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Images of multilinear graded polynomials
on upper triangular matrix algebras

Pedro Fagundes and Plamen Koshlukov

Abstract. In this paper, we study the images of multilinear graded polynomials on the graded
algebra of upper triangular matrices UT,. For positive integers q < n, we classify these images on
UT, endowed with a particular elementary Z,-grading. As a consequence, we obtain the images of
multilinear graded polynomials on U T, with the natural Z, -grading. We apply this classification in
order to give a new condition for a multilinear polynomial in terms of graded identities so that to
obtain the traceless matrices in its image on the full matrix algebra. We also describe the images of
multilinear polynomials on the graded algebras UT, and U T3, for arbitrary gradings. We finish the
paper by proving a similar result for the graded Jordan algebra U], and also for UJ; endowed with
the natural elementary Z3-grading.

1 Introduction

Let A be an associative algebra over a field F, and let f € F(X) be a multilinear
polynomial from the free associative algebra F(X). Lvov posed the question to
determine whether the image of a multilinear f when evaluated on A = M,,(F), is
always a vector subspace of M, (F) (see [17, Problem 1.93]). The original question is
attributed to Kaplansky and asks the determination of the image of a polynomial f
on A. It is well known that the above question is equivalent to that of determining
whether the image of a multilinear f on M, (F) is 0, the scalar matrices, sl,(F),
or M, (F). Clearly, the first possibility corresponds to f being a polynomial identity
on M, (F), and the second gives the central polynomials.

Recall here that the description of all polynomial identities on M, (F) is known
only for n < 2 (see [12, 36] for the case when F is of characteristic 0 and [28] for the
case of F infinite of characteristic p > 2). The same holds for the central polynomials
[9, 35]. The theorem of Amitsur and Levitzki gives the least degree polynomial identity
for M, (F), the standard polynomial s, (see [2]). Recall also that one of the major
breakthroughs in polynomial identities (PI) theory was achieved by Formanek and
by Razmyslov [18, 37], who proved the existence of nontrivial (that is not identities)
central polynomials for the matrix algebras. As for sl,,(F), a theorem of Shoda [38]
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gives that every n x n matrix over a field of zero characteristic is the commutator of
two matrices; later on, Albert and Muckenhoupt [1] generalized this to arbitrary fields.
Hence, all four conjectured possibilities for the image of a multilinear polynomial on
M, (F) can be achieved.

The study of images of polynomials on the full matrix algebra is of considerable
interest for obvious reasons, among these the relation to polynomial identities. In [24],
the authors settled the conjecture due to Lvov in the case of 2 x 2 matrices over a
quadratically closed field F (that is, if f is a given polynomial in several variables,
then every polynomial in one variable of degree < 2deg f over F has a root in F).
They proved that for every multilinear polynomial f and for every field F that is
quadratically closed with respect to f, the image of f on M,(F) is 0, F, sl,(F), or
M, (F). It should be noted that the authors in [24] proved a stronger result. Namely,
they considered a so-called semi-homogeneous polynomial f: a polynomial in m
variables xi, . . ., x,, of weights d, . . ., d, respectively, such that every monomial of f is
of (weighted) degree d for a fixed d. They proved that the image of such a polynomial
on M,(F) must be 0, F, sl,(F), the set of all non-nilpotent traceless matrices, or a
dense subset of M, (F). Here, the density is according to the Zariski topology. Later
on, in [33], the author gave the solution to the problem for 2 x 2 matrices for the
case when F is the field of the real numbers. In the case of 3 x 3 matrices, the known
results can be found in [25]. The images of polynomials on #n x n matrices for n > 3
are hard to describe, and there are only partial results (see, for example, [26]). Hence,
in the case of n x n matrices, one is led to study images of polynomials of low degree.
Interesting results in this direction are due to Spenko [40], who proved the conjecture
raised by Lvov in case F is an algebraically closed field of characteristic 0, and f is
a multilinear Lie polynomial of degree at most 4. Further advances in the field were
made in [5-7]. In [5], the author proved that if A is an algebra over an infinite field F
and A = [A, A], then the image of an arbitrary polynomial which is neither an identity
nor a central polynomial equals A. Recently, Malev [34] described completely the
images of multilinear polynomials on the real quaternion algebra; he also described
the images of semi-homogeneous polynomials on the same algebra.

If the base field F is finite, a theorem of Chuang [8] states that the image of a
polynomial without constant term can be every subset of M,,(F) that contains 0 and is
closed under conjugation by invertible matrices. In the same paper, it was also shown
that such a statement fails when F is infinite.

Therefore, it seems likely it should be very difficult to describe satisfactorily the
images of multilinear polynomials on M, (F). That is why people started studying
images of polynomials on “easier” algebras, and also on algebras with an additional
structure. The upper triangular matrix algebras are quite important in Linear Algebra
because of their applications to different branches of Mathematics and Physics. They
are also very important in PI theory: they describe, in a sense, the subvarieties of the
variety of algebras generated by M, (F) in characteristic 0. Block-triangular matrices
appear in the description of the so-called minimal varieties of algebras. The images
of polynomials on the upper triangular matrices have been studied rather extensively.
In [43], the author described the images of multilinear polynomials on UT;(F), the
2 x 2 upper triangular matrices over a field F. The images of multilinear polynomials
of degree up to 4 on UT,, = UT, (F) for every n were classified in [16], and in [15] the

https://doi.org/10.4153/50008414X22000438 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000438

1542 P. Fagundes and P. Koshlukov

first-named author of the present paper described the images of arbitrary multilinear
polynomials on the strictly upper triangular matrices. It turned out that if f is a
multilinear polynomial of degree m, then its image on the strictly upper triangular
matrix algebra J is either 0 or J™. The following conjecture was raised in [16]: Is the
image of a multilinear polynomial on U T, (F) always a vector subspace of UT,(F)?
This conjecture was solved independently in [32], for infinite fields (or finite fields
with sufficiently many elements), and in [19]. Further results concerning images of
polynomials on the upper triangular matrix algebra can be found in [10, 44, 45].

Gradings on algebras appeared long ago; the polynomial ring in one or several
variables is naturally graded by the infinite cyclic group Z by the degree. Gradings
on algebras by finite groups are important in Linear Algebra and also in Theoretical
Physics: the Grassmann (or exterior) algebra is naturally graded by the cyclic group
of order 2, Z,. In fact, the Grassmann algebra is the most well-known example
of a superalgebra. It should be noted that while in the associative case, the term
“superalgebra” is synonymous to “Z,-graded algebra,” if one considers nonassociative
algebras, these notions are very different: a Lie or a Jordan superalgebra seldom is a
Lie or a Jordan algebra. We are not going to discuss further such topics because these
are not relevant for our exposition.

In [42], Wall classified the finite-dimensional Z,-graded algebras that are graded
simple. Later on, the description of all gradings on matrix algebras was obtained as well
as on simple Lie and Jordan algebras. We refer the readers to the monograph [14] for
the state-of-the-art and for further references. In PI theory, gradings appeared in the
works of Kemer (see [27]), and constituted one of the main tools in the classification
of the ideals of identities of associative algebras, which in turn led him to the positive
solution of the long-standing Specht Problem. It turns out that the graded identities
are easier to describe than the ordinary ones; still they provide a lot of information
on the latter. It is somewhat surprising that the images of polynomials have not been
studied extensively in the graded setting. In [31], Kulyamin described the images of
graded polynomials on matrix algebras over the group algebra of a finite group over a
finite field.

The upper triangular matrix algebra admits various gradings, and these were shown
to be isomorphic to elementary ones (see [41]). A grading on a subalgebra A of
M, (F) is elementary if all matrix units e;; € A are homogeneous in the grading. All
elementary gradings on UT, were classified in [11]; in the same paper, the authors
described the graded identities for all these gradings. In this paper, we fix an arbitrary
field F and the upper triangular matrix algebra UT,.

