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Abstract. Consider the quadratic family 7,(x) = ax(l — x) for x € [0, 1] and mixing
Collet-Eckmann (CE) parameters a € (2, 4). For bounded ¢, set ¢, := ¢ — f ¢ dg, with
ta the unique acim of T, and put (o, (¢))? := f ¢3 dipa +2Y ;o0 [ $a(@ao Tai) dig.
For any mixing Misiurewicz parameter a,, we find a positive measure set €2, of mixing
CE parameters, containing a, as a Lebesgue density point, such that for any Holder ¢
with o4, (¢) # 0, there exists €, > 0 such that, for normalized Lebesgue measure on
Q4 N [ax — €4, ax + €], the functions §;(a) = (,BL,(T;Jrl (1/2))/04(p) satisfy an almost
sure invariance principle (ASIP) for any error exponent y > 2/5. (In particular, the
Birkhoff sums satisfy this ASIP.) Our argument goes along the lines of Schnell-
mann’s proof for piecewise expanding maps. We need to introduce a variant of
Benedicks—Carleson parameter exclusion and to exploit fractional response and uniform
exponential decay of correlations from Baladi et al [Whitney—Holder continuity of the
SRB measure for transversal families of smooth unimodal maps. Invent. Math. 201 (2015),
773-844].

Key words: almost sure invariance principle, the quadratic family, central limit theorem
2020 Mathematics Subject Classification: 37A10 (Primary); 37A50, 37E05, 60F17
(Secondary)

Contents
1 Introduction
1.1  Background and motivation
1.2 Statement of the ASIP (Theorem 1.1)
1.3 Structure of the text

[o)NNF SN S I V)

L)

Check f
https://doi.org/10.1017/etds.2024.67 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/etds.2024.67
https://orcid.org/0000-0002-4608-7004
https://orcid.org/0000-0002-8721-7944
https://orcid.org/0000-0001-7870-9501
mailto:magnus.aspenberg@math.lth.se
mailto:viviane.baladi@gmail.com
mailto:tomaspersson@gmx.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2024.67&domain=pdf
https://doi.org/10.1017/etds.2024.67

2 M. Aspenberg et al

2 Bounds for the quadratic family. The Cantor set €2, (a,) 7
2.1 Basic properties 7
2.2 A polynomial Benedicks—Carleson construction (2. (ay), P,) 7
2.3 A Holder local distortion estimate 14
2.4  Uniform decorrelation and Holder response 18
2.5 Holder regularity of the variance o, (¢) 21
3 Switching locally from the parameter to the phase space 22
3.1 Proof of Proposition 3.2 26
4 Proof of Theorem 1.1 via Skorokhod’s representation theorem 28
4.1 Blocks I;. Approximations x; and y; 28
4.2 Law of large numbers for y? 31
4.3 Martingale differences Y;. Skorokhod’s representation theorem 36
Acknowledgements 39
References 40

1. Introduction

1.1. Background and motivation. Let (2, m4, Fx) be a probability space. We say
that a sequence of measurable functions &;: Q, — R, i > 1 satisfies the almost sure
invariance principle (ASIP) with error exponent y < 1/2 if there exist a probability
space (Qw, mw, Fw) supporting a (centred) one-dimensional Brownian motion W and
a sequence of measurable functions n; : Qw — R, i > 1, such that:

(i) the random variables {&;};>1 and {#;};>1 have the same distribution. (By definition
of the distribution of discrete-time real-valued stochastic processes, this means that
forany n > 1 and any {y; € R | 1 <i < n}, the joint probability that & < y; for all
1 < i < n coincides with the joint probability that n; < y; forall 1 <i <n.)

(i) Almost surely, |[W(n) — >/, il = O(n?) asn — oo.

Since a Brownian motion at integer times coincides with a sum of independent identi-
cally distributed (i.i.d.) Gaussian variables, the above definition can also be formulated as
an almost sure approximation, with error o(n"), by a sum of i.i.d. Gaussian variables.

It is a classical result (see [PS]) that if the {&;} satisfies the ASIP, then it satisfies the
law of the iterated logarithm (LIL), the central limit theorem (CLT) and the functional
CLT: Letting 0> > 0 be the variance of the Brownian motion W (the expectation is zero
by assumption) and denoting Lebesgue measure by m, the LIL says that

lim sup ————

n—oo +/2n log log n

and the CLT (for the functional CLT, see [DLS, Lemma 5.1]) says that

nlirr;om*<{a69*| \/_Zél(a)_y}> @/ e 2 ds forall y € R.

We consider / = [0, 1] and the quadratic family
T.(x) =ax(1—x), xe€l, ae2,4].

Z &i(a) =0 for my-almost every (a.e.) a € Qy,

Denote by ¢ = 1/2 the critical point of T, and set ¢;(a) = Taj (c)for j > 1.
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Parameter ASIP for the quadratic family 3

If lim inf,_ oo 7~} log 0x(T}})(T4(c)) > 0, we say that a is a Collet-Eckmann (CE)
parameter. If @ is CE, then T, admits a unique absolutely continuous invariant probability
measure (acim) (1, = h, dm. Our goal is to find a positive Lebesgue measure set €2, of
CE parameters with a Lebesgue density point a,. € €2, such that for any Holder continuous
function ¢: I — R with o4, (¢) # 0 (see equation (1.2)), there exists €, > 0 such that the
ASIP holds for m, the normalized Lebesgue measure on 2, N [a4 — €y, ax + €,] and

Ei(a) ' =walcjy1(a)), j=0, aeQiNlay— €y, ax+ €yl

where ¢, is a suitable normalization of ¢ (see equation (1.6)). We follow the approach
of Schnellmann [Sch], who developed this program for transversal families of piecewise
expanding maps T, for which €2, can be taken to be an interval.

Our main motivation is to extend to the quadratic family the method developed by de
Lima and Smania [DLS] in the setting of piecewise expanding maps, to study linear and
fractional response. (This method requires a functional central limit theorem, see [DLS,
Lemma 5.1].)

We say that T, is mixing if it is topologically mixing on

K(a) :=[c2(a), c1(a)].

It will be convenient below to restrict to mixing maps 7,. Tiozzo recently showed [Ti,
Corollary 3.15] (his result holds in fact for more general unimodal maps) that 7, is
(strongly) mixing for its unique measure of maximal entropy (MME) if its topological
entropy is greater than log(2)/2. If a is a CE parameter with strongly mixing MME, then
T, is topologically mixing on K (a) since the measure of maximal entropy has full support
there. (Indeed, since T, has no homtervals if a € CE, it is conjugated to its piecewise
linear model F, by a homeomorphism which maps the MME of F, to the MME of T,
and the MME of F, is absolutely continuous with a positive density on [Faz(c), F.(0)l)
Since the topological entropy of 7j is equal to log 2, and the topological entropy of T, is
non-decreasing and continuous (in fact Holder continuous [Gu]) in a, there exists apmix < 4
such that for all a € (amix, 4] N CE, the map T, is topologically mixing on K (a), and w4
is strongly mixing, with support K (a).

Melbourne and Nicol [MN] showed the ASIP in the phase space x € K (a), setting
& = T!(x) for a fixed CE map T, using an induced uniformly expanding system (then
[PS, §7] provides an ASIP which projects to the ASIP for the original CE map). However,
to the best of our knowledge, the ASIP in the parameter a is still open.

In the parameter space, typicality (the law of large numbers, LLN) and the LIL are
known: Avila and Moreira [AM2] showed that for Lebesgue almost every CE map T, the
critical point is typical for its unique absolutely continuous invariant measure p, = h,dm:

. 1 — ! 0
lim — Z p(ci(a)) = odu, forallgp e C". (LD)
n—>oo n 0

(Benedicks and Carleson established typicality in [BC1] for the Cantor set of CE
parameters considered there.) For Holder continuous ¢ : I — R and a topological mixing
CE parameter a, define o,(¢) > 0 by
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1 2
(0a(@))? = fo (go— / wdua) dita (12)
1 .
+22/0 (w—/wdua><<p—/wdua)oTa’ dfkas (1.3)

where the sum in equation (1.3) is finite because topological mixing (that is, the fact that
the map is non-renormalizable) implies [KN] exponential mixing for the acim and Holder
continuous observables.

In a work in progress, Gao and Shen [GS2] show that, for Lebesgue-a.e. a in the set
of mixing CE parameters, for every Holder observable ¢, either o,(¢) = O or the critical
point ¢ of T, satisfies the LIL for ¢, that is,

1 " .
limsup — T!(c —/ d ) =0 .
D o ; <<p< W (@) — | ¢dua ) =0a(p)

1.2. Statement of the ASIP (Theorem 1.1). To state our main result, we need more
notation and definitions. For j > 0 and a € (amix, 4], set

xj(@) =cjp1@ =T o), Tj(x) = 8:Ta(),  x(a) = dax;j(a).

The family 7, is transversal at a, if (see [Ts1]) there exists C > 1 such that

1 X' (ax)
< ‘ J <C forall j > 1. (1.4)

C = (@l y(e1(aw)

c =
By [Ts2, Theorem 3], all CE parameters are transversal. We refer to [Ts1, (N V;)] for an
equivalent condition expressed in terms of the postcritical orbit.

The map T, is (Hy, k4)-polynomially recurrent, for k, > 1 and H, > 1, if

i 1
lxj—1(a) —c| = |T] () — ¢| > - forall j > H,. (1.5)
J a

If inf > |T,1j (c) —c| > 0, then a is called a Misiurewicz parameter. Misiurewicz param-
eters are CE and thus transversal. Avila and Moreira [AM1] showed that, for any «o > 1,
the set of parameters a which are (H,, ko)-polynomially recurrent for some H, has full
measure in the set of CE parameters. The set of Misiurewicz parameters a is uncountable
(it has full Hausdorff dimension [Za, Theorem 1.4] but zero Lebesgue measure).

Finally, we introduce the normalization ¢,: let ¢ be bounded such that o, (¢) # O for a
mixing CE parameter a. Then the function

1 1
@q(x) 1= (w(x) - / @ dm) (1.6)
04(p) 0

is well defined and satisfies

o4(pq) =1 and / ©q dirg = 0. (L.7)
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THEOREM 1.1. (Main Theorem: ASIP) For any Misiurewicz parameter ay € (amix, 4),
there exists a positive Lebesgue measure set 2, of mixing polynomially recurrent
parameters, containing a, as a Lebesgue density point, such that for any Holder
continuous function ¢ with og, (¢) # 0, there exists €, > 0 such that the functions

£0(a) = 9a(xa(@)) = @a (T} (c)), n =1, (1.8)

satisfy the ASIP for normalized Lebesgue measure my on Q4 N [ax — €y, ax + €,] and
all error exponents y > 2/5. (The choice of €, ensures in particular that o,(¢) # 0 if

0a,(9) #0.)

The value a, = 4 is not covered by our arguments for technical reasons, since ¢; and ¢
then lie on the boundary of /. (For example, the Banach space of [BBS] requires that the
function on level zero of the tower be supported in (0, 1), so this proof cannot cover the
case a = 4.) It is possible (but a bit cumbersome) to handle (a one-sided neighbourhood
of) this value by a change of coordinates as in [Ts1, Lemma 2.1].

