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Abstract

An inverse semigroup S is called E-unitary if the equations ea = ¢ = e’ together imply a*>= a.
In a previous paper the author showed that every inverse semigroup is an idempotent separating
homomorphic image of an E-unitary inverse semigroup. The main question considered in this paper
is the following. Given an inverse semigroup S give a method for constructing E-unitary inverse
semigroups P and idempotent separating homomorphisms ¢: P — S in such a way that the structure
of P as a P-semigroup is evident.

1. Introduction

We shall assume familiarity with the results and terminology of McAlister
(1974, 1974a). In these papers, E-unitary inverse semigroups were called proper
inverse semigroups; the present terminology was suggested by A. H. Clifford.

A one-to-one partial right translation of a semigroup S is a one-to-one
partial translation p of S such that Ap is a left ideal of S and (xa)p = x(ap) for
all x € S', a € Ap. The set $ of all one-to-one partial right translations of S is an
inverse semigroup and it was shown by McAlister (1975) that, for inverse
semigroups, the association S+ S gives rise to a functor from the category of
inverse semigroups to itself. The properties of this functor are discussed in
Section 2. The semigroup $ is calculated, in Section 3, for § an E-unitary inverse
semigroup in the form P(G, %, %). This calculation is used to obtain an
embedding of S into the semidirect product of a semilattice by a group and to
characterise the translational hull (S) of S.

The main theorem of Section 4 shows that the forgetful functor, from the
category of semidirect products of semilattices by groups and full homomorph-
isms, to the category of inverse semigroups and full homomorphisms, has an
adjoint I'. The structure of I'(S), for an inverse semigroup S, is described
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explicitly in terms of §; likewise so is the projection homomorphism
vs: I'(S)— S. This description can be used to give necessary and sufficient
conditions for S to be a homomorphic image of a semidirect product of a
semilattice by a group and to characterise algebraically the semidirect product of
a semilattice by a group.

An inverse semigroup T is called a covering semigroup if yr:I'(T)—> T is
onto. The results of Section 5 show that the problem of obtaining E-unitary
covers ¢: P— S of an inverse semigroup S by E-unitary inverse semigroups P
can be replaced by the problem of embedding S in a covering semigroup T.
Given such an embedding, the functors of Section 2 and 5 are used to obtain a
covering y(T; S): I'(T;S)— S of S by an E-unitary inverse semigroup I'(T,, S).
Further, it is shown that the I'(T; ) form a cofinal subcategory of E -unitary
coverings of S; in general, this category does not have a final object.

The last section of the paper consists of examples. The first of these
describes all E-unitary covers of a Brandt semigroup S and shows that, for such
semigroups, the category of all E-unitary covers does not have a final object.

2. One-to-one partial right translations of an inverse semigroup

DerFINITION 2.1. Let S be a semigroup. Then a one-to-one partial right
translation p of S is a one-to-one partial transformation of S such that

(i) the domain Ap of p is a left ideal of S;

(ii) for each a € Ap, x € S, (xa)p = x(ap).

The set $ of all one-to-one partial right translations of a semigroup S is an
inverse semigroup under composition. It was studied, in detail, by McAlister
(1975).

DeriniTION 2.2, (Schein, 1973) A pair of elements a, b in an inverse
semigroup S is called compatible if ab™' and a™'b are both idempotents. A set A of
elements of S is compatible if each pair of elements of A is compatible.

The importance of compatible elements stems from the fact that if elements
a, b in an inverse semigroup S have an upper bound, under the usual partial
ordering, in some inverse semigroup T, which contains S as a subsemigroup,
then a and b are compatible.

DeriniTION 2.3. (Schein, 1973) An inverse semigroup T is complete if each
compatible subset A of T has a least upper bound VA in T.

A homomorphism 6 of an inverse semigroup S into an inverse semigroup T is
complete if, for any subset A of S,

(VA)8 = V(AB)

whenever VA exists in S.
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S is a complete inverse semigroup for each semigroup S; if S is an inverse
semigroup then the Preston-Vagner theorem, Clifford and Preston, (1961), page
30 provides an embedding ns of S into $: for each a € S, ans = p, where

Ap, =Saa' and xp, =xa for each x & Saa '

THEOREM 2.4. Let 6 be a homomorphism of an inverse semigroup S into an
inverse semigroup T and for each p € S define

pl ={(t(ab),t(b)0)E TX T: t € T, (a, b) € p}.

Then 6 : pw pb is the unique complete homomorphism of S into T such that the

diagram
S — T
nS T I -nT
0
S —T
commutes.

Prook. It was shown in McAlister (1975) that 6 is a complete homomorph-
ism of $ into T. The fact that the diagram commutes is a consequence of
straightforward computation. While the uniqueness of 6 follows because any
pE $ can be expressed as V{p., : e’ = e € Ap} where, as above, Ap, = Saa™’
and xp, = xa for each x € Saa™".

If we consider p as an operator on S rather than as a relation on S then the
definition of pé can be rephrased as follows: pé = p* where

Ap*={t€T:t't=ef for some e’=e € Ap}
and tp*=1t(ep)d if t'tr=ef where e € Ap.
Because of this it is easy to see that the following corollaries hold.

CoROLLARY 2.5. Let S be a homomorphism of an inverse semtgroup Sinto an
inverse semigroup T. If 9 is idempotent separating so is 6: § — T if 0 is a full
homomorphism (i.e. SO contains all the idempotents of T) then so is 6.

COROLLARY 2.6. Let S be an inverse semigroup with semilattice of idempo-
tents E. Then the semilattice of idempotents of S is isomorphic to E.

CoroLLARY 2.7. If 8 is a full homomorphism of an inverse semigroup S into
an inverse semigroup T then 8 maps the group of units =(S) of $ into the group of
units 2(T) of T.
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In a recent paper Schein, (1973), has shown that the translational hull ((S)
of an inverse semigroup S can be described as a semigroup of subsets of S. The
semigroup S can be described in a similar way.

DeriniTion 2.8. (Schein, 1973). Let S be an inverse semigroup. Then a subset
H of S is called permissible if

(i) a€H, b=a impliesb € H;
(ii) a, b € H implies ab™*, a'b idempotent.

THEOREM 2.9. Let S be an inverse semigroup. Then S is isomorphic to the set
of all permissible subsets of S under subset multiplication.

Proor. For each pE€S, let H,={ep: e*=e €Ap} and let ¢ be the
mapping of $ into 2° defined by p¢ = H, for each p € S. Then ¢ can be shown
to be an isomorphism of S onto {H C S: H is permissible}.