In Section 3, we prove that for an arbitrary group grading on UT,,, n > 1, there are
no nontrivial graded central polynomials. (Hence, the image of a graded polynomial
on UT, cannot be equal to the scalar matrices whenever #n > 1.) In Section 4, we con-
sider a specific grading on U T,,, and describe all possible images of multilinear graded
polynomials for that grading. It turns out that the images are always homogeneous
vector subspaces. We impose a mild restriction on the cardinality of the base field. As
a by-product of the proof, we obtain a precise description of the graded identities for
this grading.

In Section 5, we give a sufficient condition for the traceless matrices to be contained
in the image of a multilinear graded polynomial. Once again, we require a mild
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condition on the cardinality of the field. Section 6 studies the graded algebras UT,
and UTs. We prove that the image of a multilinear graded polynomial on UT5, for
every group grading, is a homogeneous subspace. In the case of U T5, the image of such
a polynomial is also a homogeneous subspace provided that the grading is nontrivial.
In the case of the trivial grading, if the field contains at least three elements, then the
image of every multilinear polynomial is a vector subspace. Then we proceed with the
Jordan algebra structure UJ, obtained from UT;, by the Jordan (symmetric) product
a o b = ab + ba provided that the characteristic of the base field is different from 2. The
description of all group gradings on UJ, is more complicated than that on UT, (see
[30]), there appear gradings that are not isomorphic to elementary ones. The gradings
on UJ, were described in [29]. We consider each one of these gradings, and prove that
the image of a multilinear graded polynomial is always a homogeneous subspace. No
restrictions on the base field are imposed (apart from the characteristic being different

from 2). An analogous result is deduced for the Lie algebra UTZ(_) obtained from U T,
by substituting the associative product by the Lie bracket [a, b] = ab — ba. Finally, we
consider UJ3 equipped with the natural Z3-grading: dege;; = j — i(mod 3) for every
i < j, assuming the base field infinite and of characteristic different from 2. We prove
that the image of a multilinear graded polynomial is always a homogeneous subspace.

We hope that this paper will initiate a more detailed study of images of polynomials
on algebras with additional structures.

2 Preliminaries

Unless otherwise stated, we denote by F an arbitrary field and A an associative algebra
over F. Given a group G, a G-grading on A is a decomposition of A in a direct sum
of subspaces A = @,eq Ag such that AgAy c Agy, for all g h € G. We define the
support of a G-grading on A as the subset supp(A) = {g € G| Ag # 0}. A subspace
U of A is called homogeneous if U = @4 (UNA,). A graded homomorphism
between two graded algebras A = @, Ay and B = @ 4e; B is defined as an algebra
homomorphism ¢: A — B such that ¢(A,) c B, for every g € G. We denote by
F(X)8" the free G-graded associative algebra generated by a set of noncommuting
variables X = {xfg) | i € N, g € G}. We also denote the neutral (that is of degree 1 € G)
variables by y and call them even variables, and the nonneutral ones by z, and we
call them odd variables. We draw the reader’ attention that odd variables may have
different degrees in the G-grading.
We define the image of a graded polynomial on an algebra as in [31].

Definition 2.1 Let f € F(X)8" be a G-graded polynomial. The image of f on the
G-graded algebra A is the set

Im(f) ={aeA|a=¢(f) for some graded homomorphism ¢: F(X )" — A}.

Equivalently, iff(xl(g‘), ce x,gg")) € F(X)#", then the image of f on the algebra A

is the set Im(f) = {f(al(gl), e a,(f")) | aggi) € Ag, }. We will also denote the image
of f on A by f(A).

We now recall some basic properties of images of graded polynomials on algebras
that will be used throughout the paper.
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Proposition 2.2 Let f € F(X)&" be a polynomial, and let A be a G-graded algebra.

(1) Let U be one-dimensional subspace of A such that Im(f) c U and assume that
Mm(f) c Im(f) for every A € F. Then either Im(f) = {0} or Im(f) = U.

(2) If 1€ A and f € F(X)3" is a multilinear polynomial in neutral variables such that
the sum of its coefficients is nonzero, then Im(f) = A;.

(3) Im(f) is invariant under graded endomorphisms of F(X)8".

(4) If supp(A) is abelian and f € F(X)8" is multilinear, then Im(f) is a homogeneous
subset.

Proof The proofs of the first and third items are straightforward. For the second
item, it is enough to recall that if A is a graded algebra with 1, then 1 € A;. Hence,
given a € A;, we have a = f(oc’la, 1,...,1), where a # 0 is the sum of the coefficients
of f, and then Im(f) = A;. For the last item, let g, ..., g be the homogeneous
degree of the variables that occur in f. If some g; ¢ supp(A), then Im(f) = {0}
is a homogeneous subspace. Otherwise, since supp(A) is abelian, we have that each
monomial of f is of homogeneous degree g; - - - g, and hence the same holdsforf. m

We say that a nonzero polynomial f € F(X)#" is a graded polynomial identity for a
G-graded algebra A if its image on A is zero. The set of all graded polynomial identities
of A will be denoted by 1d®"(A). It is easy to check that Id®" (A) is actually an ideal
of F(X)#" invariant under graded endomorphisms of F(X)&". It is called the T;-ideal
of A. Given a nonempty subset S of F( X)€", we denote by (S) ¢ the T;-ideal generated
by S, that is the least Tg-ideal that contains the set S. The linearization process also
holds for graded polynomials, and as in the ordinary case, we have the following
statement.

Proposition 2.3 If A satisfies a graded polynomial identity, then A also satisfies a
multilinear one. Moreover, if char(F) = 0, then 1d%" (A) is generated by its multilinear
polynomials.

Letnow A = UT, be the algebra of n x n upper triangular matrices over the field F.
A G-grading on A is said to be elementary if all elementary matrices are homogeneous
in this grading, or equivalently, if there exists an n-tuple (g1,...,g,) € G" such that
deg(ei;) = g;'g;. A theorem of Valenti and Zaicev states that every grading on UT,
is essentially elementary.

Theorem 2.4 [41] Let G be a group, and let F be a field. Assume that UT, = A =
Dgec Ag is G-graded. Then A is G-graded isomorphic to UT, endowed with some
elementary G-grading.

By Proposition 1.6 of [11], we have that an elementary grading on U T}, is completely
determined by the sequence (deg(e;2), deg(ez3),...,deg(e,—1,,)) € G" L.

We recall now some recent results about the description of images of multilinear
polynomials on the algebra of upper triangular matrices. We start with the definition
of the so-called commutator degree of an associative polynomial.

Definition 2.5 Let f e F(X) be a polynomial. We say that f has commutator
degree rif

f € ([xbxz] T [er—laerDT andf¢ ([thz] T [x2r+1’x2r+2:|>T-
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In [19], Gargate and de Mello used the above definition to give a complete
description of images of multilinear polynomials on U T, over infinite fields. Denoting
by J the Jacobson radical of UT, and J° = UT,, they proved the following theorem.

Theorem 2.6  Let F be an infinite field, and let f € F(X) be a multilinear polynomial.
Then Im(f) on UT, is J" if and only if f has commutator degree r.

One of the main steps in the proof of Theorem 2.6 was the characterization of the
polynomials of commutator degree r in terms of their coeflicients. An instance of such
characterization has already been known (see [19, Lemma 3.3(2)]).

Lemma 2.7 [19] Let F be an arbitrary field, and let f € F(X) be a multilinear
polynomial. Then f € ([x1,x2])T if and only if the sum of its coefficients is zero.

It is worth mentioning that the above theorem has been extended for a larger class
of fields by Luo and Wang in [32].

Theorem 2.8 [32] Let n > 2 be an integer, let F be a field with at least n(n —1)/2
elements, and let f € F(X) be a multilinear polynomial. If f has commutator degree ,
thenIm(f) on UT, is J".