We expect that the methods of this paper can be extended to the case when the ‘root’
a, is mixing, but only Collet-Eckmann and polynomially recurrent (for large enough
ko > 1), instead of Misiurewicz. (For example, [A, Lemma 8.1] would replace [DMS,
Lemma V.6.5] in the proof of Proposition 2.2.) We restrict here to Misiurewicz parameters
a, for the sake of simplicity. What is most desirable, in view of our original motivation to
extend the analysis of [DLS], is to obtain a ‘fatter’ Cantor set 2, (as opposed to a fatter
set of root points a,). Indeed, this extension will probably require the ASIP on a set S for
which there exist 8 > 1 and a full measure subset Q) C Q such that

. m([a —e,a+e]\§2)
lim
e—0 eb

(See [BS2, equation (5), Proposition F], note that [BS2, Lemma E] even uses 8 < 2
close to 2.) Equation (1.9) is known for all 8 < 2 for the sets S~21 C Q studied by Tsujii
[Ts1]. (Beware that Tsujii’s result cannot be used immediately. In particular, the main
argument in the construction of the parameter set in Theorem 1 of ‘Pre-threshold fractional
susceptibility function: holomorphy and response formula’, arXiv:2203.07942, is flawed.)
For our Cantor set 2, C Q2pc, we expect that for any « > 1, taking o large enough
in Proposition 2.2, the factor €? in equation (1.9) must be replaced by €| log €|~ (see
equation (2.20)), which does not seem good enough. Attaining the goal of our original
motivation may thus require establishing the ASIP on a Cantor set having larger density,
and thus weakening the polynomial lower recurrence in the construction (see comments in
the next paragraph). We view this as the most desirable improvement of our main theorem.
To clarify the role of €., it is useful to compare Schnellmann’s proof with ours.
In [Sch], Schnellmann studies suitable transversal one-parameter families of piecewise
expanding interval maps and obtains a parameter ASIP on a set €2, which is just an
interval [0, €¥] of parameters. Indeed, existence of an exponentially mixing acim enjoying
fractional response (with uniform bounds) holds in an entire interval [0, €?] in his setting
[Sch, Proposition 4.3, Lemma 4.5]. So, [0, €] is the baseline parameter space for his
analysis. Some parameters in this baseline cause difficulties (‘exceptionally small sets’),
but Schnellmann can get away with just ignoring them (taking advantage of the fact

=0 foralla € Q. (1.9)
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6 M. Aspenberg et al

that their total measure is controlled [Sch, part (IIT), Theorem 3.2, Lemma 4.1, proof
of Lemmas 6.1 and 6.2]) instead of excluding them from the baseline. Our situation is
different, since we need to exclude parameters which do not have an acim or for which
exponential mixing or fractional response (with uniform bounds) does not hold. Our
baseline set is a Cantor set, and the best we can do is to make it as fat as possible.

The polynomial recurrence in equation (1.5) in our parameter exclusion (Proposition
2.2), which causes the ‘thinness’ of €2, is needed to apply the results of [BBS] in §§2.4
and 2.5 (Propositions 2.5 and 2.6 on uniform decorrelation and fractional response, and its
consequence, Lemma 2.8). (See also (4.7) and (4.22), which may cause a different error
exponent.) Due to this, we already exclude the parameters which could have exceptionally
small image and we do not need to ignore them (Lemma 2.3, compare also [Sch, proof
of Lemma 6.1] with equation (4.13) below). In addition, we get an easy proof of the local
distortion estimate in equation (2.31). If the required consequences of [BBS] could be
extended to sets of parameters which enjoy only exponential recurrence bounds, then we
could use the (fatter) Benedicks—Carleson Cantor set Qgc as a baseline instead of 2,
(if necessary, the Benedicks—Carleson technique could be replaced by ideas from Tsujii
[Ts1], Avila and Moreira [AM1] or Gao and Shen [GS1]). Next, one could try to ignore
the parameters with exceptionally small images in Lemma 2.3. For equation (2.31), our
proof is inspired from that of [DMS, Theorem V.6.2]. This is suboptimal but enough for
our purposes. Adapting instead [DMS, Lemma V.6.4] could enhance equation (2.31).

We also note for the record here that the characteristic function 1g of a fat enough
Cantor set 2 belongs to a Sobolev space H; (I) with s > 0 (see [HM, Propositions 4.9
and 4.10]). Thus, working with a Cantor set of larger density may simplify some of our
arguments (in the proof of Proposition 3.2, for example).

Finally, the results of this paper probably extend to more general families of smooth
unimodal maps. In the present ‘proof of concept’ work, we choose to restrict to the
quadratic family.

1.3. Structure of the text. Schnellmann pointed out [Sch, p. 370] that the ‘Markov
partitions’ given by the intervals in the celebrated Benedicks—Carleson [BC1, BC2]
parameter exclusion construction would be the key to extend his result to non-uniformly
expanding interval maps.

Our paper carries out this plan and is organized as follows. After recalling basic
facts in §2.1, we adapt in §2.2 the Benedicks—Carleson procedure to construct, in a
neighbourhood of a topologically mixing Misiurewicz point a,, a sequence 2, C 2,
where €2, is a finite union of intervals in P,. At each step, some intervals in P,
are partitioned and the intervals which do not satisfy a time-n polynomial recurrence
assumption are excluded. The remaining Cantor set Q(a.) = ﬂn 2, is a positive
Lebesgue measure set of parameters satisfying the Collet—-Eckmann property, polynomial
returns and distortion control, with uniform constants. (Our distortion bound in equation
(2.31) is new.) In addition, the construction ensures that there are no ‘exceptionally small’
sets (Lemma 2.3). Applying results from [BBS], this ensures uniform exponential decay
of correlations (Proposition 2.5) and fractional response (Proposition 2.6), from which we
obtain regularity of the map a — o, (Lemma 2.8).
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Sections 3 and 4 contain the proof of the ASIP along the lines of [Sch]: first approximate
the Birkhoff sum by a sum of blocks of polynomial size (§§4.1 and 4.2), then (§4.3)
approximate these blocks by a martingale difference sequence Y; and apply Skorokhod’s
representation theorem linking a martingale with a Brownian motion (see [PS, §3]). The
usual application of the approach of [PS, Ch. 7] in dynamics uses a strong independence
condition (see [PS, 7.1.2]) which we do not have (the &; terms are not iterations of a fixed
map and there is no underlying invariant measure). (See the example (see [Ka, p. 646])
discussed in [Sch]. Also, as pointed out in [Sch], it is not clear how to apply the spectral
techniques of [Go] in our setting.) We replace this strong independence condition by
uniformity of constants in the exponential decay of correlations (given by [BBS]) which
we translate into properties for the &; by switching from parameter to phase space (see
Proposition 3.2), giving estimates similar to those in [PS, §3].

For @w € (0, 1), we shall denote by C? the set of w-Holder continuous functions
¢: 1 - R, putting ||¢|lz = sup |¢| + Hy (p), with Hy (@) the smallest Hy such that
lp(x) — (¥)| < Hg|x — y|® forall x, y in I. The letter C is used throughout to represent
a (large) uniform constant, which may vary from place to place.

2. Bounds for the quadratic family. The Cantor set Q2 (as)
2.1. Basic properties. Clearly, the maps

a+— Ta’(x) =0, T,(x) =a(l —2x), x> 0,T,(x) =x(1 —x)
are Lipschitz continuous uniformly in x € I and a € (anix, 4], and, in addition,

sup [T)(x)| < A:=4 foralla € (amix, 4]. 2.1)

xel

Each T, has two monotonicity intervals, with partition points 0, ¢ = 1/2 and 1. The
following easy lemma replaces [Sch], (30)]. (We do not need as in [Sch, (30)] that x has
the same combinatorics under 7,, and 7y, up to the (n — 1)th iteration. We thus do not
need any analogue of [Sch, Sublemma 5.4].)

LEMMA 2.1. There exists C < oo such that, for any ay, ay € (2, 4], we have
T, (x) = T, (x)| < CA"|ay —az| forallx €1, foralln > 1. 2.2)

Proof. Clearly, |T,, (x) — Ty, (x)| < |a; — az|. For n > 2, using the definition in equation
(2.1) of A and setting C = Z;O:O A~ we get
T (x) = Tk ()] < | Tay (TN (x)) = Tay (T G+ | Ty (T17 1 (6)) = Ty (T157 (1))
<lay —az| + AT (x) — T ()
<lay —ax|(1+ A) + AT} 2(x) = T 20 < -+
n—1
<lar—az| Y A < CA"|ar — ay).
j=0

O

2.2. A polynomial Benedicks—Carleson construction (Q2+(ax), P,). For each j > 0, the
function x (a) = T + (c) is a map from the parameter space (amix, 4] to the phase space
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I =10, 1], with xj(a) € K (a) for all a. The transversality condition in equation (1.4) says
that the derivatives of x; and Taj are comparable at a,, so that statistical properties (such as
the ASIP) can be transferred from the maps x +— Taj (x) to the maps a — x;(a). To make
this precise, we next construct a sequence of partitions in the parameter space. Our starting
point is the following variant of the Benedicks—Carleson Cantor set Qpc = Q2pc(ax)
(see [BC1, BC2]) associated to a Misiurewicz parameter a, (which is automatically
transversal). (See equation (2.17) for the construction of Qpc.)

PROPOSITION 2.2. (The Cantor set Q, = Q4 (a4, kg)) Let ay € (amix, 4] be a Mis-
iurewicz parameter. There exist Acg € (1, A) and Co € (0, 1) such that, for any
dy € (0, Colog Acg/4) and dy > 0, there exists € > 0 such that for any ko > 1/d,, for
all large enough Ny > 1, there exists a sequence P; of finite sets of pairwise disjoint
subintervals of

wo = [ay — €, ax + €] N (amix, 4]

such that Py = Py = - - - = Py, and, setting
Qs = Qu(ay, ko) = ﬂ Q; with Qj = U o,
Jj>No a)E'P_,'

we have Q1 C Q; for j > No, and (the first bound of equation (2.4) implies that

ar> xj(a) = Taj+ (c) is monotone on € P;)

forall j > 1, forall v € P;, forall0 < £ < j, there exists o' € Py such that w C o',
J
(2.3)

|x;~(a)| > 0, |Taj+1(c) —c|>0foralla € w, forallw € Pj, forall j >0, 2.4

and there exists (note that equation (2.6) replaces [Sch, Lemma 2.4]) C < oo such that for
all j > No and w € Pj,

(T2 (Ta(e)| = Mg forall No <n < j. foralla € o, 2-5)
i < Xy (@) <C forall No<n <], foralla € w, (2.6)
C ~ (T (Tu(e) |~ -

0] < Chcglxn(@)| forall No <n < j, forall ® C w, 2.7)

and, moreover,
|Ta”+l(c) —c|>n"" forall No<n < j, foralla € w. (2.8)
Finally, we have that a,. € Q2 is a Lebesgue density point of Q2, with
o0
Q4| > (1 —do-e))|2—1| forall j > No, where ej := Z n—dreo, (2.9)
n=j
and we have the more precise (semi-local) bound

Z o\ (wN Q)| <do-er_plo| forallw' € Py, forallt > > Ny. (2.10)

wePy
wCao'
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See Lemma 2.3 below regarding the absence of exceptionally small sets and §2.3 for a
Holder distortion property refining equation (2.16).

Clearly, equation (2.8) means that any a € Q2 is (Np, kp)-polynomially recurrent.

The bound in equation (2.9) implies that the Cantor set 2, has positive Lebesgue
measure as soon as d; - ko > 1 (and Ny is large enough). Proposition 2.2 holds for such «j,
but we will need the stronger condition dj - k9 > 11/3 to use equation (2.9) in the proof of
Proposition 3.2 (and d; - k9 > 9/5 for Lemma 4.2).

The local bound in equation (2.10) is used in the proof of Lemma 4.1.

Proof of Proposition 2.2. Let ro > 2 be a large integer (to be chosen later, with € — 0 as
ro increases). For r > rg, set I, = 7 U Y, where

If:[c—l—e_r_],c—i—e_'), Ir_:(c—e_r,c—e_r_l], U =(c—e",c+e™),

and cover each ,i by r? pairwise disjoint intervals Irie of equal size, each Irie containing
its boundary point closest to c. Let Sgc > apc > 0, where

e MBC <7 foralln > Ny,

for Ny a large integer to be chosen later. (The constant apc is usually called o, but we shall
need the letter « for another purpose in equation (2.30).)

For a € (amix, 4], v > 1, and r > rg such that T (c) € I, the binding time p(a) =
p(r,a,v) of U, with T (c¢) is the maximal p € Z, U {oo} such that

|Taj(x) - Taj+v(c)| <e/PBC foralll < j < p, forall x € U,.

Th_e first free return time vi(a) of a € (amix, 4] is the smallest integer j > 1 for which
T)(c) € Uy,. For an interval @ C (amix, 41, the first free return time vy () is the smallest
integer j > 1 for which there exists a € w with Taj (c) € Uy,. If there exists r = r(w) such
that x,, _1(w) C I, (recall that T, (c) = Xy, —1(a)), we define the first binding time of w
by p1(w) = minge, p(r, a, vi(w)). For i > 2, define inductively the ith free return time
of (suitable) w to be the largest integer v; (w) > v;—_1(w) + pi—1(w) + 1 such that

Taj(c) NU, =9 forallvi_1(w)+ pi—1(®) +1 =< j <vi(w), foralla € w,
and, for r(w) such that x,, ,_j(w) C I, set the ith binding time of w to be

pi(w) = mingey, p(r, a, vi—1(®)).

