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Abstract

Image registration is the process of finding an alignment between two or more images
so that their appearances match. It has been widely studied and applied to several
fields, including medical imaging and biology, where it is related to morphometrics.
In this paper, we present a construction of conformal diffeomorphisms which is based
on constrained optimization. We consider a set of different penalty terms that aim to
enforce conformality, based on discretizations of the Cauchy-Riemann equations and
geometric principles, and demonstrate them experimentally on a variety of images.

2020 Mathematics subject classification: primary 68U10; secondary 65E10.
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1. Introduction

Image registration is the process of finding an alignment between two or more images
so that their appearances match. One of the key choices of image registration is the
set of allowable transformations that can be used to deform the images. In this paper,
methods of image registration using the set of conformal diffeomorphisms are derived
and demonstrated. The motivation for the use of this group is the pioneering work of
Thompson [26], who suggested that “simple” transformations that deformed an image
of one animal to look like another could suggest evolutionary relationships between
them.

Brown [5] gave a comprehensive review of image registration as it existed in
1992. The basic steps have not changed since; Brown suggests that they are (i) a
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feature space (which contains information about the images), (ii) a search space
(which consists of the set of allowable transformations), (iii) a search strategy (a
way to select transformations to get an optimal solution), and (iv) a similarity
metric (to measure the discrepancy between the images). However, the choice
of possible transformations has certainly changed; Brown lists only three sets of
transformations, all finite-dimensional: (a) affine transformations (rigid, shearing and
aspect ratio, two-dimensional), (b) perspective transformations (of which projective
transformations are special case) and (c) polynomial transformation, which can be
used when less information is available about the camera geometry.

While there have been many developments in image registration since 1992
[9, 10, 24], the most significant change is the adoption of diffeomorphic (that is,
smooth functions with smooth inverses) image registration [29]. The area where
diffeomorphisms are most used in image registration is medical imaging, where
images of parts of the human body from a variety of scanning methods, such as CT
and MRI, are aligned either to assist in diagnosis of a disease, or to assist in surgical
planning. This area is now known as computational anatomy [12, 27].

The most common approach of performing diffeomorphic registration is known as
the large deformation diffeomorphic metric mapping (LDDMM) method [3, 15, 20].

The diffeomorphism group is infinite-dimensional, hence there may be many
possible solutions to a matching between two images. However, it is a manifold as well
as a group (although as an infinite-dimensional group, it is not a Lie group), which
enables differential geometric methods to be applied in order to choose particular
elements of the group, such as the geodesic between the representations of the
two images (which is the source of the word metric in the LDDMM method). The
metric on the diffeomorphism group can be used to identify images that are close
together and, it is ultimately hoped, to perform statistical analysis of groups of images
[8, 22, 25].

To date, diffeomorphic image registration has used the full group of diffeo-
morphisms. However, there are natural processes such as biological growth and
evolution that seem to produce conformal deformations [23, 26, 27]. A possible
biological explanation for this is that conformal deformations are locally rigid:
linearization around any point yields a Euclidean similarity. In this paper we study
conformal image registration.

1.1. Image registration using a conformal diffeomorphism Let Q c R? be an
image domain, and let I, I,: Q — R be two greyscale images. We identify R? with the
standard complex plane C and write z = x; + ix, for (x;,x2) € R%. Let con(Q, C) be the
set of maps ¢ that obey the following two properties: (i) ¢(z) is complex analytic for
all z € Q; (ii) ¢'(z) # 0 for all z € Q. These ensure that ¢ is conformal, invertible on its
image, and has a conformal inverse. We define the objective function

E(¢)=fg((11Os??_l)(X)—Iz(X))zdm dxa, (1.1
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where x = (x1,x,)" and @ € con(Q, C). A process in which we find a ¢ that minimizes
E(p) over ¢ € con(Q, C) is called a conformal image registration.