In the next corollary, we denote by UT,S_) the Lie algebra defined on U T}, by means
of the Lie bracket [a, b] = ab - ba.
Corollary 2.9  Let F be a field with at least n(n — 1) /2 elements, and let f € L(X) bea
multilinear Lie polynomial. Then Im(f) on UT?) s J', for some 0 <r < n.
Proof We use the Poincaré-Birkhoft-Witt theorem (and more precisely the Witt
theorem) to consider the free Lie algebra L(X) as the subalgebra of F(X)() gen-

erated by the set X. Since F(X) is the universal enveloping algebra of L(X), given a
multilinear Lie polynomial f € L(X), there exists an associative polynomial f € F(X)
such that Im(f) on Ut is equal to Im(f) on UT,. Now, it is enough to apply
Theorem 2.8. |

Let UT,(d,...,dx) be the upper block-triangular matrix algebra, that is, the
subalgebra of M,,(F) consisting of all block-triangular matrices of the form

A1 *
0 Ay
wheren =d; + --- +drand A, isa d; x d; matrix. We will denote by T the subalgebra

of UT,(dy,...,dx), which consists of only triangular blocks of sizes d; on the main
diagonal and zero elsewhere. That is,

UT,, 0
T=
0 UTg,
As a consequence of the above theorem, we obtain the following lemma.

Lemma 2.10 Let F be a field with at least n(n — 1) /2 elements, and let f € F(X) be a
multilinear polynomial of commutator degree r. Then the image Im(f) on Tis ", where
J =TJac(T) is the Jacobson radical of T.
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Proof Wenotethat T = UTy x --- x UTy,. Hence, by [4, Proposition 5.60],

Ja,
] = b
Ja,
where J;, = Jac(UTj,). Therefore, by Theorem 2.8, we have
f(UT4) Ja,
f(T) = = =J".
f( UTdk ) ]r;k

Throughout this paper, we use the letters w; and ng ) to denote commuting
variables. We recall the following well-known result about commutative polynomials.

Lemma 2.11 Let F be an infinite field, and let fi(wy,...,Ww), ..o fu(Wi, ..., wp) be
nonzero commutative polynomials. Then there exist ay, . .., am € F such that

filan,...,am) %0, ..., fa(ar,....,am)#0.

A similar result also holds for finite fields, as long as some boundedness on the
degrees of the variables is given (see [13, Proposition 4.2.3]).

Lemma 2.12 Let F be a finite field with n elements, and let fi(wi...,wn), ...

fa-1(w1, ..., wp) be nonzero polynomials in commuting variables. If deg,, (f;) <1 for
all i and j, then there exist ay, ..., a,, € F such that
filar,...,am) %0, ..., faoa(an,...,am)#0.

3 Graded central polynomials for UT,

Our goal in this section is to prove the nonexistence of graded central polynomials
for the graded algebra of upper triangular matrices with entries in an arbitrary field.
It is well known that the algebra of upper block triangular matrices has no central
polynomials (see [20, Lemma 1]).

We will denote by Z(.A) the center of the algebra A.

Definition 3.1 Let f € F(X)8". We say that f is a graded central polynomial for the
algebra A if Im(f) ¢ Z(A) and f ¢ Id*"(A).

We recall the following fact from [11, Lemma 1.4].

Lemma 3.2 Let UT, be endowed with some elementary grading. Then the subspace of
all diagonal matrices is homogeneous of neutral degree.

Theorem 3.3 Let UT, = A = @4eq Ag be a G-grading on the algebra of upper tri-
angular matrices over an arbitrary field. If n > 1, then there exist no graded central
polynomials for A.

Proof By Theorem 2.4, we have that A is graded isomorphic to some elementary
grading on U T,,. Hence, we may reduce our problem to elementary gradings. Now, we
assume that f € F(X)8" isa polynomial with zero constant term, such that Im(f) on A
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is contained in F = Z(A). We write f as f = fi + f, where f; contains neutral variables
only and f, has at least one nonneutral variable in each of its monomials. Consider
ais ..., dm € Ay, and by, .. ., by are nonneutral variables (of homogeneous degree # 1)
that occur in f. Hence, f(ay, ..., am,b1,...,b;) = fi(a1,...,am) + j, where j € J, the
Jacobson radical of A, and a; is the diagonal part of a;. Since Im(f) c F, then j=0
and hence Im( f) = Im( f;), where the image of f; is taken on diagonal matrices only.
Now, note that if Ay, ..., A,, € F are arbitrary, then

fl(Alell, N ,Ameu) = f1(A1, e ,/\m)eu.
Since Im( f;) ¢ F, we must have fi(A,...,1,) = 0. Hence, for diagonal matrices

n .
Di=Y. A]((l)ekk, we have
k=1

(Do Dy) = S AQAE, A ey =0,
k=1

and thus Im(f) = {0}. We conclude the nonexistence of graded central polynomials
for UT,. |

4 Certain Z,-gradings on UT,

Throughout this section, we denote UT, = A, endowed with the elementary Z,-
grading given by the following sequence in Zg:

(0,1,....9-2,9-Lg-1,...,q-1).

n—q+1 times

Given g < » an integer, we study the images of multilinear graded polynomials on A.
One can see that, for g = n, we have the natural Z,-grading on UT, given by
dege;; = j— i(mod n) for every i < j.
We note that the neutral component of UT, is given by a block triangular matrix
with g — I triangular blocks of size one each and a triangular block of size n — g + 1 in
the bottom right corner:

* 0
Ap = .
0 UTn—q+1
For I € {1,...,q — 1}, we have that the homogeneous component of degree I is given

by
A; =span{e; i, eq1j|li=1....,q-1,j=q+1,...,n}.

For 1 < r < n — q, we also define the following homogeneous subspaces of A;:

B, =span{eq_1,j[j=q+r1,....,n}.
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An immediate computation shows that the following are graded identities for A:

4] [y, y2]2=0,
(2) 2122 =0,
(3) [J’l: )/2] T [}/Z(n—q+1)—1’y2(n—q+l)] =0,

where the variables y; are neutral ones, z, z;, z, are nonneutral variables, and
deg(z;) + deg(z,) = 0. A complete description of the graded polynomial identities for
elementary gradings on UT, was given in [11] for infinite fields and in [21] for finite
fields.

We state several lemmas concerning the description of some graded polynomials
on A. In the upcoming lemmas, unless otherwise stated, we assume that the field F
has at least n(n — 1) /2 elements and f € F(X)$¢" is a multilinear polynomial.

Lemma4.1 Iff = f(y1,...,Ym) thenIm(f) on A is a homogeneous vector subspace.
Proof It is enough to apply Lemma 2.10. [ ]

In the next two lemmas, we will assume that f = f(z1,...,2;, Y1415+ - > ¥Ym )> Where
deg(z;) =1,1<i < l. It is obvious that, in this case, one must have Im(f) on A as a
subset of /7. Modulo the identity (1), we rewrite the polynomial f as

where y;, = Vij o+ Yig, s suchthati; < --- < ijkj.Moreoverg,'l,m,i, is the polynomial

obtained by permuting the neutral variables whose indices are different from either of
i1, ..., ij, and forming a linear combination of such monomials. Furthermore, / is the
sum of polynomial that differ from the first summand of f by nontrivial permutations
of the odd variables.

Among all polynomials g;, . ; (including those in h), we choose one of least
commutator degree, say g, of commutator degree r. Up to permuting the odd variables,
we can assume that the polynomial g occurs in the first summand of f.

Hence, in case 1<r<n-g, we can improve the inclusion Im(f) c A; to
Im(f) c B; . Our goal is to prove that Im(f) = A7 in case r = 0 and Im(f) = By,
otherwise.

Lemma 4.2 If1<r<n-gq, thenIm(f)=B; .