(Similarly, define inductively for i > 2 and a such that T,"~" (¢) € I,, the pointwise binding
times p;(a) and free returns v;(a).) The iterates between v;(w) and v;(w) + p;(w) form
the ith bound period of w, those between v; (@) + p;—1(w) + 1 and v; (@) — 1 form its
ith free period. Finally, if there exist a € w and j > vi(w) such that T (¢) € Uy,, we say
that j is a return time of w. (Return times either are free returns v; (w) or they occur during
the bound period.)

Note that for any fixed €, setting wg = [ax — €, a, + €], there exists N, such that
xn, (wop) contains a neighbourhood of ¢ (indeed, by transversality, for any a € wq \ {a.},
there exists N(a) such that Ta]Z(a)H(c) and TN (¢) lie on different sides of ¢). In
particular, vi(wp) < oo. Similarly, all v; (wg) and p; (wg) are finite.
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Let W,, be a neighbourhood of ¢ disjoint from {7 (c) | n > 1}. From now on, we
only consider r(y large enough such that ﬁ,o_ 1 C W,. Set wt =W, N[c+e ", 1]

Ay,

and W,_, =W, N[0,c—e"]. We claim that for any fixed large rog, we have that
Xy (wg)—1(@wo) contains W‘Z o OF Wa: "o for all small enough €. (This fact is used in [DMS,
Lemma V.6.8]. There, W,, is mistakenly mentioned instead of Wa{f’ro. Our ry is denoted
by A and our x,(a) is denoted &,41(a) in [DMS].) Indeed, x,, (wy)—1(@o) is an interval
intersecting Uy, and xy, (wg)—1(wo) contains 7, @) ¢ W, .

For small € > 0 (to be chosen depending on rp), the sequence P; can now be
defined inductively: start with the single interval Py =P = - - - = Py, = {wo} for €
small enough such that vi(wp) > Ny (note that vi(wp) increases if rg increases or €
decreases). (We refer throughout to [DMS, §V.6]. The original ideas and key estimates
appeared previously in the work of Benedicks and Carleson [BC1, BC2]. The original
construction in [BC1, BC2] is for a, = 4, see [Mo] for a self-contained account. It extends
to Misiurewicz parameters: for CE parameters, the condition in [DMS, Theorem 6.1] is
equivalent to equation (1.4), taking large enough k in the last line of [DMS, p. 406, Step 2].)

For j > Ny, each w € P;_1 is partitioned into finitely many (possibly just one)
intervals, at least one of which will be included into an auxiliary partition P}, as follows.

If j is not a free return time of w, we include w in 77}. (That is, either j is not a return, or
it is a return within the bound period.) If j is a free return time of w but x;_;(w) does not
contain an interval 1T iy’ (we call this an inessential (free) return), we also include w in 73’

Otherwise, j is a free return time of w such that x;_;(w) contains at least one 1nterval
If . We call this an essential (free) return. In that case, we decompose x;_1 () into the
following intervals:

Xj—1(@)\ Uy, {xj- 1(w)ﬂle|r>r0 1<£<r}

If xj_1(w)\ Uy #9, but any of the (at most two) connected components of
xj—1(w) \ Uro has size less than e~ "0 (1 — l/e)r0 |I £| we join it to its neighbour
x] 1(w)m r()f r()z
S := ,/|Uy,|, we subdivide it into pairwise disjoint intervals of lengths between S/2 and S.
If xj 1(w)N1 i , 7 9, but IjE is not contained in x;_1(w) (this can happen for at most

If a connected component of x;_ 1(a)) \ Uy, has size larger than

two intervals I z) we joinx;j_1(w) N [ z to its neighbour x ;1 (w) N It o= =1t 2 Denote
by {@r¢ | r = ro — 1} the partition of x;_; (@) thus obtained, where the index (r, £) refers
to the ‘host’ interval I, , contained in @, ¢ if r > ro, while @,,—1¢ C I \ Uy,. Then we
discard all intervals @, ¢ for which

e > (j — DKo, .11

Mapping the remaining intervals via the inverse of the diffeomorphism (see [DMS,
Proposition V.6.2]) x;_; gives finitely many subintervals of @ which we include in P}.
Further intervals @, ¢ need to be discarded from 73}, using a requirement denoted (F'A ;)
or (F A’j) in [DMS, §V.6], [Mo], which finally defines P;. For further use, we denote these
remaining intervals by

e =x7(@r0). 2.12)
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It is well known (the original construction in [BC1, BC2] is for a, = 4, see [Mo] for
a self-contained account. It extends to Misiurewicz parameters: for CE parameters, the
condition in [DMS, Theorem 6.1] is equivalent to equation (1.4), taking large enough & in
the last line of [DMS, p. 406, Step 2]) [BC1, BC2, DMS] that, if we replace the condition
in equation (2.11) (used to discard intervals) by the exponential condition

wNI5 #0 and ¢ >t~ (2.13)

to construct sequences P}’BC and P}?’C, then there exists Acg > 1 (called ¢¥ in [DMS,
(V.6.4), Theorem V.6.2]) such that for any small enough Bgc > apc > 0, there exist N(;
such that if rg is large enough and € > 0 small enough, then the P?C satisfy equations
(2.3)=(2.7) (equation (2.5) is called (EX ) in [DMS, §V.6]) for some C < oo, and the
following condition (noted (BA}) in the literature) holds for all j > N:

2|Ta”+](c) —c|>e "¢ forall Ny<n < j, foralla e wforallw € P}’BC. (2.14)

(Strictly speaking, the condition (BA ;) does not involve the factor 2, and a condition
(BA/J.) requiring that for each w € P}BC, there exists a € w with |Ta"Jrl (c) — c| > e7"BC
for N(’) <n < j is used in some lemmas. See [DMS, §V.6, Step 5].) Since Acg does not
depend on apc, No or N(’), we may assume that

l4apc < log Ace

and we may replace No by max{No, Ny}.

In particular [DMS, Proposition V.6.1, Lemma V.6.1(b), (¢)] give yg > 0, A\cg = ¢” €
(1, e") and Cy > 0 (independent of ry and €) such thatif a € 2, and vy41(a) < n, writing
pe, ve for pe(a), ve(a), we have

{|(TaUZ+l_(VZ+pK+1))/(TaUl+pl+l (C))l > Coeyo(v(+1—(ug+pg))
B ’ (2.15)

1 4
(T (T (o)) = 222

To establish equation (2.5) (the bound below will also be used for equation (2.34)), one
takes ro such that

rgcg log Ace > |log Cop].
The key distortion bound [DMS, Proposition V.6.3] gives C such that
!/
)Cj (al)

x}(a2)

<C forall Ng < j <n, forallaj, a; € w, (2.16)

whenever n + 1 is a free return time of w € P, with x,41(w) C Uyy/2. The bound in
equation (2.6) follows from [DMS, Proposition V.6.2 and Theorem V.6.2].
Let Q’] = weP) @ recall ©;, and define Q];C and Q;?BC accordingly, setting

Qpc = Qpcl(as, apc) = ﬂ Q?C so that Q24 (ax) C Q2pc(ax). (2.17)
J

It is easy to check that equation (2.11) implies equation (2.8) (for returns during a bound
period, use that £7<0 — ¢=BC > j =0 for all Ng < £ < j — 1, up to increasing Ny again).
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Our choice of Ng implies 2; C Q];’C. Also, equation (2.6) with equation (2.4) imply that all
points in 2, are transversal. Since equation (2.7) is an immediate consequence of equations
(2.5) and (2.6), it only remains to establish that a, is a Lebesgue density point in €2,
(clearly, a, € 2,) and that equations (2.9) and (2.10) hold.

To show that a, is a Lebesgue density point of 2,, we may follow [DMS, Step 7 of
the proof of Theorem V.6.1], replacing Ce /€0 there by C’i ~<0. (We mention a typo there:
although the constant C = C(¢) in the unnumbered equation on [DMS, p. 433] tends to
zero as € = |wopl/2 — 0, the constant Cy is (fortunately) uniformly bounded away from
zero. See the proof of [DMS, Lemma V.6.5].)

We next establish equations (2.9) and (2.10). For suitably small 1 > 0, and for Jy > 1
such that ]_[;?O:JO(I — e ) > 3/4 (since 7] is independent of €, rg, Ny, we may take
No > Jp), the parameter exclusion rule in equation (2.13) gives d(/) > 0 (tending to zero
with €) such that ([DMS, §V.6, Step 7], [Mo, §6])

j=r (2.18)

o N QP = (1 — dje=IM)|w|  forallw € PB,, forall j > Jo.,
|Q]]3C| > |Q/]’BC| — e_jﬁ|w0| for all] > Jo.

The above implies |§2];’C| > (1 - dée_ﬁj)|52]]3gl| — e M|wg| for j > Jy, and, exploiting
that |wg| = |QEC| for all n < Ny with Ng > Joy, and using the definition of Jy, also that
J ) J ) 1
125¢) = ( [Ta-de™-3" e—"">|wo| > Sleo| forall j > Jo.
n=Jp n=Jy

(By taking larger Jo, that is, smaller €, we could replace 1/2 by a number close to 1.) Thus,
applying inductively

|Q?C| > ((1 _ d(/)efﬁ./) — 2@7ﬁ1)|9?gl| for all] > JO’

we find > 0 such that for any j > Jy,

o0
1Qpel = [ [ = (d+2)e ™18 | = (1 = (do + 2)e )| |. (2.19)

n=j

Recall that we fixed d; € (0, Co/4 log Acg) (independently of «g). Let J; be such
that ]_[;?o:]1 (1 — e — j=2) > 3/4 and return to the sets Q;, Q’j constructed using the
(polynomial) exclusion rule in equation (2.11) for k9 > 1/d;. We claim that for any dy > 0,
if € is small enough,

N> —dy- j~%xo forallw € P;_q, forall j > J;,
{|w = (1 —dy - jE0) o] wePj j=h (2.20)

1] > |Q’j|—e—f’7|w0| forall j > Ji.

Before establishing this claim, we note that, mutatis mutandis, equation (2.20) combined
with the arguments leading to equation (2.19) implies equation (2.9), while the more
precise claim in equation (2.10) follows from the refinement of equation (2.20) coming
from the second statement of [DMS, Lemma V.6.9] (see the use of [Mo, Lemma 6.3] in
[Mo, Lemma 6.4 and Proposition 6.5]).
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To show equation (2.20), we proceed in three steps, performing the necessary changes
in the proof in [DMS, §V.6]. Recall equation (2.12).

First, up to taking larger Ny, the conclusion of [DMS, Lemma V.6.5] (which deals with
(BA/].) for w € Pj_; satisfying (BA’j_l) and (EX;_1) and having a return at time j), if
we replace the exponential rate (BA;_I) there by our polynomial rate in equation (2.8),
becomes

|\ UFZK() log j wr |

o >1—Cj 4% forall j > No. (2.21)
w

To show this first claim, use that the constant Cy € (0, 1) (introduced above) is independent
of ko (because Acg does not depend on kg) and that [DMS, Lemma V.6.1] gives that the
bound period p of a free return v < j with

Loy Cxy(w) forrg <r <kplogv <«glog j, (2.22)

satisfies p > Cor’. Then, up to taking larger Ny, we can replace [DMS, V.(6.20)] in the
proof of [DMS, Lemma V.6.5] by

)L[’/4 efr’ e(flerl)r' 1

lxj(@)| = Acg )2 > )2 > Frot=d”

J = No, (2.23)

where we used d; < (Cp/4) log Acg in the second inequality. We can thus replace the
chain of inequalities after [DMS, V.(6.20)] (using the distortion bound in equation (2.16)
for @ C w the largest interval with x, (@) C Uy,2, taking € small enough and Ny large
enough such that equation (2.23) also holds for @) by

|Ur2K010gj @r.¢| < |Ur21<010gj @r.¢| < 1 1 <Cj_d"K0.

|| o Jelxj@)]

|l

Second, [DMS, Lemma V.6.6] (which deals with (A ;)) uses equation (2.14) only via
[DMS, Lemma V.6.3], while [DMS, Lemma V.6.3] still holds (with the same proof) if we
replace equation (2.14) by our stronger assumption in equation (2.8). (We mention here a
typo: [DMS, V.(6.24)] follows from [DMS, V.(6.22)] (and not [DMS, V.(6.20)] as stated
there).)

Third, [DMS, Lemmas V.6.7-6.9] are unchanged, establishing equation (2.20). O

Lemma 2.3 is the analogue of [Sch, (IIT)']).

LEMMA 2.3. (No exceptionally small sets) For any k1 > ko, there exists N1 > Ng such
that |xj ()| > j=! forall j > Ny and w € P; = Pj(ax, ko).