Schein (1973) has proved that the translational hull Q(S) of an inverse
semigroup S can be identified with the idealiser in {H C S: H is permissible} of
{H,: a € S}, where H, ={x € S: x = a}. Under the isomorphism ¢ defined in
Theorem 2.9, H, corresponds to the inner right translation p, = ans of S with
domain Saa ' and xp, = xa for each x € Saa™'. Hence we have,

CoroLLaRrY 2.10. Let S be an inverse semigroup. Then there is a unique
isomorphism s such that the following diagram commutes where s is the
one-to-one homomorphism of S into Q}(S) defined by ans = (A, p) where Ax = ax,
xp = xa for each x € S and 1(Sns) is the idealiser of Sns in S.

S

TIU
¥s
US) 7 I(Sns)

S

S ._1_75__> SnS

Lemma 2.11. Let A, B, C, D be inverse semigroups with CC A, D C B and
let 8 be a homomorphism of A into B such that CO C D. If C8 is a full inverse
subsemigroup of D, then I1(C)0 C I(D), where, for example, I(D) denotes the
idealiser of D in B. If 6 is also a full idempotent separating homomorphism of A
into B, then I(C)8 is a full inverse subsemigroup of I(D).

Proor. This is straightforward.
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If Lemma 2.11, Corollary 2.10 and Corollary 2.5 are combined, we obtain
the following result which is essentially due to N. R. Reilly (1974).

PROPOSITION 2.12. Let 6 be a homomorphism of an inverse semigroup S onto
a full inverse subsemigroup of an inverse semigroup T. Then there is a unique
complete homomorphism Q(8) of QUT) such that 0mrr = ws(1(6).

If 0 is idempotent separating, then () is idempotent separating and full.

CoROLLARY 2.13 (Ault, 1972). Let S be an inverse semigroup with semilat-
tice of idempotents E. Then the semilattice of idempotents of Q(S) is isomorphic to
Q(E).

The intersection of a finite number of non-empty left ideals, of an inverse
semigroup S, is non-empty. Because of this, the set S* of non-zero elements of $
is an inverse subsemigroup. Further, if 8: § — T is a homomorphism of $ into
an inverse semigroup T, § maps S* into T*. It follows that the analogs of
Theorem 1.4-Corollary 1.7 hold with $ replaced by S*. We shall use these
where necessary in the sequel.

Finally, the following lemma from McAlister (1975) is needed later in the
paper. .

LEMMA 2.14. Let S be an inverse semigroup and let a € S. Then, for each
a €Aa, aRaa.

3. E-unitary inverse semigroups

DEerFINITION 3.1. An inverse semigroup S is E-unitary if the equations ea =
e = e’ together imply a’= a for all a, e € S.

E-unitary inverse semigroups were introduced by Saito (1965), who called
them proper inverse semigroups. The latter name was also used by McAlister
(1974, 1974a). E-unitary inverse semigroups have also been called reduced
inverse semigroups, O’Carroll (1974). The present terminology was suggested by
A. H. Clifford.

Let Z be a partially ordered set and let G be a group which acts on &, on
the left, by order automorphisms. If & is a subsemilattice of & then the set

P(G, % %)={(A, g)EYXG:AnrgB, g '(ANB)E Y forall BE ¥}

is an E-unitary inverse semigroup; McAlister, (1974), Lemma 1.1.
The following technical lemma shows that in some circumstances, the
definition of P(G, &, %) can be considerably simplified.

LemMMA 3.2, Let & be a partially ordered set and let G be a group which acts
on Z by order automorphisms; let % be a subsemilattice of Z.
(A) Suppose that the following condition holds:
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ifA, B, gA € Y, whereg € Gand B = A, thengBE ¥,
Then

PG & ¥U)={(A,g)E¥YXG:g7'A € ¥}
(B) Suppose that the following condition holds:

T ifA,BE ¥andgA = B, forsomeg € G, thengA € ¥.
en

Y is an ideal of ¥ = GY and the following are equivalent
(i) foreach g€ G, g¥ N¥#[]

and

(ii) for each A € & there exists B € ¥ such that A = B.

Further
P(G,Z¥)=P(GZ¥)={(A,8)EUXG:g7'A EH}.

Proof. (A) If (A,g)E P(G,%Z,¥) then g7'A = g7'(A A A)E ¥ by defini-
tion. On the other hand, suppose that A, g'A € ¥ and let BE ¥. Then
AABE ¥ and AAB = A so that, since g7'A €%, g7'(AAB)E ¥. Further
g 'ANBE¥ and g'AAB =g 'AE¥ so that, since A=g(g'A)E Y,
AngB=g(g 'AAB)E ¥. Hence (A,g)E P(G, &, %¥).

(B) First, let C € & and suppose C = A where A € ¥. Then C = gB for
some g € G, B € ¥. Hence, by the hypothesis in (B), C € %. That is, % is an
deal of &

Now suppose (i) holds and let A € &; then A = gC for some C € ¥. Let
D € ¥ be such that gD € %, by (i), such a D exists, and set B = g(CaD). Then
B=g(CaD)=gD€E%¥ and CAD € %. Hence BE ¥ and B=gC = A.

Suppose (ii) holds and let A € ¥, g € G. Then g 'A = B for some B € ¥.
lhis gives gB = A where A, B € %. Hence, by the hypothesis in (B), gB € ¥ so
hat (i) holds.

Finally, it is clear that the hypothesis in (B) implies the hypothesis in (A) so
hat P(G, %, ¥)={(A, ) EYXG:g'AE¥}=P(GZ %¥).

CoroLLARY 3.3 If ¥ is an ideal of &, as well as a subsemilattice, then
"G, X Y)={(A,g)EUYXG:g'A EH}.

DEeriNITION 3.4, A partially ordered set Z is a near semilattice if, for each
AEZ, the set {(XEX:X =AY} is a subsemilattice of Z.

DEerINITION 3.5. Anideal % of a partially ordered set Z is essential if, for each
A € Z, there exists B € ¥ such that B = A.

The main theorem of McAlister (1974a), (Theorem 2.6), can be stated as
ollows.
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THEOREM 3.6. Let & be a near semilattice with % an essential ideal and
subsemilattice of Z. Let G be a group which acts on ¥ by order automorphisms in
such away that X = G.%¥. Then P(G, %, %) is an E -unitary inverse semigroup.

Conversely, if S is an E-unitary inverse semigroup, then S =~ P(G, &, %) for
some G, X, ¥ as above, which are unique up to the equivalence of group actions.

In this section, we shall calculate the semigroup S for S = P(G, %, ¥).
Using this, we can obtain an explicit construction for (S).

If Z is a partially ordered set we shall denote by &€* the set of all non-empty
order ideals of Z. If % is an essential ideal and subsemilattice of & then, clearly,
¥* is an essential ideal and subsemilattice of Z*. If a group G acts on Z by
order automorphisms then G acts on £* by order automorphisms as follows

g-A={g-a:a€ A} for each AEZ*.

