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A GENERAL FORM OF THE FUNCTIONAL LIL FOR
BANACH-VALUED BROWNIAN MOTION

H. SHIP-FAH WONG

1. Introduction. In a recent paper [12], C. Mueller proved a general
version of the functional LIL which unifies Strassen’s LIL and the Lévy
modulus of continuity for Brownian motion W(¢). His theorem also
contains other known forms of the LIL.

For each 1 = 0, let &, be a family of points in the first quadrant of the
plane. Let r > 0; to each point (s, ly), we associate a rectangle

R (so, lo) = { (s, D) lloe™" = 1 = L', Is — sol = lor}.
Define A4,(¢) to be the area of the union of these rectangles up to time ¢
dsdl
under the measure %— Then, Theorem 1 [12, p. 166] states that for an

increasing function 4 such that

(o]
inf {a > OI/0 e "Ddq,(1) < oo} = 1;
the set of limit points of

w N —w
ct = { i = LD = HO

in C[0, 1] is the closed unit ball of the reproducing kernel Hilbert space
(rkhs) associated with Wiener measure.

The proof given in [12] does not generalize easily to Banach
space-valued Brownian motion. Furthermore, the above function 4,(z) is
not easy to compute even in the simplest cases. In this paper, we prove the
above result for the Banach space-valued Brownian motion in the form
first studied by Bulinskii [1] (also used by the author in [17] ). He proved
that for an increasing function 4 and if

(s, 1) € .@,}

R = inf {a >0 Ee'“h(“k) < oo, ¢ > l}.
k

then the set of limit points of the sequence
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y = M)
gn()_\/'z’n_h‘(n_)

in C[0, 1] is the closed ball K\/R of radius \/R (= C[0, 1]if R = oo) in
the rkhs for Wiener measure.

Our proof uses a rectangular exponential grid in the first quadrant of
the plane and a sequence (s, ly) € &,; 1, being the first  when &, first
exits the kM rectangle. If W is a B-valued Brownian motion, then we prove
that the sequence

{fk(x) _ W + x\%_ W(sk)}

is “asymptotically independent” in the sense of Nisio [13]. Consequently,
if

by a theorem analogous to Theorem 4.2 of Carmona-Koéno [2] the
sequence

Sl
2h(tk)
satisfies the LIL, with the set of limit points being the closed ball K VR in

the corresponding rkhs.
To complete the proof, we show that the other

{fsl| (S, l) € '%}

can be controlled. The criterion

proves to be easier to work with as we shall see in some examples. When
R = oo, this proof has to be modified because we use the fact that K Y: is
compact for finite R.

Section 2 introduces the machinery we need for “asymptotically
independent” Gaussian sequences. We prove a generalized form of Nisio’s
lemma [13]. As a corollary, we get an improvement of a lemma of Lai [10]
and Pathak-Qualls [14].

Section 3 contains the main result for a B-valued Brownian motion
when R < oo.

Section 4 takes up the case R = oo. Here our proof follows the same
lines as that of Bulinskii and uses the Haar basis for Wiener measure.
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2. Preliminaries. Let {a,|n = 1} be a positive non-decreasing sequence.
Set

R(a,) = inf {a > 0] D e i < co}.

n=1

The first lemma gives another characterization of R(a,,).

log i
LEMMA 1. R(a,) = lim sup o_g{'
J &
Proof. Let
) log j
r = lim sup —.
J Qj

First suppose r < co, and a > r. There exists ¢ > 0 for which
a > r(l + €) and this shows that

> e 4 < oo,

Therefore R(a,)) = r.
Conversely, suppose

2 e Y% < o0

n

for some finite positive a. Since e “* decreases, and X e “* converges it

is easy to show that ne™ “ — 0. Suppose further that @ < r, then there
exists a sequence {n;} such that

aa, <logn; or €' < n
This is a contradiction. Therefore either

r=o00 and X e “* = oo for all a
or

r<oo then X e % < coimpliesa = r.
This completes the proof.

In [13], M. Nisio studied what was described later as “asymptotically
independent” Gaussian sequences {£,}, that is, for which

lim sup E(§,£,,) = 0.

m—n—o0
n—00

For the proof of our main theorem in the next section, we need an
extension of Theorem 2 in [13] to sequences satisfying a slightly weaker
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condition. The proof uses a lemma of Slepian and the Borel-Cantelli

lemma.