Proof. We first show the lemma assuming that there exists d» € (0, 1) such that for any
J = No and any w € P;, we have

dre™0(1 — 1/e)

. >
IO = Tog 7

(2.24)
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with r¢ as in the proof of Proposition 2.2. Indeed, equation (2.24) implies that

dre0(1 — e~

2

xi(w)| > : ;
| J | Kl JKO(IOgJ)Z

forall w € P;, forall j > No.

Clearly, there exists N(k1) > Ng such that the right-hand side is larger than j=*! for all
J = Ni.
To establish equation (2.24), we shall use equation (2.8). If j + 1 is an essential free
return time of w, then taking » minimal such that x ; (w) contains an interval Ifg,
_s1=1/e j7*(1 —1/e)

; > |1t = ) 2.25
|'x] (CL))| = | rd € }"2 > (/(0 IOg J)z ( )

Otherwise, letting j' + 1 = v;/(w) > v (w) be the largest essential free return time of
wsuchthat j/+1 < j+ 1, wehave w € P (sinceif @ D w, @ € P}, then @ is never cut
between time j’ and j), so that equation (2.25) implies

1—1/e 1—1/e
(ko log 2%~ (g log )2j%0°
We shall combine the above bound with [DMS, Lemma V.6.3 and Propositions V.6.1 and
V.6.2] to handle the three cases left, namely: the time j + 1 is an inessential free return of
w; the time j + 1 is a return within a bound period of w; and the intersection of x ; (w) and
Uy, is empty.

If j + 1 = v;(w) is an inessential free return, then [DMS, V.(6.15) in Lemma V.6.3]
gives, for i’ < i as defined above,

lxjr ()] >

1—1/e

i) =2 xi(w)| > 27—
(@) = 27 xj ()] g T

(2.26)

If j + 1 is a return within the bound period of a previous free return j” + 1 of w, then
using equation (2.25) for the bound period of an essential return, respectively equation
(2.26) for the bound period of a non-essential return, and applying the first claim of [DMS,
Lemma V.6.3], we find d» € (0, 1) such that

d(1—1/e)
(ko log j)?j*0-
If x;j(w) N Uy, =, then [DMS, V.(6.2) in Propositions V.6.1 and V.6.2] and equation

xj(@)] = ol xjr(@)] > (2.27)

(2.25) give
dre 0(1 — 1
(@) 2 dae 0y (@) > 2L (2.28)
‘ (ko log j)? j*o
We have shown equation (2.24) and thus Lemma 2.3. O]

2.3. A Holder local distortion estimate. From now on, let a, € (amix, 4) be a Misi-
urewicz parameter, fix kg > 11/3d; and let @, = Q. (ax, k9) C QBc = 2pc(ax) be the
positive measure Cantor set constructed in §2.2 via families P; = P; (a4, ko). The
following replaces [Sch, equations (33) and (31)]. (For [Sch, equation (30)], see equation
(2.2). We do not need [Sch, equation (32)].) The bound in equation (2.31) is new.
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LEMMA 2.4. (Holder distortion bounds) There exists C < oo such that for all n > Ny
(with Ny as in Proposition 2.2) and any w € P, = Py (ax, ko),

1 ‘ xy(a)/x';(a)
_<|l—_—
C Ty (@)
In addition, there exist C < co and My > kg such that, for all n > Ny, each & € P, =
Pras, ko), and every w C @ and a € [0, 1) satisfying

<C foralll <j<n, foralla € w. (2.29)

|xn ()| < n~Mo/=e), (2.30)

we have

x,,(ay)

x;,(a2)
If « =0, and n + 1 is a free return of w € P,, the bound in equation (2.31) is just

equation (2.16). We shall require equation (2.31) for some « > 0 in Corollary 3.4.

<14+ Clx,(ai, a2)|* forallay,a € w. (2.31)

Proof. The bound in equation (2.29) is an immediate consequence of equation (2.6).
We first claim that there exist C” and xy > 0 such that for any n,

j—1

Z Ixi(w)] < C'j T2 x (w)| foralll < j<n, forallo C e Py (2.32)

i=0
(Our proof is inspired from that of [DMS, Theorem V.6.2]. This is suboptimal but enough
for our purposes. Adapting instead [DMS, Lemma V.6.4] could enhance equation (2.31).)
To start, there is C such that for any 0 < i < j < n, using equations (2.3) and (2.29), there

exists a = a(i, j, w) € w such that, setting X; ; = x; o xl._l,

i@l _ @) |x;(a)] - C
lxj@)l X (xi(@)l XK@ ™ (i 7y @it ey

(2.33)

(We used X ; = x} /x/ and the mean value theorem in the second equality.) Next, let 5 ; (a)
be the largest £ with v¢(a) < j, and put

qe(@) = veqi(a) — (ve(a) + pea) + 1), €£=0,...,s5;(a)—1,
sj(a)

qu(a)(a) = max{0, j — (Vsj(u)(a) + ij(a)(a) + D}, Fj(a) = Z qe(a).
=0

(The condition (FA), implicitly used in Proposition 2.2 says that for some fixed
arbitrarily small T > 0, Fy(a) > £(1 — 7) for Ny < £ < n. We shall not need this here.) Set
pe = pe(a), ve = ve(a), g¢ = qe(a), and s; = sj(a). Assume first that i = 0. Then, we
have (see e.g. [DMS, V.(6.11)])

(T (T ()] = (T (T ()

_ vi—1y/ j+1_”5j ! (Vs
=[(T;" ) (Ta())| - (Ta ) (T* ()]
sj—1

' ( I |(TJ’”‘>’(T;Z<c)>||(Ta‘”)’<T;”””‘<c)>|).

(=1
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Since a satisfies (BA),, and (FA),, for all m < n, the bounds in equation (2.15) give Acg,
1o > 0 and Cy > 0 such that

Sj—l Sj_1

1 1 4
[T 1@ @@y @ +enr = ] coemertd
=1 =1

Similarly, |(Ta”‘71)’(Ta (€))| > Coe™"1. Next, if j < vy, + ps; + 1, we have

JH1—vy. Vs, J=Vs: . _ _
(T, (T, ()] = Cihge ' j e,

where we used equation (2.8) and [DMS, Lemma V.6.1.b, Proposition V.6.1]. If j > vs; +
ps; + 1, we have, using [DMS, Lemma V.6.1.c, Proposition V.6.1],
'+1_ S S 4 ] — — —_
@@ el 2 Gagd eI e,

Summarizing,

544
. citt oL
(T)Y (T, ()] > OC )‘(C]E Fj(a)>/4eV0Fj(a)j—KO_

Since py > Cory (see after equation (2.22)), we have j — F; > jCoro while s; < j/(Coro).
We took rq large enough (see after equation (2.15)) such that

554, G Fj@)/4
CytGT O S, (2.34)

Finally, using the trivial bound e Fi@ > 1 we find

:—KQ

J

(T]Y (Tu(c))| =

If i > 1 and vy, (a) + pe,(a) <i < vg41(a) for some ¢; > 1, then we proceed as
for i = 0, replacing (T, ~"Y (Tu(c))| by |(T," Y (Ti*1(c))| and setting F; j(a) =

sj(a)

vg41(a) —i+ 320, 1 qe(a). Then,
o sj—si+4 o
Y @ ez = pngg T en @,

We have j —i — F; j > (j —1)Coro, while s; —s; < (j —1)/(Coro), and we find, using
eV Fii@ > 1 (we do not know or need Fij(a) > 1 —-1)(j—1),
j

c

Otherwise, vy, (a) < i — 1 < vy, (a) + py, (a) for some ¢; > 1. There may be (non-free)

returns during the ¢;th bound period. To bypass this difficulty, we exploit that the length
of the £th bound period is of the order r if x,,(a) € I, [DMS, Lemma V.6.1a]. By

equation (2.11), we have ry;, = O(log(ve;)) < Cko log i. Thus, the missing factor in the
¢th bound period is < AC¥0 1021 < jk2 apd

(T (T )] =

Y@ e = L
¢ ¢ ~ Cix’

Summing over i, and recalling equation (2.33), this establishes equation (2.32).
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Next, taking a, a; € w, note that equation (2.7) (using the first bound of equation (2.4)
if i < Np) implies that for all No <i < n, recalling Ta/(x) =a(l —2x),

\T], (xi (@) — T, (xi (@)
< |T}, (xi(a) — T, (i (@)| + 1T, (xi (@) — T, (xi (a2)]
< lai — a2| + 2az|xi(a1) — xi(a2)| < (C + 2az)|xi (). (2.35)
(Note that equation (2.35) replaces [Sch, (36)].) We claim that there exists C” with
‘ (T4)) (o))
(Td,) (xo(a2))
(The above replaces [Sch, (37)].) Indeed, using the classical bound

j-1 j-1 j-1
j-1
[ [0 +v) <exp (Zw‘) <l+eXio % Yy ifally; >0,

i=0 i=0 i=0

< 14 C"eC j2otH2 x ()] forall 1 < j <n. (2.36)

we have, setting C” = 2C'C(C + 2ay),

(T4) (xoa) |

i T, (xi (al))
I l aj
(’1 ajz)’(xo (Clz))

T;, (xi(a2))

i=0
J=1yrr oo

< ] 4 X T i@/ T, i @) Z Ty (itan) ‘

- Ty, (xi(a2))

. j-1

< 1+ (€20 Xing Ci@l® (€ 4 2a3) 3 Clxi ()i

i=0

< 1 T ec//j2K0+1+K2|Xj(ﬂ))‘ . C//j2K0+1+K2|xj (CL))' for all] <n, (237)

where we used equations (2.35) and (2.8) (the first bound of equation (2.4) if i < Np) in the
second inequality, and equation (2.32) in the last inequality. Setting Mg := 4ko + 3 + 2«2,
if equation (2.30) holds for w, then equation (2.32) gives for all Ny < j <mn,

C,,j2;(0+1+:<2|xj (w)] < C//j2/«0+1+:<zc/j/<o+l+l<2|xn(a))|
j3K0+3+2K2
’ "
= C iy =€
This proves equation (2.36). Similarly. [(T})'(x0(@2)/(T) (xo(@n)] < 1+ C"e”
j2oF1H2 i (w)|. Therefore,

<C

1 _ 1 ‘ ///j2KO+l+K2|xj ()]
(T] ) (xoa) (T4 (xo(a2)) (T4 (xo(a))]

We can then adapt the end of the proof of [Sch, (31)]. Comparing each term on the
right-hand side of

xn(a) x(/)(a) i Z (8aTa)(xj—l(a))

7 = , for all » € Pp,
(T (xo(a)) o (TJY (xo(a)) oralla e w €
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for a = a; and a = ay, we find, since xé(a) = 0yc1(a) = 1/4 and
[0aTalay (xj—1(a1)) — 0aTala, (xj—1(a2))| < |xj—1(a1) — xj—1(a2)| < Ixj—1(@)],

recalling equation (2.5), and applying equation (2.32) and then equation (2.30) for
My = 4xo + 3 + 2k2,

x,,(ar) x! (az) . L& ot
Clay — ey
'(Ta"l)’(xo(al)) = (T2 (xo(a2)) + Cla; —az| + z_; 7 [xj ()]
j= CE
X,; (a2) ~ /o Akg+342k
B — cC 0 2 n
= [Ty oty | " i ()]
x,,(a2) -
—_n s C n a
= [Ty otay | TP

Finally, we have, using equation (2.6) (which plays the role of [Sch, Lemma 2.4]),

x/ (ar) - (T (xo(a1)) (1+C‘|x (w)|a|(Tanz)’(xo(az))|)
xp(az) |~ (T (xo(a2)) " |x, ()|
<1+ CClxp(w)|*. 0

2.4. Uniform decorrelation and Holder response. The maps x; are not the iterates of a
fixed dynamical system admitting an invariant measure. To exploit statistical information
on the iterates of the mixing CE map (T4, ta,), we will ‘switch locally’ from x; to Tafo
(see Lemma 3.3), using that any a € €2, satisfies the following uniform decorrelation result
for Holder continuous observables. (The factor ||¢]| 1, m) in the right-hand side of [Sch,
Proposition 4.3] is replaced in Proposition 2.5 by [|¢ll 11 (4,,) < ¢l > @m)- This does not
impact the use of [Sch, p. 36, Proposition 4.3].) For g > 1 and s € [0, 1/¢q), we denote by
H; (I)=F ;,2(1 ) the Sobolev space of functions of differentiability s and integrability ¢
supported in I (see [RS]).