ProproSITION 3.7. Let Z be a near semilattice with % an essential ideal and
subsemilattice of Z and let G be a group which acts on ¥ by order automorphisms
in such a way that € = G - . Then, if P = P(G, %, %), the nonzero elements of F
form a semigroup P* isomorphic to P(G,Z¥*,¥*).

Proor. Let p € P* and let (A,1)€ Ap. Then (A, 1)p= (A, ga) for some
g+ € G by Lemma 2.14. For any B € ¥,

(BAA,gs.a)=(BrA,1)p = (B, D(A, 1)p]=(BrA,ga)

so that gs.a = ga for all B € %. In particular, g, = gs for all B € % such tha
(B, 1) € Ap. Hence there exists g, € G such that, for each (B, 1) E Ap,

(B,1)p = (B, g&)-

Let I, ={BE¥:(B,1)EAp}. Then I, is an order ideal of % and, sinc
(B,g.)E P for each BE I, g,'I, C%¥. Hence the map ¢ defined by

p¥ = (I, &)
is a mapping of P* into P(G,&*, ¥*). Since
(B,h)p = (B, h)[(h"'B,1)]lp = (B, hg,)

for each (B, h)E Ap, ¢ is clearly one-to-one.

Suppose p, 0 € P*. Then (A,1)E Apo if and only if A €, and (A, g,)¢
Ao. Now (A, g,) € Ao if and only if (g,'A, 1) € Ao which occurs if and only
g.'A € L. Hence I, = I, N g,I,. Further, for (A, 1) € Apo,

(A, Dpo = (A, 8)0 =(A,g)lg,' A Dol=(A, gg.).

Thus g, = g.8- and ¢ is a homomorphism of P* into P(G,Z*, ¥*).
Suppose now that (I, g)€ P(G, Z*, %*) and define p by
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Ap ={(A,h)EP:h'A €I} with (A, h)p = (A, hg) for (A, h)E Ap.

Then it is a straightforward matter to show that p € P* and py = (I, g). This
shows that ¢ is a one-to-one homomorphism of P* onto P(G, £*, %*). That is,
P*~P(G,Z*, ¥*). i

DEeFINITION 3.8 (Reilly, 1974). Let & be a partially ordered set and let I be an
ideal of & Then I is called a p-ideal of Z if, for each A € X, the set
{XeI:X=A} is a principal ideal of Z; that is, if (X€I1: X =A} has a
greatest element. We denote by ¥ the set of non-empty p-ideals of Z; if € is a
semilattice, so is Z.

THEOREM 3.9. Let P = P(G, %, ¥) be an E -unitary inverse semigroup. Then
Q(P)= P(G, Z*,%).

Proor. By Corollary 2.10, we need only show that the idealiser of T = Pnpys
in P(G,Z*, %*)is P(G,Z*,%).

For each (A, g) € P, (A, g)n has domain {(B,h): h™'B = A} and for each
(B,1)EA(A, g)n, (B.DI(A,g)m] = (B.g), Hence (A,g)m=((— Al,g)
where («—,A]={BE¥:B=A}and g (<, A]=(«,g'A]C ¥ Thus T =
P(G, %, %,) where, for any partially ordered set &, Z, denotes the set of
principal ideals (<, A], A €&, of Z.

Suppose (B, h)€ I(T). Then, since I(T) is an inverse subsemigroup of
P(G, Z*, %*), (B,1)EI(T) and (h 'B,1)E I(T). Thus (B, 1)((«—,A,DET
for each A € #. That is, B N (<, A] is a principal ideal of % for each A € %.
Hence & is a p-ideal of #%. Similarly, h™'® is a p-ideal of ¥.

Conversely, let (B, h) € P(G,Z*, %*) be such that B, h'B € ¥ and let
((<,A],g)ET. Then

(B, h)(—, AL, g) = (h(h7'B N (<, A]), hg)
= (h(«<,B],hg) = ((«<, hB], hg)
for some B = A, since h™'® is a p-ideal of %. But hBE h(h™'B)= B C ¥ and

(hgY '(«,hB] =g '(«,B]C g '(«,A]C ¥ so that (<, hB],hg)E T. Simi-
larly, ((«~, A),gX%B, h)E T because B is a p-ideal of ¥. Hence

I(T)={(B,MNEYXG:h"'BEH}.

The p-ideals of ¥ satisfy the relations 3B C o, with B, 4, gd €% imply
gB € ¥. Thus, by Lemma 3.2 (A), I(T)= P(G, %*, ¥).

CoroLLARY 3.10. If S is an E-unitary inverse semigroup, so are S* and
XS).
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DeriNniTioN 3.11 (McFadden and O’Carroll, 1971). An inverse semigroup S
is called F-inverse if each class of the congruence o ={(a,b)ES X S:ea = eb
for some ¢’ = e in S} has a maximum member under the usual partial ordering
on §.

It is shown in McAlister, (1974a), Theorem 2.8 that F-inverse semigroups
are, up to isomorphism, the semigroups of the form P(G, %, %) where Z is a
semilattice and % is a principal ideal of Z.

Let P = P(G,%, %) be an E-unitary inverse semigroup where & is a near
semilattice, % is an essential ideal and subsemilattice of Z. Then the intersection
of any two non-empty order ideals of & is again non-empty. For, if A, B € Z*,
there exist a EA N¥, b E BN % since ¥ is essential and then anb € A N B.
Hence Z'* is a semilattice and we have

PCP*=P(G Z* ¥*)C P(G, Z* Z*)

where P(G,Z*, ¥*)is F-inverse and P(G,Z*, Z*) is a semidirect product of
Z* by G.
Thus we have the following result which is due to O’Carroll (1975).

THeoreM 3.12. If § is an E-unitary inverse semigroup then S can be
embedded in an F-inverse semigroup. Further S can be embedded in the semidirect
product of a semilattice by a group.

4. Covering by semidirect products

Let S be an inverse semigroup. Then, by McAlister (1974a), Theorem 2.6
there is an E-unitary inverse semigroup P and an idempotent separating
homomorphism ¢ of P onto S. It is a natural question to ask if there is a
universal such E-unitary inverse.semigroup P and homomorphism ¢ of P onto
S. The answer, in general, is no; see Example 6.1 in Section 6. We shall show
that, if the category of E -unitary inverse semigroups is replaced by the category
of inverse semigroups which are semidirect products of semilattices by groups,
and onto homomorphisms by full ones, the answer is yes. Further, the universal
such object can’ be constructed in a natural manner from S itself.

