) > V(nW) is V(an/N). Since N is
not contained in any stablizer of X, we have X nVp (npg/N) = @, which implies that
restriction of p to X factors through U,,. This defines the desired section X — U,.

If (U;)ser is a system of approximations to EFg, define
Us = collimUi e Spcf(S).
Proposition 3.7. Let F be a family of subgroups in G and (U;)ir be a system of
approximations to EFg. Then there is an equivalence
Us 5 EFq

in Spc?(9).
Proof. To prove the result, it suffices to work Nisnevich locally on S, and so we
may assume that S =17} in the last condition of Definition 3.4. For each i, there is a
unique map U; - EF which induces the unique map U, — EF. It suffices to show that

Sing 1 (Uss )(X) — Sing 1 (EF)(X) is an equivalence for any affine X in Sm$. Both sides
are empty if X ¢ Sm§[F], so we just need to show that Sing,:(Us)(X) is contractible
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for any affine X in Sm§[F]. By assumption, there is a section of Uy x5 X - X, and so

the result follows from [23, Lemma 2.6]. O
Proposition 3.8. Let F be a family of subgroups and let f:S"— S be a morphism in
Sch. Then

T (EFs) ~EFg.
Proof. This follows from Proposition 3.7, together with Example 3.5. U

Write i : Sm$[F] € Sm§ for the inclusion of categories.

Proposition 3.9. There is a canonical equivalence of endofunctors
ii* 2 BF x—:8pc(S) - Spc(9)
and
ii* 2~ EF, A—:Spct(S) - Spcd(9).

Proof. We treat the unbased case; the based case then follows. Set X € Spc®(S). We
have (i*X)(W) =~ X (W) for W e Sm$[F]. In particular, the projection EF - pt induces
the equivalences i*(EF x X ) ~¢*(X) and thus

Wit (EF x =) S ai*(-).

Now EF is equivalent to colim; U;, where U € Smg[}"]. IfWe Smg, then each U; x W is
in Smg [F]. It follows that if X is any object of Spc¥(S), then, writing X as a colimit of
objects of Smg7 we see that EF x X ~4(E) for some E € Spc®¥ (S). In particular, since
n:id ~4*4; is an equivalence by Proposition 2.30, we have 4y : 4 (E) ~43%i;(E). From the
triangle identity for the unit and counit, we have that i :4i*(i;(E)) ~4)(F) is also an
equivalence. It follows that we have equivalences

E}-X—Eigi*(E.}-X—)Z’L’!Z’*. O

Corollary 3.10. Let F be a family of subgroups.

1. The essential images of EF x - and EF, A— are, respectively, the subcategories
Spc®F(9) € Spe€(S) and Spes T (S) € Spcf(S).

2. The projection EF x X - X is an equivalence for X € Spc®(S) if and only if X ~
i(X") for some X' € Spc®7(9).

3. The projection EF, AY =Y is an equivalence for Y e SpcS(S) if and only if Y ~ 1, (Y/)
for some Y € Spes7 (9).

4. The canonical maps are equivalences
Mapg,cc sy (BF x X,X") 2 Mapg, .o (s) (EF x X, EF x X")
MapSpc_G(S)(Ej:+ /\Yuyl) = MapSpc.G(S) (Eer ANY EF, /\Y’) .
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Recall that 4 :Sptg—’f(S) - Spt%(S) is full and faithful with essential image the
localizing tensor ideal generated by T7¢ ® X,, where X € Smg[]—'] and T¢ € T (see
Lemma 2.38).

Proposition 3.11. There is an equivalence of colocalization endofunctors
EF, ® - ~iyi* : Spt$(S) — Spt$(S).
In particular, there are natural equivalences
Wit ~ it (1g) ®id
and
140" FSptg(s) (EF,,id).

Proof. The first statements follow from Proposition 3.9. The last statement follows from
the natural equivalences

Mapsptg(s)(X,Z'*Zl*Y) ~ Mapsptg(s)(igi*X,Y) ~ Mapsptg(s) (Ef+ ®X,Y) .

3.2. Filtrations by adjacent families

We recall the definition of adjacent families.

Definition 3.12. Let F € F' be an inclusion of families of subgroups of G.

1. We say that F and F’ are adjacent if there is a subgroup H < G such that F'\ F =
{(H)}.

2. If N 4G is a normal subgroup, say that F and F’' are N-adjacent if there is a
subgroup H < N such that F/NF={K <G| (KnN)=(H)} (where as before, (A4)
denotes the G-conjugacy class of a subgroup A).

3. Say that F and F’ are N-adjacent at H < N if the families are N-adjacent and F’'\F
is the set of subgroups K < G such that (KnN)=(H).

Of course, if N =G then N-adjacent families are exactly adjacent families. Since G is
finite, one can always find a filtration

g=F1cFocFrccF,=Fan,

such that each pair F; ¢ F;,1 is N-adjacent. For example, one can be produced as follows.
Define the sequence of families

{e} =Fil§ cFil{ c .- c Fil¥ c - c Fil§ = Fun
by setting Fily = {e} and inductively defining Fil by
FiliG = {H < G| each proper subgroup K < H is in Filgl}.
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(Since @ is finite, this sequence terminates at a finite stage.) Each FiliG is a family. More
generally, define

Fil}*“ = {K <G|KnNeFil}'}.
The families just defined are not adjacent, but Fil¥*“ \Fil¥ is a finite union
of conjugacy classes. Let {(H;)} be the set of these conjugacy classes. Then the
families

FilY39 c FilYYC u {(H))} e FilN$9 U {(H,),(Hy)} € - c FillY ¥

are all N-adjacent.
In any case, a filtration @ ¢ Fy € F; C--- € Fan gives rise to a filtration

* > EFg, AX >EF AX 5 5 EF,, AX>X (3.13)

of an object X €C whenever C is an Spcl (S)-module, for example, Spt&(.S).
To use this filtration, we need to analyze the filtration quotients, which we do in
Proposition 3.27 and Proposition 4.12.

3.3. Universal spaces for pairs

Definition 3.14. Let F ¢ F’ be a subfamily. Define the based motivic G-space E(F',F)
so that it sits in the cofiber sequence

EF, - EF, - E(F F).
If F' = Fall; define Ef = E(fallvf)'

Note that E(F’,@) ~ E(F'),. At the other extreme, since EF,y ~ pt, the space EF sits
in the cofiber sequence

EF, »S' > EF (3.15)
in Spcf(9).

Proposition 3.16. Let F<F' be a subfamily. There is a canonical equivalence BE(F',F) ~
EFAEF.. In particular, EF ANEF, ~pt.

Proof. This follows from the commutative diagram

EF. » EF| » E(F',F)
(EFxEF"), —— (EFu1xEF'), —— EFAEF.

induced by inclusions of families, in which the rows are each cofiber sequence and the left
and middle vertical arrows are equivalences. O

Corollary 3.17. Set X € Spc¥(S). The map X — EF A X induced by S° - EF induces
an equivalence

Mapg,.c(s) (BF A X, EFAY) = Mapg,.s(s) (X, EFAY).
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Proof:.v This follows from the previous proposition, Corollary 3.10, and the fiber sequence
Map (EF A X, EF AY) - Map (X, EFAY) - Map (EF, A X, EF AY). Alternatively, sim-
ply note that EF, ® — is a colocalization and EF ® — is a localization endofunctor. [

Lemma 3.18. Let F ¢ F' be an inclusion of families and £ a family such that EnF =
ENF'. Then the map S° — EE& induces an equivalence of based motivic G-spaces

E(F,F) S E(F,F)rEE.

Proof. Smashing EE, with the defining cofiber sequence for E(F',F) yields the cofiber
sequence

EF, AEE, L EF/ AEE, - E(F,F) AEE,.

Smashing E(F’,F) with the defining cofiber sequence for EE yields the cofiber sequence

E(F,F)AEE, - E(F,F) S E(F,F)rEE.

By the hypothesis and Proposition 3.21, f is an equivalence, and so E(F',.F)AEE, is
contractible. This implies that ¢ is an equivalence. O

To continue the analysis, we pass to the co-categorical stabilization — that is, S'-spectra
— of the various categories of motivic G-spaces. We write

Spt5i(9) := Stab (Spes£(S)).

Recall that Sptgig(S ) can be identified with the category of Al-invariant Nisnevich
sheaves of spectra. We write Map,(X,Y) for the spectrum of maps in a stable
oo-category C.

Let u:Cs € Dg be as in formula (2.24). Then we have induced functors

u

/\

Sptgi (Cs) +——— Sptg:i (Ds).

Since u* : P(Ds) - P(Cs) is a symmetric monoidal left adjoint, it follows that
Sptg1(Ds) = Sptg1(Cs) is as well. Since uy,u. : P(Cs) = P(Dg) are full and faithful
by Proposition 2.30, it follows that ui,u. : Sptgi(Cs) = Sptgi(Ds) are as well.

We introduce a minor technical condition on pairs F ¢ F’ over S, which we sometimes
require:

Condition 3.19. Set F ¢ F'. Suppose there is a normal subgroup N <G such that:

1. N and the elements of (F'nF[N])\F act trivially on S and
2. FcF'nF[N].

We will say that F satisfies this condition if the pair F € F, satisfies the condition.
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Remark 3.20. The pair F ¢ F’ satisfies Condition 3.19 in the following two important
cases, which cover all of the cases relevant to this paper:

1. The base S has trivial action (in which case we take G = N).

2. The normal subgroup N acts trivially on S and F=F" nF[N].
Proposition 3.21. Let FcF' be a subfamily satisfying Condition 3.19, € =F'\F, and
u:Smg[E] c Smg be the inclusion. Let f: X1 — X be a map in Sptgl(S). Suppose that
S has trivial action. Then the following are equivalent:

1. The map fo: X1 (W)= Xo(W) is an equivalence, for any W e Sm$[£].

2. The u*(f):u(X1) »u*(X2) is an equivalence in Sptg{g(S),

3. The map

E(F . F)eX; > E(F ,F)®Xs
is an equivalence in Spt$: (S).

Proof. The first two items are immediately equivalent.

To see that (3) implies (2), we have «*(E(F',F)® X) ~u* (E(F',F))®u*(X) and it is
straightforward that u*(E(F’,F))~S" in Sptgig(S).

Now we show that (2) implies (3). First, we assume that all elements of £ act trivially
on S. Filter the inclusion F ¢ F’ by adjacent families and consider the resulting sequence

EF, =EFy, > EF, > EF > >EF, 1, >EF, =EF,.
An inductive argument shows that it suffices to establish that
E(fr,fr_1) ®X1 - E(]:ry]:r—l) ®X2

is an equivalence for 1 <¢<n. Thus, we may assume that F',F are adjacent and say that
F'NF={(H)} and H acts trivially on S.