PROPOSITION 2.5. (Uniform decay of correlations) For any s > 0 and g > 1, there exist
C < oo and ,0; < 1 such that for all ¢ € H;(I), Y € L®(dm), a € Qy(ay, ko),

1 1 1
‘/ ¢<on;>dm—/ godm/ ¥ dia
0 0 0

For any w > 0, there exist C < 00 and pg < 1 such that for all ¢ € C%, € L*°(dm),
a € Qy(ax, ko),

1 1 1
’/ go(ona")dua—/wdua/ ¥ dia
0 0 0

We also use Holder bounds on a — , as a distribution (in Lemma 2.8).

< Clolagl¥ 1 gy (09" foralln > 1.

< Cll@lw 1V L1y o) foralin = 1.

PROPOSITION 2.6. (Fractional response) For any ® € (0, 1/2), there exists C such that
forall p € C'/2,
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'/wdua—/wdua/

Our proof of Proposition 2.5 uses the following facts.

< Cla—dPllgla foralla,a € Qula, ko). (2.38)

SUBLEMMA 2.7. For any a € QBc, the density h, of p, lies in H; (I) forall s € [0, 1/2)
and q € (1,2/(1 4 2s)). In addition, for any (Ho, ko) polynomially recurrent a, there
exists Cy 4.4, < 00 such that

sup  lhallzg ) < Csgua,-
A€ ay Kk

Proof. In the Misiurewicz case, the first claim is [Se, Theorem 10], using Ruelle’s [Ru,
Theorem 9, Remark 16.a] decomposition of A, into the sum of a C ! function and an
exponentially decaying sum of ‘spikes’ x — |x — cx(a)|~'/? and square root singularities
x — |x — cx(a)|'/%. For a general a € Qpc, set Tafgk = (Takluk,avg)_l fork>1and ¢ €
+, where Uy 4,¢ is the monotonicity interval of 7¥ containing c, located to the right of ¢
for ¢ = +, to the left of ¢ for ¢ = —. Then, since we assumed Acg > e!4%BC in the proof of
Proposition 2.2, use [BS1, Proposition 2.7] that there exist a C ! function Yqa: I — Ry and
C® functions B ax: 10,11 — [0, 1] supported in a neighbourhood of ¢ (a) in Tak(Uk,a,i),
such that

S Bk (T o)W (T ()
]’la(x) = wa(X) + Z Z Xk,a(x) Ny < X I/I < X

- , (2.39)
pr i (T (Targ ()]

where xiq(x) = loxcte (o) if :tTak has a local maximum at c. Setting ¥ := E';yg “Va,
we find C! functions Wy ¢ for € =1, 2, 3, with
V(T E) W)

T T Eon =@ T ek = @]+ Vs (240
a a.s

for any x € supp(xk.q)- Finally, use [Se, Lemmas 11 and 12].

For the second claim, it is convenient to use an alternative decomposition of A,. First,
recall that [BBS, Corollary 1.6] gives a set Qgow 0f full measure in the set of mixing
CE parameters such that for any a € Q0w and each xo > 1, there exist Hy > 1 and a set
Ag(a, ko) C Q10w of (Ho, kp)-polynomially recurrent (and thus transversal) parameters,
with a as a Lebesgue density point, such that Proposition 2.5 holds for all a € Ag. (It is
unknown whether a € Ag.) The proof involves constructing a tower for each parameter
in Ag. We claim that, up to reducing the value of € in the proof of Proposition 2.2,
we can replace a by a, and Ag by Qi (ax, ko). Indeed, Ag was constructed in [BBS,
Proposition 2.1], and it suffices to observe that the required uniformity in constants is
satisfied by equations (2.5) and (2.8), while [BBS, equations (8) and (7)] are exactly [DMS,
V.(6.1), V.(6.2) in Proposition V.6.1].

Let then

. A
M) = Y

(T (0)
Soahadey
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(for a suitable A > 1) be the projection from the tower with polynomial recurrence
used in [BBS], and let ﬁa be the lift £,I1, = Haﬁa of the transfer operator L, (x) =
ZTa (n=x ¢/ |T)(y)|. Then ([BBS, (66)] gives uniform Lasota—Yorke estimates, [BBS,
Lemmas 3.8, 4.5 and 4.6, Proposition 4.1] give the weak norm bounds needed by Keller

and Liverani [KL]), there exist C < oo and 6 < 1 such that, letting || - ||/, be the norm of
1

the Sobolev space BZV ! of [BBS],
~ A 1
||£Z(q3) — haﬁ((ﬁ)H; < C||§1A)||;9" forall ¢ € Bawl , foralla € @3, (2.41)

where ha is the fixed point (the fixed p01nt property determines h by its value on the

level zero of the tower) of £, on B normalized by [ I, ha dm =1, while D, the
non-negative measure whose density with respect to Lebesgue in the level j of the tower is
A/, is the fixed point of the dual of ﬁa (see [BS1, equation (85)], note that v(ﬁa) =1
is automatic). Since Haﬁa = h, and the Wl1 norm dominates any H; norm on [ if
s €[0,1) and 1 < g < 1/s (by the Sobolev embedding, more precisely [RS, Ch. 2], the
bounded inclusions Wll Cc W = Fﬁl C Fl‘fz C F;,Q =H! ifo=1+s—-1/q€(,1)
and g € (1, 00)), the decomposition in equation (2.40) combined with the uniform bound
in equation (2.41) (for ¢ vanishing on all levels > 1 and constant on level zero of the tower,
with D(p) = 1) gives the second claim of the sublemma, using again [Se, Lemmas 11
and 12]. O]

Proof of Proposition 2.5. Recall from the proof of Proposition 2.2 that we have
AcE > e'*BC. By mollification, it is enough to prove both bounds for C! functions ¢.
It is in fact enough to show the first bound for ¢ € C! as follows. Indeed, again by
mollification (see e.g. the proof of [Se, Lemma 14]), if the first bound holds for ¢ € C L
then it holds for any ¢ € Hy(I) with ¢ > 1 and s > 0. Therefore, since the density h, of
U lies in H;(I) foralls € (0,1/2) and g € (1,2/(1 + 2s)) by Sublemma 2.7 (with norm
uniformly bounded in a), the second bound follows from the first bound for ¢ € C' (using
that C! functions are bounded multipliers on Hy).

Next, we observed in the proof of Sublemma 2.7 that we can replace the set called Ag
in [BBS, Corollary 1.6] by Q2 (ax, ko). The first bound for Lipschitz continuous ¢ thus
follows from the second assertion of [BBS, Corollary 1.6], since €2, C [amix, 4). Indeed,
note first that a is topologically mixing if and only if its renormalization period P, is equal
to one. Second, observe that the constant Cy y in the second claim of [BBS, Corollary
1.6] can be replaced by Cll@|lz 1Yl 11 (4, for a constant C uniform in a in view of [BBS,
Lemmas 4.5 and 4.6] and the principle of uniform boundedness. More precisely, using the
notation from the proof of Sublemma 2.7, we have

/ (W o T dm = / PTL(LR@) dm if Ta(@) = o,
/ W o T ghy dm = / VT2 @) dm i Ta(@a) = gha.

Since Hafza = hg, any Lipschitz continuous ¢ can be written as IT,(¢) (take @9 = ¢ on
the level zero and ¢; = 0 on levels j > 1) such that, on the one hand, ||¢|l,, < Cll¢|
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uniformly in a, and, on the other hand, ¥(¢) = | ¢ dm. We conclude by applying equation
(2.41) from the proof of Sublemma 2.7. (The Banach space of [BBS] requires that the
function on level zero of the tower be supported in (0, 1), so this proof cannot cover the
casea = 4.) O

Proof of Proposition 2.6. If a = a,, the bound is an immediate consequence of the first
claim of [BBS, Corollary 1.6], since we can replace the set denoted A there by Q2. (ax, ko),
as observed in the proof of Sublemma 2.7 and used in the proof of Proposition 2.5. If a #
a., the uniformity of the constants given by Proposition 2.2 ensures that we may construct
the reference tower in [BBS] at a (instead of a,), viewing a’ as a perturbation of a. O]

2.5. Holder regularity of the variance o,(¢). Propositions 2.5 and 2.6 will imply the
following regularity of a — o, () on 2.

LEMMA 2.8. (Regularity of o,(¢)) For any w € (0, 1], there exist 6 € (0, min{1/2, w})
and C < oo such that for each ¢ € C® with o4, (@) > 0, there exists €, > 0 such that

Ceq, () == inf oq(p) > 0,

a€Qq, Nlax—ep,ax+ey

and such that for all a, a’ € Q(ax, ko) N [ayx — €9, Ay + €p], we have

I@llola —a'l’. (2.42)

o (p) —ou(p)] = 3C.@)

Proof. Let ko > 1 be a large integer to be chosen at the end of the proof. By the second
claim of Proposition 2.5, there exist p = p5 < 1 and Cq such that

S| [ (o foan) (o [ wans)ert)an

k>ko
ko
< C0||g0||i_r . forall ko > 1, foralla € Q,,, forallp € C7.
Set Aq = [ ¢ dug. Since [((9 — Ag) o TH) (9 — Ag) dia = [(9 o THp dpa — A2, we

have
ko—1

loa(9)” — 0w (@) <2 )
k=0

/¢(¢OT;) dia —/w(onj) ditq
ko—1
+2 Z
k=0
ko—1

+2)°
k=0

P
4Coll@I>
+4Collelz —

/ @lpoTh)dua — / plpoThy duy

(fom) ([

ko

for all kg > 1.

Assume for a moment that @ > 1/2. The @w-Holder constant of ¢ (¢ o T. Ef) (fora=a
or a’) is bounded by Ak||<p||3v. Thus, Proposition 2.6 gives for any ® < 1/2 a constant
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C1 = C1(®) such that fora, a’ € ©,, and ¢ € C7,

ko

8 P
10a(9)* = 0 (@)?] < koCullgllz, A0la = a'|° + Collg I, 7— .
ko—1

+2)°
k=0

Next, equation (2.2) gives that

for all kg > 1.

/w(ona") dua—/go«ooTa’i)dua

/uo o TF — o T dita < 9]l (CAKla — a7,

Therefore, we find

pko
I—p
+ koll@ll (CARa —a'))™. (2.43)

|04 (9)* — 04 (@)?] < koCill@ll2, A¥la — a'|® +4Collpll2,

We conclude the proof for @ > 1/2 by dividing equation (2.43) by |a — a’|? for small
enough 6 > 0 and optimizing in ko, using also (o, — 0,/) (04 + 04) = Uaz — oaz,.

If @ € (0, 1/2), mollification gives ¢, € C1/2 and C4 such that

w—1/2

lgullijz < Cav l@llzs  sup (¢ o TEYp — (9 0 TX)@y| < Cav™ A )@l o

for all small v>0, all 0 <k <kp and all a € Q,,. To conclude, optimize in
v = |a — a’|% for small 6y > 0, taking 6 smaller (in particular 0 < @ 6p). O]

3. Switching locally from the parameter to the phase space
Let ay, Pj(ax, ko) and Q, = Q4 (ax, ko) be as in Proposition 2.2 for ko > 11/(3d}), and
fix @ € (0, 1). This section is devoted to Proposition 3.2, the main estimate (analogous to
[Sch, Proposition 5.1]) towards a law of large numbers for the squares of the blocks which
will be defined in §4 (see Lemma 4.2).

From now on, fix @ € (0, 1) and a w-Holder continuous function ¢: I — R, recalling
@a, 04 (@) from equations (1.6) and (1.3), and assume oy, () > 0. Lemma 2.8 gives €, > 0
such that

o4(p) >0 foralla e QY= Q. Nlax — €p, Ay + €] (3.1)

If €, < €, we replace Q, by QY by replacing € in the proof of Proposition 2.2 with €p-
(This is harmless as it can only improve the constants.)