Proof Let g = y;z1yi,22--yi,21¢ be a nonzero summand of f written as above,
where the commutator degree of g is 7. We consider the following evaluations: the
variables in y; by e;_j 41, the ones in y;, by e;_111,4-141. .., and all variables in
Vi, by eq-1,4-1. We also put z; = eg_1 g_141, 22 = €q_141,-142> - - > Z1-1 = €g-2,4-1, and
21 = Ykog Wkeq-1,k- Since g is of commutator degree r, Theorem 2.8 enables us to
evaluate the even variables in g by matrices from

0 0
0 UTn—q+1

in order to obtain the matrix eg,g4r + €g41,g4r41 + = + €nr,n-

https://doi.org/10.4153/50008414X22000438 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000438

Images of multilinear graded polynomials on upper triangular matrix 1549

Note that the evaluations that we have considered allow us to reduce the study of
the image of f to the polynomial g. Under these evaluations, we have
§ = (quqfl,q +Wgneg-igat ot Wneqfl,n)(eq,q-#r tegilgere1t o F en—r,n)
=Wqeq-lg+r T War1€g—lgera1t 0 T Wn_r€g i n.
Taking a matrix B € B; ,say B=bgeg 1,44r + -+ + bn_rey_1,,, We can easily real-

ize B as image of g by choosing wi=bj,j=q,...,n—r.
Hence, f(A) = B; . ]

Lemma 4.3 If Fis a field with at least n elements and r = 0, then Im(f) = Az.

Proof Denoting by D the homogeneous subspace of diagonal matrices of A, we
consider the following homogeneous subalgebra of A:

1<l<q-1

We will show that Im(f) on 8 is Az, which is enough to conclude the lemma. Note
that 8 still satisfies the identity (2) and it also satisfies [ y;, y2] = 0
By the identity [ 1, y2] = 0, we may write the polynomial g as

ﬁyilzlyizzz Vi 21 i

where f3 is the sum of all coefficients of the polynomial g and y;,,, is the product of the
variables of g in increasing order of the indices. Since r = 0, we get from Definition 2.5
that 8 = 0.

Now, we write f = f(21,..., 21, Yi+1>---» Ym) aS

1
=%
j=1

where f; is the sum of all monomials of f such that the variable z; is in the jth position
in relation to the odd variables.
Foreach j=1,..., 1, we write

fi= 2 fio

aeSl(j>

where Sl(j) ={o e Slo(l) = j}, and f;,, is the sum of all monomials of f; where the
order of the odd variables is given by the permutation o.

Taking z; = Z wk ek PR w‘(i )eq_l,qH + oo+ wft )qu Ln and y; = Z wk ekk,

k=1
we have
SWOINONNG
fl,id(zl) e )Zl)lerl’ e ;)’m) = Z Pka Wk+1 Wk+l lek k+1
1 ! !
+Pq—l+lwr(11—)l ‘(1 21)W(l)eq—l,q+1 o +Pn—lwt(zl—)l ) t(z 21)W;(1 )1eq Ln>
where p, k =1,..., n — I, are polynomials in the variables w(!*D), ..., w(™) We note

thatall polynomials px, k = 1,...,n — [, are nonzero ones. Indeed, we just have to check
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that different monomials in f; ;, give different monomials in pj. To this end, note that
if my and m, are different monomials in f; ;4, then there exists some even variable
y; such that the quantity of preceding odd variables in relation to y; is distinct in 1,
and m,. This gives us variables w(/) with different lower indices in the two monomials
in py given by m; and m,, which proves our claim. Moreover, we note that every
variable in each monomial of the polynomial pj appears exactly once.

Since we have at most n — 1 polynomials py, by Lemma 2.12, there exist evaluations
of the even variables y; by diagonal matrices D; such that p; take nonzero values
simultaneously for all k. In case F is infinite, the same conclusion holds by applying
Lemma 2.11. Hence,

q-1

1 1-1 )

5= (5 aome e e
=1 (2 h

+( Z aaw;‘jgl))"'wfligl1)))W§l)€q1,q+1
oeSf”

T +( Z oc,,w;"gl))--~wgf§l‘1)))w,§l_)1eq_z,n,

oeSl(l)

with ;4 # 0. So the polynomials inside the brackets above are nonzero ones, and each
of their monomials has variables of degree one. Applying Lemma 2.12 once again, we
may evaluate the variables zy, ..., z;_; by matrices in Cy, ..., C;_; € A7 such that all
these polynomials take nonzero values on F (in case F is infinite, we apply Lemma
2.11). Denote by a; € F\{0}, k =1,..., g — I, the values of the polynomials inside the
brackets after such evaluations.

Therefore,

f(Cl,...,Cl_l,Zl,Dl+1,...,Dm)

-1

- (O N (OR Q)

= ALk Wy AI-1,kWi i1 T XLEW 11 )€k k+1
=1

) O 1
+ (cxl,qw B OCl_l,qu_z + al,q—lwé ) €q-1,9+1

) ) )
4+ e+ (al,n—lwq_l + .0+ ocl_l,,,_lwqu + X g-1W, 1 |€q-1,n>
where a; j # 0 foreveryk=1,...,q9- 1L
q-1
Then, given a matrix B = ) byek k1 + bg-i1v1€-1,g41+ =+ + bureg_1,n € Ap, We
k=1
take

f(Cl,...,Cl_l,Zl,Dl+1,...,Dm) = B,

and we obtain a linear system in the variables w(!) whose solution (not necessarily
unique) can be found recursively. [ ]
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Theorem 4.4 Let F be a field with at least n(n —1)/2 elements, let UT, = @z, Ak
be endowed with the elementary Z,-grading given by the sequence (0,1,...,q9 -2,

q-1,...,q-1),andlet f € F(X)%" be a multilinear polynomial. Then Im(f) on UT, is
{0}, ], By, or Ay, where ] = Jac(Ay). In particular, the image is always a homogeneous

vector subspace.

Proof By Lemmas 4.1-4.3, we only need to analyze the case where f is a polynomial
in neutral variables and nonneutral ones (that is of degree different from 1). However,
we can reduce this case to the aforementioned lemmas. Indeed, modulo the graded
identities (1)-(3), let f and g be as in the comments before Lemma 4.2 and let r be
the commutator degree of g. Hence, Im(f) c B;  if r # 0 and Im(f) c A; otherwise.
By Proposition 2.2(3), the image of the polynomial f obtained from f by evaluating
every nonneutral variable z; of homogeneous degree k by a product of k variables of
homogeneous degree 1, is contained in Im( f ). However, the polynomial g defined for f
(see the comments before Lemma 4.2) is the same as the one defined for f. This allows
ustogetB; ¢ Im(f) in case r # 0 and A; ¢ Im( f) otherwise. |

Remark 4.5 Considering similar computations, one can easily see that the result
is also valid for the elementary grading defined by the identities z[y1, y2] = 0, (2),
and (3).

In the next corollary, we are assuming that F is a field of characteristic zero
and A = UT, is endowed with the elementary Z,-grading given by the sequence

(6,1,...,q—Z,q—l,--->q—1)~
Corollary 4.6  The Tg-ideal 1d®" (A) is generated by the graded identities (1)-(3).

Proof Let f € Id®"(A). By Proposition 2.3, we may assume that f is multilinear. Note
that in the proof of Theorem 4.4 and in the lemmas that precede it, we have shown that
if f is not a consequence of the identities (1)-(3), then Im(f) # {0}. In other words, if
f €1d®"(A), then f is a consequence of the aforementioned identities. ]

We recall that in case q = n, we have the natural Z,-grading on UT,,.

Corollary 4.7 Let F be a field with at least n elements, let UT, be endowed with the
natural Z,-grading, and let € F(X)&" be a multilinear polynomial. Then the image of
fon UT, is either zero or some homogeneous component.

Proof It follows from Proposition 2.2(2), Lemma 2.7, and the proof of
Lemma 4.3. n

Remark 4.8 Note that the same result also holds if we consider the natural Z-grading
on UT,. Analogous results hold for the lower triangular matrix algebra LT, as well
(we will use this remark in the next section).