LEMMA 2. Let {£,} be a mean-zero Gaussian sequence with E (&,2,) = o’
and let {&,} be a positive non-decreasing sequence with R(a,) = R < oo.
Suppose further that the following condition (N) is satisfied:

For every € > 0, there exists a subsequence {§,} of {§,} such that

E(,£,) = ¢ whenever j #+ k
and

R((X,,j) = R
Then

V2e,

Proof. Without loss of generality we are going to suppose ¢ = 1. If
R = 0 then for any ¢ > 0.

lim sup = 0\/R as.

lIA
M3
o

- Il ]
Pl——— >
;EI \% 20‘;1 ‘

By the Borel-Cantelli lemma

=0 a.s.

lim sup
aﬂ

Let 0 < R < oo, for § > 0 the Borel-Cantelli lemma again implies that

lim sup 52" = VR(1 + &) as.
an

For the reverse inequality, choose 0 < ¢ < 1/2 and B > 1 such that

1 — € 8? ( 8)2
—‘-1—>1and,81 2 < 1.

€
Condition (N) implies the existence of a sequence {n;} such that
E(fyf,) S € forj # k
and
log j

n

= R.

R(a,) = lim sup
Choose a further subsequence {n;} of {n;} such that

5\2
Jk > 2jk— and logji = Rl‘xnjA ,8(1 - Z) .
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We now follow Nisio’s proof using Slepian’s lemma.
Let { Xo, X|, X5, ...} be an independent mean-zero Gaussian sequence
with

EX}) =¢ and E(X) =1 —€i> L.
Set Y; = Xy + X, i > 1. Since EY; = 1,
E(Y,Y) Z E6,f).
Therefore, by a lemma of Slepian [15]

P[ max 5,,1 =c¢] =Pl max Y,

<<
= ¢
it ) J
JKSiEjk IS/ S+

for every ¢ > 0.

P[ max $,, = —-8)VR(A — €, ]
I e
=Pl max Y, =( - 8VR(I — 9o, |

IS/ Sk

A

0
PlXy = ~3 VR — 2a, ]
- 0
+P[ _max X, =1 — 5) R — o2, ]
Jk=]=Jk+1
= (I) + (II).
(I) is bounded by the general term of a convergent series because

82.]—6

€

> 1.

A =

(1 = pe)*+1 Ik where

X, 5 -
pp =P ﬁ>(l~—)\/2Ran ]
1 — € 2 Jk+1

e Uk+17JPk

(IT)

A

= exp (—elo8Ukr 1/~ (8/4) >2Ra,,,k+,)

using standard estimates

for some positive ¢, because of the choice of the subsequence {j; }.
The latter being the general term of a convergent series; by the
Borel-Cantelli lemma, the proof is complete.
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CoroLLARY 1. (Nisio) For a mean-zero Gaussian sequence {§,} if

lim sup E(§,) = 0,
n zzm—iooo

then condition (N) is satisfied.
Therefore

gll

lim sup =o0\/R as.

oy,
ifE() = o

Proof. By hypotbhesis, if € > 0 is given, then there exist integers m, and
kg such that

EEm v jkmring) = € for m = my,
It is clear that for some m; with my = m; = my + ko

log j
am] +jko

lim sup = R.

If, in the above, R(a,) = oo, N. Kono has proved (an unpublished
result) that Nisio’s lemma is still true. The proof of the following corollary
follows his idea.

CoroLLARY 2. (N. Kono) If in Lemma 2, R(a,)) = 00, then

n

&y

Proof. Since R(a,) = oo, for 0 < § < 1if

a, = max {0 log n, a,}
then
) log n 1
lim sup — = —.
n a, )

Consequently, by Lemma 2,

lim sup ZnE,, = a.s.
Thus, for almost all w,

lim sup IC) lim sup @) _ 2
n V 2(1" - \/2&,1 \/3

Since & is arbitrary, the proof is complete.

An easy application of the above gives the following.
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CoroLLARY 3. Let {&,} be a stationary zero-mean Gaussian sequence
such that

E() = 1 and E(&i&) — 0.

Let {a } be a positive non-decreasing sequence. Then
P& > \2a; 1.0] = 0 or 1

according as
I

2 ay 2e” % < 00 or = 0.
1

Corollary 3 improves the result of Lai [10, Corollary 2, p. 835] and
Pathak and Qualls [14]. They proved Corollary 3 with the stronger
assumption that

E&) = 0(lo;k)'

3. A general LIL in Banach spaces. Throughout this section, let B
denote a real separable Banach space, B* its dual. X:Q — B is a mean-zero
Gaussian random variable if x*(X) is a mean-zero Gaussian for each
x* € B*. We will suppose that the support of #(X) is B itself.