The issues that arise in image registration also turn up here. The two most
significant challenges are: (i) the domain of I; o $~! is $(Q), not Q, that is, the
domains of the target and transformed source are not equal; (ii) the choice of
an optimization algorithm. These are standard issues [19, 21, 29]. The new issue
that arises in infinite-dimensional registration (that is, a registration which involves
infinite-dimensional groups such as the full set of diffeomorphisms, the conformal
group in this paper) is how to represent the diffeomorphisms. For diffeomorphic
registration, this has been addressed in various ways [1, 3, 14, 17, 18]; this may in
turn affect the optimization. Here we focus on how to represent the conformal maps.

The task of minimizing E(p) may be realized as a constrained optimization problem
in which E(¢) in equation (1.1) is defined for all invertible ¢, but we wish to find its
minimum subject to the constraint that ¢ is conformal. We thus choose a penalty term
and perform constrained optimization. This penalty term forces the diffeomorphism to
be conformal. In other words, instead of using the objective function given in equation
(1.1), we use the objective function

E(@)con = fQ {1y 0 o™H(x) = L(x)Ydxy dxy + A fQ P(y)* dy, dy,. (1.2)

Here P(y), y = (y1,¥2), is a penalty term that vanishes if and only if ¢ is a conformal
diffeomorphism, that is, if and only if ¢ satisfies the Cauchy—Riemann equations
[11, 28] at the points y and has nonzero derivative. Equation (1.2) is continuous and
hence needs to be discretized to enable numerical computation, as is discussed next.

In Section 2 we present the discrete version of equation (1.2) for our control points
method. Four penalty terms are derived and explained in Section 2. Implementation of
control points method (with four penalty terms) on a variety of images is presented in
Section 3. Section 4 discusses the conclusion of the research presented in this paper
and our future research.

2. Control points method

In this section we present a discrete form of equation (1.2). First, we define the
discrete domain S, the coordinates of the pixel locations. Typically these are arranged
in an N X N square in [-0.5,0.5]? leading to N2 pixels at locations x;. In the control
points method, the map ¢ is represented by the values of ¢! on a much coarser grid
than that of the discrete image domain S. Thus, we first choose n? grid points ki G,j =
1,...,n) from the discrete domain S, where n < N, that are configured in an n X n grid.
We then transform these chosen points under ¢! to generate another set of points of
same size. We define two sets of points, the set of chosen points X; = {%1, %12, .. ., X},
and the set of transformed points $;; = {911, J12,. .., Yun} such that $; = <p*'(5c,-j). Here
%; € S and $; € R%. The variables $;, which determine the map ¢, are the dependent
variables whose values will be determined during the optimization process. Larger
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values of n make the optimization process computationally much more expensive.
The remaining values of ¢! that are needed to transform the source image, namely
tp‘l(xij), are determined by bilinear interpolation from the known values go‘l(fc,-j). The
illustration of this approach with n = 4, that is, 16 control points and N = 16, that is,
256 grid points, is given in Figure 1.

The discrete form of equation (1.2) is now defined as

N
E@) =)
i=1

Equation (2.1) represents the general form of optimization function that will be used in
this paper. It has two parts: the first part measures how well registered the images are,
while the second part contains a penalty term P related to the conformality of ¢. The
two terms are balanced by a parameter 4. We will see that for different choices of P
the second term may be either a constraint (in which case we will be interested in large
values of A so that the constraint is satisfied, or nearly satisfied) or a regularization
term, in which case A controls the trade-off between the quality of the registration and
the conformality of ¢.

The question is now how to choose the parameters. Our general approach is based
on the continuation method, pioneered by Keller [16] and used here in a very simple
form. The continuation parameters are n and A. For A there are two possible strategies
to consider: (i) starting with a small or zero value of 4 and increasing it; and (ii) starting
with a large or infinite value of A and decreasing it. In approach (i), if 4 = 0, then the
optimization problem reduces to the known problem of image registration, that is, the
conformality condition has been dropped. In theory, this approach would first find the
best registration with a diffeomorphism (which would necessarily be at least as good
as the best registration with a conformal diffeomorphism), and then, by increasing A,
force it towards the best conformal registration. In approach (ii), if A is very large, we
are initially enforcing the constraint or regularization term, which acts to better control
the allowable transformations.