By Proposition 3.9 and Proposition 3.16, in order to show that the map displayed here
is an equivalence, it suffices to show that

Ma[zsptgl (s) (WJr,Ef@ f)

is an equivalence for any p: W — S in Sm§[F’], with W affine. From the gluing sequence
[24, Proposition 5.2], we have the cofiber sequence

W(F)s > W > pyin (W)

in Spt$, (S), where i: W7 cW is the inclusion (see Notation 2.7). By Proposition 3.16
we have

Ma[?sptgl (S) (_7EF® f) :msptgl () (Ef®_7ﬁf® f)

We have EF ® W (F), ~pt, using Corollary 3.10 and Proposition 3.16, and so we conclude
that

Mapgyc, (s) (P#is (W) EF ® f) = Mapgy, (5) (We EF @ f).
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The canonical map G XN(H) WH > W7 is an isomorphism. Indeed, it suffices to check
that WH A W9H9™" =g if H + gHg . Now, if we W# AW9H9™" | then Stab(w) contains
both of these subgroups. But since Stab(w) € 7' and (H) is a maximal element of this
poset, we have that H = Stab(w) = gHg . In particular, W7 is smooth over S, since
WH - S is smooth. It follows from purity [24, Proposition 5.7] that pyi, W7 ~ Th(N}). We
show that if V - W7 is an equivariant vector bundle, then mspt% (S) (Th(VLE}'@ f)

is an equivalence. For this, we may assume that H is normal and in particular that
W% =WH . Indeed, we have Th(V') ~ G, xxg Th (V]| =), so via the induction-restriction
adjunction we can replace G by NH and F,F’ by F|nm, F'|nm, if necessary. Since G is
linearly reductive, we can write V 2 V'@ V¥ Since (V') =0, all stabilizers of V'~ {0}
are in F and so EF ® V'~ {0}, = *, which implies that

EFeTh(V')~EFeW/.
Now it follows that
Mapsyc, (s) (Th(V),EFef)=~ Mapg,c, s (Th(V)eTh(V?) EF e f)
= Mapg,, (s) (W] eTh(V"),EFef)
=Mapgs,oie s (WleTh(VY),u* (EFef))
gmﬁsptgis(s) (WIeTh(VT),u*(f)),

which is an equivalence, as needed.

Next we consider the case when F =F'nF[N], where N is a normal subgroup of
G which acts trivially on S. Again we consider p: W — S in Sm§[F'] and the cofiber
sequence

W(F[N])+ = Wy = pgi. (Wiv)

in Sp:cgl (S), where now i: W~ c W is the inclusion. Since W (F[N]), € Sm§[F] we have
that EF @ W (F[N]). ~pt, and we conclude that

Mapgys, (s) (Paix (W) EF ® f) = Mapgyc, (s) (W EF @ f).

Since N acts trivially on S, W& — S is again smooth, and so we have pyi, W ~ Th(N;).
A similar argument as in the previous paragraph shows that

mSptgl (s) (Th(N;),EF ® f)

is an equivalence.

Now we consider the general case. Let N be the normal subgroup as in Condition 3.19
and consider the inclusions F ¢ F” ¢ F', where we write 7" = F'nF[N]. From the cofiber
sequence

E(F".F) - E(F.F) > E(F F"),
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we see that it suffices to show that E(F",F)® f and E(F',F")® f are both equivalences.
The case F” ¢ F' is covered by the previous paragraph, and since all elements of F"” \ F
act trivially on S, this case is covered by the first. O

Corollary 3.22. Let F € F' be a subfamily which satisfies Condition 3.19. Write £ =
FINF, and w:Sm§[E]€Sm§ the inclusion. Then the map

E(F . F)ouu'X -E(F ,F)eX
is an equivalence for any X eSptgl(S).

Proof. By Proposition 3.21, it suffices to show that u*e:u*(wu*X) - v (X) is an
equivalence. This follows from the triangle identity for the unit and counit, since the
unit 7:id ~ u*wy is an equivalence, as uy is full and faithful. O

3.4. Localization at a cofamily

Proposition 3.23. Let F be a family of subgroups which satisfies Condition 3.19 and
write j: Smg[co(f)] c Smg for the inclusion. Then the natural equivalence j* (E}'@ —) =~
j* induces an equivalence of localization endofunctors

EF®-=~j.j* :Sptsi(S) - Spt&i(S).
Proof. We have natural equivalences
Map(W,j.j" X ) ~ Map(j*W,5* X)
~Map (5ij*W,EF @ X)
Map (EF & jij* W, EF® X)
Map (EF e W, EF @ X)
Map (W, EF®X),

12

12

12

where the second follows by adjunction and the equivalence 7% X ~ j* (ﬁ]—' ®X ), the fourth
from Corollary 3.22, and the third and fifth from Corollary 3.17. O

Write LCO(]:)Sptg;-(S) for the essential image of EF A—: Spt$(S) — Spt(S9). Since
EJF,. A-is a colocalization endofunctor, EF A- is a localization endofunctor. In particular,
EF is an idempotent object of Spt&(S) [29, Proposition 4.8.2.4], and so Spt%(S) —
Leo( f)Spt7G—(S ) is a symmetric monoidal localization.

We will abuse notation and terminology slightly by saying that a stabilizing set of
spheres {T‘S € Spc?(S)} is in Spcf;’co(]:)(S) if it is in the essential image of j,. Suppose
that T ¢ Sphg is a set of spheres such that p*7 is in Spc?’co(f)(S). In this case, we can
stabilize Spc?’co(f)(S ) with respect to 7 and we define

Sptg,CO(f)(S) - Spc?’co(}-) (S) [(p*T)_l] :

Equivalently, Sptg’co(}—)(S) ~ Sptgico(f)(S) [((»*T)7!].
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Proposition 3.24. Let F be a family which satisifies Condition 3.19 and write j :
Sm¢ [co(F)] €Sm§ for the inclusion.

1. The functor ji : SptG CO(f)(S) - Spt&, (S) is symmetric monoidal.

2. There is an equwalence ~EF Aji. Moreover, j, induces a symmetric monoidal
equivalence 7, : SptG joo(F (S) - LCO(}-)Spth(S).

Proof. Note that S € Sm$[co(F)], so that j; preserves terminal objects. That it is
symmetric monoidal then follows from the fact that j preserves products. Since j is
a fully faithful left adjoint, the unit map id — j*j) is an equivalence. Precomposing
71 with the equivalence EF A (=) ~ j.j* of Proposition 3.23, we obtain equivalences
EF Aji(=) = j.j*ji =~ j« and consequently a commutative diagram

SptSeP)(9) —L— Sptdi(S)

~ |

Lco(]")SPtgl (S)

In particular, the functor j, : SptG ;c0(F) (S)— LCO(]:)Sptgl (S) is a composite of symmetric
monoidal functors, hence symmetric monoidal itself. It is fully faithful, since the composite
functor Spt$; co(F) (S) = Leo()Spt&: (S) € Spt§i (S) (also denoted j,) is fully faithful, by
Proposition 2.30. To see that j,. is also essential surjective, suppose X € Sptg1 (S) and
consider j* X € SptG co(F) (5). By the previous equivalence EFaj (=) ~j. and Proposition
3.23, we see that

EFAnjj* X ~EFAX,

since both are equivalent to j,j*X. Thus j, :Spt 1(S) —> SptG co(F) (S) is an equivalence
of symmetric monoidal co-categories. O

Proposition 3.25. Let F be a family which satisifies Condition 3.19 and write j :
Sm§ [co(F)] €Sm§ for the inclusion. Suppose that p*T is in Spc?’co(f)(S).
1. ji induces a symmetric monoidal functor j :Sptf—’co(]:)(S’) - Spt%(S).
2. EF A gy induces a symmetric monoidal equivalence
EF nji: Spt7 P (8) > Leo() SPEF(S).
Proof. Since j is a symmetric monoidal left adjoint, it induces a symmetric monoidal

functor on p*7T -stabilizations.
By Proposition 3.24, the induced map

Spt P (8) = Spt %P (8) [p*T ] > (LeoySPAE: () [p*T 7]

is an equivalence in CAlg (’PrL’®). The result now follows from the equivalence from
Lemma 2.40:

(Leo(m)Spt61 (9)) [P* T = Leo(z) (SPtS: (5)) [p°T ] 0
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3.5. Adjacent pairs

Lemma 3.26. Suppose that F ¢ F' is N-adjacent at H and that H acts trivially on S.
Set X € Sm§ [F'\F]. Then the canonical map

) H
fiGxnoa X" =X
8 an isomorphism.

Proof. The map f is identified with the map [[s1eq/ne (#) X997 5 X induced by the

inclusions X979 " ¢ X. We show that the induced map fs on the fiber over any s€ S, is an
isomorphism. By [18, Corollary 17.9.5], this implies that f is an isomorphism, as it is a map
between smooth (in particular flat) finitely presented S-schemes. The stabilizer Stab(z)
of any = € X contains a subgroup conjugate to H, which implies that I_[XgHg_1 - X, is
surjective. On the other hand, the closed subschemes X gHg‘l ¢ X, are pairwise disjoint,
since all stabilizers of X are in {K <G |(KnN)=(H)}. Indeed, if Stab(x) contains
both H and gHg !, Stab(z) n N contains both of these subgroups, which means that

H=gHg™'. Thus I_[ngHg_1 — X is a bijective, closed immersion. Since these are smooth
over Spec(k(s)), in particular reduced, the map f is an isomorphism. O

Let H <N be a subgroup. Then Wy H is a normal subgroup of WgH, and we will
often write WH = WgH /W N H for the quotient of Weyl groups. We will often write
Ew,u(WgH) instead of EF(W y H) for the universal W y H-free motivic W H-motivic
space, in order to emphasize the ambient group, where F(WyH) is the family of
subgroups {K <WgH | KnWxH ={e}}.

Proposition 3.27. Suppose that F ¢ F' is N-adjacent at H. Then the following are
true:

L. (Gxnegn Ewyu(WgH)), AE(F',F) = E(F',F) is an equivalence in Spt$: (9).
2. B(F,F)lneu = EF[HIAE(F ,F)|nou in Sptgc™ (9).