We list a few well-known results concerning these B-valued random
variables. For details, see [2], [6], [8] and [9].

(i) For a semi-norm ||| - ||| on B, using Fernique’s theorem [6] we get
| t2
PLIXIN > (EIXIDA = exp( L 10z3)

if r = 2. (See [2].)

(i1) The formula Sx* = E(x*(X) - X), x* € B* defines a continuous
linear map from B* into B, and the completion of SB*, equipped with the
inner product:

(Sx*, Sy*) = E(x*(X)y*(X))

is a Hilbert space. It is the reproducing kernel Hilbert space (rkhs)
determined by X and can be identified with a dense subspace of B. S will
be called the canonical embedding of B* into B associated to X or
LX).

(i11) The closed ball K, of radius r in H is compact when considered as a
subset of B.
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(iv) There exist biorthornormal sequences {ef} C B* and {¢; = Se/}
C H such that

(a) {e;} is an orthonormal basis of H.

(b) {€/(X) } form an independent standard Gaussian sequence.

(¢) If x € B, set

Px = 2 (efxye, and Q, =1d — P,
j=1

then
P,X— X as. and E(]|0,X]* — 0.

(v) For a given Gaussian measure u on B, there exists a B-valued
stochastic process { W(¢), t = 0} such that W(0) = 0, the distribution of
W(l)]is i, W has stationary independent increments and the distribution
of 1 2W(t) is p. Furthermore the sample paths of W are continuous. W is
called u-Brownian motion.

(vi) W defines a new mean-zero Gaussian random variable W on
Cpl0, 1] = {¢: [0, 1] = B, ¢ continuous, ¢(0) = 0};
namely W(w)(t1) = W(t)(w). For W the corresponding rkhs H is given by
Hy ® H, where
H, = rkhs determined by p.
H,y = rkhs determined by Wiener measure in %[0, 1].
As an application of (i) we establish the following lemma which will be
useful later. It is the analogue of Lemma 1 in [12, p. 166].
LEMMA 3. If 0 < € < 1, then for L sufficiently large
PL sup [IW(a + 8) = W(a)lp > L]

1=a=

—e=A=e¢
_ L’ log 3)
= 37! (—— :
¢ P78 96d
where
d = E(IIWIic,).
Proof. Break [0, 1] into intervals of length 1/N where
1 Se= !
N N —1
Then
P[ 1sup2 |W(a + A) — W(a)HB > L]
=a=
—e=A=e¢
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n n L

éP[ ’W1+—+A—W(l+——> >—]

e R TR A AL
—e=A=e

L
=N+ P[Ossxgz 1WA llp > 5]

lIA

_ L
3e lP[ Y1l h0.2g > 5]
(where

Y:Q — Cp[0, 2¢]
w—{t—> W()})

_ L? log 3
= 3¢ ! [—— —=
P By o
(using (i) for sufficiently large L)
2
§3("(—I_‘— ) 10g3)
8¢ E(lIWllc,) 96

because

E( sup [[W(A)]|)
0=A=2¢

1 2
= E(2€(0S5222 ||—“\/7—€' W) || )

zeE( nyknci).

As a preliminary step towards the proof of the main result of this
section; we prove a theorem analogous to a theorem of Carmona-Koéno
[2, Theorem 4.1] which itself uses a theorem of Kuelbs [8, Theorem 3.1].

THEOREM 1. Suppose that {oy. } is a positive non-decreasing sequence with
R = R(a,) < oo. Let ¢ > 1 and (sy, I;) a sequence in R? where

s = mc™ log ¢ and I, = ™,

my. € L and ny is a non-negative integer. We suppose that (s, li) # (s}, ;)

forj # k.
If
Sty = Hoet X\I;I);_ Ve e 0.1
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then

e ) -1
Pkli)rgod(m,K\/k =0 =1

P[fg(\/fzk_a;) = Kgl=1

where €(yy) stands for the set of limit points of a sequence {y,} and
Ié\/ﬁ is the closed ball of radius \/R in the rkhs of p-Brownian motion in
B.

Proof. We will consider the case n, = 0 for each k, that is s, = 0. The
proof of the general case is similar though technically more involved.

We first prove that for each x* € Cjy the sequence {x*f;} satisfies
condition (N) of Lemma 2.