LEmMA 4.1. Let S be an inverse semigroup and let o € S. Then, for each
e’=¢ EVa,
ap.o = pa e
where
a-e=(ea ) (ea™).

ProoF. Since ap.a™' is an idempotent we need only calculate its domain, in
order to evaluate it. Now,
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xEAap.a™'© x EAa and xa € Se
© x EAa and x € Sea”' = S(ea ') '(ea ') since e € Va = Aa™'
& x € S(a-e) since a-e €EAa.

Hence ap.a™ = p,...

CoroLLARY 4.2. Let S be an inverse semigroup with semilattice of idempo -
tents Es. Then 2(S), the group of units of S, acts on Es by order automorphisms as
follows

a-e=(ea Y (ea™).
Proor. By Lemma 4.1, 3(S) acts as a group of automorphisms on the

subsemigroup of idempotents {p, : e>= ¢ € E}, E = E;, of $. This action trans-
fers directly to an action on E as in the statement of the Corollary.

It follows from Corollary 4.2 that we can construct the semidirect product
I'(S)= P(X(S), Es, Es) of Es by 2(S).

LemMma 4.3. Let S be an inverse semigroup with semilattice of idempotents E.
Then the mapping vs :T'(S)— S defined by

(e,a)ys = ea

is an idempotent separating homomorphism of I'(S) onto a full inverse subsemig -
roup of S.

Proor. We shall show that the mapping y*:I'(S)— Sns defined by
(e,@)y* = px = p.,

is an idempotent separating homomorphism of I'(S) onto a full subsemigroup of
Sns. Then, since ns is an isomorphism, the result follows.

By definition,

(e, a)y*(f,B)y* = papB = p.apa'ap
= ppasaf3 by Lemma 4.1
= PeranaP =[(e, a)(f, B)]v*.

Hence y* is a homomorphism. Now (e, 1)y* = p, so that y* is idempotent
separating and full.

The results so far in this section give a semidirect product I'(S) for each
inverse semigroup S. The next lemma shows that the correspondence is
functorial.
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LEMMA 4.4, Let S and T be inverse semigroups and let 8 be a homomorphism
of S onto a full inverse subsemigroup of T. Then there is a unique homomorphism
I'(8) of T'(S) onto a full inverse subsemigroup of I'(T) such that the diagram

I'(S) I'e)

- I(T)

Ys Yr

*vT

commutes.

Proor. Since 6 maps S onto a full inverse subsemigroup of T, it follows
from Corollary 2.2 that § : $ — T is a full homomorphism. Hence § maps %(S)
into 2(T). Define I'(9) by

(e, )T (8) = (€6, ab).
Then, by definition,
(e, )T (8)(f, BIT(8) = (e6, ab)(f6, ) = (eO nxf - f6, (a)B).
By the definition of the action of 3(T) on the idempotents of T,
Pai 10 = abpy (20) ' = abpf(ab)™’ = (apa )0
= (Par)0 = Papros
so that af - f = (a - f) 6.

Hence

(e, @)L(O)(f, BII'(8) = (e n(a - f)8,(aB)b) = (era - f,aB)(6)

=[(e, &) (f, B)IT(6)

so that I'(8) is a homomorphism of I'(S) into I'(T).
Further

(e, ) (8)yr = (€6, ab)yr = (e0)abd = (ea)d = (e, a )y

by the definition of ab, so that the diagram commutes. Finally, since ys0 is full
and vy, is idempotent separating, I'(6) must be full.

To show that I'(6) is the unique homomorphism I'(§)— I'(T) which makes
the diagram commute, suppose that ¢ :I'(S)—T(T) is such that Yy = ys6.
Then, by McAlister (1975), Theorem 6.1, there is a homomorphism
Y1 :3(S)— 3(T) and a homomorphism ,: E(S)— E(T) such that
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(e, a)¥ = (e, ahy) for all (e, a) ET(S).
Then e = (e, 1)ys8 = (e, )fyr = (e, 1)yr = ey, for all e € E(S); thus ¢, = 6.
Further
(e8)(atr) = (ed2)(adn) = (e, @ )byr = (e, @)ys0 = (e )8 = (e0)(af)
for each e € E(S). Hence, since 8 is full, f(ay,) = f(ab) for each idempotent
fET. Let t €T, then, since ai,, ab € (T,
Ha) = t[(1 ') ()] = t[(1'1)(B)] = t(ab).

Hence ay, = af for all a € 2(S) and so ¢ =T'(9).
Because of the uniqueness of I'(#), I preserves identities and composites.
Thus we have the following theorem.

THEOREM 4.5. The mapping which associates with each inverse semigroup S
the semigroup T'(S) and, with each full homomorphism 0 :S— T, the full
homomorphism I'(0):T(S)—T(T) is a functor from the category ¥ of inverse
semigroups and full homomorphisms to the category % of semidirect products of
semilattices by groups, and full homomorphisms. The maps {ys:S € $} form a
natural transformation from T to the identity functor on $.

The functor I' is the adjoint to the forgetful functor 9 — #. This follows
from the next result which describes I'(S) for a proper inverse semigroup S.

LEMMA 4.6. Let S = P(G, %, %) be an E-unitary inverse semigroup and let
H={g€ G:g% =%}. Then I'(S)= P(H, %, %) where the action of H on ¥ is
inherited from that of G.

CoroLLARY 4.7. If S is a semidirect product of a semilattice by a group, then
vs :T(S)=S.

THEOREM 4.8. Let S be an inverse semigroup and let T be a semidirect
product of a semilattice by a group. If 6 is a homomorphism of T onto a full inverse
subsemigroup of S, then there is a unique full homomorphism  of T into T'(S) such
that the diagram

T ¥s
\0- S

commutes.

Proor. By Lemma 4.4, I'(8) is the unique homomorphism I'(T)—TI'(S)
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such that I'(8)ys = yr0. Hence, since, by Corollary 4.7, yr is an isomorphism,
y7'[(8)= ¢ is the unique homomorphism such that 6 = ys.

CoROLLARY 4.9. Let S be an inverse semigroup. Then the following state-
ments are equivalent:

(1) S is a homomorphic image of the semidirect product of a semilattice by a
group;

(2) s isonto;

(3) each inner right translation of S can be extended to a one-to-one right
translation of S ontoS; ‘

(4) each element of S belongs to some full permissible subset H of S; H is full
if it meets each & and # class of S.

PrOOF (1) < (2). Suppose there is a homomorphism 8 of T € ¥9 onto S.
Then by Theorem 4.8 there is a homomorphism ¢ : T — I'(S) such that 8 = yys.
Since 6 is onto ys must also be onto. The converse is immediate.