Proof. It suffices to prove these equivalences in the case S = B; the general case follows
by applying f*, where f:S5 — B is the structure map. For the first item, by Proposition
3.21 it suffices to show that the projection

p: (Gxnorw Bwyn(WeH)), - S°

induces equivalences Mapg,.c(py(X,p), for any X € Sm [F' F]. But for such an X we
have, by Lemma 3.26, that X 2 G xn,m X s0 we have

m&ptgl By (X, (Gxngr Ew,u(WgH)),)
~Map SptI;GH(B) (Xflv (G ><NGHEWNH(VVGI?[))+)
~ Ma[ZSptZVIGH(B) (X_fI, (G XNgH EWNH(WGH))f)

mQSPthH(B) (XF, (SO)H)

sl

12
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~ MapsptI;GH(B) (XFHS’O)
H 0
ﬁszptgl(B) ((Gxnegm X )+,5 )-
For the second item, we have that Fx.g[H|NF'INet = FNeu[H]NF|NeH, and so this
follows from Lemma 3.18. O
4. Fixed-point functors

We define fixed-point functors on motivic spaces and spectra. Throughout this section,
N <G is a normal subgroup, and we write 7: G - G/N for the quotient homomorphism.
Unless noted otherwise, we assume that N acts trivially on S.

4.1. Fixed-point motivic spaces

We begin by extending the adjunction
b Smg/N 2 Smg ((-)N
to motivic G-spaces. Note that 7~ is full and faithful and induces an equivalence
Sm&"™ » Sm§ [co(F[N])] € Sm§ (4.1)

with the subcategory of smooth G-schemes over S on which N acts trivially.
The functor 7, in the following propositions is the N-fixed-point functor on motivic
G-spaces. In keeping with standard notation, we sometimes write

(—)N =TT,

Proposition 4.2. The functor 7! :Smg/N - Smg induces adjoint pairs of functors

7 : SpefN (8) 2 Spe(S) : 7,
7 : SpcSN (8) 2 Spel (S) : 7,

such that the following diagrams commute:

1 \N
Smg/N — T Sm§ Sm§ e, Smg/N
Spc/N(8) —=— Spcf(S) and  SpcG(S) —s SpcC/N(S)
O] | -] -]
SpcS™(S) —— Spcf(S) Spcf(8) —Z Spes’™N(9).

Moreover, ™ and 7, are symmetric monoidal, and 7, preserves colimits.

Proof. Nisnevich topologies correspond under the equivalence (4.1), so the adjunction
can be obtained as a special case of Proposition 2.28, where we set 7% := (Tl'_l)' and

Ty 1= (w‘l)*. The remaining claims about 7* and =, are straightforward. O
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4.2. Fixed-point spectra

We view G/N-equivariant vector bundles on S as G-equivariant vector bundles via the
quotient homomorphism 7 : G - G/N. Given a stabilizing subset T ¢ Sphg/ N, we have
the stabilizing subset

T T ={T™¢ | T e T} ¢ Sph,

which for simplicity we usually write again as 7. We call a G-sphere of the form 7* (Tg )
an N-trivial G-sphere. Recall also that we write N-triv =7~ (Sphg/N).

Proposition 4.3. Let T ¢ Sphg/N be a stabilizing set of spheres. There is an adjoint
pair of symmetric monoidal functors

7 SptdN () 2 Spt§(S) : 7.
such that m, (BTY) = EF (YN) for Y e Spc&(9).
Proof. The adjoint pair is the stabilization of the adjoint pair in Proposition 4.2, using
* * N
(X eT¢) =" (X)oT™ € and (Y@T™¢) =y N@T*. m

That the fixed-point functor in this proposition commutes with stabilization is a
consequence of the fact that we have only stabilized with respect to a set of N-trivial
spheres. In general, fixed-point functors do not commute with stabilization; rather, this
is a key feature of the geometric fixed-points functor, defined later.

Lemma 4.4. Set T ¢ Sphg/N. The equivalence (4.1) induces inverse equivalences
7 SptdN(9) = SptS VI (9 - 7

which fit into commutative diagrams

SptS/N (5) = SptS eIV (g) SptG oD (5), Ty SptdN(S).
\ l,! and \[A! /
Spt&(S) Spt(S)

Proof. Nisnevich topologies correspond under the equivalence (4.1), so that =*

Spe/ N(8) = Spe GheolZL N])(S) is an equivalence of symmetric monoidal co-categories
with inverse . The first statement follows. The commutativity of the displayed diagrams
is straightforward to check. 0

Let 7 ¢ Sphg be a stabilizing set of G-spheres and TV = {TgN |T£e7'} be the
associated stabilizing set of G/N-spheres. Continuing to overload notation, we simply
write ¥ SptG/N(S) - Spt$(S) again for composite

SptSIN () 5 Spt&IN (8) T Spté(S).
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Since 7* preserves colimits, we obtain the fixed-points adjunction

¥ :Sptg.{VN(S) 2 Spt7G—(S) STk

The stabilizing set of spheres T does not appear in the notation for the fixed-points
functor 7,. We usually consider stabilization with respect to all spheres, and will always
make the domain of 7, explicit in other cases. When T = Sphg, in keeping with standard
notation, we will sometimes write

(V=

We also have not made reference to the base scheme in the notation. We show in
the next section, after proving the Adams isomorphism, that the fixed-points functor is
compatible with the various change-of-base functors in motivic homotopy.

4.3. Geometric fixed points
Recall that F[N]:={H <G| N ¢ H} and that we write

Leo(F[n])SPEF(S) € SptF ()

for the essential image of the endofunctor EF[N]® - : Spt$(S) — Spt$(S). Write W =
pc/pa/n- By Example 3.6, we have

EF[N]=colimT™". (4.5)

Lemma 4.6. The map S° - T" induces an equivalence
EF[N]=T" e EF[N]
in Spcl(9).

Proof. This follows from formula (4.5), together with the fact that the cyclic permutation
acts as the identity on TW ATW ATW [24, Lemma 6.3). O
Proposition 4.7. The stabilization functor Spt%_mv(S) - Spt%(S) induces an equiva-
lence

Lco(f[N])SthC\:f—triv(S) ; Lco(]—'[N])SptG(S)

of symmetric monoidal stable co-categories.

Proof. Write L = Lo (#[n])- We make use of the equivalences Sptng/N (5) =~ Sptg_mv(S)
and SptGg (S) ~ Spt¥(S) and the equivalence (4.5). Since TP¢ = TPe/N @ T | we have
an equivalence

SptG(S) = Spt%-triv(s) [(TW)_1]7

and under this equivalence, LSpt®(S) = (LSpt§_q;, (5)) [(TW)_l] by Lemma 2.40. But

it follows from Lemma 4.6 that =" is an autoequivalence of LSpt§ ;. (S), and therefore
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the stabilization induces an equivalence

LSpt](\;f—triv(S) = (LSpt%—triv(S)) [(TW)_l] :

The result follows, since (LSpt§ ;. (5)) [(TW)_ ] (SptN triv () [(TW)_l]). O

Write ¢ for the composite
SPLY (8) T SPIG 1110 (8) = SPLE(S) = Lo a1y SpEE ().

Proposition 4.8. The functor ¢ : Spt&/N(S) = Leo(F [N )Spt (S) is an equivalence of
symmetric monoidal stable oco-categories.

Proof. By Proposition 4.7, this composite is equivalent to

o EF[N]e-
SptIN(8) T S 111y (8) == Lo 1wy SPER4riv (5):

which is an equivalence by Lemma 4.4 and Proposition 3.25. O

Definition 4.9. Let N <G be a normal subgroup. The motivic geometric fixed-points
functor

(-)®N:Spt€(9) - SptIN(S)
is the composite Spt(S) — Leo(FIN )SptG(S) RN SptG/N(S)

Proposition 4.10. The functor (=)®N : Spt%(S) - Spt&/N(S) satisfies the following
properties:

1. It is a symmetric monoidal left adjoint; moreover, its right adjoint EF[N]@n* is
Sfull and faithful.

There is a natural equivalence (3°X)EN = 3> (XN) for X e Spcl(9).
N
(-)*N = (EF[N]®-)

3.
4. There is a natural transformation (=) - ( )
5. There is a natural equivalence EF[N]®Y [N] QY EN for Y eSpt&(S).

N

Proof. This is an easy consequence of the foregoing results. O

In §6.2 and §6.4, we show that fixed points commute with arbitrary base change. We
note here the easier fact that geometric fixed points commute with arbitrary base change.

Proposition 4.11. Let p:T — S be a map in Schg,/N, There is a natural equivalence
p* (Y(PN) ~ (p*Y)@N
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Proof. Since p*EF[N]g =~ EF[N]r, we have a commutative diagram

SptFN(S) — Spt9(S) —— Leo(rnpSpte(S)

b b I

SptS/N(T) —— Spt®(T) —— Leo(rn)Spt(T),
so that p*y ~¢p*, which implies the result. O

Recall that for a subgroup H < N, we write WH = WqgH /Wy H for the quotient of
Weyl groups. We also write Ew,g(WgH) for the universal Wy H-free W H-motivic
space (also denoted EF(W yH)). See §3.2 for a recollection of N-adjacency.

Proposition 4.12. Suppose that F € F' is N-adjacent at the subgroup H < N. Then for
X e Spt¥(9), there is a natural equivalence

(B(F,F)eX)" =GIN, xwr (Bw, (W), @ x*7)"

Proof. Consider the commutative diagram of group homomorphisms

NeH —2 3 G

oLk

WeH ——» W «—2— G/N.

" 1

There is a natural equivalence 7, \; ~ \; /7, since both are seen to be right adjoint to
the restriction along NgH -~ G/N. By Proposition 3.27, the canonical maps

MEWyag(WeH), 9N (E(F,LF) X)) —— E(F,F)eX
N (Ewyua(WeH), o EF[H]@ X\ (E(F,F)® X))

are equivalences. Applying 7., the result follows from the equivalence given and the fact
that ()% is symmetric monoidal. O

4.4. Homotopy fixed points and the Tate construction

Homotopy fixed points together with the Tate spectrum, introduced in [17], play critical
roles in computations and applications of equivariant homotopy theory. Using the
constructions we have already reviewed, it is straightforward to define the motivic version
of these functors and establish the analogue of the Tate diagram for G = C,.

Definition 4.13. Set X € Spt®(S) and N <G a normal subgroup.
1. The motivic homotopy fixed-point spectrum of X is
XPN = it (X) 2 F(BF(N) LX)V,

where i Smg’N'free cSm§ is the inclusion.
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2. The motivic Tate spectrum of X is
XN = (BF(N)AF (EF(N),.X))" .

Proposition 4.14 (motivic Tate diagram). Suppose that p is invertible on B. Set X €
Spt® (B). There is a natural push-out square

X% — X%C

| |

Xth Xth
in Spt(B).