Depending on the choice of penalty term, it seems that both approaches could
have some advantages and disadvantages. However, after conducting many numerical
experiments, we settled on a uniform strategy of starting with large values of A
(specifically, A = 20*) and decreasing it in steps of factors of 20. The problem is that if
starting at A = 0 the algorithm may fail to locate a smooth diffeomorphism registering
the images even if we know (for example, because we are using synthetic data) that
one exists.

In all the numerical experiments we have started with n = 4, that is, 16 control
points, and minimized the objective function in equation (2.1) for A = 204, 203, 202,
20, using the output of each optimization as the input for the next. We then set n = §,
that is, 64 control points, initializing the values for the new points by using bilinear
interpolation from the n = 4 solution. Here N = 100 throughout. The approach is
summarized in Algorithm 1.

(I 0 ™)) = BEN + 1) > PGy 2.1)

n n
i=1 j=1

M-

J
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FIGURE 1. In the upper grid, the blue circles represent n = 4 selected control points from the discrete
domain. In the lower grid, the images of the control points under ¢! are shown with red circles. Bilinear
interpolation is used to generate the rest of the grid points between these red circles (N = 16). (See the
online version of this paper for the colour scheme.)
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The algorithm is not sensitive to the value of N. In principle, if sufficient computing
power is available, then N can be made very large. However, increasing the number of
control points though n is more problematic. As n increases, the optimization step
becomes more difficult and the conformal penalty term P may not be sufficient to
regularize the problem. This case deserves further study.

In the remainder of this paper we develop four alternative forms of the penalty
term, that is, four alternative conceptions of a ‘discrete conformal map’, and test
them using this algorithm. The performance of the algorithm may depend on the
choice of the penalty term, whether we are using synthetic or real data (in synthetic
data, the target is generated from the source using a known transformation, which
may or may not be conformal), the smoothness of the images, the quality of the
initial guess for the transformation, and how closely related the images are by a
conformal map. Thus each form of the penalty term will be tested on a variety of
images.

Algorithm 1: Image registration using control points and equation (2.1)

input :/; and I»: source and target images
N?: number of grid points
n*: number of control points
Xj;: selected control points from the discrete domain S

output Warp ¢! and deformed image I, o ¢!

for n = 4 do
initialize $; to X;;+ small random perturbation
for A = 20%,20°,20?,20: do
L optimize equation (2.1) to determine y; = go‘l(y%ij)

for n = 8 do

for 1 =20 do
%;: initialize the values for the new points by using bilinear

interpolation from the n = 4 solution.

minimize equation (2.1) to determine $; = ¢~'(&;)

use bilinear interpolation to produce transformed grid,
yi = @ (x;), YV € S.

use bilinear interpolation to obtain transformed version of the source,
Iy o yj.

PENALTY 1 (First discrete form of the Cauchy—Riemann equations). Our first discrete
form is a naive finite difference of the Cauchy-Riemann equations at each of the n?
control points. First we compute the numerical gradient and then determine the first
form of the Cauchy-Riemann equations. Note that we identify R? with the complex
plane C as needed.

https://doi.org/10.1017/5144618112000022X Published online by Cambridge University Press


https://doi.org/10.1017/S144618112000022X

[7] Conformal image registration based on constrained optimization 241

We calculate the gradient of y; using central differences at the interior points,
(AXS})I,[ = @i+l,j - 5)1'—1,/)/29 i= 2a 3a Y 19 (22)
AD)ij = Gijer = Fij-D/2, j=2,3,...,n—1, (2.3)

and one-sided differences at edge points,

(A1 =32 = I1js Ay = Inj = In-1,s (2.4)

APt =3i2 =31, ADin = Vin-1 = Jin- (2.5)