Remark 3.1. (6-Holder—Whitney extensions of ¢, and &,(a)) By Proposition 2.6, the
function a — [ ¢ du, is ©-Holder continuous on €2 for any ® < 1/2. By Lemma 2.8,
the function a — o,(p) > 0 is 6-Holder continuous on €2, for some 8 < min{l1/2, @},
and uniformly bounded away from zero on QY. Taking ® > 6, the map a — ¢, (1) =
(p(u) — f edug,) /o, is 0-Holder continuous on Q¥ uniformly in u € 1. By the Whitney
extension theorem, we extend each map a +— ¢,(u) to a 6-Holder continuous map on
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[ax — €4, ax + €,], uniformly in u € 1. In addition, there exists C < oo such that

Igalloc < Igallo < Cllglls foralla € [ax — €, as + €,]. (3.2)

Then, using equation (2.2), we may extend each map a — &,(a) = %(Ta”“(c)) to a
0-Holder continuous map on [ay — €y, ax + €,], with §-Holder constant bounded by
CA9"*D Indeed, recalling x, (a) = T"+'(c), just decompose

Ea(a) — £,(a) = 9a (60 (@) — @a (X0 (@) + 0 (TFTH(C)) — 0 (T (). (3.3)

Fix a € (0, 1) such that (in view of the use of equation (2.30) in Corollary 3.4)

M, 3
0 2 (3.4)
l—« o

Fixg > 1and 0 < s < min{w, 1/¢}, and let
A0 = min(Alg, p71?) > 1, (3.5)

where Acg > 1 is given by equation (2.5), while p = max{p;, P} < 1 is given by
Proposition 2.5, and 8 € (0, min{1/2, w'}) is given by Lemma 2.8. Finally, recalling A
from equation (2.1), let n € (0, 1/2) be so small that

2A\" N
(-) <o < —SE. (3.6)

ACE AN

Define the expectation E () of ¢ € L®(Q¥) by

1
E(W) := @D /Qf v dm. 3.7)

(We restrict to the Cantor set Q¢ here and thus in equation (3.8). The bound in equation
(2.9) is used in the proof of equation (3.8) (but not for equation (3.9), Lemma 3.3 or
Corollary 3.4).) The following result is the key estimate on &;(a) = ¢, (1] +1 (¢)).

PROPOSITION 3.2. There exist C, < 00 and K < oo such that

S(E )

and, setting (the stretched exponent 1/4 for v(k) and the lower bound can be replaced by
any number in (0, 1), without changing the statements, up to adjusting intermediate con-
stants) v(k) = [k — k'/*] for every non-trivial interval o C & € Puiky with w N Q¥ £
and Agkw < |xyy (@) < v(k) 73/ we have

1 k+n—1 2
‘|w|/( Z Sj) dm=n

and, for any sequence Vi with Cg := supy k=8/3 sup |Wy| < 0o and for any refinement
Quky of Py such that Xakw < |xp(@)| < v for all w € Quk) (we have )Lakm <
|xy ()] for all w € Py by equation (3.21)), setting

<Cy forallk > max{2K,[2/n]}, forall 1 <n < nk/2, (3.8)

<Cy forallk >[2/n], forall1 <n <nk/2, (3.9)
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Quviy =fw e Qu lonQl £0, 2, = |J o (3.10)
weQ*,v(k)
we have
E(W;) — / W dm| < CyC, forall k > [2/1]. (3.11)
|Q* v(k)| *v(k)

Proposition 3.2 is proved in §3.1. Like for its analogue [Sch, Proposition 5.1], the first
step will be to show the local estimate in equation (3.9) using Lemma 3.3 through its
Corollary 3.4 (the analogues of [Sch, Lemma 5.3, Corollary 5.5]).

LEMMA 3.3. (Switching locally from parameter to phase space) Fix {o € {1, 2, 3, 4}.
There exists C < oo such that we have, for any integers

n<n;<n+nn, 1<i<{,

for every & € P, and each non-trivial interval @ C & with w N QL # ¢,

/

X (@)

< Cry"|xn(@)|  forallag € @ N QY.

Lo
Conly o0 = T gaa()(T;zf—"(y))‘ dy (3.12)
=1

COROLLARY 3.4. There exists C3 > 1 such that for £y, n, ny, . . ., ng,, and w as in Lemma
3.3, if, in addition, |x,(w)| < n=3/e then for any ap € w N QY

Lo
1 n¢g—n
'W [ s | vz 700 &

n(®) =1

< C3(Jxn(@)* +25™).

Proof. Since equation (3.4) implies equation (2.30) for w, the change of variables
y = x,(a) on w, combined with the distortion estimate in equation (2.31), gives

1o
\mﬁﬂ%@“—

H%W(mﬂ

| %0 ()] xn(@) pq

1 f - 1 | ()]
=— &ne (Xnly (y))< —1)dy (3.13)
mw|hwﬂ”f” e a9 el
Ixn(w)I“ / _
|, Cenly ' D)1 dy.
mw|%@ﬂ'””
Since supy, [|&k||L~ < oo, the claim then follows from Lemma 3.3. [

Proof of Lemma 3.3. For ag € w as in the statement, the functions

Pe(») = Grag(¥) = 0ay (T (), E(¥) = Erw(y) = &, (ral,' ()
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with

En Couly (00) = 0, 110y Con, Gl ) = @, 1, (TP ()

Xl ()
are bounded on x, (w N QY). Decomposing
61628384 — §1020304] < 11 — §EEE + 161 (62 — )&
+16192(E — §3)8al + 1619283 (54 — @), (3.14)
it is enough to find a uniform constant C > 1 such that

1

- &0 — Peagl dy < Carg" forallag € 0N QE, 1 <€ < .
|25 ()] X (@)

We will do so by showing the pointwise estimate
E0.0(Y) — Gra, (M) < Cary" forally € x,(w), forallag e wNQE, 1 <€ < L.
Fora = x, |;1 (v), we decompose

Etw (V) = Play(y) = En, (@) — @y (T) ™" (xn(@)))
= 0a(Xn, (@) = @ug Ty " (X0 (@)))
= Qa (xng (@) — Pay (xng (@) + Pay (xnz (@)) — Pay (Targlin (xn(a))). (3.15)

Using Remark 3.1, there exists C, independent of ng, such that

|00 (n (@) — @ag (xn, (@))] < Clo|’  for all {a, ag} C w. (3.16)
Hence, using our choice in equation (3.5) of Ag, and since |w| < CAEE by equation (2.7),
we get
|0a(¥n, (@) — @ay (xn, (@)] < Cloo|” < Cag™. (3.17)
For the last two terms in the right-hand side of equation (3.15), note that since
a = x,|;" () implies x,,, (@) = T (¢) = T, (T (c)) = T} " (y), we have, using
equation (2.2),
e (il () = TR ()| = 1T () = T ()]
<CA"Ma—ayg| < CA" "w| forally € x,(w). (3.18)
Then, since ny — n < nn, our choice of 1g, n, with equation (3.2) at a = a¢ give (we do
not need the analogue of [Sch, Sublemma 5.4] here)

Qo (Xn, (@) = ag (Tt ™" (xn (@)
= 1@ay (X, (xnly ' (1)) — Pag Tyt ™" (V)]
< CCAM™M7 |7 < CCA”"|w|” < CChy", (3.19)

using again in the last inequality that || < CAp from equation (2.7). We conclude by
combining equations (3.17) and (3.19) into equation (3.15). O
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3.1. Proof of Proposition 3.2. We first show equation (3.9). Let v C @ € P_41/4}, with
k > 2n/n, be as in the assertion. Writing

k+n—1 2 k+n—1 k+n—1
/( > sj> dm= )" (/s}derz > /sjggdm)
@©N =k Jj=k @ =j+17"%
it is sufficient to show that
ktn—1 | k+n—1
> - o (g}+2 > g.,-&) dm’ =0(). (3.20)
Jj=k @l Jo t=j+1

Fix ag € w N QY. By Corollary 3.4 for £o = 2, we have, fork < j <k +n — 1,
1 k+n—1
- / (s}+z 3 Ej&) dm
@ t=j+1

k+n—1

1 - i— _

=— <(p30 oTa " +2 Z Pag © Tty Pay © cho ”) dm
lxy (@) Sy, (o) Pyt

+ 0k +n— Pog Y 4 k@)

(recall v = [k — k/4]). Since 0 < s < 1/g < 1, we have that 1, () € H;, uniformly in v
and w (see [St]), so the first claim of Proposition 2.5 gives

/ (@ay © Tty ") (@ay 0 Ty ") dm
Xy (w)

— @1 [ g (g Thy ) iy + 0T forall ¢ =

Hence,
1 k+n—1 ktn—1 .
m / (%:JZ +2 Z gjélf) dm = / ((pgo +2 Z Py (%0 ° Tg()‘])) d:ua()
¢ t=j+1 t=k+1

+ 0k +n— Dog D 4 k@)1 + o7y @)Y,

By equations (1.3) and (1.7), we have

(0.¢]
1 = / Wgo duao + 2 Z / (Pao : (Pao o T‘;O d,u*ao'
i=1

Therefore, the second claim of Proposition 2.5 gives

k+n—1

/ (w‘%" +2 ) Ya o Tﬁfoj)> ditay = 1+ O(p*T7).

Z:j—i—l
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Hence, we find, fork < j <k +n —1and v = [k — k!/4],
1 k+n—1
‘1 ol (g ¥z 2 E’&)’
{=j+1
—(k—k /4 . i
< Clk+n— 0“7 + @) + p @) + Co* .

To proceed, we shall use several times that

k+n—1 1 n 1
sup sup —— <sup — < Q.
nook X_]; (k+n— j)? n (X_;Ez
]_ =
Clearly, k=i < C/tk+n— j)2. For the term (k +n — j)p/ V|x,(w)|~!, we use
lxy(@)| = Ay K and the definition in equation (3.5) of X to get, since k > 2n/n,
,oj_v o AR /4 C C

AR ot S o < <k4n—1.
@] =M St S S G s PRI EET

o — =Ky L . 3/ o
The term (k +n — j)A, is similar. Finally, |x,(w)| < v gives

k+n—1 k+n—1

) k+n—7j k+n—k
Yo k4n-pu@r < Y oL <n BT
prt et n n

1
o

This proves equation (3.20), and hence equation (3.9).

We will next deduce equations (3.8) and (3.11) from equation (3.9). Fix k1 > ko, let
Ni(k1) > Ny be given by Lemma 2.3 and let K > N be such that k! < X’ém for all
k > K. Then, if v = v(k) > K (so that kK > K), we have

(@) > v =k — kY47 > 258" forall & e P,. (3.21)
Refining P, to a partition Q, such that

g/
AOk 3/

< (@) v forallw € Q,,

we set Q%v as in equation (3.10) and we decompose

are( L o) <[y (L o) o[y (S o)
/(k%1§,> /QU\Qf(k%lé])

Then, using equation (2.9), supy, sup |&| < 0o, kg > 3/dy and v(k) > k/2 > n/n,

ktn—1 |2 ktn—1 |2
0 o (T 0) oz [ (T 0] o
Q2\of ]Zk ! 2\ ]X_:k !

< Cn’e, < Cn?n'~4%0 < C, (3.22)
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which shows that

k+n—1 2 k+n—1
/y( > g,-) dm_/ ( Z g,) dm + 0(1)
* j=k
k+n—1
/ < Z g) dm + O(1).
By equation (3.9),
k+n—1
/( Z g,) dm = |w|(n 4+ 0(1)) forallw e Q. (3.23)

Summing equation (3.23) over w € Q}, we get that

k+n—1

f < Z g,) dm =n+ 0(1).
Q*v

Finally, using again equation (2.9) to see

Q2| €2y
< —-1<
IQ")I 1]

= O(ey) = O(en),

we have established equation (3.8), and also equation (3.11) in the case ¥y = (ZH" ! & j)z
(note that || < Cn? < Ckz). For more general W, the same argument, using
dikg > 11/3 in equation (3.22), gives equation (3.11). This ends the proof of
Proposition 3.2.

4. Proof of Theorem 1.1 via Skorokhod’s representation theorem

We will rearrange the Birkhoff sum as a sum of blocks of polynomial size, approximate
the blocks by a martingale and finally apply Skorokhod’s representation theorem to this
martingale. The size for the jth block I;is j%/3, which will give the error exponent y > 2/5
in our ASIP. (A block size #I; = = jb replaces 3/5 in equation (4.4) by 1/(1 + b), so that
the first constraint becomes N V > NP/(+) see equation (4.5). Our bounds in equations
(4.25) and (4.26) (with Gdl-Koksma’s strong law of large numbers, Theorem 4.3, and
M(N) ~ NV+D)y give NV > N®+2/GG+D) Hence, b = 2/3 is the optimum. In the
independent and identically distributed case, a block size j!/? gives y > 1/3 [PS, p. 25],
see also the beginning of [Sch, §6].)