Proof. Consider the following commutative diagram with exact rows:

(EC,. A X)%" , XCr s (o, A x)
p p

| | |

(EC,, AF (ECp,,X))%" —— F(BC,,,X)% —— (BC, A F(EC,,, X))

The proposition follows by noting that the left vertical map is an equivalence. To see
this, note that by Proposition 3.11, the map X — F (EC),,X) is identified with the natural
transformation 49*n : 44" - 4¢%4,3*, where 7 is the unit id - i,7* of the adjunction. Since
1y is full and faithful, so is i,. In particular, the counit i*i, — id is an equivalence. That
113*n is an equivalence now follows from the triangle identity. O

5. Quotient spectra

As in the previous section, we let N 4G be a normal subgroup and 7:G — G/N the
quotient homomorphism. It turns out (as in classical equivariant homotopy) that the
functor 7 : Spt&/N () - Spt(S) does not have a left adjoint, except in the trivial case
when G ={e}. It does, however, have a partial left adjoint, constructed in this section,
defined on the full subcategory of N-free G-spectra.

5.1. Stabilization of free objects
We write Spt& V(8 := Spt7G—’}-(N)(S). In this section, we show that the stabilization

o
XSS (S) > Spt& N Ie(s)

is an equivalence of stable co-categories. We are grateful to Tom Bachmann for suggestions
which streamlined the argument we originally gave here.

Recall that the quotient functor induces an equivalence of categories (-)/N : Smg ~
Smg//g if N acts freely on S. Under this equivalence, Nisnevich topologies correspond, so
we obtain an equivalence of symmetric monoidal co-categories

Spcd(S) = Sped/N (S/N).
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Lastly, stabilizing with respect to Sphg//ﬁ,

monoidal co-categories

we obtain an equivalence of symmetric

1 SPtS_niv (S) = SptY/N (S/N).

Lemma 5.1. If N acts freely on S, then \* :Sptg’_ﬁ;‘ffee(S) - Spt@N-free(§) s an
equivalence.

Proof. It suffices to see that if £ — S is an equivariant vector bundle on S, then TF
is invertible in Spt$N-"°(S) = Spt§ ., (S). Under the equivalence m: Spt§ ., (S) =
Spt&/N(S/N) of symmetric monoidal co-categories, we have that (TE) ~TPIN where
E/N - S/N is the quotient, which is a G/N-equivariant vector bundle. In particular,
TE/N is invertible, so the result follows. O

Theorem 5.2. Let N 4G be a normal subgroup. The stabilization functor

N Pt (8) - Spt@ N eE(s)

is an equivalence of stable oo-categories.

Proof. Write A, for the right adjoint of A\*. We first show that id - A, A* is an equivalence
—that is, A\* is fully faithful. By Proposition 2.36 it suffices to check that p* - p* A, \* is an
equivalence for any p: X — S in Smg’N'free (indeed, the family of such p* is conservative).
But A* commutes with p*, and since p is smooth, so does A,. Therefore this transformation
is identified with p* - A\ A*p*, and since X is N-free, A, \*p* ~ p* by Lemma 5.1, as
required.

To see that A\* is essentially surjective, by Proposition 2.36 it suffices to show that
T7V® X, is in the image of \*, where TV € Sph$ and p: X - S is in Smg’N'ﬁee. But
TVeX, = pup* (T‘V)7 and by Lemma 5.1 we have that p* (T‘V) is in the essential
image of A*; since A\* and px commute, we are done. O

Remark 5.3. It follows that when S has N-free action, there is an induced equivalence
of symmetric monoidal co-categories

m: SptY(S) = Spt/N (S/N).

Let p: X - S be a map. The exceptional push-forward on N-free G-spectra p; :
Spt&N-free( X)) o Spt@ N-free((§) can be defined as the composite

i*pgif . SptG7N_free(X) N SptG(X) N SptG(S) N SptG,N—free(S).
If p is smooth, then p :p#E’“f, where () is the sheaf of differentials of X over S.

Corollary 5.4. The stable oo-category SptG’N’free(S) is generated under colimits by any
of the following sets:

1. XFrenp 1 x, where k>0 and p: X — S is in Smg’N'frCC with X affine.
2. YFraNpllx, where k>0 and p: X — S is in Smg’N'free with X affine.
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3. NkraNi*q 1y, where k>0 and q¢: X — S is in Schg with q projective.
4. ©kreing 1y, where k>0 and q: X - S is in Schg’N_free.

Proof. The objects in (1) are generators of Sptg’_]t\;\ffree(S), by Proposition 2.36.

If X is affine, then there is a surjection p*(npg) - Q, for some n>0. Let £ be the
kernel of this map. Then in Spt&~-¢(X) we have an equivalence T AT ~ TmPc/N
Let 7: V() - X be the projection. We then have

SN (por) (Ly(ey) ~ pulx.

Therefore the generators in (1) are contained in the category generated under colimits by
the objects in (2).

Next, we check that the set in (2) is contained in the the category generated under
colimits by the objects X FPe/ni*q, 1 x of (3).

Let p:Y - S be in Smg’N'ﬁee. Since p is G-quasi-projective, there is an equivariant

compactification

where f is an equivariant projective morphism, u is an invariant open, and ¢ is an invariant
closed complement. From the gluing sequence, using the fact that f,g are proper, we
obtain an exact sequence in Spt%(S) of the form

E*kPG/Np!]ly _ S kea/n fols— EikpG/Ng*]lZ.
Applying ¢* finishes the third case.
Write EF(N) =~ colim,, U,,, where U, € Sm?N_free. Now (4) follows by noting that if

q:X — S is projective, then i1i*q. (1 x) is the colimit of g, (1xxv, ), where g, : X xU,, -
S. O

5.2. Quotient functors

Proposition 5.5. Let N <G be a normal subgroup which acts trivially on S.

1. There are colimit-preserving functors

(-)/N : Spe® e (S) > SpeN(S/N)
(-)/N - Sped Ve (S) > Sped N (SN)
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such that the following diagram commutes:

G,N-fr (=)/N G/N
Smg " ————'S SIN

SPCG,N—free(S) (I/N, SpCG/N(S/N)

(—)+l l(*)+
Spcs}’,N—free(S) (-)/N Spc?/N(S/N).
2. The functor (=)/N satisfies a projection formula (X x7*Y)/N ~ (X/N)xY for
X e SpcN-free(§) and YV e Spe/N(S/N). Similarly, if A,B are based, then (AA
7*B)/N ~(A/N)AB.

Proof. Write ¢: Sm§ — Smg//j\,v for the quotient functor, ¢(W)=W/N. Since ¢ sends
Nisnevich squares in Smg’N'free to Nisnevich squares in Smg/ N and
J(V X A7) =) x A

the functor ¢* :P(Smg//g

q* :SpcPN(SIN) - Spc&N-free(§). Since ¢, preserves limits, it admits a left adjoint
(-)/N : Spc®Nree($) » Spe/N(S/N)

) - ’P(Smg) defined by precomposition restricts to a functor

with the stated properties. Similarly, since g, preserves the terminal object, it induces a
limit-preserving functor ¢, :Spc?/N(S/N) - Spes Ve (§) on based spaces and there-
fore admits a left adjoint (-)/N : Spes ™V ¢(8) > Spel’/N (S/N). The last statement
follows from Proposition 2.2. 0

If X eSm§ does not have free action, the scheme X /G need not be smooth. It is still
possible to define a quotient functor on motivic G-spaces. However, this functor does not
stabilize to give a quotient functor on all of Spt®(.S).

Proposition 5.6. Let N <G be a normal subgroup which acts trivially on S.
1. There is a colimit-preserving functor
m: SptEV-free(§) L SptG/N(S/N)
such that the following diagram commutes:

G, N-free m G/N
) _
Smg SmS/N

| |

Spt@N-free(§) —Z SptE/N(S/N).

G, N -free
S

The right adjoint of m is the composite i*m*, where i:Sm c Smg is the

inclusion.
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2. The functor m satisfies a projection formula. That is, if X € Spt&N-e(8) and
Y e Spt¢/N(S/N), then m(Xen*Y)=m(X)®Y.

Proof. If V —» S is a G/N-equivariant vector bundle, we have (£VX)/N ~XVX/N by
Proposition 5.5. It follows that (-)/N extends to a colimit-preserving functor

m :Spt%,_i\;‘f]ree(s) N SptG/N(S).

The first statement then follows from Theorem 5.2, and the second statement from
Proposition 5.5. O

6. The motivic Adams isomorphism

In classical homotopy, the Adams isomorphism identifies the N-fixed points of an N-free
G-spectrum X with the quotient of X by the N-action. This equivalence was established
by Adams for N =G in [1, Theorem 5.3] and generalized in [27, Theorem II1.7.1]. A recent
modern take on this, in terms of orthogonal spectra, appears in [33]. In this section, we
establish a version for N-free motivic G-spectra.

6.1. The Adams transformation

For the remainder of this section we suppose that S has trivial N-action and we let

7:G - G/N denote the quotient homomorphism. As before, we write i : Smg’N'free cSm§

for the inclusion. The Adams isomorphism is a comparison of the two functors
T,y Spt& Ve (6) 5 Spt@/N(9).

We first construct a comparison transformation 7 :m — m.4. Consider the following
Cartesian square of surjective homomorphisms:

GXG/NG L) G

- l (6.1)

G —" 4 GJN.

Write G’ = G xg/n G and N’ = ker(pr,). Observe that if X € Smg’N'free, then pri X is in

! U
Smg N-free yWe have a commutative diagram

SptG,N-frcc(S) # SptG(S)

w % *
J Prllll lprl

SptG",N'—free(S) Jt SptG'(S)

U 4 4
of colimit-preserving functors, where j : Smg N-free ¢ g€ s the inclusion.
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Proposition 6.2. With notation as before, the following diagram commutes:

SptG,N—free(S) i*pri SptG',N'—free(S)

lﬂz lprgz

Spte/N(S) — T Spt&(S).
Proof. We have a transformation v : pry j*prié — 7*m, defined as the composite
Proyj priir — proyj priti* n*m — proj promim - v m,

where the first arrow is induced by the unit of the adjunction (m,7*7*) and the last
by the counit of (pry,j*pry). To check that this is an equivalence, by Corollary 5.4 it
suffices to check that v is an equivalence on X7°¢/¥ X, where X € Smg’N'free. Via the
projection formula in Proposition 5.6, we see that ve-rc)n x, Is identified with X7Pe/Nyx |
and so it suffices to check that v is an equivalence on X,. But this case follows from the
isomorphism of G-schemes (pr;’X) /N’ =7 '(X/N). O

Remark 6.3. It is sometimes convenient to write again prj for j*prjé, so that the
equivalence 7*m ~ pryj*prii can be expressed compactly as

* *
T~ PryPIy.

Since prj takes N-free spectra to ker(pry)-free spectra, this is only a minor overloading
of notation, and no confusion should arise.