Identifying y with ¢, the first discrete form of the Cauchy—Riemann equations that we
use is

Ay = —iA3, L,j=1,...,n. (2.6)

Note that we are using here the fact that the reference grid of control points, %, is a
uniform square grid, as we use such a grid in all our experiments. The mesh size of
this grid has been effectively absorbed into the parameter A. This discrete form of the
Cauchy—Riemann equation is used to define our Penalty 1 as

P1(3) = (A +1A,9;)I. (2.7)

We found in our numerical experiments (not reported in this paper) that when 4 —
oo, ||P{(M)|| — O and that the discrete maps produced in this way were always rigid
transformations, that is, Euclidean similarities [2, 7]. I

PENALTY 2 (Second discrete form of the Cauchy—Riemann equations). We consider
the linear discrete form of the Cauchy—-Riemann equations introduced by Bobenko
etal. [4].

Penalty 2 is based on the linear discrete Cauchy—Riemann equations [4]:

Oman+l — Pm+ln = i(‘pm+l,n+l - (Pm,n)- (2.8)

This compact finite difference is a second order discretization of the Cauchy—Riemann
equations. On a square cell centre 0 and side 24, equation (2.8) yields

(p(=h, h) = ¢(h, =h)) = i((h, h) = p(=h, —h)). 2.9
Taylor series expansion at (0, 0) yields
(=2h¢, + 2hgy) — i(2hg, + 2he,) = O() (2.10)
or
(px + i) (=1 =) = O(h?). 2.11)

That is, if ¢(z) satisfies the Cauchy—Riemann equations then it satisfies the linear
discrete Cauchy—Riemann equations with a discretization error of O(h?).
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We therefore define our second penalty term, based on the linear discrete
Cauchy-Riemann equations, as

Py3y) = 1Qijs1 = Jivry) —iQix1je1 = i), Lj=1,...,n—1 (2.12)
.

PENALTY 3 (Third discrete form of the Cauchy—Riemann equations). Penalty 3 is
based on the nonlinear discrete Cauchy-Riemann equations [4]:
(Qom+1,n - Qom,n)(90m+1,n+1 - ‘pm,n+l) _
(Qom,nJrl - ‘pm,n)(ﬁomﬂ,nﬂ - 50m+l,n)

1. (2.13)

We now show that this form is also a second order discretization of the
Cauchy-Riemann equations. Equation (2.13) for a square is

((h, —=h) = @(=h, =h))(p(h, h) — ¢(=h,h))

=-1 2.14
(@(=h, h) = o(=h, =h))(@(h, h) — ¢(h, =h)) &1
Rearranging equation (2.14),
{o(h, —h) — e(=h, =)H{@(h, h) — e(=h, )}
+{e(=h, h) = p(=h, =W He(h, h) = @(h, =h)} = 0. (2.15)
Expanding equation (2.15) in Taylor series about (0,0) gives
(x +i9))(px — iy) = O(?). (2.16)

Therefore, if ¢(z) is either conformal or anticonformal (a conformal map of Z, that is,
a composition of a reflection and a conformal map) then it will satisfy the nonlinear
discrete Cauchy-Riemann equations with a discretization error of O(h?). Thus, the
third penalty term is defined as

P3(3y) = Pir1j = 3i)Qirrje1r = Jijr1) + Gijt = i) Givrje1 — Yiwr s
Lj=1,...,n—1. 2.17)

')

The linear form (Penalty 2) is based on the cross-ratio, whereas the nonlinear
form (Penalty 3) is based on the notion of a circle pattern. They both have strong
theoretical reasons to be considered as natural discrete analogues of conformality,
including applications to integrability.

It is possible that, when using the Penalty 3, the penalty term could be zero and the
grid would approximate an anticonformal map instead of a conformal map. However,
this has not happened in any of our experiments, but it is a difference between Penalty 2
and Penalty 3.