If x* € C;, then there exists a bounded mapping of G:[0, 1] = B* and a
finite Borel measure » on [0, 1] such that

1
x*(¢) = /0 < G(s), ¢(s) > dv(s) for each ¢ € Cp.

(For details see [5, p. 389].)
Suppose that [, < /;

. 1
E(x*fix*f;) = 71_7 E(ﬁo,l]x[o,lKG(x),

ktj

W(xli))<G(y), W(ylydv(x)dv(y) )

G being bounded, an easy computation yields a constant M such that

L\ 172
E(X*ka*ﬁ) = M(_k) = Mc~ (=m0,

I

y
Given ¢ > 0, let ¢ be an integer such that Mc 9 < € and choose a
subsequence {fk]} as follows: k; = 1, if ky, ..., kj have been chosen, let

k;+ be the first k after k; for which
J _
lk & U (lkl_C 9, lk‘.Cq).
i=1
The above shows that

E(*fyx*fy) = e

and since k; = 2jgq,
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log i
R(ay) = lim sup %il = R(ay).
7

Now, if in the proof of Theorem 4.1 of [2] we replace Nisio’s lemma by
Lemma 2, we get the proof of Theorem 1. (See also [16], Lemma 3.1.)

The following setting was first introduced by C. Mueller in [12] to
formulate his LIL.

Let ¢ > 1 be fixed (¢ to be conveniently chosen later) and consider
the following grid of rectangles in the first quadrant of the plane:
meZ n=0

Rpn ={G D" =1="" neoge =5 = (n+ 1)c"log c}.

For each ¢t =Z 0, we associate a subset &, of the first quadrant in the plane
such that
(1) for each ¢,

A1) = U %

s=t

is contained in a finite union of rectangles R,,,,, of the grid.
(i) Uy=g & is not contained in any finite union of these rectangles.
These two conditions are independent of ¢ > 1 chosen. Now, set A ()
to be the minimum number of rectangles such that «/(z) is contained in
their union. For an increasing function

Ry — Ry with A(t) = oo as t — oo,
define

log A.(2)

R =1 —_—
1m[sup 0

R.(h) is in fact independent of the chosen ¢ > 1, because if 1 < ¢y < ¢
then there exists an integer p such that ¢, > ¢. This in turn implies that
there exists an integer M such that every rectangle in the grid determined
by ¢ is contained in at most M rectangles of the grid determined by c¢.
Thus

A (t) = MA.(t) for each ¢

and since h(t) — oo;

h . log A, (1)
RC(.O) = lim sup —}ﬁ
= lim su ogh?t;(t) = RM
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A similar argument proves the reverse inequality.

Finally, we choose a sequence 7y = f; = ¢, ... such that &/(¢) enters a
new rectangle R, , at time ;. Let {p # 0 and R, ,, a rectangle such
that

Py N Ry # 0.
Suppose 7y = ... = 1, have been chosen, let
tirr = Inf {t = yll(t) € Ry, U ... U R, }-

Choose R,,, 5, ., such that for every e > 0, there exists 7, 1} <1 < {4
+ € such that

ank. Wi N M([) # §.
All this is possible because of the hypothesis on 27(¢). Then

R(h) = R((h) = inf {a >0 2 e_ah([k) < OO}
k=0

and this is independent of the ¢ > 1 chosen.

To simplify the statement of the following theorem, we introduce the
following notation:
(1) if &, € Cp for eacht € Ry and iR, — R, and 4 C Cp; we
write

by
lim a’(—,A) =0
,i,oo h(t)

if for every e > 0,

() <

for all large ¢ and ¢ € D,

1) . .
(i) € (E(Tt)) will denote the set of limit points of subsequences

P .
{h(tt,:)l(p'" €D, 1, oo} in Cp.

THEOREM 2. Let {W(t) |t = 0} be p-Brownian motion in B and {#,} be
given as above. Let

log A4,.(1)
h(t)

For each t = 0, set

R = lim sup
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O, = {f(s.]) e P} CCp

where

. Wi + xI) — W(
foo) = 2@ “f)[ )

Then,
(13
li ( , = =1
Plim A\ 2o Kﬁ) 0]

PW(\/%) = Kl =1

whei.‘e K\/R is the closed ball of radius \/R in the rkhs for p-Brownian
motion.

Proof. From Theorem 1 above: for any ¢ > 1 and (s, /;) the bottom left
hand vertex of R, , . we find that

. jS/\/A ) . .

« f»;AIA _ _
P[5<\/27m) = K\/ﬁ] = 1.