We obtain a transformation
7wt =y (6.4)
via
T 2 Proyj  priiy — proyj A A priiy =iy,

where A:G < G xg/n G is the diagonal and we use the fact that A, ~ A, by the
Wirthmiiller isomorphism (Proposition 2.41).

Definition 6.5. The Adams transformation
T = Tyl
is the transformation induced by adjunction from 7 :7*m — 4, just constructed.

In a certain sense, the Adams transformation is ‘smashing’, as made precise in the next
proposition. First note that there is a canonical transformation

meii (lg) ®id —» meiyi*m* (6.6)
between endofunctors of Spt®/ (S) obtained as the adjoint of

mrmein (1g) @ =iy (1g) @ m ~4i* ™.
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Since 47" = 4i* (1) ®id =~ Igr(y) ®id by Proposition 3.11, transformation (6.6) can
equivalently be written as 7, (IlE}-(N)) ®id - 7, (ILE}-(N) ®7T*).

Proposition 6.7. Set X e Spt&N-¢(8). The diagram

mX ——— i X — meaitmtmX

! l

W!i*(]ls)@)ﬂ'!X > W*ili*(]ls)g)mX

T®id

commutes, where the left vertical map is obtained from the oplax monoidality of m, the
right one is formula (6.6), and the top right horizontal arrow comes from the unit of the
adjunction (m,i*7").

Proof. Consider the following diagram:

m*mX y mrmi* (1g) @ mX

§ 1

proyj pris X ————— prolj*priai* (lg) ® proyj*prin X

| I

it mX 4 ili*(]ls)®7r*7T1X.

The functors 7*,pr},j* are symmetric monoidal, ¢, is nonunital symmetric monoidal,
and i*(1s) = Igz(n) is the unit of Spt&N-free(§) Tt is straightforward to check that
the top square commutes. Using the natural equivalence AA* ~ AJA*(1g) ®1id, it is
straightforward to check that the remaining squares commute. This implies the result by
adjointness. O

6.2. Changing the base

Our next goal is to verify that the Adams transformation 7 is compatible with the various
change-of-base functors in motivic homotopy. First, however, we recall some basic facts
about manipulating natural transformations and adjunctions that we will use.

Let

=~

‘Q*
Q<—

@?m

AN
e
T
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be a diagram of co-categories, where ¢: k* f* — h*g* is a natural transformation. Suppose
that f*, h* admit respective left adjoints f; and hy. The left mate of ¢ is a natural

transformation
Al B
g*l \¢L lk*
C & D.

Explicitly, ¢, : hik* - g* fi is defined to be the composite

k™ = mk* f* fi ﬂ hh*g* fi = g* f.

Similarly, if g*,k* admit respective right adjoints g, and k., then the right mate of ¢
is a transformation

=

A

B
kx

D.

g

QO—

T
Explicitly, ¢r: f*g. — k.h* is defined to be the composite
£ ge > kak* f7 g0 S kg g, > huh".
If ¢ and ¢ are natural transformations, then v ~ ¢y, if and only if ¢ ~R.

Lemma 6.8. Suppose we are given a diagram of oo-categories

CT>D,

where f*,h* have left adjoints and g*,k* have right adjoints. Then ¢y, is an equivalence
if and only if ¢r is an equivalence.

Proof. This is a straightforward check. O

Remark 6.9. It often happens that ¢ is invertible. Care should be taken to not confuse
the mates of ¢ with those of ¢! (assuming all requisite adjoints exist). For example,
it is not the case the mates of ¢ are equivalences exactly when the mates of ¢! are
equivalences.

We will need to know that units and counits of adjunctions are compatible across
equivalences induced by mates.

Lemma 6.10. Let L:C2D:R and L':C'2D': R’ be two adjoint pairs and F:C - C’
and G :D — D' be functors. Let ¢: FR— R'G and v : L'F - GL be mates. Write n, € for

https://doi.org/10.1017/51474748021000372 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000372

1228 D. Gepner and J. Heller

the unit and counit of (L,R) and n',€’ for the unit and counit of (L', R"). Then for X € D,
Y €C, the diagrams

LRGX <% p'rrx —*2 GLRX

GX

FY
Fn n'F

and

FRLY X raLy &Y R'L'FY.

commute.

Proof. The first claim follows from the commutativity of the diagram

L'FRX 5% ppRrirx YR prGLrx CCLE GLRX

\ lL FRe lL'R'Ge lGe

L'FRX —> L'RGX —<C GX,

since the top composite is ¢ R. The second claim follows from the commutativity of the

diagram
RUFY P2 pprrry PEY R RGLY —<CLy RGLY
n’FT n’FRLT "R GLT /
Fy — " s prry — % 4 RGLY,
where the top composite is R'v. O

Let p: T — S be a map in Schg, on which N acts trivially. Write 7: G - G/N for the

quotient. We will use i to denote both the inclusion Sm$ ™ ¢ Sm§ and the inclusion
S G, N-free
my’ cSm$. Fix equivalences

a: ﬂ_x—p* ; p*ﬂ_*
and
yrip® = pti.

The right mate of « is a transformation ag : p*m, - 7.p*. We write v for the right mate
of ag,

v= (aR)R FTxPx ;p*ﬂ'*,

which is an equivalence a~ (ar)r, by Lemma 6.8, since o~ (ag), is an equivalence. Write
vVi=v (7‘1) - Which is an equivalence

/ . ~ .
V T UPsx — PxTx 1.
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We have an equivalence
o Iyg ittt =t
Write 3 = (a‘lfyR)L for the left mate of a~'yg. Then f3 is an equivalence
Bimp*=pim,
and we write ¢ = ( 6‘1) s Which is a transformation
¢ TPy = P

If p is smooth, then o has a left mate ay : pu7* S m*px, which is an equivalence. It
follows that ag is an equivalence by Lemma 6.8. In Corollary 6.37 we see that ag is more
generally an equivalence even when p is not smooth. Write

QU Py Ty = Ty Pt

for the left mate of a}il 1Pt ~p¥m, and

QY 1 pp Tl = TuliDy

for the left mate of aj'y.

For the next lemmas it is convenient to fix some further exchange transformations. Set
Kiprip* = p*pry and A:j*p* = p*i*. Set v=((Ak2) )L prop* = p*pry:.

We use the following basic consequence of the fact that Spt® 7 (S) is the value of a
functor Schy[-]°P. Let f:T — S be a scheme map and ¢: G - K a homomorphism. The
exchange ¢* f* ~ f*¢* expresses the fact that (id, f)(¢,id) and (¢,id)(id, f) are both equal
to (¢, f). In particular, these exchanges can be chosen compatibly. That is, if ¢: G - K
and v : K - H are homomorphisms, then the diagram

PP ——= T —— [ToTYT
Nl lN

(o) f* - > [T (We)”

commutes, and similarly for a composite of scheme maps.

Lemma 6.11. Set X € Spt&N-free(S). The following diagram commutes:

T mp* X % prrrtmX

TP pT

up* X %} p i X.
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Proof. We have to see that each rectangle of the following diagram commutes:

T mp* X b s mp*m X = > prritm X
Pryyj priip* X ——— proyj p priin X ——2—— p*pryyjpriin X

| |

Pro A AT priip* X —— proy i AA* p* pria X —— ppro T AA p prin X

! ]

. v .
up* > priy.

To see that the top rectangle commutes, consider the following diagram:

proj priup* X ———— pryyj prip*u X —————— p pry i priuX

proyjiprint* mrmp* X — pro i priap it ntmX —— projipriptaitntmX

| |

Proyj prom*mp* X —— pro i prop*ntmX ——— pipryjipramimX

| |

T mp* X > prrtm XL

The outer composites of this diagram yield the diagram of the lemma, and a straight-
forward inspection suffices to see that most of the pieces of this diagram commute. The
remaining pieces involve moving p* either across the unit for the adjunction (m,i*7*)
or across the counit for the adjunction (pry,j*prs). In either case, that this results in a
commutative diagram follows from Lemma 6.10, since the pairs of exchange equivalences
mp* 2 p*m, p*itn* =¥ p* and pryyp* = p*pryy, p*j pry = jFpryp* are mates.

The argument for the commutativity of the remaining squares is similar. O

Proposition 6.12. Set X e Spt&V-¢(S). The diagram
* ﬁ *
mp* X — p'mX
Tp*l lp*T

T p* X 5— p'mi X
Y &R

commutes.
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Proof. To see this, consider the diagram

mrmp* X T, mpmX —2—— prrrm X

W*Tp*l lﬂ_*p*T lp*ﬂ*T
* =1

. Ty TR . .
mrmapt X ——— m'ptmein X ——— prrimai X,

| |

Hp*X < = p i X.

By adjointness, it suffices to see that the top-left square commutes. The right square
commutes, and the lower rectangle commutes by Lemma 6.10, so it suffices to see that
the outer diagram commutes. This follows from Lemma 6.11. O

Proposition 6.13. Set Y e Spt&N-e¢(T). The following diagram commutes:

puamY L mpyY

ver| Jree

p#ﬂ*igY i> W*i!p#Y.

Proof. The diagram of the lemma is the composite of the squares

ppmY —— pymp pyY 2 pup mpyY ——— mpyY

Py Tl lp# TP Py lp#p*fp# lTP#
(

-1
PpTtY —— pum D pyY % PP ThpyY —— W lipyY.

The first and the third square commute by functoriality. The second square commutes
by Proposition 6.12. U

Proposition 6.14. Set Y e Spt&N-¢(T). The following diagram commutes:

mp.Y % pxmY

|7+ |per

’

W*i!p*Y % pﬂT*i!Y-

Proof. Consider the following diagram. By adjointness, we need to see that the combined
top rectangles commute:

mp p.Y *> prmp.Y —> ppemY — 5 1Y

[ [
I

p W*le*Y —~Z s prpemiY *> 1Y
7'17 P
’Y laR
7T*l|p p* Tr*ue
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Here € is the counit of the adjunction (p*,p.). The left triangle commutes by Proposition
6.12, the bottom triangle commutes by Lemma 6.10, and the top composite is equivalent
to me, also by Lemma 6.10. It follows that the outer diagram commutes, and since § is
an equivalence, the combined rectangles commute as desired. O

Lemma 6.15. Let f:T — S be a map in Schg, The diagram

SptG,N—free(T) L> SptG(T)

| 2

SptG’N'frCC(S) L> SptG(S)
commutes.

Proof. The functor f, : Spt&N-free(T) » Spt&N-free(§) may be computed as the
composite

SptG,N—free(T) i) SptG(T) ﬁ) SptG(S) i) SptG,N-free(S).