5 Graded identities and traceless matrices

In this section, we give a sufficient condition for the subspace of the traceless matrices
to be contained in the image of a multilinear polynomial on the full matrix algebra.
We start by recalling the following result from [3].
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Theorem 5.1 [3] Let D be a division ring, n>2 an integer, and Ae M,(D) a
noncentral matrix. Then A is similar (conjugate) to a matrix in M, (D) with at most
one nonzero entry on the main diagonal. In particular, if A has trace zero, then it is
similar to a matrix in M,,(D) with only zeros on the main diagonal.

Consider the natural Z-grading on M, (F) = @,cz(M,(F)), given by

span{eg k4r | k=1,...,n—71}, f0<r<n-1,
(M,(F)), =1 span{ex_rx|k=1...,n+r}, if —n+1<r<-1,
{0}, elsewhere.

In this section, we denote F(X)$" the free Z-graded algebra. We also keep the
notation of using variables y’s for neutral variables and z’s for nonneutral ones.

Theorem 5.2 Let n > 2 be an integer, let F be a field with at least (n — 1)n + 1 elements
where char(F) does not divide n, and let f € F(X) be a multilinear polynomial. If
Fisee s ym-1,2) € {[01, y2]) T for every nonneutral variable z, then Tm( ) on M, (F)

contains s, (F).

Proof Since char(F) does not divide n, then we have that any nonzero traceless
matrix is noncentral. Using further that Im(f) is invariant under automorphisms,
by Theorem 5.1, it is enough to show that Im(f) contains all matrices with zero
diagonal. Let A be a zero diagonal matrix, and write A as the sum of its homogeneous

components
-1 n-1
A= Z A,‘ + ZA,‘,
i=—n+l i=1
n+i n—i
where A; = Z Aj—ikCk—-ig-fori=—-n+1..,-Land A; = Z Ak k+i€k.k+i> fOr i =1,
k=1 k=1
N

By hypothesis, f(y1. .., ym-1,2"")) is not a graded polynomial identity for UT,,
with the natural Z-grading, for every variable z(') of homogeneous degree i where
I<i<n-1L

n .
We now consider the following evaluations on generic matrices: y; = " wl(cj ) ekk>
k=1

n—i i
forallj=1,...,m—1,and Z2() = Z w]((m”)ek,kﬂ-.
k=1
Hence,

FOnesym12) = S pe ™ ep s,
k=1

where py; is a polynomial in the variables wl((j ). Since f¢1d¥(UT,), Corollary 4.7
gives us that the image of f(y1,..., ym-1,2(")) on UT, is exactly (UT,);. Hence, all
Pk,i are nonzero polynomials. Moreover, note that py ; is such that all its monomials
are multilinear ones.
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Analogously, we also have that f(y1,..., ym_1,2(")) is not a graded polynomial
identity for the lower triangular matrix algebra LT, endowed with the natural
Z-grading, for i = —n +1, ..., —1. Therefore,

n—i i
fOuees ym-ts Z(l)) = Z ‘Ik,iwz(cm’_l)ekw,k’
k=1

where z(1) = Z W, e ek i,k and qx ; are nonzero commutative polynomials with
k=1
multilinear monomials.

The number of polynomials py; and gy ; is exactly (n—1)n. We now apply
Lemma 2.12 to get an evaluation of all variables w,(cj ) such that the polynomials py ;
and g ; assume simultaneously nonzero values in F. Such evaluations give us diagonal

matrices Dy, ..., D,,_; such that
f(Dl)-'- m-1>% ()) Z(x kwk )ek,kJri)
k=1
where «; ) are nonzero scalars. Therefore, each matrix A; can be realized as
f(D1,...,Dp_1,B;) for a suitable matrix B; € (UT,);, for every i =1, ..., n—1.
Similarly, we also have that each matrix A; can be realized as f(Dy, ... Dm,l, Ci)
for a suitable matrix C; € (LT,);, foralli=-n+1,..., -1. Hence,

Z A +ZA = Z f(Dl, m 1,C) Zf(Dl, m 1,B)

i=—n+l i=—n+l

and it is enough to use the linearity of f in one variable to get A € Im( f). ]

6 The low-dimension cases
6.1 Arbitrary gradings on UT; and UT;

We start this section with the following proposition.

Proposition 6.1 Let G be a group, and let A and B be two G-graded algebras such
that B is a graded homomorphic image of A. Let f € F(X)$" be a graded polynomial and
assume that f(A) is a homogeneous subspace of A. Then f(B) is also a homogeneous
subspace of B.

Proof Let ¢: A — B be a graded epimorphism. We start by noting that ¢(f(A)) =
f(¢(A)). Then taking b(l) b(z) € By i=1,..., m, wehave bgj) = (/S(afj)) for some
g’ ) ¢ Ag, since ¢ is surjective. This leads us to
af(B, ., b0) + F(b, b))
=af(§(a”),...$(al)) + F(9(a”),... $(aP))
= ¢(af(al, ...,a;”)+f<af2’,..-,a£3>>),
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which is an element from ¢(f(A)) = f(¢(A)) since we are assuming that f(A) isa
subspace. Then f(B) is also a subspace.

Now, we assume that f(A) is a homogeneous subspace and let b = by, + --- + by,
be an element in f(B) written as the sum of its homogeneous components. Since

be f(B),let
b=f(br,....bm) = f($(ar1),....¢(am)) = ¢(f(ar,..., am))

for some b; = ¢(a;), and let
flan,....am) =ag + - +ag

be the sum of its homogeneous components. It follows that

b=¢(ag)+ - +¢(ag),

and that since ¢ is a graded homomorphism, we must have k = [ and every g; must
be equal to some k. Without loss of generality, we assume that bg, = ¢(ag, ). Now, it
is enough to use that f(A) is homogeneous and ¢(f(A)) = f($(A)). ]

Remark 6.2 In the proof of Proposition 6.1, we have not used the associativity of A.
Therefore, it also holds for arbitrary algebras, in particular an analogous proposition
holds for graded Jordan algebras.

As a consequence of Proposition 6.1, we have the following theorem.

Theorem 6.3 Let UT, = A = @gcq Ag be some grading on A, and let f € F(X)$" bea
multilinear graded polynomial. Then f(A) is a homogeneous subspace of A.

Proof By Theorem 2.4 and Proposition 6.1, it is enough to consider images of
multilinear graded polynomials on elementary gradings only. We note that just two
elementary G-gradings can be defined on A = UT,. Indeed, an elementary grading
on UT; is completely determined by the homogeneous degree of ey,. If deg(e12) =1,
then we have the trivial grading, and we apply Theorem 2.8. Hence, we assume that
A; = span{ey, 22} and A, = span{e;,}, where g # 1. In this grading, the images of
multilinear polynomials in neutral variables are handled by Lemma 2.7 and Proposi-
tion 2.2(2). Since A = {0}, it is enough to consider multilinear polynomials in one
variable of homogeneous degree ¢ and all remaining variables of neutral degree. In
this case, the image is contained in A4, and by Proposition 2.2(1), we are done. ]

Now, we prove an analogous fact to Theorem 6.3 with A = UT; instead of UT5.
From now on, in this subsection, we assume that A is endowed with some elementary
G-grading given by a tuple (g, g2) € G>. Hence, g = deg(e12), g2 = deg(ez3), and
83 = 8182 = deg(en3).

Hence, the elementary gradings on UT5 are exactly the ones given by following
relations.

M {1} n{g 88} * 2.
(a) g1 = g =1, which implies g3 = 1;
(b) g1 =1, which implies g, = gs;
(c) g2 =1, which implies g1 = g3;
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(d) g3 =1and g = g2

(e) gs=1land g + &.
(I {1} n{g1, 82,83} = 2.

(a) 1, g1, g2, g3 are pairwise distinct elements;

b) g1=9 # g.

In the following lemmas, we discuss the grading on UT; determined by each

relation above and the respective image of a multilinear graded polynomial on such a
graded algebra.