The proof will be complete, if we prove that for any § > 0 and ¢ > 1
chosen sufficiently close to 1

(ele)
(*) AZ P[ sup s = Sl > 5v2h(1A)] < oo
= slye#,
: (“'(J)E)R"wu
(note that if (s, /) € # N R, thent = 1;).
(*) is proved using the following lemma (cf. [12, Lemma 2] ).

LEMMA 4. In the setting established above,; with a grid determined by some
¢c> 1. Ife =logc + (c — 1)and (sg, ly) is the left hand bottom vertex of a
fixed rectangle R, . then

1 u ol Js - = — exp\ — ==
(s.) GII)?,,,_,, s,/ sololCp € p 27(/3

where
p = (log 3)/(96E(IW|1)).

Proof. The proof follows along the same lines as Mueller’s Lemma 2
[12, p. 167]:
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sup /s — Jfsolles
(s.YER,,,

up IW(s) — W(so) llp

(s.0) \/l_

+sup sup W (s + xl) — W(sy + xlp) llp
() xe[0.1] VI

Vi [W(so + xlo) — Wi(sy)llg

A

+ su — — 1| su
o VT e Vi
=14+ II + IIL.
Therefore,

Pl s 1A~ S, > 9]

(5./)E R p
= Pl + 11 + III > 4§]
8 8
P[III > 5] = exp(——@ p)

because of Fernique’s inequality and
l
= —1
/

Furthermore, since

I(s + x1) — (so + xlp) | - ls — sl n Il — bl

lo lo I

=c—-1<e

=loge+(c—1)=e
By Lemma 3

P[2(II) > g]

)
= P[ ]iugz IW(a + A) — W(a)llc, > 4_1]
—5=§aA=§_e

3, (_ﬁ)
€ P 7P )

Combining these two inequalities, we get Lemma 4.

A

Remark. If h, A:R,. — R, are increasing, unbounded and have no
common discontinuities then
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inf {a > olf e "DdA (1) < oo}

= lim sup Oi(A)(Z)

The proof of this equality uses integration by parts following the same
lines of the Laplace-Stieltjes transform when 4(¢) = ¢ in [7, Section 19.4].
Therefore, for real-valued Brownian motion, Theorem 2 implies Mueller’s
Theorem 1 in [12].

Examples. We give three applications of our Theorem 2.

a) Strassen’. s theorem. If Z, = { (0, t) }, ¢t = 0}. Then for any grid with
¢ > 1,1, = ¢ and if h(r) = log log ¢
log k
()

lim sup

W(xt . .
Consequently the set of limit points of {—Tlcg)gjl)o—g_t} is the unit ball
of the rkhs in Cg.

b) Lévy’s modulus of continuity. If
1
P = {(S,l)llz;,Oésé 1 — 1} for each 1 = 1:

In this case, if we use the grid with ¢ = 2 and A(¢) = log ¢, it is fairly
simple to check that

m
log X (2 + )
=1
— lim sup —————— = 1.

h( ) h(ty,)
Therefore, when ¢ | 0 the set of limit points of

W + xt) — W(s)
{f(x) B V2t log 1/1)

is the unit ball in Cg.

lim sup

Oésél—t}.

¢) Moving averages ( [3], [4] ). If {a,} is a sequence satisfying a, = n,
a, 1 oo, a,/n decreasing: Set

= logl + log log n = log( logn)
a

n n

I Ifa,/n | a >0, set
n(e) = (1 + ok
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Then for a grid with ¢ = 1 + ¢, it is easy to see that the exit times t;, ~ ny.
Therefore b, ~ log k.
(ID) If a,/n | 0, Deo in [4, p. 104] introduces two sequences n1; (¢) and
ny (€) for each € > 0 for which
b,, ~ log k and b,, ~ (1 + elog k.

From the properties of n; and m; we find

log k log k log k
lim sup %8 % < lim sup %" < lim sup 8=
my i Ny
Consequently,
log k
lim sup B K _ 1.
my

By Theorem 2, we get that if n — oo the set of limit points of
{W(n — a, + xa,) — W(n — a,,)}
V2a,b,

is the unit ball K of the rkhs in Cp.

4. The case R = co. When R = oo the proofs given above are not valid
because they assume that K is compact. However we are going to prove
that in case # = { (0, ¢) } then the set of limit points include all of H,
therefore all of Cp because H is dense in Cg and the set of limit points is
closed. The theorem is still true for more general sets %;; the proof uses the
same idea but is more involved.