By Corollary 6.32, we have 4yi* ~ 4% (1) ® — and 4% (1) ~ colim,, U,,, where U, is dualizable
over S. Therefore,

i!i*f*ig =~ COlimF(D(Un),f*i!) =~ f*F(f*D(Un),ig)
~colim f, F (D f*U,,ir)
~ f, colim f* U, ®1

o~ f*(i!i*(]l) ®i!)
o

where we use the fact that f*ii* (1) ~4,4* (1) by Proposition 3.8, since 4/i*(1) ~ EF(N).
O

6.3. 7 is an equivalence

In this subsection, we show that the Adams transformation 7 is an equivalence. By
Corollary 5.4, it suffices to show that 7 is an equivalence on ¥ ~kPc/~ gulx, where g: X - S
is in Smg’N'ﬁee, which in turn would follow by showing that 7 is an equivalence on all
g1 x. Unfortunately, we do not know how to show this directly. Instead, our strategy is to
first show that it is an equivalence on those g1 x which are dualizable. This immediately
implies that 7 is an equivalence on the subcategory of Spt®™-°¢(9) generated under
colimits by (N-trivial desuspensions of) such gglx. Of course, this is only a proper
subcategory of Spt®N-fee(§), unless S is the spectrum of a field of characteristic 0.
However, since 1g£(y) has dualizable skeleta by Corollary 6.32, we can at least conclude

that

T mlgrn) = T leF(N)
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is an equivalence. This now allows us to define an inverse 77!

conclude that 7 is an equivalence in general.

Lemma 6.16. Set £ € Spt@N-¢(S) and suppose that i\& is dualizable. Then € is also
dualizable, and i\ Fgpic, n-twee(5)(E,D) = Fspea(sy(91€,01D).

In particular, the dual of £, regarded as an object of Spt&N-1e¢(8), agrees via iy with
the dual of £, regarded as an object of Spt(S).

using Proposition 6.7 and

Proof. The first claim follows formally from the facts that £ ~i*4/€ and that i* is a
symmetric monoidal functor. The second claim follows by applying 4, to the equivalence

Z'*Fsptc(g) (i[g,igp) ~ FsptG.N—free(S) (5,7))

and by the fact that ¢i* ~¢i*(1g) ® id (see Proposition 3.11), together with the
commutative square

igl'*]ls®Ds(i!5)®i!'D — igi*]ls®F(i!g,i1D)

Ds(ilg) D —— F(ilg,’i!'D),
where the vertical maps are induced by the projection #i*(1g) - 1g and the left-hand

vertical map is an equivalence, since 41i*1g® 4D — /D is an equivalence.
The last statement follows because Fgpia(gy(41€,1s) = Fspia sy (11€,41 (i 1s)). O

Lemma 6.17. Let p:Y — S be a smooth equivariant map. For any £ € Spt%(Y), the
diagram
Dg (p#g) ®5'p#5 — 1g
p# (p*Ds (p#€) @y £) %

commutes, where the vertical equivalence is the projection formula and the diagonal map
s the composite

p# (0" Ds (p#E) ®y E) = py (Dy (pp4E) ®y £) = py(Dy () @y )
ppev "
#—>p#]1y 2pup lg—1g
of the canonical map followed by maps induced by the unit and counit of the adjunction
(ps,p*), respectively.

Proof. The composite of the vertical and horizontal map is adjoint to the composite map
in the diagram

p*DS (p#g) ®y E ——> p* (DS (p#5)®yp#6) _— p*]ls ~1y

NT CVT

p* Dy (p#&) @y p*pu€ —— Dy (p*pu&) @y p*pu&,
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where the left diagonal is induced by the unit of the adjunction (p4,p*) and the square
commutes by Lemma 6.10 (with F=p*=G,R=F (pg€,-), and R’ = F (p*px&,0)).
Applying px everywhere, we obtain the commutative diagram

Py (0" Ds (p#E) ®y E) — py (0" Ds (p#E) ®y p*pyE) \

| |

pu (Dy (p*p#E) @y E) —— pu (Dy (p*ps€) ®y p*puf) —— pup*ls —— 1g,

\—) p#(Dy () ®E) /

where the lower piece commutes for formal reasons: given a map ¢: M — N in any
symmetric monoidal category, the induced diagram

D(NYeM 2PN ponyem

idD(N)®<PJ/ l

D(N) N ——— 1
commutes. This proves the claim. O

Let ¢: X — S be an object in Smg’N_f’ree and write X = X /N, f: X - X, for the quotient.
Since N acts trivially on S, the structure map factors through the quotient and we have
the diagram

( )
» 6.18
x £

in Smg, where f is finite étale. Our first goal is to establish Theorem 6.25, which says
that when g1 x is dualizable, its dual is computed as mDg (gx1x).
We define a candidate evaluation map

637T1D5(p#f#]lx)®sp#]ly—> 1g (6.19)

as follows:

mDs (py f4lx) ®spply = pyp mDs (pg folx)
— ppmDs (P Py f4lx)
> ppmfalx ~ppls
—>1g.
Here the first equivalence is the projection formula, the second arrow is the equivalence
p*m ~mp* together with the exchange p*Dg — D+p”, the third arrow is induced by the

unit of the adjunction (px,p*) together with the equivalence D+ (fxlx) =~ fulx, and
the last arrow is induced by the counit of the adjunction (px,p*).
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Remark 6.20. The adjoint of € is the map
e:mDs(q4lx)— Ds(pxls)- (6.21)
The map e can also be described as the adjoint of the map
¢ :Ds(qulx) > 7 Ds(ppls),
which is the dual of the composite pul — pufo f Iy~ pgp felx.
Note that the evaluation map for g1 x factors canonically as
Ds(q4lx)®sqplx »ilgrn) = 1s,
where Tgr(n) € Spt&N-free(§) is the unit.

Lemma 6.22. The following diagram commutes:

M (Ds(qulx)®squlx) —— mlgrn

l |

m(Ds (g4lx)) ®spyly —— 1s.

Proof. The left vertical map comes from the oplax monoidality of m. It may also be
described as the map induced by py f41x — px1+ together with the equivalence

m (Ds (p# felx) ®sppls) ~mDs (pfalx) ®spslx.

Consider the diagram

ppm (p*D(qplyx) @ falx) — ppm (D (falx) @5 felx) — pply — 1s,

| |

pem (p*D(gplx)®xly) — ppm (D (falx)®xlx)

where the top and bottom horizontal arrows of the square are the composite of the
exchange p*Dg — D+p* with the map induced by the unit of the adjunction (px,p*).
Via Lemma 6.17 and the equivalences mpx ~ pum, we see that the top row is identified
with the composite of the top horizontal and right vertical arrows in the diagram of
the lemma. The composite around the lower part of this diagram is identified with the
composite of the left vertical and bottom horizontal arrows of the diagram in the lemma.
That this diagram commutes follows from the next lemma together with the equivalence

D+ (fylx) = fulx. O

Lemma 6.23. The following diagram commutes:

falx® fulx > falx,
X

~,

Jelx @15
X
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where the horizontal map is the projection formula fulx ® falx =~ fuf” falx followed
X

by the counit (using the ambidexterity equivalence fu = f.).

Proof. Let p;: X x5 X — X be the projection to the ith factor and A: X — X x£ X

the diagonal. Under the ambidexterity equivalence fx ~ f., the counit of the adjunction

(f*,f+) is the arrow f* fx —id, defined as the composite

Iy 2 pagp] = pap A APy 2oy A, ~id

(see [24, Theorem 6.9]). In particular, together with the equivalence fyupas ~ fupiy,

we see that the morphism fuf*fulx — f42lx in Spt¢ (X) can be represented by the

projection

(X xx X),
X xg X NA(X)),

f#(XXyX)Jr—’f#( ~ fu X,

where X x+ X is an X-scheme via the first coordinate. The lemma follows from the
commutativity of the diagram where the rows are the cofiber sequences in Spc¢ (X )

associated to the closed immersions A(X) S X x5 X and A(f) € X xX, the diagonal,
and the graph of f, respectively:

(X2 XNAX)), — (XxgX), —/—— X,

! | |

(X xz X~ A(f))+ — (XxYY)+ — X,. O

Now we suppose that guxlx is dualizable in Spt@N-free and @ is isomorphic to a

semidirect product of N and G/N. We define a ‘coevaluation’
n:1ls > pylz®smDs (pyfplx) (6.24)

as follows. Since G is isomorphic to a semidirect product of G/N and N, there is a map
1s > m1grv) which splits the canonical map m1grn) > 1g, obtained by taking the
N-quotient of the (unstable) map N{ - 1gz(y), where N’ is the G-set G/(G/N). Now,
since qx1x is dualizable in Spt®(9), it is dualizable in Spt&N-free(S) by Lemma 6.16,
and the duals in both categories agree under the standard inclusion. This means we have
a coevaluation map

coev: Ipr(n) > ppfarlx ®s Ds (g fyelx).
Now, 7 is defined as the composite

1s - mlgrn) — m (pelx ®sDs (pafalx))
> pulg@smDs (pyfulx).

Theorem 6.25. Let q: X — S be an object of Smg’N'free and f: X > X, p: X > S as in
diagram (0.18). Suppose that gulx € Spt%(S) is dualizable. Then pul+ is dualizable in
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Spt¢IN(S) and formula (6.21) is an equivalence
F!DS (Q#]IX) ; DS (WQQ#]I)() .

Proof. First we explain why it suffices to assume that G is a semidirect product of N and
G/N. Suppose that the result is true in this case. Given an arbitrary G and N, and letting
X be a dualizable N-free smooth G-scheme over S, consider the Cartesian square (6.1).
Since X is dualizable over S, as a smooth G-scheme, the ker(pry)-free G xg;n G-scheme
pri X is dualizable over S. Since G xg,n G is a semidirect product of G' and ker(pr,), our
hypothesis implies that the composite is an equivalence

propri Ds (gl x) = pryDs (prigulx) = Ds (proyprigulx),

where we again write e for an instance of formula (6.21) for the group G xg;n G and
we use the fact that priDgs (gxlx) ~ Dg(prigxlx), since g1 x is dualizable and prj is
symmetric monoidal. We claim that this implies that p4 1+ is dualizable in Spt&/N (9).
Indeed, pryypriqu X ~7*mqylx is dualizable in Spt®(S) and therefore & (7*mgulx) ~
maulx ~ pyls is dualizable in Spt&/N(S), as ®V is symmetric monoidal. In this case,
e and 7 are evaluation and coevaluation maps for the duality pairing.