Lemma 6.4 Let UT; be endowed with the grading (I)(b). Then Im(f) on UT; is a
homogeneous subspace.

Proof We denote g, =g, then we have A; = span{ey,ex,es33, 612} and A, =
span{eys, €23 }. Note that A2 = {0} and hence we only need to analyze multilinear
polynomials in at most one variable of homogeneous degree g.

The case when f is a multilinear polynomial in neutral variables is settled by
Lemma 2.7 and Proposition 2.2(2).

Now, we consider f as a multilinear polynomial in one nonneutral variable and
m — 1 neutral ones. Since A satisfies the graded identity z[y, y2] = 0, then modulo
this identity, we write f as

ityeensigZmYin * 0 Vi
1<ip<* * = <ig<m-1

If all polynomials h;,,.. ;, have commutator degree different from 0, then Im(f) c
span{e;3} and then we apply Proposition 2.2(1). Otherwise, we may assume, with-
out loss of generality, that h; _; has commutator degree 0. Then we perform the
following evaluations: y; = --- = yj = es3, ¥j = ey + ey, for every j ¢ {1,...,k}, and
Zm = & Y(ajes + azez3), where « is the sum of the coefficients of hy _x. Note
that, under such an evaluation, we have aje;; + aze,3 € Im(f), which proves that

Im(f) = A,. ]

Lemma 6.5 Let UT; be endowed with the grading (I)(c). Then Im(f) on UT; is a
homogeneous subspace.

Proof Note that A; = span{ey, €22, €33, €23}, Ag = span{er, ej3}, and A satisfies
the identities [y1, y2]z =0 and zjz; = 0. Thus, the proof is similar to the one for

(I (b). |

Lemma 6.6 Let UTs be endowed with the grading (I)(e). Then Im(f) on UT; is a
homogeneous subspace.

Proof Here, we must have A, =span{ey, ez, ess, eis}, A, =span{en}, and
Ay, = span{es }. Notethat A2 = A7 = {0}, Ag, A, = {0},and Ag Ay, c span{ess}.

The case when f is a multilinear polynomial in neutral variables can be treated as
in the grading (I)(b). Hence, we may consider f is a multilinear polynomial in one
variable of degree g; (resp. g,) and m — 1 neutral variables, or in one variable of degree
&1, one of degree g», and m — 2 neutral ones. In each of these situations, we have that
Im( f) is contained in a one-dimensional space and we apply Proposition 2.2(1). =
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Lemma 6.7 Let UT; be endowed with the grading (II)(a). Then Im(f) on UT; is a
homogeneous subspace.

Proof We have A, = span{ey, ez, €33}, Ag =span{ep}, Ag, = span{es}, and
Ay, = span{e;3}. The only nontrivial relation among the nonneutral homogeneous
components is given by Ag Ag, = Ag,.

The case of f in neutral variables is the same as for the grading (I)(b).

Since the nonneutral components are one-dimensional, then the image of a multi-
linear polynomial in one nonneutral variable and m — 1 neutral ones is always zero or
the respective homogeneous component.

In case f has one variable of homogeneous degree g, one of degree g3, and m — 2
neutral ones, then the image is contained in Ag,, and we are done. [ ]

Lemma 6.8 Let UT; be endowed with the grading (II)(b). Then Im(f) on UT; is a
homogeneous subspace.

Proof Note that A;=span{ey,es,ess}, Ag =span{epn,ex}, and A, =

span{e;3 }. We only need to consider the case when f is a multilinear polynomial in

m — 1 neutral variables and one of homogeneous degree g1, since the remaining cases
m

can be treated as above. We write f = )" f; where f; is the sum of all monomials from

j=1
f which contain the variable z,, in the jth position. Hence, modulo [y, y2] =0, we
have
fj = Z Qig,onijy Vit " Vi ZmVky " Vi
I<ii< -+ - <ij<m-1
. () (1) _ (M
where k; < < ku_j. We evaluate y; = w; "e;; + €32 + w3 “es3 and z,,, = w; “epp +

W;m)(i'zy,. Thus, f(y1,- .. Ym-1-2m ) is given by

0 pl(wl(l),...,wl(m_l))wl(m) 0
0 pz(wgl),...,wgm_l))wgm)
0
! Dy Y SN OR)
where pl(wl( ),...,wl(m_ )) = Z Z & ij_lwl(") ~ow; '™ and p; is

jELISi< . - s <ij<m—1
given analogously.
We claim that p; takes nonzero values on F. Indeed, assume that p; is a polynomial

identity for F and denote e; = Z oc,'h._,,,'jflwl(i‘) . ~w1(lj"). Note that e; €

1<ip< - - " <ij <m-—1

OIS 0

F and taking w = 0 we have ¢; = 0. Taking w; ’ = 1 and zero for the
remaining values of w;, we have a; =0 for all € {1,...,m —1} and hence e, = 0.
Now, assume e; = 0 for all / < k, and we shall prove that e; = 0. For each chosen
i, ..., ix_1, wWe take wl(r) =0 for all ¢ {i},...,ix_1}, then e; =0 for all I > k and
ex = ocil,_,,,ik_lwl(") . 'wl(”"l). Then we take wl(") = ... = wl('k") =1, and we conclude
that «;,, . = 0. Hence, p; = 0, which is a contradiction. Analogous claim holds
for p,. Therefore, it is enough to use the variables wl(m) and Wém) to realize any matrix
in A, in the image of f. ]

k-1
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Lemma 6.9 Let UT; be endowed with the grading (I)(d). Then Im(f) on UT; is a
homogeneous subspace.

Proof We denote g=g; and note that A, =span{ey,ez,ess, e;3) and A, =
span{eiy, €23 }. Then A7 c span{e;3} and A satisfies the identities z[y1, y] = 0 and
[¥1, ¥2]z = 0. The case when f has one variable of homogeneous degree ¢ and m -1
neutral variables can be treated as in the previous lemma. The remaining cases are
considered as above. ]

Hence, we have the following theorem.

Theorem 6.10  Let F be an arbitrary field, let UT; = A = @4eq Ag be some nontrivial
grading on A, and let f € F(X)8" be a multilinear graded polynomial. Then Im(f) on
A is a homogeneous subspace of A. If |F| > 3 and A is equipped with the trivial grading,
then the image is also a subspace.

Proof The proofis clear from the previous lemmas and Proposition 6.1. [ ]
6.2 The graded Jordan algebra U],

Throughout this subsection, we assume that F is a field of characteristic different
from 2 and we denote by U]J, the Jordan algebra of the upper triangular matrices
with product a o b = ab + ba. Unlike the associative setting, gradings on U], are not
only elementary ones. Actually, a second kind of grading also occurs on U], the so-
called mirror-type gradings, and we define these below. First of all, let us introduce
the following notation.

Let i, m be nonnegative integers and set

Efm = €iiem + €n—icmetn—is1 A0 By = €5 ivm = €nmiomitnis1-
Definition 6.11 A G-grading on U], is called of mirror type if the matrices E},, and
E;,, are homogeneous, and deg(E7,,) # deg(Er,, )

We recall the following theorem from [30].

Theorem 6.12 [30] The G-gradings on the Jordan algebra U], are, up to a graded
isomorphism, elementary or of mirror type.

In particular, we have the following classification of the gradings on UJ,.

Proposition 6.13 Up to a graded isomorphism, the gradings on U], are given by
UJ2 = A = @geq Ay where:
(I) elementary ones;
(a) trivial grading;
(b) Al = Fen + Fezz, .Ag = Felz;
() mirror type ones;
(a) Ai=F(en +exn), Ag = F(en — ) + Ferp;
(b) Ay = F(en + ex) + Fepp, Ag = F(eyn — en);
(c) Ai=F(en +exn), Ag = F(en - ex), Ap = Fea;

where g, h € G are elements of order 2.
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In [30], it was also proved that the support of a grading on U], is always abelian
(see [30, Theorem 24]). Hence, by Proposition 2.2(4), we have that Im(f) on UJ, isa
homogeneous subset for any multilinear graded polynomial f € J(X).