Penalty 2 (P»(9;) in equation (2.12)) and Penalty 3 (P3(¥;) in equation (2.17)) are
less restrictive than Penalty 1 (P;(J;) in equation (2.7)). This is because they contain
fewer equations (one per cell instead of one per grid point), and they can be satisfied
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by many nonrigid mappings. A discrete mapping is determined by 2n? real parameters,
while the equations P»(9;;) = Ofori,j = 1,...,n — 1 (respectively, P3) require 2(n — 1)?
equations. Thus we expect there to be 2n> — 2(n — 1)> = 4n — 2 free parameters in their
solution.

Note that the counting of these discrete forms is different from that of the
continuous Cauchy—Riemann equations. For the continuous form, the real part of ¢
can be specified on the boundary and its values in the interior determined by solving
Laplace’s equation V>(R(¢)) = 0 which has a unique solution. The imaginary part of
¢ is then determined up to a constant. But in the discrete case, once the real part of
i is specified on the boundary (that is, 4n — 4 conditions imposed), there remain two
degrees of freedom (not one) for the imaginary part.

Also note that there are discrete maps satisfying P, = 0 or P3 = 0 which contain
“butterflies” in which the edges of the image quadrilateral intersect. The resulting
continuous map obtained by bilinear interpolation would not then be invertible (see
Examples 2 and 3 in Section 3). In fact, the poor results of the first three penalty
terms (P1(3y), P2(3;), P3(§;) in equations (2.7), (2.12) and (2.17), respectively) on
some registration problems motivated us to introduce a fourth penalty term, explained
below.

PENALTY 4 (Fourth form of the penalty term). Let ¢: Q — C be a conformal map.
The following equation indicates expanding about any point zy € € in Taylor series as

@(2) = ¢(20) + (2 = 20)¢' (20) + Olz = 2o[*). (2.18)

Thus, conformal maps are local similarities in the neighbourhood of any point.
Therefore, small squares map to squares, with an error that vanishes as the square
becomes smaller. Therefore, we use this geometric property of the conformal trans-
formation to compute our fourth penalty term.

Consider a square in Figure 2 whose sides are a, b, ¢, d, respectively, considered as
displacement vectors in the complex plane (equivalently, as complex numbers) taken
in an anticlockwise sense. The following equations holds for a square:

a+ib =0,
b+ic=0,
c+id =0,
d+ia = 0.

(2.19)

This leads us to define our fourth penalty term

. (a+1b,b +ic,c +id,d + ia)
P4(;) = @ b.c.d)] (2.20)

fori,j=1,...,n—1.Herea, b, c, and d are the vectors of the sides of the quadrilateral
with vertices $ij, Jir1j> Vir1j+1, and ;i1 and (a,b,c,d) is the cross-ratio. Thus
the fourth penalty term in equation (2.20) contains four complex or eight real

https://doi.org/10.1017/5144618112000022X Published online by Cambridge University Press


https://doi.org/10.1017/S144618112000022X

244 S. Marsland, R. I. McLachlan and M. Y. Tufail [10]

a

FIGURE 2. A square with four displacement vectors, a, b, ¢ and d, in the complex plane with anticlockwise
orientation.

terms per cell. There are (n — 1) cells, so the penalty contains 8(n — 1) real terms
altogether. o

The motivation for regarding P4 (equation (2.20)) as a discrete version of conform-
ality is that:

* when Py is small, squares map to approximate squares;

* it is invariant under translation, rotation, scaling, and cyclic permutations of the
vertices;

* each term (for example, a + ib) is a first-order finite difference of the Cauchy—
Riemann equations at one vertex;

* linear combinations of the conditions at adjacent cells give the standard central
difference discretization of the Cauchy—Riemann equations used in the first
penalty term.

Like P, and Ps it is associated with the cells, rather than the control points like
Py, but compared to Py, P, and P; it controls far more terms. Note that for any
quadrilateral, a, b and ¢ together determine d, so only six of the eight real terms are
independent.