(2) = (3). Let a € S. Then a = (e, a)ys = ea forsome ¢ € E(S), a € 3(S).
Since (e,a)(e,a)' = (e, 1), it follows that e = aa™'. Let p = p.a. Then p has
domain Se = Saa™' and xp = x(aa ")a = xa for each x € Saa™'. Hence p, =
p=pa=a.

(3) © (4). This is immediate from Theorem 2.6, since it is easy to see that
full permissible subsets correspond to one-to-one right transformations of S
onto S.

(3)=>(2). Let a € S and let « € 3(S) extend p.. Then
(aa',a)ys=aa 'a =aa 'p.=a
since a extends p,. Hence ys is onto.

Although Corollary 4.9 gives necessary and sufficient conditions on an
inverse semigroup in order for it to be a homomorphic image of a semigroup in
2, these are, in general, hard to verify. The result does nowever give some
more amenable necessary conditions which, in certain situations, also turn out to
be sufficient.

ProrosiTION 4.10. Let S be an inverse semigroup and suppose that vys is onto.
Then

(1) foreach a, e’ = e € S there existb € S such that bb™' = e and ea = aa™'b
and (2) if e, f are D -equivalent idempotents then {g € E(S): g = e} is isomorphic
to {g€E(S):g=f}

ProoF. (1) Let a € 2(S) extend p, and let b = ea. Then, by Corollary 1.11,
bb'=e¢ and (bb 'aa )a =bb'(aa )p. =bb 'a while (aa 'bb )a =
aa"'(bb"")a = aa'b. Thus aa™'b = ea.
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(2) Let e9f. Then there exists a € S such that aa™' = ¢, a 'a = f. Suppose
that a € 3(S) extends p,. Then, by Corollary 4.2 the mapping ¢ : Es — Ej;
defined by ed =a'-e is an order automorphism of E(S), and so maps
{§EE(S):g=ze} onto {g EE(S):g=ed}). But e¢p =(ea)'(ea)=a'a=f
since a extends p,.

Prorosition 4.11. Let S =S8' be an inverse semigroup. Then S is a
homomorphic image of the semidirect product of a semilattice by a group if and
only if for each a € S there exists b € S such that bb™' =1 and a = aa™'b.

Proor. By Proposition 4.10, the condition is necessary. Conversely, sup-
pose that it is satisfied and let b be a right unit of S. Then, by hypothesis, there is
a right unit ¢ € S such that b™' = b™'bc; that is 1 = bc. This implies c = b ' is a
right unit so each right unit is invertible.

Now let a € S and let b be a (right) unit such that a = aa™'b. Then it is a
straightforward matter to verify that p, €3(S) and extends p,. Thus, by
Corollary 4.9, the condition is sufficient.

The final application of Proposition 4.10 gives a characterisation of the
semi-direct product of a semilattice by a group.

THEOREM 4.12. Let S be an inverse semigroup then S is isomorphic to the
semidirect product of a semilattice by a group if and only if

(1) S is E-unitary
and (2) for all a €S, e € E(S) there exists b € S such that bb™' = ¢, ea =
aa”'b.

Proor. By Proposition 4.10, the conditions are clearly necessary. Con-
versely, suppose they are satisfied. Then, by McAlister (1974a), Theorem 2.6, we
may suppose S = P(G, Z, %) for some G, &, ¥ such that ¥ N g% # [ for each
gEG.

Let A €%, g € G. Then there exists B € ¥ such that g7'B € %; that is
(B,g)€E S. By (2), there exists (C,h)€ S such that (C, h)C, h)"'=(A,1) and
(A, 1)(B,g)=(B,g)B,g) '(C,h). These equations imply C=A and h =g
Hence (A,g)€ S and S = P(G, %, %). That is, S is a semidirect product of ¥ by
G.

Chen and Hsieh (1974), define an inverse semigroup S to be factorizable if
and only if there is a subgroup G and a set E of idempotent E such that $ = GE.
They show that any fact8rizable inverse semigroup has an identity and it is easy
to see that factorizable inverse semigroups are exactly these inverse monoids S
for which ys :T'(S)— S is onto.
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5. Covering and embedding theorems

Let S be an inverse semigroup and suppose that S can be embedded in an
inverse semigroup T which is a homomorphic image of a semidirect product of a
semilattice by a group. Then, by Corollary 4.7, vy, is an idempotent separating
homomorphism of I'(T) onto T. Thus P = Sy7'is an E-unitary inverse semi-
group and the restriction of yr to P is an idempotent separating homomorphism
of P onto S. In general, however, P does not appear directly in the form
P(G, Z,¥) with %) with ¥ an essential ideal and subsemilattice of Z. In this
section we characterise those embeddings of § which give rise in a natural
manner to proper coverings P(G, %, ¥) of S.

DEFINITION 5.1. An inverse semigroup S is a covering inverse semigroup if
each inner right translation of S can be extended to a member of 3(S).

The reason for this choice of name will become apparent later in the paper.

LEMMA 5.2. Let S be an inverse semigroup and let F be a subsemilattice of the
semilattice E of idempotents of S. Then

{a€S:{aa ", a'a}UaFa'Ua'Fa C F}
is the largest inverse subsemigroup of S with F as its set of idempotents.
Proor. This is well known.

LEMMA 5.3. Let S be an inverse semigroup and let F be a subsemilattice of the
semilattice E of idempotents of S. Suppose that F has the following property :

if e=f and eZg where e EE, fg €EF then e €F,

Then
{a€S:aa’’, a'aEF}

is the largest inverse subsemigroup of S with F as its set of idempotents.

ProoF. Set  S(F)={a€S:{aa ' a'a}UaFa'Uq 'Fa CF}. Then
a € S(F) implies aa™', a™'a € F. On the other hand, suppose that aa ™', a™'a €
Fand letf€ F. Thena'fa <a'a and a”'faPa(a"'fa)a™' = aa”'f But aa”'f,
a 'a € F since F is a subsemilattice of E. Thus a”'fa € F. Similarly afa '€ F

so that a € S(F). Hence S(F)={a € S:aa"', a 'a € F} so that, by Lemma 4.1,
the result is proven.

CoOROLLARY 5.4. Let S be an inverse semigroup and let F be an ideal of the
semilattice of idempotents of S. Then S(F)={a € S:aa"',a'a € F}.

DEFINITION 5.5 Let S be an inverse subsemigroup of an inverse semigroup T.
Then S is a thick inverse subsemigroup of T if
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(i) e=f, eDrg with f, g € Es, e € Er implies e € Eg;
and (ii) aa”’, a 'a € Es implies a € S.
The inverse subsemigroup S of T is heavy if

(iy Es is an ideal of Er;
and (ii) aa™', a 'a € Es implies a € S.

