THE ERROR TERM FOR THE SQUAREFREE INTEGERS
L. Moser and R. A. MacLeod

(received February 7, 1966)

Let Q(x) denote the number of squarefree integers < x.
Recently K. Rogers [1] has shown that Q(x) > 53x / 88 for all x,
with equality only at x = 176. Define R(x) to be Q(x) - t':/r.rz X.

(We observe that 53/88 = 0.6023 and 6/7\'2 =0.6079.) Our
objective will be to examine R(x). In particular, we show that
|[R(x)|<Nx for all x and observe that |[R(x)|< 1/2Nx for
x> 8. The best result of this type obtained by Rogers was

(1) |R(x)]| < 12/172 «/—x+8/3xi/4.
We have
Qx) = Z |ud)] =z T opd = T opd = 1
d<x n<x dzln d2§x n<x
dzln
2
= Z w(d) [x/d7],
d2 <x
so that

6 X X p(d)
(2)  Jax)-=xl<] = w@ (S-[5D)+x] = [
ol a%< x @ 4 a®>x a°

where x - [x] denotes the fractional part of x. Thus, we have
almost immediately

(3) |[R(x)| < 2N'x + 1.

We direct our attention to improving (3). Let
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A(x) Z 1, B(x)= Z 1, C(x)= max (A(x), B(x)) .
d<x d<x
p(d)=1 p(d)=-1

Then clearly

| = n(d) (g(x d) - [g(x, d)]) | < C(x) for any g .
d<x

Let M(x) = Z p(d). Then
d<x

Clx) =3 (Alx) +B(x) + 5 [A(x) - Blx)| =3 Q) +2 MG

Since every fourth integer is divisible by 4, and every ninth by 9,
we have

@ < - 15131+ 1F1cix+] forall x.

Let () =[x] - [3]-[3]-[5]+[5]. Since = w@)[3]=1,
d<x

T pd)[=1=1 for x>m, and = p(d)(Z) = -1 for x> 30.
md = d =
d<x d<x

Now, f(x) =1 for 1< x<6 and 0 or 1 for x> 6, so that

IM(x) +1| = | = pw){i-f()} [< = |u(@)]
(5) d<x d<§
-6
x .1 .4
= Q(é)_<_9x+3 for x> 30.
Hence
1 7
(6) lM(x),_<_-9-x+§ for x> 30.
One readily checks that (5) holds for x> 2 and (6) for x> 1.
Thus,
1.2 S SN AP S A & §
C(x)_<__2(3 3 2(()x-i- +1) 1.8x+6for x> 1,

(7)
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X X 7 1
and | = p(d) (52'- [EZ-]), _<_C('~/_x)_<_?§~/'x +Tifor x> 1.
d <x
Also, T %%) . {M(d) +1} - EM(d - 1) +1}
d>x d>x d
1 1 M +1
= T (M) 1} (5, - =y -l 1
d>x (d+1)" ([x]+1)
Hence
p(d) 1
| = <(i IS% z dtg2 - 12“%2(';'2’ )t
d>x d>x (d+1) d>x (d +1)
11 4 1 11 8 1
— — — — — + - a—
9x+3);25_3x 3x2 for x> 2;
1.€e.
(8) x| = &@)'s%\/—x-f-% for x> 4
2 d
d >x
and
13 9
,R(x),s18 '\/-x+2 for x> 4,
whence,
(9) |R(x)]| <N'x for x> 263.
6 . . . :
We note that R(x) = Q(x) - x isa decreasing function
h
for n< x<n +1 and positive for x =1, 2, ..., 263, except
at 28, 56, 153, 172, 173, 175, 176, 177, 180 and 181, so that
it suffices to check that (9) holds for x =14, 2, ..., 263 and to

examine R(x) near the ten integers x where it is negative.
This we have done, and (9) holds for all x> 1.

We observebthatv using better bounds for M(x) in the
above argument, one readily shows

(10) |R(x){5J3(1-—§2-)«fx=(o.6792...)«fx

™
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for all x, with equality only at x = 3, and

(11) [R(x)|<%*\fx for x> 8.

We note that the strong form of the prime number theorem,
which is equivalent (see e.g. Landau [2], p.157) to
X

M(x) =0 (—— ) for each «,
log *x
implies
Nx
(12) R(x) = 0 ( ——) for each gq
logax

while the Riemann Hypothesis implies (Landau [2], p. 161)

1
M(x) = 0(x /2 +e) for each ¢ > 0,

+
which yields R(x) =0 (xz/5 ¢ ) for each ¢ > 0. In the other

direction, Evelyn and Linfoot [3] have proved R(x) :‘: o(x1/4).
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