If P4($;) =0 for all i,j=1,...,n—1, then the transformation determined by
the P; is rigid. So P4 is like P; in this regard. Therefore A4 — oo will yield
only rigid transformations, and we again regard A as a regularization parameter,
offering the opportunity for parameter continuation between A = 0 (unconstrained
image registration), moderate A (squares map to near squares), and large A (rigid
registration).

As we will be minimizing the sum of the registration error plus A times ||P4|, the
solutions will map squares to near squares only in an average sense; some squares may
suffer extreme distortion. In view of the difficulties faced by our first three penalty
terms, we argue that the extra flexibility this allows will be needed. A possible topic
for future research would be to replace P, by related functions (such as Pg for @ > 1)
that penalize nonsquareness more severely.
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(11]

Source Target

Contour plot of source Contour plot of target

-0.5 -0.5
-0.5 0 0.5 -0.5 0 0.5

FIGURE 3. The source and target images for Example 1. The source is exp(—=5x> — 7y?), the target is
exp(=5x> — 2y?). The corresponding contour plots can be seen in the second row. (Colour available

online.)

Source Target

Contour plot of target

Contour plot of source
. S

FIGURE 4. The two nonsmooth images of ellipses used as the source and target in Example 2. (Colour

available online.)
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Source Target Source Target

Transformed source Difference Transformed source Difference

Deformation grid Deformation grid

0.6 Comparison of 0.6 Comparison of
contour plots : 05 contour plots

0.5

-04 02 0 02 04 -04 -02 0 02 04

(a) Result of Penalty 1 (b) Result of Penalty 2

FIGURE 5. Implementation of Algorithm 1 produced two sets of conformal image registrations using
two penalty terms. Top: Results for Penalty 1 and Penalty 2 (from left to right). Bottom: Comparison of
contour plots and corresponding deformation grids for Penalty 1 and Penalty 2 (from left to right). The
conformality parameters A is 20 for each penalty. (Colour available online.)

3. Experiments

In this section we present the results of applying each of the four discrete
conformal penalty terms to three examples: (1) a pair of smooth images that are
nearly conformally related; (2) a pair of nonsmooth images that are nearly conformally
related; (3) a pair of nonsmooth images that are not known to be conformally related.
In all examples, the domain is Q = [-0.5, 0.5]% and N = 100.

EXAMPLE 1. In this example we take a pair of smooth images, I; = exp(—5x> — 7y?)
and I, = exp(=5x> — 2y?). The level sets of each are ellipses (see Figure 3). By the
Riemann mapping theorem, any ellipse can be mapped conformally to any other
ellipse, although the images themselves are not conformally related. As shown in
Figures 5 and 6, all four penalty forms produce a smooth transformation and a good
registration, although there are some differences. The registration errors for the four
penalties are 0.92, 1.09, 0.16, and 1.41, respectively. Penalty term 3 has produced the
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Source Target Source Target

Transformed source Difference Transformed source Difference

Deformation grid Deformation grid

0.6 Comparison of

Comparison of
contour plots contour plots

0.5

Transfomed source
T Target

o

0.5

-04 -02 0 02 04 -04 -02 0 02 04

(a) Result of Penalty 3 (b) Result of Penalty 4

FIGURE 6. Implementation of Algorithm 1 produced two sets of conformal image registrations using
two penalty terms. Top: Results for Penalty 3 and Penalty 4 (from left to right). Bottom: Comparison of
contour plots and corresponding deformation grids for Penalty 3 and Penalty 4 (from left to right). The
conformality parameters A for the Penalty 3 and Penalty 4 are 20 and 150, respectively. (Colour available
online.)

best registration (that is, the minimum error), with a mean error of just 0.0016 per
pixel (on a scale of [0, 1]). In other tests (not shown), we have confirmed that all
four penalties can produce a good registration and a smooth transformation, when
the images are smooth and are related by a smooth conformal map.