Clearly, every heavy inverse subsemigroup of T is a thick subsemigroup of
T.

The importance of Definition 5.5, for our purposes, is indicated by the
following propositions.

PrOPOSITION 5.6. Let X be a semilattice and let G be a group which acts on &
by (order) automorphisms and let T be the semidirect product of Z by G. Suppose
that S is an inverse subsemigroup of T with semilattice of idempotents % X {1},
where ¥ is a subsemilattice of Z.

If S is a heavy subsemigroup of T, then S = P(G, %, %).

If S is a thick subsemigroup of T then & = G - ¥ contains ¥ as an ideal and
$=P(GZ9).

Proor. The results follow in a straightforward manner using the definitions
and Lemma 3.2

Let S be an inverse subsemigroup of a covering inverse semigroup T. Then
we shall denote by I'(T; §) the inverse subsemigroup Sy7' of I'(T) = P(3(T), Er,
E+); we shall use y(T;S) to denote the restriction of yr to I'(T; S).

ProposiTiON 5.7. Let S be an inverse subsemigroup of a covering inverse
semigroup T. If S is a thick (heavy) inverse subsemigroup of T then I'(T;S) is a
thick (heavy) inverse subsemigroup of T'(T).

Proor. We prove the result for the case in which S is a thick inverse
subsemigroup of T. Because yr is idempotent separating, the idempotents of
[(T;S) are of the form (f,1) where f € Es. Suppose that (e,1)=(f,1) and
(e,1)2+(g, 1) where f, gE Es. Then e =f and e = a™'- g for some a € 3(T).
Now a™'- g =(ga) 'ga and by Lemma 2.14, g = ga(ga) ™' so that, g%e. Hence,
since S is a thick inverse subsemigroup of T, e € Ej.

Let (e, ) €T(T) and suppose that (e, a)(e,a)™ = (e,1) and (e, a) (¢, ) =
(a™'-e,1) are idempotents in ['(T; S). Then, as above, ¢ = ea(ea)™, a™' e =
(ea)”'(ea) so that, since S is a thick inverse subsemigroup of T, ea € S. This
means that (e,a) EI(T; S).

The results of the first two paragraphs, combined, show that I'(T; S) is a
thick subsemigroup of I'(T).

Propositions 5.6 and 5.7 show that, if $ is an inverse semigroup, each
embedding of S, as a thick (heavy) inverse semigroup of a covering inverse
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semigroup T, gives rise to an E-unitary inverse semigroup I'(T; §)= P(G, Z, ¥),
with % an ideal of # and £ = G - ¥, and an idempotent separating homomorph-
ism y(T;8)of I'(T; §) onto S. We shall show, conversely, that each covering of
S by an E-unitary inverse semigroup P gives rise to an embedding of S as a
thick (heavy) inverse subsemigroup of a covering inverse semigroup T.

LeMMA 5.8. Let & be a semilattice and let % be a non-empty ideal of ¥. Let
G be a group which acts on & by order automorphisms in such a way that = G%.
Then each idempotent separating congruence on P(G, %, %) can be uniquely
extended to an idempotent separating congrence on P(G, Z, Z).

Proor. Let p be an idempotent separating congruence on P = P(G, &, %)
and, foreach A € ¥, let N, = {g € G : (A, g)p(A, 1)}. Then N, is a subgroup of
G and

(A, g)p(B,h)ifandonlyif A = Bandgh™ € N,.

Further, by McAlister (1974a), Theorem 3.3, the subgroups Ni, A € ¥ obey the
following conditions:

(i) N.CC.={gE€EG:g-C forall C=A}
(ii) A =B implies Na C Ns;
(iii) if B=g-A €%, where A €%, then Ny = gN,g .

Foreach DE Z,put Np = gN.g'if D=g- A, AE¥ Then D=g-A=h-B
implies B=h"'g-A €% which, by (iii), gives Nz = h 'gN.g 'h; that is,
hNsh™' = gN,g~'. Hence, since £ = G + ¥, the assignment D » N, is a well
defined mapping of & into the lattice of subgroups of G.

It is a straightforward matter to show that the subgroups {N, : D € Z} obey
the analogs of (i), (ii), (iii) above. Hence, by McAlister (1974a), Theorem 3.3, the
relation p on P(G, Z, Z) defined by

(A, g)p(B,h) ifandonlyif A =B and gh™'€ N,

is an idempotent separating congruence which, clearly, extends p.
Conversely, if p’ is an idempotent separating congruence on P(G, %, %),
which extends p, then it follows, from (iii) for p’, that p = p’.

REMARK. Suppose that Z, U are semilattices with %, 7" ideals of &, %
respectively, and let G, H be groups acting on &, % by order automorphisms in
such a way that =G %, U4 =H-v. Then Lemma 4.8 shows that any
idempotent separating homomorphism 6 : P(G, Z, ¥)— P(H, U, V') can be ex-
tended to a homomorphism with domain P(G, Z, ). It may not be possible to
extend 6 to a homomorphism P(G,Z, X)— P(H, U, A ); see Example 6.2.

We can use Lemma 5.8 to prove a converse to Proposition 5.7 for E -unitary
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coverings of S of the form P(G, &, %) with & a semilattice and % an ideal of .
Note that if § is a heavy subsemigroup T, then I'(T; S) = P(3(T), Er, Es) is of
the form above.

LEMMA 5.9. Let 8 be an idempotent separating homomorphism of an inverse
semigroup T onto an inverse semigroup U. If S is a thick (heavy) inverse
subsemigroup of T then S is a thick (heavy) inverse subsemigroup of U.

Proor. This is straightforward.

PRrROPOSITION 5.10. Let & be a semilattice with ¥ an ideal of ¥ and let G be a
group which acts on & by order automorphisms in such a way that ¥ = G - %.
Suppose that ¢ is an idempotent separating homomorphism of P(G, ¥, %) onto an
inverse semigroup S. Then there is a covering semigroup T, containing S as

a heavy subsemigroup, and an idempotent separating homomorphism
y:P(G,Z,¥)—>1(T;S) such that the diagram

P(G.Z %)
y(T;S)
¢
S

PrROOF. Let p = ¢pod'; then, by Lemma 5.8, p can be extended to an
idempotent separating congruence g on P(G. Z, ). Let T = P(G; %, &)/p and
denote by 6 the natural homomorphism P(G;%,Z)— T. By Lemma 5.9,
S=P(G,Z %)0 is a heavy inverse subsemigroup of T because P(G, %, ¥) is a
heavy inverse subsemigroup of P(G,Z, Z).