4.1. BlocksIy. Approximations x; and y;. Fixay, @ € (0,1),q,s € (0, min{z, 1/q})
0,0, 10,1, 0,0 € C?, QY =Q,.Nla,— €y, ax + €,] as in the beginning of §3. Set

Pek ={@ePi [ lonQ >0} Qu= ] 0. kx1L
WE€Py k

Fix y € (2/5,1/2) and § € (0, min{1/5, 2(y — 2/5)}). (See Lemma 4.4 for the con-
dition § < 2(y —2/5).) For i > 1, we shall approach &;: [a. — €y, as + €,] — C (see
Remark 3.1) by the stepfunction
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Xit Qur > C, xi=E&|F,) wherer; =i +[i’],

with Fi the o-algebra generated by the intervals in Py ;. Conditional expectations are only
defined almost everywhere, but we may set (see equation (3.7))

fa)ﬂQf %.i dm

forall w € P,,,, foralli > 1. 4.1
|a)ﬂQf| *,Fj ( )

Xilw =

Thus, x; is defined everywhere on 2, ,,, allowing pointwise claims about it.
Recalling ¢, from equation (2.9) and our assumption Acg > e'**8C in the proof of
Proposition 2.2, we have the following basic lemma.

LEMMA 4.1. For any ACE € (€BC, \/ACE - e ~¥BC), there exists C such that
|&i(a) — xi(a)] < Ciagia foralli > 1, foralla € Qy,,, “4.2)
andforalli > 1, j > 0andalla € Qy,,,
|EEi 1 F) @] = |E(Xis 11 F) @] < € min(1, egyj_y). 3)
(The constant C in equation (4.3) goes to infinity as 6 — 0, that is, if y — 2/5.)

Following [PS, §3.3], [Sch, §6.1], we define inductively consecutive blocks I; of
integers and associated functions y; as follows. Let I} = {1} and let I; for j > 2 contain
[j 2/3] consecutive integers. The first blocks are

1, 2, 3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, . . .
— S S S ———— ——
Iy I I3 Iy Is Ts Iz Ig To

Let M = M(N) be uniquely defined by N € I;. There exists C such that
C™'N3° < M(N) <CN** forall N > 1. (4.4)

By equation (4.2) in Lemma 4.1, there is C such that, foralli > 1 and alla € Q. ,,

N M(N) N
YoE@— ) Y x@| <) l&@ - xi(@]+CHly <CN?P (45)
i=1 j=1 iel; i=1

for all N > 1. Hence, to prove Theorem 1.1, it is sufficient to consider

ME Q*,[Cr5/3] —-C, y;:= Z xi>» Jj=1

J ;
lE]Ij

Proof of Lemma 4.1. By equation (4.1), since &; is continuous (see Remark 3.1), for any
® € Py, there exists a’ € w such that x;|, = & (a’). Revisiting the decomposition in
equation (3.3), and using equation (3.2) and the #-Holder continuity of a +— ¢, (u) (as
for equation (3.16)), we find C such that for all i > 1 and w € Py,

|&i(a) — xi(@)] = & (@) — E(@)] < C(j0l’ + |xi(@)|7) < Clxi(@)|”  foralla € o,
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where we used 6 < @ and equation (2.7) in the second inequality. This establishes
equation (4.2), since for any Acg € (€*BC, \/ACE - € *BC), there exists C such that

i(@)| < C-Agh -i* forall w € P,,, foralli. (4.6)
To show equation (4.6), first note, using equation (2.29), that there exists a € w such that

1Xr; ()]

(T2 (xi (@)|

Then, if a € 2, the polynomial recurrence in equation (2.8) and standard arguments give

lxi(w)] = C

(T (xi(@))] = Cim 0Agh @

(see e.g. [BS1, Proposition 3.7] in the exponentially recurrent case). If a ¢ Q2,, we may
use bounded distortion in equation (2.31) (e = 0 suffices here) since |w N 24| > 0.

The equality in equation (4.3) follows from the definition since F, C F, i Indeed, for
a€we Py,

0N QY- |EGa 1 Fo) (@) =f Eivsdm
wNQY

oor Eirjdm
> oney. dons S 4

, o' N 2]
1) EP*~’i+i
o'Cw
_ / 12 o, = .
= § lo" N Q] Xitjle = E / le+j dm.
o'NQ
w’GP*,,Hj w’eP*,,iﬂ. *
o'Cw o' Cw

(4.8)

Since supy, [|&k]l L < oo, we may and shall assume that j > 2i% to prove the upper bound
in equation (4.3). For such j, recalling n € (0, 1/2) from equation (3.6), define

k = k(i, j) = max {i+[i5]+n(j —i%, RJFT{?—H (4.9)

sothatk <i+j—n/(+n( —i®) <i+jandi+j <k(+7).
Since 4§ is fixed, we may and shall assume that i is large enough such that k(i, j) > N
(with N from Lemma 2.3) and

—(j+i)/ i .
max{ig VIV pnil3 @ Dy <o s (4.10)
Since k(i, j) > r;, we have, similarly as for equation (4.8),
|EGivjlFr)(@)| = |ECE (it j|Fki, ) Fr)@)] foralla € ® € Pyy,.

We must analyse the above decomposition more closely than in the proof of [Sch, Lemma
6.1] as follows. Leta € @ € P, then,
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ey lo N QY|
&N QLI |EE G jl Fra )l F) @l =] > OAED] Loy ST A
* wN2

weP*,k(,-,j)
wCod
1]
> o1 ). G+ dm| 4 sup llgallos Y le\@nd)l. @l
w€Pxk(i, ) @ “ 0€Pxk(i.j)
wCo wCo

Since & € Pk, the bound in equation (2.10) implies
ZwG'P*’k(,"j) |CU \ (CO N Q*)' ~
wCa < doerip-ril@l _
&N QY ~ (1 —dpey) o] —

alenaf) < —
(0= doer)1a]

Cdoepy(j—is)» @12)

In view of equations (2.10), (4.12) and (4.11), it suffices to show

1
—| [ &yia
|w|’ff’+’ "

Fix o € Py, j)- First note that, by equation (2.31) fora = 0,

< C min(l, e[n(j_zl'S)]) fOr aH w € P*,k(i,j)-

1 C
—’f%'iﬂ'(a) da’ =< ’/ E (il () dY‘- (4.13)
ol | Jo |xx ()] X (@)

Then, on the one hand, Lemma 3.3 for £y = 1 gives ap € @ N Q¥ such that
1

X (@)

< C)\O_k(ls]) < C)\‘(;(l'i‘])/(l'i‘n) (414)

“/m()(&AJ(Xk|;1(Y))"¢h0(72jj_k(y)))dy‘
X (@

On the other hand, recalling 0 < s < 1/¢, since 14, () € H; (uniformly in k and w), the
first claim of Proposition 2.5, with f Qagd e, = 0, gives (a factor |xi (w)|~! was omitted
when applying [Sch], Proposition 4.3] on [Sch, p. 400]. We fix this by using our polyno-
mial lower bound on |x (w)| (considering two different values of § should work for [Sch]))

1 i+j—k . i+ i—k(i,j
‘ / Gao(Tag ' (1) dy| < C - k(i, Kot D pltI =40
|xk ()] xi(w)
< C- (i 4 jy ot pnG=i/A+m < ¢ (o jyko+D/3 oni/Q+2m), (4.15)

(We used |xx (w)| > Ck=*0F! from Lemma 2.3.) Putting together equations (4.13), (4.14),
(4.15) and (4.10), we conclude the proof of equation (4.3). O]

4.2. Law of large numbers for y]2-. Recall that y € (2/5,1/2) is fixed. The main
ingredient in the proof of Theorem 1.1 is the following analogue of [Sch, Lemma 6.2],
itself inspired by [PS, Lemma 3.3.1].
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LEMMA 4.2. For my-a.e. a € QY, there exists C(a) such that

< C(@)N? forall N > 1. (4.16)

- > yi@

‘ M(N)
j=1

The proof of Lemma 4.2 (which uses Proposition 3.2 and equation (4.2), but not
equation (4.3)) is based on the following theorem ([GK], see also [PS, Theorem A.1]).

THEOREM 4.3. (Gdl-Koksma’s strong law of large numbers) Let z;, j > 1, be zero-mean
random variables. Assume there exist p > 1 and C < oo with

m—+n 2
E( Z z.,'> <C(m+n)? —m?) forall m >0andn > 1.
j=m+1

Then, for all 1 > 0, we have (1/nP/?1) Z’}Zl zj —> 0 almost surely.

Proof of Lemma 4.2. Set w; = Zleﬂ &;. Since yj - w =(yj +w;)(y; —w;) and

lyj +wj| < Cj*/3, the bound in equation (4.2) gives C such that |y — w2| < C]2/3)~\_0’
forall j > 1 and a € Q4 5/ Hence, sup,cq¢ 2> |yj - w2| is ﬁmte and it suffices
to show equation (4.16) w1th v replaced by w.

By equation (3.8), we have |E(w?) —#I;| < C, and, since ij:(fl) #I; = N, we get
| ZM(’W E(w?) — N| < CM(N). Therefore,

M(N) M(N)
‘N— DT wil =CMWN)+| > wi— Ew))|. 4.17)
j=1 j=1

Assume there exists C such that

m+tn
( > wio E(w2)> <C(m+n¥?—m®3) foralm>0n>1 (418
Jj=m+1
Then, Theorem 4.3 (G4l-Koksma) applied to ¢ € (0, 10(y —2/5)/3], p = 8/3 and the
zero-mean random variables z; = w% —FE (w?), implies that
M(N)
Z w? - E(w?) = o(M*3)  almost surely.
Hence, equation (4.17) gives |N — ZM(N) ?(a)| < C(a)N*313/5 < C(a)N?, almost

surely (recall M(N) ~ N 3/5 by equation (4.4)). It remains to prove equation (4.18).
By Jensen’s inequality, we have (E (u)?))2 <E (w‘}) and, therefore,

m+n m+n m+n
( > wj —E(wz)) <2y (E(wj!)Jr > |E(w§w,§)—E(w§)E(w,§)|>.

j=m—+1 j=m+1 k=j+1
(4.19)

https://doi.org/10.1017/etds.2024.67 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.67

Parameter ASIP for the quadratic family 33

We consider first E(w;!). Fix v € (0, 1/6) and, for j > 1, let
Sj={l7€]l‘} | v1 < v2 < v3 < vgand max{vy — vy, v4 —v3} > j¥ )

Then, since #({ § € I4 | v < v2 < v3 < W)\ §)) < (j/3HY)? = j43+2, we find

/wj(a)4 da = ]_[éw(a) da| < C Z U ]_[sw(a) da
of vel i 2 o1
" v1< <v4
/ ]—[ £y, (@) da| + Cj¥3 T2 (4.20)

*Zl

Letv € S; be such that v4 — v3 > jV. For w € P,; such that w N Q¥ # (), the change of
variable in equation (3.13), together with an easy variant of Lemma 3.3 deduced from
equation (3.14), give ag € w N QY such that

1 4
m‘/w[[léw(a)da

C

Ty (@)]

/ - (]‘[sw<xv3| (y))>%0(T%4vs(y>) dy| + Cag™.

For y € xy, (w), setting a = xy, |, I(y), and recalling Remark 3.1, we find
10, (s |5y () = @ (xuy © X315, ()]
= 19a (v, © X315 (1)) = @y (a0 X315, )] < Cloo)?
for £ =1, 2, 3. Thus, equations (2.9) and (2.7) imply (using sup;, ||&k ||z < 00)

)L—vge
‘/ Héw(a)da < Cey, + Z [I ()|+cxgv3]
X3

2 oy 0€Py 5

+ Y e Ixm @] ‘ /xv3(w) <]_[ Pag (Xv, © (Xu3l, )(y)))¢a0(Ta04_ () dy|.

weP*,US

4.21)
We claim that for £ = 1, 2, 3, and for each w € Py y,,
[0y (xy, © (xv3|;l))(y)| < Cv'go forall y € xy,(w). 4.22)
Indeed, by equation (2.29), there exists a € w such that
18y O, © (rug i DO = CITE (T el ™

Thus, if a € ., standard arguments (see e.g. [BS1, Proposition 3.7], using our polynomial
recurrence in equation (2.8)) give the claim. Otherwise, since |w N 2| > 0, we may use
equation (2.31) as for equation (4.6).
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Therefore, we find C such that for each v3 and w € Py 5,

3
-1 2
My @) * | [ © X0, 0 %0315 Dl < CO1VD T Ny |G 00 |1 115
=1

Indeed, on the one hand, there exists C such that, for any C 2 map 7, we have
@ao © Tlice < C sup [T'17 l@qqllce -

On the other hand, since 0 < s < 1/g < 1, the characteristic function of an interval is a
bounded multiplier on H; (1) (uniformly in the size of the interval), and since s < @, a
function in C? is a bounded multiplier on Hq" (I [St, Th].