EXAMPLE 2. In this example the images are nonsmooth, but are known (from the
Riemann mapping theorem) to be very nearly conformally related. We take drawings
of two different ellipses (see Figure 4). The boundaries are drawn with thick black
lines to penalize any mismatch of the boundaries. The results are shown in Figures 7
and 8. The black region (here and elsewhere) in the transformed source indicates the
set of points that have no colour information (missing values). These missing values
are dealt with by appropriate scaling (see [28, Ch.3]). Penalty 1 produces an acceptable
solution, although the mapping is less smooth than necessary. This is clearly visible
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Source Target Source Target
Transformed source Difference Transformed source Difference
Deformation grid Deformation grid
2
Comparison of 1.5 Comparison of
contour plots contour plots
05¢ ey, P

Transfomed source

i

-1 05 0 05 1
(a) Result of Penalty 1 (b) Result of Penalty 2

FIGURE 7. The source and target are filled drawings of ellipses of different aspect ratios. Some small
textural differences between the two images can be seen in the background of the images. This is an
interpolation artefact caused by the interpolation of the images onto the 100 x 100 pixel grid. Top:
Registration results for Penalty 1 and Penalty 2. Bottom: Comparison of contour plots along with
deformation grids for Penalty 1 and Penalty 2. The conformality parameters A is 20 for first two penalty
terms. (Colour available online.)

in the transformed source. Penalty 2 produces a very irregular mapping that fails to be
invertible in two places. (The huge deformations outside the domain can be ignored; as
there are no overlapping parts of the images here, the values of y;; are constrained only
by the discrete conformality constraint, not the images.) In Penalty 3, the transformed
source is smoother, but the mapping is very poor, failing to be invertible in many
places. Penalty 4 produces a good registration and a smooth, invertible mapping. (Note
that the optimization process has found a solution that includes a rotation by 90°; the
top of the source has mapped to the left of the target.) The registration errors for the
four penalties are 4.62, 8.51, 3.94, and 5.73, respectively.

EXAMPLE 3. This example involves source and target images that are nonsmooth
and are presumed not to be nearly conformally related. The example is inspired
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Source Target Source Target

Transformed source Difference Transformed source Difference

Deformation grid Deformation grid

Comparison of
contour plots

Comparison of
contour plots
055 —

-0.5 0 0.5 1 -04 -02 0 02 04

(a) Result of Penalty 3 (b) Result of Penalty 4

FIGURE 8. Implementation of Algorithm 1 for Example 2 using Penalty 3 and Penalty 4. Top: Registration
results for Penalty 3 and Penalty 4 (left to right). Bottom: Deformation grid and contour plots for Penalty
3 and Penalty 4, respectively. The conformality parameters A for Penalty 3 and Penalty 4 are 20 and 150,
respectively. (Colour available online.)

by one of Thompson’s nonrigid registrations of fish [27]. Indeed, Thompson, in
an informal model-selection procedure, tended to select transformations from the
simplest set that gave what was, to him, an acceptable registration. Where affine,
projective or axis-preserving transformations would not do the job, he was forced to
use more highly nonlinear mappings and choose a conformal map (unless forced by
the images not to do so). He wrote: “It is true that, in a mathematical sense, it is not
a perfectly satisfactory, or perfectly regular, deformation, for the system is no longer
orthogonal; but nevertheless it is symmetrical to the eye, and obviously approaches to
an orthogonal system under certain conditions of friction or lateral constraint.” The
cartoon images of fish used in this example are shown in Figure 9 and the results
in Figures 10 and 11. Although in all four penalties the optimizer has managed to
broadly overlap the fish bodies, in Penalties 1, 2 and 3 the transformations are wildly
irregular and noninvertible. In striking contrast, Penalty 4 has produced an acceptable
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Source Target

& o

FIGURE 9. The two nonsmooth cartoon fish images used in Example 3. The images are presumed not to
be closely conformally related.