Next, we analyze the images of a multilinear graded Jordan polynomial f on the
gradings considered above.

Lemma 6.14 Let UJ, be endowed with the grading (I)(b). Then Im(f) on U], is a
homogeneous subspace.

Proof We start with a multilinear polynomial f in m neutral variables. We evaluate
each variable y; to an arbitrary diagonal matrix D;. Therefore, each monomial m in f
is evaluated to 2™ 'BD; - - - D,,, where f3 € F is the coefficient of m. Hence,

f(Dly...,Dm) = Zm_l(XDl-an,

where « € F is the sum of all coefficients of f. In case a =0, then f =0 is a graded
polynomial identity for UJ,; otherwise, we can take D, = --- = D, = I; and use D,
in order to obtain every diagonal matrix in the image of f.

Since U], satisfies the graded identity z; o z; = 0 such that deg(z;) = deg(z2) = ¢,
then we only need to analyze the case where f is a multilinear polynomial in m -1
neutral variables and one of homogeneous degree g. Obviously, we must have Im( f) c
Ayg and this homogeneous component is one-dimensional, then we are done. ]

For the grading (II)(a), we recall a lemma from [22] applied to multilinear poly-
nomials. In order to make the notation more compact, we omit the symbol o for the
Jordan product, and we write ab instead of a o b. If no brackets are given in a product,
we assume that these are left-normed, that is, abc = (ab)c.

Lemma 6.15 [22] Let U], be endowed with the grading (II)(a), and let f € J(X), be
a multilinear Z,-graded polynomial. Then, modulo the graded identities of U],, we can
write f as a linear combination of monomials of the type

yl'..ylzio(zilziz).'.(ziZm—lziZm)’l< e < l,il <ip<iz< -+ <ip<ipmsrig>0.

Lemma 6.16 Let U], be endowed with the grading (II)(a). Then Im(f) on U], is a
homogeneous subspace.

Proof Since dim A, =1, it follows that if the image of a multilinear polynomial on
U]J, is contained in A;, then it must be either {0} or A;.

Now, we consider a multilinear polynomial f in homogeneous variables of degree
land g such thatdeg f = g. Let m = y; - - - y,z;,(2:,24,) - - - (24,,_, Zi,, ) D€ @ moOnomial
as in Lemma 6.15. We note that the main diagonal of a matrix in m(UJ,) is such that
the entry (k, k) is given by (~1)¥*12"**15 where a is the product of the entries at
position (1,1) of all matrices y and z. Hence, every matrix in Im( f) is of the form

2m+l+1‘x .a *
_2m+l+1“ cal’

where « is the sum of all coefficients of f.
In case a = 0, then Im(f) c span{e;»} and then the image is completely deter-
mined.
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We consider now « # 0. Without loss of generality, we assume that the nonzero
scalar occurs in the monomial y; - y;20(z122) - - - (22m-122m ). Then we make the

following evaluation: y; = --- = y; = I, zo = wi(en — e22) + waenp, and z; = ey — €22,
for every i =1, ..., 2m, where w; and w, are commutative variables. Therefore,
2m+l+locw1 2m+l+1w2
f(yli---’yl’ZO;---’ZZm):( _2m+l+1(xwl)‘
Since char(F) # 2 and « # 0, it follows that Im(f) = A,. ]

Now, we consider the grading (II)(b) and we recall another lemma from [22].

Lemma 6.17 [22] Let f € J(X); be a multilinear polynomial. Then, modulo the graded
identities of U]y, f can be written as a linear combination of monomials of the form:

M i yi )z 25,)s
@) (izj)zi)yin - i)z Zjos
wherel > 0iseven, r >0, i, < --- <i,andzj <zj, <zj, < -+ <zj,.

Lemma 6.18 Let U], be endowed with the grading (II)(b). Then Im(f) on U], is a
homogeneous subspace.

Proof We start with a multilinear polynomial f in m neutral variables. Note that a
multilinear monomial of degree m evaluated on A; is a matrix whose main diagonal
is given by 2" 'al, where a is the product of the entries on the main diagonal of the
matrices used in the evaluation. Hence, a matrix in Im( f) must be of the form

2m7ly . g *
2" g al’

where « is the sum of all coefficients of f. In case & = 0, we have Im( f) c span{e;, } and
the image is completely determined. From now on, we assume « # 0, and we evaluate
m — 1 matrices by I, and one matrix, say y;, by w(en + e22) + waeqz, where wy and w,
are commuting variables. Therefore,

fOneosym) =

and since char(F) # 2 and « # 0, we have that Im(f) = A;.

Now, we consider a multilinear polynomial f which has at least one variable of
homogeneous degree g. In case deg f = g, the image Im( f) is completely determined,
since dim Az = 1. So we assume deg f = 1. In case f is a multilinear polynomial in
variables of homogeneous degree g, then Im(f) is contained in the vector space
of the scalars matrices, and therefore the image is completely determined. Hence,
we assume further that f has at least one variable of neutral degree and let f be a
multilinear polynomial in [ neutral variables y;, ..., y;, and m — [ variables z;,y, ...,
zm of homogeneous degree g. Then, by Lemma 6.17, we write f as

2 law, 2" law,
2 lgwy |

]
f=ar(yiy) (2 zm) + Y. aia((Vizis)z2) y1e Vi Y1) 213 Zm.

i=1

Here, ¥; means that the variable y; does not appear in the product y;---3; - - - y;.
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We replace y; = wl(i)(en +exp)+ wgi)elz and z; = wl(j)(en — e37), where the w’s
are commuting variables. Note that the Jordan product of two matrices y; and y, is
given by 2y, - y, where the dot - stands for the usual product of matrices. On the other
hand, the usual product of n matrices y;, ..., y, is given by

wl(l) .- ~w£,”) w
MO0 &

i [ i . .
Here, w = Z Wl( 2 cee Wl( " ')wg "), as one can see by induction on
1<ip<* " <iy_1<n

ine{Tyesn N\ Litaeorinot}
n. Hence, the image of the monomial ;1 (((¥iz141)2122) Y1 Vi V1)Z143° 2 18

equal to

1 1 I 1
zm_l‘xi+l Wl( ) o Wl( )Wl( +1) o Wl(m) 1 Win( l+1) . 2 . Wl(m) >
w0 DD

where w; is given as w above but i, # i.
Therefore, the main diagonal of f(y1,..., y1,2141>- - ->Zm) is given by

— 1 m
2" locwl()u-wl( )

>

where « is the sum of all coefficients in f. The entry at position (1,2) is

Z ﬁkwl(h)_“Wl(iz—l)wgk)wl(l*'l)__.Wl(m)
1<iy< s+ * <ip <1

ke{Lyee I\ {ityenriin}

!
where f; = a; + Z ®jy1.
o

If all By are equal to zero, then Im(f) is contained in the space of the scalar
matrices and we are done. So we may assume that some of the §; is nonzero, and
without loss of generality, we suppose f8; # 0. In this case, we claim that the image
will be the whole neutral component. Indeed, take A = a;(ey; + ex;) + azern € Ay We
evaluate the matrices of degree g by e;; — ey, that is, we take Wl(l+l) == wl(m) =1
We also evaluate the neutral matrices yi, ..., y;-; by the identity matrix, that is, we

1 (1-1) 1 (1-1)
1 :...:WI 2 :...:W2

take w =landw = 0. Hence, the equality

f(IZ>- . ')IZ)yl)ell —€22,...,€11 — 622) =A
leads us to the following linear system:
2 aw(D = ay,
218w = gy,
which has wl(l) = (2" 'a)™a; and Wgz) = (2™718,) ' a, as the solution. ]