The diagram

W*W!Ds(Q#]lx) 7r4*e> W*Ds(ﬂ'[Q#]lX) — Ds(’lr*’/TIQ#]lx)

TN L (6.26)

propri Dg (qulx) —— pryDs (prigulx) —=— Dg(proprigxlx)

commutes. This follows by adjointness from the commutativity of the diagram

W*W!DS(Q#HX)@)W*W 1s,

propri Ds (g1 x) ® proprigyls

where the the horizontal and diagonal arrows come from formula (6.19). We thus find
that

7T*7T1DS (Q#]lx) 1—8—>7'&'*l)s (ﬂ!q#]lx)

is an equivalence. The functor 7* is conservative, since ®" o7* ~id (see Proposition 4.10).
It follows that e is an equivalence.

It remains to establish the result under that assumption that G is a semidirect product.
We show that in this case the evaluation and coevaluation maps (6.19) and (6.24) satisfy
the triangle identities. To compactify notation, we write X =py fx1x, Y:p#]ly, 1=1g,
and Igr = 1gr(n). We have to check that the following two composites are the identity:
Xel ldﬂ»Y@mD(X)«@Yﬂ 198X

1emD(X) 2% nD(X)e X emD(X) 225 mD(X)®1.
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To establish the first identity we observe that we have a commutative diagram

Xol — s XemD(X)®X ceid » 19X

DV B |

id| Xomlgr - Xom(D(X)®X) m(X®D(X))eX — mlgreX

/ [ [

Fg(X@ﬂEf)ﬂm)m(X@D(X)@X) m(eveid) > m(lere X),

in which X ~ X @ 1g# and the upper right-hand square commutes by Lemma 6.22. The
second identity is established by a similar diagram. O

The following well-known result is purely categorical, and applies to our particular
functor 7%, as 7* is symmetric monoidal by Proposition 4.3 and satisfies the projection
formula of Proposition 5.6. See [14] for detailed derivations of these results in the 1-
categorical context. In the co-categorical context, the natural transformations are derived
via adjunction in exactly the same way, and whether or not a natural transformation is a
natural equivalence is a property of the induced natural transformation between homotopy
1-categories.

Lemma 6.27. Let n* :C - D be a symmetric monoidal functor of closed symmet-
ric monoidal oo-categories which admits both a left adjoint m and a right adjoint
m,. and satisfies the following projection formula: For all objects Y € C and Z € D,
the map

m(Zer'Y) > (mZ)®Y,

induced by the unit map Z — w*mZ, is an equivalence. Then ©* is closed symmetric
monoidal; that is, the map

7 Fe(Y,X) > Fp(7*Y, 7" X),
induced by the evaluation Y @ Fe(Y,X) - X, is an equivalence.
Proof. Let Z be an object of D. We have a commutative square

Map(Z,m*F(Y,X) —— Map(Z,F(r*Y,7*X)

| |

Map((mZ)®Y,X) —— Map(m(Ze7n*Y),X),

in which the vertical maps are equivalences by adjunction. But the bottom horizontal
map is induced by the equivalence m(Z@7*Y) > (mZ)®Y, so the top horizontal map
is an equivalence as well. Since Z is arbitrary, the result follows. O

Corollary 6.28. For any given object X of C, there is a canonical equivalence of
functors

F(m(-),X)=mF(-,7"X):DP - C.
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In particular, specializing to the case in which X is the unit of C, we obtain an equivalence
Dm 57, D.

Proof. The adjoint of the composite natural transformation of functors
7 Fe(m(=),X) = Fp(r*m(-),7" X) - Fp(-,7" X)
is the desired natural transformation
Fe(m(-),X) > m.Fp(-,7"X).

Let Z be any object of C. This transformation is an equivalence if and only if it is an
equivalence upon evaluation at any object Y of D. We have equivalences

Map(Z,F(mY,X)) ~Map(ZemY,X)
and
Map(Z, 7. F(Y,7* X)) ~Map(7#*Z®Y, 7, X ) ~Map(m (7" Z®Y),X).
Hence the result follows from the projection formula m(7*Z®Y)~ZemY. O

We now return to the special case of our particular symmetric monoidal functor 7*,
and we write h: Dgm — 7, Dg for the canonical equivalence of Corollary 6.28.
Proposition 6.29. Let q: X - S be an object of SmGN free
SptY(S) is dualizable. The diagram

such that that qulx €

D(e
DgDg (mgulx) % Dgs (mDs (qulx)) —— 7, DsDs (qxlx)

CanT~ NTW* can

maylx > Tequlx

commutes, where e is the map from Remark 6.20.

Proof. Write D= Dg and X =g 1 x. The commutativity of the diagram of the proposition
is equivalent, by adjointness, to that of

T DD(mX) P e DD(X) — DD(X)

T canT Tcan

mmX i > X,
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where €: 7w, — id is the counit. The outer composite of this diagram agrees
with the outer composite of the following diagram, which we will show to be

commutative:
7*DD(mX) —— 7m*D(mD(X)) —ch DD(X)
/ J/T{' D-Dr* ™ D—>D7TJ/ @%*W!)
mrmX D(rm*D(X)) —— D(r*mD(X))
S T 1 ®
DD(x*mX)  D(prypriD(X)) =% D(pryAA*priD(X))

@ TD(pr;DéDpr’{)

D(pr; D—Dpr}) D(pI'QIAIA*D(pI';X))

/ @ TDW

DD(prypriX) De D(pryyD(pri X)) *> D(proyyD(A/A*pri X))

can DD(pryy A A* P} X) (1)

canT

propriX A progAA* PIF X ——— 5 X,

Here, pr; and A are as in §6.1, ¢:id - A/A* arises from the Wirthmiiller isomorphism
Ay~ A, together with the unit id - A,A*, f: A/A* - id is the counit, and we
identify m,mX =~ prym; X as in Remark 6.3. The map v is induced by the composite of
exchanges

ADY DA, and  DA* Y5 A*D

as follows. First, the exchange v is the equivalence fitting in the commutative
diagram

AD —5 DA,

Nl lN

A*D —— DAI,

where the vertical equivalences are the Wirthmiiller isomorphism and the bottom one is
the standard equivalence. In particular, v is an equivalence. The exchange g is its right
mate and g is an equivalence on dualizable objects, so in particular ¥p applied to X is
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invertible. By Lemma 6.10, the diagram
Y

{ 1

DA!A*q#]lX —— DA*A*(]#]IX & A[DA*Q#]IX ﬂ) A!A*DQ#]IX

\ / (6.30)
D (unit) counit p

DQ#]IX

commutes, where -y is by definition the upper horizontal composite. This implies that the
subdiagram marked @ in the large diagram of this proof commutes.

Next, to see that @ commutes, we need to see that the diagram

proy D (AA*priguly) —— D (pryAiA*prigulx)
1 1
proy AA priD (qulx) ——— D(qylx)
commutes, where 7’ is the composite of v with the exchange priD — Dprj. Using
Remark 6.20 and the fact that AA*prigulx ~ mylg aex, where m:G'/Gx X - 8

is the G'-equivariant structure map, we see that the arrow e:pro D (AiA*prigely) —»
D (proyAtA*prigelx) is obtained as the adjoint of the map

- % " D (unit) " "
D (AA prigulx) = D(AA'progyulx) —— D (progulx) = praD (qplx).

It now follows, using diagram (6.30), that this diagram, and hence @, commutes.
That @ commutes follows from the commutativity of the diagram

W —mm— mW
pro A\A*pri W SN propriW
for W e Spt@N-free(§). This commutativity can be checked for W the suspension
spectrum of a smooth N-free G-scheme over S, which is straightforward to verify. Using
Lemma 6.10, we see that subdiagram @ commutes. That subdiagram @ commutes

follows by applying D to diagram (6.26). The remaining subdiagrams are easily seen to
commute. O

Next, we verify that EF[N], is a colimit of dualizable spectra. Let F be a family. If
X €Sm§, recall that we write

X7 =Ugecom X and  X(F)=X X7
Write f: X — B and g: X (F) —» B for the structure maps.

Lemma 6.31. Suppose that fx(1x) is dualizable in Spt®(B). Then g#(Lx(x)) is
dualizable.
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Proof. Filter the inclusion F € F,; by adjacent families F = Fy € Fy € F,, = Fan. Write
a;: X(F;) € X and B;: X (F;)Ti-1 ¢ X (F;) for the inclusions and write f; : X (F;) — B for
the induced structure map. From the gluing sequence, we obtain exact sequences

fir (Ux(x) = finrge (Ux(Fiy) = fiv1Bisie (]lx(fm)ﬁ ) .

Let H; <G be a subgroup such that Fj,; ~F; = {(H;)}. Then since X(Fi;1)”" is
concentrated at (H;), we have that X (F;1)7 2 G xNH, X(F;1) by Lemma 3.26. We
then have that

fi+1#(ﬁi+1)* (]lX(]:Hl)F?" ) G AN, (fllqi )# (]lX(]:Hl)Hi )7

where f}{ :X(]—'Hl)H?‘ — B is the structure map.

Now suppose that fi 14 (]lx(fm)) is dualizable. It follows that (fI’{Z)# (]].X(]_—“_l)Hi)
is also dualizable, since this is obtained by applying the geometric fixed-points functor.
Therefore fir14(Bir1)+ (]IX(}-M)fi) is dualizable and we conclude that f;x (]lX(]:i)) is

dualizable as well. Since we have assumed that fu(1x)= frz (Il X( fn)) is dualizable, the
result follows by (finite) induction. O

Corollary 6.32. Set Se Schg. Given a family F, 1gr € Spt®(S) can be expressed as
1gF ~colimgy,x1y,,
neN
where ¢, U, = S is in SmG[F| and quyly, is dualizable in Spt®(S).

Proof. It suffices to show this when S = B. Use the previous lemma together with the
presentation of Example 3.5. O

Corollary 6.33. Suppose that g4 1 x eSptY(S) is dualizable, where q: X — S is an object

G, N -free
of Smg

. Then the Adams transformation is an equivalence
imaplx > meigplx.
In particular,

T: ’/T!]lE]:(N) ; W*i!]lEf(N).

Proof. The first statement is immediate from the Proposition 6.29. The second statement
then follows, using Corollary 6.32. O

Next we will define a transformation
VTl — T,

which we will show is inverse to 7. We begin with the following observation. Recall that
there is a transformation 7.44* (1g) ®id - m.i1i*7* (see formula (6.6)).

Lemma 6.34. The map (6.6) is an equivalence.
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Proof. Set Y ¢ SptG/N(S) and write EF(N) ~ colim,, U, with ¢,x1y, dualizable over S
(see Corollary 6.32). Then map (6.6) evaluated on Y is the colimit of the transformations

T (qnply, ) ®Y - i (gnuly, ®7*Y).