THEOREM 3. Let {W(t)|t = 0} be p-Brownian motion in B and h a
non-decreasing function with h(t) — oo as t — oo. If

)
2 e—ah(ck) = 00
k=1

for any ¢ > 1 and any a > 0 then

wi) | _
P[?f(\/m) = Cpl = 1.

Proof. As stated above the rkhs determined by p-Brownian motion is

H=Hy®H, c Cp

Let {ef} C B* and {¢;} C H, be the bi-orthonormal bases for the
Gaussian measure u. For Hy, let {g;} be the Haar basis with {gf} C
C[0, 1]* the corresponding sequence. Consequently {g/® e/} and {g; ® ¢;}
give a pair of bases for the Gaussian measure on Cp induced by
u-Brownian motion W.
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Let ¢ € H with [l¢ll7; = » > 0. It is known [9] that é(1) € H,, for all
t € [0, 1] and

i = 3 [, [§ o]

We are going to prove that ¢ is a limit point of some sequence

{ Wit }
V2uh(n) )
Let € > 0 be such that e << r/2. Choose m and my (large enough) such
that:
(a) m = 2 for some integer p,
(b) For x € Cp, if

m o hy

Py(x) = El 21 <gF®elx>g e
i=1j=

and
Qp = Id — Py;

then

2 = E
Qo olly = a

Moy 1/m €
© 2 /s [(efy (@) Pdr < 5

and

€
sup lo(1) llp < 3

Oété—l—
Let H,, be the subspace of H, generated by g1, g3, . . ., g,, the first m = 2/
elements of the Haar basis. If §, denotes as usual unit mass at 7 then

6, € C[0, 1]* and if S denotes the canonical map
S:C[0, 1]* — CJ0, 1]

induced by Wiener measure in C[0, 1], then {S8,,,,, $62/,,, . .., $8,} also
generate H,,; therefore by the Gram-Schmidt orthogonalisation process
we get an orthonormal basis {d|, d»,..., d,} and the corresponding
{d¥. ..., d%} such that Sd* = di. For example

* !
dy = m¥,,, and
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o)
IIA
1A

dl([) = 1
Vm om
and
n uny
Pix) = 2 2 <d*®ef, x>d®e
i=1j=1 '
Set
Wix - k)

\/—W?

We are going to prove that a.s. ¢ is a limit point of f;/ \/Zh(m"): that is

Jilx) = € [0. 1].

[H 2h(m CB<ci.o.]=1.
Since
[l el <]
o [[ S S
lladogs) ol <3

and because on any finite dimensional subspace all norms are equivalent
we can replace the Cg-norm by the equivalent H-norm.

[ ‘ ‘ CB < €] :_) L’k
2h(m
where
U, =V, n 1V} Vi

and
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vi- | <d*®e*>( Ji \P]
]2<=_1<:m (m my
=j=my

Ji(x) €]

Vi = [ sup . < -

pzezl V2R T
. 1
o [l <]

= o\ —F——
o= V2h(mt)

We will prove that P(U, i.0.) =
(I) Using standard estimates for the independent N(0, 1): d ® ¢ “and
the choice of m and my,

P(V}) = exp(—rh(m*)) for some% <r<r

Thus
P(V}) = exp(—exp(—rh(mt)).
(V}. denotes the complement of V7.)

(I1) Because

gl = sup llg() llp
—=r1=1

is a semi norm on Cp with [||g]l| = |lgllc, we get
P(V}') = exp(—ah(m"))

for some positive a given by Fernique’s inequality.
(IIT) m was chosen such that

sup lop(x) llp = 3
1 8

0=x=—
m

HW(x m)

B~ 3 \/W]

PV =P [ sup
O< <

= exp (—a’h(mb))

for some positive «'.
From (I) to (III), we get that by a suitable choice of k,
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P(Uy;) = exp (—iexp(—r'h(mb)))

if kK = k.
It is clear that U, N ... N U, and Vj; are independent; the same for
Uig N ...N Ugand V74 ; using an induction proof as in [1, Lemma 4] it

can be shown that

q
P(Uk0 N...N (7,/) = exp(—3 2 exp(—r'h(m"')),
k=ko
The series
2 exp(—r’h(mk))
qg=ko

diverging, we conclude that P(Uj 1.0.) = 1, and therefore w.p.1 ¢ is a limit

point of £/ V/2h(m*). Since the set of limit points is a closed set and H is
dense in Cg; the proof is complete.
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