Theorem 6.19 Let U], = @qeg Ay be a nontrivial G-grading, and let f € J(X) be a
multilinear graded Jordan polynomial. Then Im( f) on U], is a homogeneous subspace.
The same conclusion also holds for the trivial grading on U], for arbitrary fields.
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Proof We first consider a nontrivial grading on UJ,. By Remark 6.2, we may reduce
the defined grading on U]J, to one of those described above. We note that the case
of the grading (II)(c) follows from the fact that Im(f) on UJ, is a homogeneous
subset and all homogeneous components in this grading are one-dimensional. We use
Lemmas 6.14, 6.16, and 6.18 for the remaining nontrivial gradings. Now, we consider
the trivial grading on UJ,. Let f € J(X) be a multilinear polynomial. We may assume
that f ¢ Id(UJ,). By [39], the algebra J(X)/Id(U]J,) is a special Jordan algebra, and
hence we may assume that f is an element in the free special Jordan algebra. Therefore,
the image Im( f) on U], is equal to the image of some associative polynomial on UT5.
Hence, Im(f) € {J, UJ,}. [

Remark 6.20 Consider the Lie algebra UTS with product given by the Lie bracket.
Given a grading on UT,E_), note that J = [UT,S_), UT,E_)] is always a homogeneous
ideal. We also note that if f € L(X)#" is a multilinear polynomial of degree > 2, then

Im(f) on UTS) is contained in J. In particular, for n = 2, we must have that Im( f)
is contained in span{e;;} which is a homogeneous subspace. Since the image of
multilinear polynomials of degree 1 is trivial, we have that Im( f) on the graded algebra

UTZ(_) is always a homogeneous subspace, regardless of the grading defined on UTZ(_).
6.3 The natural elementary Z;-grading in the Jordan algebra UJ;

In this subsection, we study images of multilinear polynomials on the Jordan algebra

A = UJ3 endowed with the elementary Z;-grading given by the sequence (0,1, 2), that
is, Ay = span{ey, €22, €33}, Aj = span{ey,, €3 }, and A5 = span{ejs }.

We denote by (x1, X2, x3) = (x1x2)x3 — x1(x2x3) the associator of the elements x;,
X2, X3.

We recall the following identity which holds in any Jordan algebra.

Lemma 6.21 Let J be a Jordan algebra. Then
abcd + adcb + bdca = (ab)(cd) + (ac)(bd) + (ad)(bc)
foralla, b, c,de{.
Proof See, for example, [23, p. 34]. ]
As an easy consequence of Lemma 6.21, we have

(4) abcd + adcb + bdca = abdc + acdb + beda

for everya, b, c,d € J.
The next lemma points out some graded identities for the algebra UJs.

Lemma 6.22 The identities
(Y1, 92, 3) =0, (y1,2,y2) =0 and z12, = 0
hold for U]Js, where z is an odd variable and deg(z;) + deg(z,) = 0.
Proof A straightforward computation, hence omitted. |

The next lemma has the same proof as [22, Lemma 5.3]. However, we will consider
its proof here for the sake of completeness.
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Lemma 6.23  The polynomial

g2=n(»2(ys32)) - ;(yl(z(yzys)) +y2(z(ny3)) + y3(z(ny2)) - Z(yl(yzys)))

is a consequence of (y1,z, y2), where deg(z) € {1,2}.
Proof By identity (4), we have

~((r2y3)2)31 = ((11y3)2)y2 = ((1y2)2) ys + ((r2y3)y)z = =((122) 1) y3 = ((y32) 31) y2.-

Hence, we can write h = 2¢ as

h=2(3n(y2(y32)) = ((y22) 1) y3 = ((y32) 1) y2
= (32 y2) 0+ (2,2y3, 1) + (¥3, 292, 1),

which implies that g is a consequence of (y1,z, ¥2). ]

Given two even variables y; and y;, weset y; < y;if i < j. Hence, we define an order
on words in even variables Y; < Y, considering the left lexicographic order in case Y;
and Y, have the same length, and Y; < Y; in case Y; is longer than Y;. For the next
lemma, we use ideas from [22, Lemma 5.6]. We denote by T the T-ideal generated by
the identities from Lemma 6.22.

Lemma 6.24 Let f = f(y1,..-> Ym-1-Zm) € J(X) be a multilinear polynomial, where
deg(zm) € {1,2}. Then, modulo T, f is a linear combination of monomials of the form
Y1(2Y>), where each Y; is an increasingly ordered product of even variables and Y1 < Y,.

Proof It is enough to consider f = f(y1,...,Ym-1,Zm) as a monomial. We apply
induction on m. If m = 1or m = 2, then the conclusion is obvious. So we assume m > 3
and we write f = gh where g, h € J(X). Without loss of generality, we may assume that
the odd variable z,, occurs in g. Hence, h = Y;, and by the induction hypothesis, we
must have g as a linear combination of monomials of the form Y,(zY3). On the other
hand, we have

(Yz(ZY:;))Yl = ;(Yl(Z(Yzyig)) + Yz(Z(Y1Y3) + Y3(Z(Y1Y2)) —Z(YI(Y2Y3)))

Now, it is enough to use the identities (y1,y2,¥3) =0, (y1,2, ¥2) =0, and the
commutativity of the Jordan product to get the desired conclusion. [ ]

Now, we are ready to prove the main theorem of this subsection.

Theorem 6.25 Let F be an infinite field of characteristic different from 2, and let
f € J(X) be a multilinear graded polynomial. Then the image of f on the graded Jordan
algebra U]J5 endowed with the natural elementary Zs-grading is either {0} or some
homogeneous component.

Proof Since f is a homogeneous polynomial in the graded algebra J(X) and z;z, = 0
holds on UJ;, for deg z; + deg z, = 0, we will consider the following three cases in our
proof.

Case I: deg f = 0. Here, we must have f = f(y1,..., y) and the proof is the same
as the first paragraph of the proof of Lemma 6.14.
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Case 2: degf=1 Let f=f(y1i,...,¥m-1-2m) be such that degz, =1. By
Lemma 6.24, modulo T, we may write f as a linear combination of monomials of the
form Yi(z,, Y2 ), where Y; < Y,. On the other hand, given

3 .
(5) yi= Z w,((')ekk and z,, = wl(m)elz + wgm)en,
k=1
0 (wl(i) + wgi))wl(m) 0
note that y;z,, = 0 (Wéi) ¥ ng))wg'") and then
0
o pw™ 0
FOn e yms2m) = 0o powi™
0
where p; and p, are polynomials in the variables w"), i =1, ..., m — 1. We claim

that if f # 0 modulo T, then p; # 0 and p, # 0. Indeed, consider the monomial
m = aYi(z,, Y2), where Yy = yj -+~ yj,, Y2 = yi, -+~ y1,,and V] < Y. Note that the (1, 2)
entry of the image of m under the evaluation (5) is given by

Z“cx(wl(j‘) . 'W1(j') n wéjl) . ,ngr))wl(m)(wl(h) . Wl(ls) + ngn) .. .ngs))
for some power of 2. Hence, p; contains the following monomials:
Z“awl(j‘) . -wl(j’)wgl‘) . -wgl’) and Z“ang‘) . -ng’)wl(l‘) . -«wl(l‘).

Since Y; < Y3, the two monomials above can only be obtained from the monomial m.
Hence, if f # 0 modulo T, then f contains some monomial m as above for some
nonzero &, which will imply in nonzero monomials in p; that are not multiple of any
other one that comes from the remaining monomials of f. The same ideas also prove
that P2 # 0.

Now, we use the fact that F is infinite to get evaluations of the even variables for
diagonal matrices such that p; and p, assume nonzero values on F, simultaneously.
We finally use the variables wl(m) and ng) to get arbitrary odd matrices in Im(f),
thatis, Im(f) = (UJ3)1.

Case 3: deg f = 2. This last case follows from the fact that the homogeneous
component of degree 2 is one-dimensional. ]
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