We see that each of these transformations is an equivalence since, each fits into the
commutative diagram

T s (DD(qn#]lUn)(@’lT*Y) = W*F(D(qn#]l(]n),ﬂ'*Y) = F(W!D(qn#]lUn),Y)

I [

W*DD(qn#]lUn)(@Y — W!qn#]lUn Y +——— F(D(ﬂ'[(]n#ﬂ(]n),Y).

O
Now define v : 74 — m as the composite
T ity mebd T m 2w (0" (lg) @7 my)
S (it (lg))@m LA mi*(lg)®@m —m.
Lemma 6.35. The composite m 5 Tl R m 1S an equivalence.
Proof. The composite vT agrees with the composite around the following diagram
s T S el s el Tt —— )
l I I
ﬂ!i*(]ls)(@m TQ;id > W*i!i*(]lg)@)m T’+>®1d ﬂ!i*(]ls)(@m. 0

We are now in a position to prove that the Adams transformation 7:m — 7,4, as defined
in Definition 6.5, is an equivalence. Recall that 7 is obtained via adjunction from the
natural transformation (6.4), where 4, : Spt&N-fre¢(§)  Spt“(.S) is the inclusion functor,
m : Spt&N-free(§) o SptG/N (S) is the quotient functor, and 7, : Spt&(S) — Spt&/ N (S)
is the fixed-point functor.

Theorem 6.36 (Adams isomorphism). The Adams transformation T:m — Teiy is an
equivalence.

Proof. By Corollary 5.4, it suffices to show that 7 is an equivalence on ¥7V¢,1x, where
V is an N-trivial representation and ¢: X — S is an N-free (not necessarily smooth) G-
scheme over S. Write f: X — X for the quotient and p: X — S for the induced map.
Consider the diagram

Wlp*f*]lx % W*i!p*f*]lx L> W!p*f*]lX

| /|- |

px-ﬂ-lf*]lX % px—ﬂ-x-i!fx-]lX % p*ﬂ-!fx-]lX-
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The left-hand square commutes by Proposition 6.14 and Lemma 6.15, and the right-hand
square commutes by a similar argument. Both horizontal composites are equivalences by
Lemma 6.35, and therefore the outer vertical arrows are equivalences, as the middle one
is. Finally, 7:m f. 1 x - m.i1 f« 1 x is an equivalence by Corollary 6.33 (since fulx ~ f.lx,
by ambidexterity [24], as f is finite étale). O

6.4. Applications

In this section, we present a few applications of the Adams isomorphism.

Let BG denote the classifying stack of the group G and and f:BG - B(G/N) the
resulting proper map of stacks. We have an equivalence Spt(BG) =~ Spt%(S), and from this
perspective the fixed-point functor 7, becomes identified with the push-forward functor
f+. The following base-change results are an instance of the proper and the smooth proper
base-change formula, but with the curious feature that f is not a representable morphism.
These do not follow immediately from the six-functor formalism in [24], precisely because
f is not representable.

We use the names for exchange morphisms given in the first part of the previous
subsection.

Corollary 6.37 (proper base change). Let p: T — S be a morphism in Schg/N. The
exchange

Lo *
AR:P Tx = TxP
is an equivalence.

Proof. Choose a filtration @ =F_1 = Fy S F; €--- € F,, = Fan such that each pair F; € F;q
is N-adjacent (see §3.2). This gives rise to the filtration of X € Spt%(9),

+2BF ,0X >EFp,®X > >EF, 1,0X >EF,, ® X = X.

It thus suffices to check that ag is an equivalence on each filtration quotient E(F;41,F;) ®
X. Suppose that Fc F’ is N-adjacent at H < N. By Proposition 4.12, we find that

P (B(F F)e X) = p* (G/N, xw (BF(WyH), 0 X))
=GN, xywp* (BF(WyH). @ X))
~ G/ N, xypy ((p* (EF(WyH), ®X¢H))WNH)
=G/N. xw ((BF(WyH). @ (p*X)‘I)H)WNH)
~ " (E(F,F) e X).

Here, the third equivalence follows from Theorem 6.36 and Proposition 6.12, since
EF(WNH), ® X®H is W H-free. The fourth follows from Proposition 4.11. O

Corollary 6.38 (smooth proper base change). Let p:T — S be a smooth morphism in
G/N
Schy'*". The exchange

QPHTy = T Pst

18 an equivalence.
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Proof. This is similar to the proof of the proper base change. O
Corollary 6.39 (projection formula). Set S ¢ Schg/N, There is a canonical equivalence
T (X)®Y »m. (X en*(Y))

for X e SptY(S) and Y e Spt&/N ().
Proof. Consider the map 7.(X)®Y - 7. (X ®7*(Y)) adjoint to the map
7 (e (X)®Y) 21 (X)) @97y > X @7'Y,

where the equivalence follows from the symmetric monoidality of 7* and the map is given
by tensoring the the counit 7*m, X - X with 7*Y.
Let F ¢ F' be an N-adjacent pair of families, say at H < N. Then by Proposition 4.12,

(B(F,F) o X)N = G/N.xw (BF(WyH), @ x 1))
Under this equivalence, the transformation is identified with G/N, xyy — applied to the
transformation

(BF(WyH), 0 X®)" "oy o (BF(WyH), 00" Xor*y) "

That this is an equivalence follows from the commutativity of the diagram

mWeV —— m(Wen*V)

Tm{ I

T WV —— m (Wer*V),

where W e Spt@N-free(§) Ve Spt®/N(S); the commutativity can be checked by an
argument similar to ones from before — for example, in Proposition 6.7.

The general case follows by choosing a filtration @ =F_1 = Fy € F; € --- € F,, = Fan such
that each pair F; € F;;1 is N-adjacent and considering the induced filtration EF; ® X
on X. O

7. Splitting motivic G-spectra a la tom Dieck

Throughout this section, IV < G is a normal subgroup and we assume that N acts trivially
on S.

For a subgroup H < N, we write WH = WqH /Wy H for the quotient of Weil groups.
Let F(WxH) be the family of subgroups {K < WgH | KnWxH ={e}}. As before, we
write Ew,p(WeH) =EF(WyH) for the universal W H-free W H-motivic space, to
emphasize the ambient group.
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Definition 7.1. Let X be a motivic G-spectrum and H < G a subgroup. A splitting of
X at H is a map

fu
K_\
XH X@H
in SptWeH () which splits the canonical map X — X®H  An N-splitting of X is a
choice of splitting of X at each subgroup H < N.

Example 7.2.

1. Set YV eSpc,G(S). The suspension spectrum XY has a canonical splitting at any
subgroup H < G, defined as follows. Write m: No¢H - WgH for the quotient. The
counit of the adjunction 7% 4 (=) on based motivic NgH-spaces yields the map
¥ (YH) — Y of spaces and thus a map of NgH-spectra 7*%* (YH) - XY, Its
adjoint is the map

2= (V) - (z*y) 7.
By Proposition 4.10, this induces the desired splitting.
2. If X e SptG/N(S), then ¢*(X) is split.
3. If X and Y are split at H, then X ® Y is canonically split via the composition
(XoY)?H o« X®H oy ®H  xHeyH 5 (XeY)H.

Write i:Sm$ ™" c Sm§ for the inclusion.

Definition 7.3. The motivic homotopy orbit point spectrum of X is
XhN = W*i!i*(X) o~ (E]:(N)Jr /\X)/N

Let X be an N-split motivic G-spectrum. Let H < N be a subgroup and consider the
composition, where for notational brevity, we write simply Eg = Ew, g (WgH). Define
the map ©x, g as the following composite, where the maps are explained later:

)WNH

G/N+D<WH(X<I>H) 2G/N+I><WH(EH+®X¢H

hWyH
WnH
~ G/N+ Xy | ((EH+ ®X)(I>H)

(fr).
5 GIN xown (B0 X))

~((Gyxnen Ery) @ X))

— XN,

WnH

The map fg is the splitting of X at H, and the last map is induced by the projection
Gixnen Ems = (GxnycEw), — S°.

The first equivalence comes from the Adams isomorphism. The second comes from
the monoidality of geometric fixed points and the fact that H acts trivially on
EF(WxH),. The fourth map, which is an equivalence, comes from a canonical exchange
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of functors (see the proof of Proposition 4.12) together with the projection formula for
induction restriction. Note that this map depends only on the G-conjugacy class of the
subgroup H.

Now define the map of motivic G/N-spectra

Ox: D G/N, xwn (Xq)H)hWNH - X",
(H)

where the index is over the set of G-conjugacy classes of subgroups of N, to be the sum
over the maps ©x g defined before. The map ©x is natural with respect to maps of
N-split spectra which are compatible with splitting.

Theorem 7.4 (motivic tom Dieck splitting). Let X € Spt®(S) be an N-split motivic
G-spectrum. The map
. ®H N
@X~@G/N+D<WH(X )hWNH_)X
(H)
is an equivalence of motivic G[N -spectra. In particular, for integers a and b there is a
canonical isomorphism

7 (1) 2 @ may (BWH,).
(H)

Proof. Since G is finite, there is a sequence of families
G=F_1CFgcFi1S - CF,=Fan

such that each pair F; ¢ F;;1 is N-adjacent (see §3.2). This gives rise to the filtration of
the identity functor

+~EF ,98-->EFy,®-—>-->EF, 1,08 >EF,, ®—~id.

It thus suffices to show that © xgg(#,7) is an equivalence whenever F ¢ F' is an N-
adjacent pair.

But if F ¢ F' is N-adjacent at H < N, then all summands of the domain of © vanish
except the summand corresponding to the conjugacy class (H), and © xggr(#,7) is an
equivalence by Proposition 4.12. O

Remark 7.5. Let Fing denote the category of finite G-sets. It is not difficult to see that
the functor ¢: Fing — Smg, defined by A~ [] 4 B, induces a functor ¢*: Spt® - SptF(B),
which is colimit preserving and symmetric monoidal. Segal [36] showed that 7§ (1) = A(G)
is the Burnside ring, and so we obtain a canonical ring map ¢*: A(G) — Wgo(]lg). We also
have a canonical ring map 7* : 7 o(1g) - wgo(]lg) induced by the projection w: G - {e}.
We thus obtain a ring map

A(G)@ﬂo,o(ﬂB) _’7750(]13)-

Using the splitting theorem and the fact that ﬂ'ng(BWHJr) 2o, 0(BWH)@m (1), we
see that this is an injective ring map.

When B =Spec(k) is the spectrum of a perfect field, Morel [31] showed that 7y o(1%) =
GW (k) is the Grothendieck—Witt ring of symmetric bilinear forms. We thus have in this
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case a canonical (injective) ring map
A(G)® GW (k) - m§ o (1)

This map is in general not surjective, since 7o o(BWH) is in general nonzero [30].
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