By Theorem 4.8, there is a unique idempotent separating homomorphism
X:P(G, #Z)—>T(T) such that 6=Xy. Since P(G %, ¥)Xyr=
P(G, %, %)0 = S we find that P(G, Z, ¥)X C Sy7 =T(T; S) so that the restric-
tion ¢ of X to P(G, Z, %) is a homomorphism of P(G, Z, %) into I'(T; S) such
that yy(T; S)= ¢.

The general situation, involving arbitrary E-unitary inverse semigroups, is
dealt with by combining Proposition 5.10 with the results of Sections 2 and 3.

commutes.

LeEMMA 5.11. Let Z be a partially ordered set with % an essential ideal and
subsemilattice of & and let G be a group which acts on Z by order automorphisms
insuch away that X = G - ¥. Then P(G, %, ¥ ) is a thick inverse subsemigroup of
P(G,Z*,%*) where Z* is the semilattice of non-empty order ideals of Z.

Proor. This is straightforward.
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ProPOSITION 5.12. Let P be an E-unitary inverse semigroup and let ¢ be an
idempotent separating homomorphism of P onto an inverse semigroup S. Then
there is a covering inverse semigroup T containing S as a thick inverse subgroup
and an idempotent separating homomorphism ¢ : P(G, &, ¥ )—TI'(T; S) such tha

the diagram
\ o
¢
S

Proor. By Theorem 1.4, applied to the semigroup $* of non-zero elements
of S, there is an idempotent separating homomorphism ¢*: P* — §*. Without
loss of generality, we may assume that P = P(G, &, %) where & is a partially
ordered set with % an essential ideal and subsemilattice and where G acts on
by order automorphisms in such a way that £ = G - %. Then, by Proposition 2.7,
P*=P(G,Z*, ¥*) where * is the semilattice of non-empty order ideals of Z.
Further, by Lemma 5.8, p = ¢*od* ' can be extended to an idempotent
separating congruence g on P(G,Z* &*). Let T=P(G,&*, Z*)/p. Then,
Lemmas 5.11 and 5.9 show that § is a thick inverse subsemigroup of T and, as in
the proof of Proposition 5.10, ¢ factors through y(T; S).

PG Z,%)

commutes.

The results of this section can be put in a more global setting if we introduce
two categories; the category €%(s) of covering extensions of an inverse
semigroup S and the category P€(S) of E-unitary coverings of S. An object in
€€(S) is an embedding of S as a thick inverse subsemigroup in a covering
inverse semigroup T. A morphism between embeddings of S in T and § in U is
an idempotent separating homomorphism @ : T — U such that the diagram

0

T v U

& /
S
commutes.

An E-unitary covering of S is an idempotent separating homomorphism ¢
of an E-unitary inverse semigroup P onto S. A morphism form 8 : P— S to
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¢ : Q— S is an (idempotent separating) homomorphism ¢ : P— Q such that
the diagram

commutes.

THEOREM 5.13. Let S be an inverse semigroup. Then the mapping, which
associates with each T € €&(S) the E-unitary inverse semigroup I'(T;S) the
idempotent separating homomorphism y(T; 8):T(T; S)— S and which associates
with : T — U in €&(S) the homomorphism T'(0) restricted to T(T;S)— S is a
functor from €%(S) onto a cofinal subcategory of P€(S).

Proor. The only part of the theorem which still requires justification is that
F@):I'(T)-»T(U) maps I'(T; S) into I'(U; §). This is straightforward.

Similarly, Proposition 5.10 shows that an analogous result holds for
coverings P(G, &, ¥) of § with & a semilattice and ¥ an ideal of Z.

6. Examples

ExampLE 6.1. Brandt Semigroups

In this example, we describe the various constructions of Sections 4 and 5
for a Brandt semigroup S = M°(G; I, I;A) with | I|=2. These can be used to
show that €(S) does not have a final object.

6.1.1. S is a covering semigroup.

We show that ys :I'(§)— S is onto. It is shown in Petrich (1973), page 165
that 2(S) is the wreath product G wr S, of G by the group S; of all permutations
on I It is easy to see that, foreach e = (i,1,i)in S, and each a = (f, y) €E G wr S,,
a-e =iy, 1,iy""). Thus, if we identify the idempotents of § with I U {0},
GwrSyactson I°=TU{0}bya-i=iy™, a-0=0for a =(f,y). Then ['(§)~
P(G wr S, : I°, I°); the homomorphism ys is given by

O,(fv)ys = 0.

It is onto, since for each (i, g,j)E S,

(i! g’]) = (i’ (fv 7))75
where f(k)= g for all Kk €I and vy is the transposition (i, j).
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6.1.2. The category P€(S).

Suppose that P is an E-unitary inverse semigroup and that ¢ is an
idempotent separating homomorphism of P onto S. Then, since ¢ is idempotent
separating, P and S have ‘“‘the same”” ideal structure. Thus P has a kernel K and
P/K is a Brandt semigroup. Hence, from the construction for E-unitary inverse
semigroups in McAlister (1974a), P~ P(K,K/H U{K}, {Hx.:i € I} U{K})
where H is a subgroup of K and {x, : i € I} is a set of elements, modulo H, such
that the costs Hx; are in one-to-one correspondence with I, with e € {x, : i € I}.
The partial order is determined by Hx > K for each x € K and K acts by
g - Hx = Hxg™', g - K = K. The homomorphism ¢ gives rise to a homomorph-
ism ¢ of H onto G and ¢ is given by

(Hx, g)¢ = (i, h,j) where Hx,g = Hx; and h = (xigx;") ¢
(K. g)d =0.

Thus, up to isomorphism, P is determined by a group K, a subgroup H of K
such that | K/H | =z I, and a homomorphism ¢ of H onto G. Conversely, given
such K, H, ¢ we can construct P = P(K, K/H U{K}, {Hx,;i € I} U{K}) and an
idempotent separating homomorphism ¢ of P onto S.

The semigroup T obtained by extending ¢ ° ¢ ™' to an idempotent separa-
ting congruence on P(K, K/H U{K},K/H U{K})is #°(G;K/H,K/H;A) and
I'(T; S) is P(G wr Sk, K/H®, I°) where I is embedded in K/H by a choice of
coset representatives; I'(T; S) is independent of the particular embedding of I
into K/H.

REMARK. The covering semigroups T which arise in 5.1.2 are the semi-
groups M°(G;J,J; A) where |J|=|I|. There are many covering semigroups
which contain § as a heavy subsemigroup. However, if U is a covering
semigroup which contains an inverse semigroup S as a heavy subsemigroup,
then T={a € U:a%ux for some x € S} is also a covering semigroup and
I'(U; §)=TI(T; S). Thus, without loss of generality it suffices to consider
covering semigroups U containing S so that S meets each @-class of U. For
Brandt semigroups, these are precisely the semigroups #M°(G;J,J; A) with
[Ji=|1I].