Source Target Source Target
Transformed source Difference Transformed s°‘.‘g Difference

i

-l

8 -7 6 5 -4 -3 2 -1 0 1

(a) Result of Penalty | (b) Result of Penalty 2

FIGURE 10. Implementation of Algorithm 1 over pair of non-smooth images with non-synthetic data
using Penalty 1 and Penalty 2. Top: Registration results for Penalty 1 and Penalty 2 (left to right). Bottom:
Respective deformation grids. The conformality parameter A is set as 20 for Penalty 1 and Penalty 2.
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Source Target Source Target
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Transformed source Difference

g

Transformed source Difference
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AL

(a) Result of Penalty 3 (b) Result of Penalty 4

FIGURE 11. Implementation of Algorithm 1 on a pair of nonsmooth images with nonsynthetic data. Top:
Registration results for Penalty 3 and Penalty 4. Bottom: Deformation grids for Penalty 3 and Penalty 4,
respectively. The conformality parameters A for the Penalty 3 and Penalty 4 are 20 and 150, respectively.

registration with an invertible (and fairly smooth) mapping. The registration errors are
19.00, 15.37, 13.77 and 13.19, respectively.

As Penalty 4 looks promising we present further results in Figure 12, which
shows the registration results for six different A values selected from the continuation
process. The graph of registration error against 1/4 shows a classic L-curve [6]
widely seen in (for example, Tikhonov [13]) regularization in inverse problems: the
usual prescription there is to choose A near the corner of the L-curve (although this
is coordinate-dependent). The registrations begin to deteriorate markedly only for
A 2 300; beyond this point the transformation is constrained to become more and more
nearly rigid, tending to a Euclidean similarity. The best trade-off between a better
registration and a more nearly conformal mapping is not one that can be determined
definitively. What is striking is that the transformations that are produced are invertible
and are fairly regular with few highly distorted cells, even for the smallest value of A4
considered. This is in marked contrast to the other penalties.
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FIGURE 12. Effect of conformality parameter A on registration for Example 3, discrete conformal
Penalty 4. As A — oo, the transformation tends to a Euclidean similarity. At A = 0, conformality is
ignored and we are simply fitting an arbitrary piecewise bilinear transformation. 7op: The transformed
sources (which can be compared to the target shown in Figure 9 and the grid transformations. Bottom:
The registration error plotted against 1/4, showing a classic regularization L-curve. (Colour available
online.)

https://doi.org/10.1017/5144618112000022X Published online by Cambridge University Press


https://doi.org/10.1017/S144618112000022X

[19] Conformal image registration based on constrained optimization 253

4. Conclusions

All four discrete conformality conditions can produce acceptable results in some
conditions, especially if the images are smooth and nearly conformally related. Numer-
ical experiments (including others not shown here) have convinced us that Penalties 1,
2, and 3 are not sufficiently robust for this application, but that Penalty 4 shows promise
and deserves further consideration as a criterion of discrete conformality, both in the
present conformal image registration problem and elsewhere.

Penalties 2 and 3, based on known discrete conformality conditions with many
appealing theoretical properties, do not perform well for conformal registration. The
mappings are not invertible. The discrete conformality condition under-constrains the
mappings, even at A = oo. It would be difficult to constrain them to be invertible as
this is an open condition (that is, it would produce mappings that almost fail to be
invertible), while adding further regularization based on, for example, || det D¢|| (which
blows up as ¢~! approaches noninvertibility) is possible, but would compete with the
conformality.

Penalty 1, which like Penalty 4 is over-constrained and produces transformations
that tend to Euclidean similarities as 4 — oo, also performs poorly. It is more sensitive
to the precise value of A (not shown). and does not produce good transformations and
registrations over a wide range of A values. Thus our investigation suggests that both
Penalty 1 and Penalty 4 produce poor transformations and registrations over a wide
range of A values.

We do not have a full understanding of the implications of the discrete conformality
condition presented in Penalty 4, equation (2.20). Based on its geometric origin, its
symmetries, its connection to finite differences of the Cauchy—Riemann equation, and
its good performance in conformal image registration, it warrants further attention.
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