6.1.3. The category P€(S) does not have a final object.

Let J be any set, containing I, with | J | = max {| I |, 5}; then the alternating
group A, is simple and acts transitively on J. Let K = G X A,. Then K acts on J°
by (g, a)'j=ja !, (g a) 0=0. Since J° is a semilattice, under j >0 for each
j €J, containing I° as an ideal, we can form P(K,J° I°). The mapping
ar: P(K,J°, I°)— S defined by
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(ir (g9 a))ﬂl = ('v 8 IC!)
(09 (gv a))ﬂ'-’ =0
is then an idempotent separating homomorphism of P(K,J° J°) onto S.
Suppose that ¢ : P(H, &, % )— S is.a final object in P€(S). Then there is a
homomorphism ¢ : P(K,J°, I°)— P(H, Z, %) such that ¢¢ = m,. By McAlister
(1974a), ¢ gives rise to a homomorphism ¢, of K into H and an isotone mapping
¥, of J° into & such that

(i, (8, @)y

I

(2, (g, @ )y1)

and

I

[(g’a)'i]d/Z (g’a)'lll'i‘/’%

Since A, is simple, either ¢, is one-to-one on {1} X A, or is trivial on
{1} x A,. But, since (g, a)- i = ia~', the latter implies (ia )¢, = iy, foreach i € I
This means that P(K, J° J°)¢ is a union of groups; (i, (g, a))¢ belongs to the
subgroup with identity (i, 1). But then $¢ = m, also implies S is a union of
groups which is a contradiction. Hence ¢, is one-to-one and K |Z=| A, || for
each J. This is impossible.

ExaMpLE 6.2. Let G be any group and let ¥ = G°, ¥ = {1, 0} with x > 0 for
all x € G. Then & is a semilattice and G acts on £ by g-x =xg™'. The
E-unitary inverse semigroup P = P(G, &, %) is essentially G with an extra
identity adjoined. Thus there is an idempotent separating homomorphism ¢ of P
onto {1,0}= P({1},{1}°{1}°); it is given by (1,1)¢ =1, (0,g)¢ =0. The
homomorphism ¢ cannot be extended to a homomorphism of P(G, %, &) into
{1,0}; the latter is already in the form P(H, U, U). The inverse semigroup T
corresponding to ¢ and P is #°({1}; G, G;A) which contains {1,0} as a heavy
inverse subsemigroup.

The procedure which underlies the results of Section 5 can be used to
analyse the structure of inverse semigroups which arise in several concrete
situations. We give two examples.

ExaMpPLE 6.3. The semigroup of relative isomorphisms of a field extension.

Let K and F be fields with K algebraic over F. Then a relative isomorphism
of K over F is an F-algebra isomorphism of a subfield of K onto a subfield of K.
Thus it is an element of $«. The set of relative isomorphisms is clearly closed
under composition and inverses so that it is an inverse subsemi-
group of $«; we shall denote this semigroup by 4(K; F), the Galois semigroup
of K over F.

The idempotents of 9(K, F) are the identity maps on the subfields of K
which contain F. Thus they form a semilattice isomorphic to the semilattice ¥ of
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subfields of K which contain F. If L is such a subfield, then the maximal
subgroup of 4(K, F) corresponding to L is exactly the Galois group G(L, F) of
L over F.

Since (K, F) has an identity, 3(%(K, F))= G(K, F) and so I'(4(K, F))=
P(G(K,F), ¥, %) where X denotes the semilattice of subfields of K, which
contains F, and where G(K, F)actson ¥ by « - L = La"' for each « € G(K, F).
Further (L,a)yr=a|. for each (L,a)ET(T) with T = 9(K, F). Hence
9 (K, F) is a covering semigroup if and only if each relative isomorphism of K
over F can be extended to an automorphism of K over F. In particular 4(K, F)
is a covering semigroup if K is normal over F.

Suppose that A is normal extension of F and contains K. Then 4(A,F)=T
is a covering inverse semigroup containing S = 4(K, F) as a heavy subsemig-
roup. Thus I'(T'; S) is a proper inverse semigroup and y(T; S) is an idempotent
separating homomorphism of I'(T; S) onto S. From the preceding paragraph,
I'(T;S)= P(G(A, F), o, ¥) where A is the set of subfields of A containing F
and ¥ is the set of subfields of K that contain F. Further, for each (L,a)€
I(T;S), (L,a)y(T;S)= a|.. The maximal subgroup of I'(T;S) containing
(L,1) is isomorphic to the stabilizer H, of L under G(A,F); the kernel
{a € G(A,F):(L,a)y(T;S)=(L,1)y(T;S)}is G(A,L). Hence H./G(A,L)=
G(L,F). In particular, if L is normal so that H, = G(A,F) we have
G(A,F)/G(A,L)= G(L,F).

ExampLE 6.4. Isomorphisms of cyclic subgroups of a group.

Let G be a group. Then, since the intersection of cyclic subgroups of G is
cyclic, it is easy to see that the set of isomorphisms between cyclic subgroups of
G is an inverse subsemigroup of $5; we shall denote this semigroup €(G).

The semigroup €(G) is 0-bisimple if and only if any two nonidentity
elements of G have the same order. Thus €(G) is 0-bisimple if and only if either
G is torsion free or has exponent p for some prime p. In the first case €(G) has
infinite chains of idempotents; in the second it is a Brandt semigroup.

We shall concentrate on the case when G is a finite abelian group. By the
structure theorem for finite abelian groups G = P, X P,X---X P, where
P,,---, P, are p;-primary groups for distinct primes p,,---, p,. It is easy to see
that €(P)= € (P,) X - - - X €(P,) so that, in order to calculate €(G) it suffices to
consider G p-primary for some prime p.

If G is embedded in a p-primary abelian group A which has the property
that, each o € €(A) can be extended to an automorphism of A, then we can
apply the ideas of Section 5 to get a proper covering for €(G). Let & be the
semilattice of cyclic subgroups of A and % that of G; % is an ideal of . Then
Aut A acts on & by a - {(x)={(xa™") for each x E A, @« € Aut A so we can
construct P(Aut A, &, %). The mapping n given by ({(x), @)1 = a |, is then an
idempotent separating homomorphism of P = P (Aut A, Z, %) onto €(G).
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Simple group theory shows every a € €(A) can be extended to an
automorphism of A if and only if A if and only if A is a direct product of cyclic
groups of the same prime power order. Hence if G =~Z,- X - X Z,=. where
a, = a; = a, we can take A to be the direct product of n copies of Z,-.. The
automorphism group of A is then GL(Z,-) so that P can be calculated directly.
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