Hence, by the first claim of Proposition 2.5 (with equation (3.2) and f Qagdtay = 0),
we have

| fxvg(w)(n:l?:] Payg (xvg O Xy |;1))‘Pao(Ta%47v3) d)’| V4—03

0
< C(vvp)”0———
|x0; (@)] |xys (@)]

. ‘U
< CJIOZD'K()/?)vglpJ )

(We used Lemma 2.3 and that v, € I; implies vy < Cj5/3.) Next,

‘/Qwﬁéwda

* =1

. . o i5/3
< C(e[Cj5/3] +J]0ZU'K0/3JSK1/3pj +J5K1/3)\‘(f) ) < Ce[Cj5/3]

forall v € S; with vg — v3 > jV (if j is large enough).

Let now v € S; with vy — vy > jV. Then applying directly Lemma 3.3 with £y =4, a
similar reasoning gives | [qo i, &, dal < Cecjs/3)-

Finally, since #S; < #]1‘/‘. < j83 ande; < j~4*0t! with dyjxg > 3 > 9/5, the bound in
equation (4.20) gives C such that

Ew}) = CG*Peicjom + j*7) < ¢ forall j= 1. (423)

(For the purposes of the present lemma, a version of equation (4.23) with Cj>/3
right-hand side would suffice. The stronger statement is needed for equation (4.31).)

We next bound |E(w§w,§) - E(w?)E(w,%)| for k > j+ 1. If k = j + 1, by Cauchy’s
inequality and equation (4.23),

Eiw}, ) < JEWHEWT, ) < cj3.

By equation (3.8), we have E(w?)E(w?H) < Cj4/3. Hence,

in the

|Eiw}yy) — E@)DEwT, )| < €, (4.24)

Assume now that k > j + 2. By construction, y; is constant on elements of P, if
v>rj =j1+ [jf], where jj is the largest number in I;. Let

k5/3
k() = k()(k) = min Hk > T
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Then, for large enough j, using that x — x — x!/4

is increasing for large x, we find
1/4 . . . .2/3 .1/4 . .1/4
ko — kgt = ji+#L L — G+ #0257 =25 > g4
Sincek > j+2and é < zlt’ we have that y; is constant on elements of P, for

v = vko) = ko — ky/*1.

. _pal/A .
Lemma 2.3 gives |xy(k) (@) = 4 %0 if w € Pyr,). Thus, there exists a refinement
Qu(ko) Of Puke) such that

_pal/4 _ _
2™ < Iy (@)] < v(ko) ™ = [ko — kY17 forall @ € Quy)-

Therefore, for large enough £, the local bound in equation (3.9) in Proposition 3.2 gives for
all € Q, with non-empty intersection with % that

1 2
1ol wy dm — #I
w

since n = #I; = [k*/3] < nko/2. As in equation (3.10), we write Q. ,, for the setof w € Q,
with non-empty intersection with Q¢, and 52*% = UQ, . Thus, using that y; is constant
on each w € Q, (since Q, refines P,),

1
LJ%@M=XNWﬁwm/ﬁM
w

*V we Q¥

2 — 2
c [/QQ Y; dm# — C), /Q?U Y dm(#I[k+C)j|.

*,0

SC’

Recall that j < k — 2. Since |yjz| < Cj4/3 < Ck*3, we get

1
m(Q,

2 _ 2
A?wdm—ﬂnH%mx

by equation (3.11) applied to ¥y = y]z, and since |y12.w,%| < Ck8/3, we have

1 / 2.2 2.2
(2wd) dm = E(y*w}) + 0(1),
m©Q<) Jog, It ok

by equation (3.11) applied to W = (y7wy). That s,
|E(yjwp) —#I (D] < C(EG) + D).

Next, the global estimate in equation (3.8) in Proposition 3.2 gives |E (ij)E (w,%) —
#I E (yjz.)| <CE (yjz.). Therefore, (the expression #I; = j® = j2/3 in the right-hand side
already leads to y > 2/5. A block size #I; = j? replaces 3/5 in equation (4.4) by
1/(1 + b), so that the first constraint becomes NV > Nb/(+D) - gee equation (4.5). Our
bounds in equations (4.25) and (4.26) (with Gdl-Koksma’s strong law of large numbers,
Theorem 4.3, and M(N) ~ N/ (1+D)y give NV > NGFT2/GG+D) Hence, b = 2/3 is the

optimum. In the independent and identically distributed case, a block size j!/? gives
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y > 1/3 [PS, p. 25], see also the beginning of [Sch, §6])
|E(yiwp) — EGHEW})| < CRE(YD) + 1)) < CH#I;.
Hence, for large enough jand all k > j + 2, since sup |w; + y;| < C#I;,

|Ewiwp) — E@)Ew})| < |EGTw) — EGDEwY)|

+IEQiw)) — E@iw))| + |[EW)Ew}) — E(vDEw})|
< CH#I; + CE(w,%) sup |lw; — yj| - sup |w; + yjl

:58/3

< P + kB PR (4.25)

~_:58/3
(We used equation (4.2) to get sup |w; — y;| < C#ijcgj .
Finally, we plug equations (4.25), (4.24) and (4.23) into equation (4.19), and get, since

2v < 1/3,

m-+n 2
E< > wf—E(wJZ.))

Jj=m+1
m+n o] - i) m—+n m+n
P S U/ S (R
k=m+3 j=m+1 j=m+1 k=j+2
m-+n
< c<(m +n)—mB 4 Y (PP mtn - 1)12/3)>. (4.26)
j=m+1

This proves equation (4.18). O

4.3. Martingale differences Y;. Skorokhod’s representation theorem. As in Schnell-
mann’s adaptation of [PS, §§3.4 and 3.5] in [Sch, §6.3], let £; be the o-algebra generated
by {y¢}1<¢<;, and set

MJZZE(yj+k | Li—1), Yj=yj+tujp1—u;, j=>2 (4.27)
k>0
Then, {Y;, £;} is a martingale difference sequence. Using equation (4.3), we show that

{Y;} inherits the law of large numbers established for {y;} in Lemma 4.2:

LEMMA 4.4. For my-a.e. a € QY, there exists C(a) such that

< C(a)N? forall N > 1, (4.28)

N — Z Y3 (a)

‘ M(N)
Jj=1

and

M(N)
Y EXF|Ljo)—Yia)
j=1

< C(@N? forallN > 1. (4.29)
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Proof. Recalling the o-algebra F,, generated by the intervals in P,, we have
Lo—1 C Fryyy» where i (€) = max{i € [} < C#>/3 by equation (4.4). Then,

we =Y E(EEwj | Frp) | Leo).

jzl1

Since Z?":I e;j < 00, the bound in equation (4.3) in Lemma 4.1 gives

. 2C
ue(@)l <Y C min{l, ep;aipyy)} < 7(@)5 <ce, (4.30)
j=1

Putvj =uj —ujy1, so that sz = yjz. —2yjv; + vjz..
We claim that equation (4.28) follows if for a.e. a € QY, there exists C such that
Z;W:(iv) vf < CN*~! Indeed, since y < 1/2, Lemma 4.2 and Cauchy’s inequality then

give (using Zyz({v) yjz- <CN)

M(N) M(N)
‘N— dor? =‘N— D7 =2y + v
j=1 j=1
M(N) M(N) M(N)  M(N)
SIN= Do w2 2 DY
j=1 j=1 Jj=1 j=1

< C(@)N*¥ + CN* + CYNN¥~1 < C(a)N¥'.
However, since we have v? <Cj 103/3 (by equation (4.30)), we find, using § < 2(y — 2/5),
M(N)
Z v? < CMITI0/3 < N3/5+28 < ondr—L

j=1

It remains to prove equation (4.29). Set R; = Yj2 —F (sz | £;—1) and observe that
{R}, L;} is a martingale difference sequence. By Minkowski’s inequality

2 2
E(RY) = <\/E<Y;-*) + JEEXF cj_1)2)) < (2\/E(Y;-‘)) = 4E(Y)).

Since Y; = y; — v;, we have, again by Minkowski’s inequality,

E(R2 4 41 4yy 14 4 4
(R7) =4E(Y}) =4(E())* + (E@))H)" = C(E(Y)) + E()))
< C(E@}) + E(lw} = yj) + E@))).

4 42, 2
j Y= Wity

E(|w‘}—y‘/‘|) is uniformly bounded. By equation (4.30), we have |u;| <Cj

Since w Yw; +yj)(w;j —y;), we get from equation (4.2) that

58/3
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Hence, |v;| < uj| + |uj—1| < Cj>%/3 and E(v;!) < Cj¥/3 < Cj*3, since 8 < 1/5. For
arbitrary ¢ > 0, the bound in equation (4.23) gives C such that £ (w?) < Cj*3+ Thus,

E(RJZ.)

Z Fa < 00, (4.31)
j=1

and a martingale result (see [Ch]) implies that ijl R; /j7/6+

For my-a.e. a € Q¥, Kronecker’s lemma gives C(a) with

converges almost surely.

M(N)
Z R; < C(a)M™* < C(a)N?/30+
j=1

using equation (4.4) in the last inequality. Since 21/30 < 2y, this establishes equation
(4.29). O

We shall apply the following embedding result. (See [HH, Theorem A.1].)

THEOREM 4.5. (Skorokhod’s representation theorem) For any zero-mean square-
integrable martingale {Zizl Yy, L | j =1}, there exist a probability space supporting
a (standard) Brownian motion W, and non-negative variables {Ty, k > 1}, such that
{3°4_; Yebj=1 and {W(X{_, To)}j=1 have the same distribution, and, in addition, letting
Go be the trivial o-algebra (the empty set and the entire space), and G;, for j > 1, be the
o-algebra generated by

J
(W@)10=<t =<1} wheret;:= Z Tk,
k=1

then t; is Gj-measurable, while E(Ty | Go) = E(W(T)? | Go), and
E(T; | Gj—1) = E(W(zj) — W(t;—1)? | Gj—1) forall j > 2, almost surely.
By the last claim of Theorem 4.5 and properties of Brownian motion,
E(T; | Gj—1) = EW(T)? | Gjop) forall j = 1, (4.32)

almost surely. (Indeed, letting W; be an independent copy of W, we have
W(rj) = Wi(zj_1 +T;) = Wi(rj—1) + W(T;) in distribution, so that W(z;) —
W(tj—1) = W(T}) in distribution.)

We need one last lemma. Recall that y € (2/5, 1/2) is fixed.

LEMMA 4.6. (Strong law of large numbers for the sequence 7;) For my-a.e.a € QY there
exists C(a) such that

< C(a)N* forall N > 1. (4.33)

N-Y T

’ M(N)
j=1

https://doi.org/10.1017/etds.2024.67 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.67

Parameter ASIP for the quadratic family 39

Proof. To start, apply Theorem 4.5 to the martingale difference sequence Y; from
equation (4.27), with £; generated by {ys}1<¢<;. Let ¥; = W(r;) — W(zj_1), so that
W(zj) = 21](:1 fk and 17]- = W(T}). By equation (4.32), we have, almost surely,

M(N) M

M
N-> 1= [N—Z?}] + 317" — EF? 1G]
=1

Jj=1 Jj=1

M
+ Z[E(Tj |Gj—1)—T;] forall N > 1.
j=1

Then, since Y; and Y ; have the same distribution, the bound in equation (4.28) in
Lemma 4.4 gives C(a) such that, for all N > 1, the first sum in the right-hand side above
is not larger than C(a)N%" .

For the second sum in the right-hand side above, we use equation (4.29). Since
conditional expectations can be expressed in terms of distributions, equation (4.29) is also
valid with Y; replaced by Y ;. Thus, the second sum in the right-hand side is also bounded
by C(a)N? forall N > 1.

Finally, let R; = E(T; | Gj—1) — T;. Then, {R;,G;} is a martingale difference
sequence by equation (4.32). As in the proof of equation (4.29), we can estimate
E(R;) < 4E(W(Tj)4), and thus there exists C(a) such that, for all N > 1, we have

Z;W:(iv) R; < CN2/30+t < C(a)N? almost surely. O

Proof of Theorem 1.1. Just like Schnellmann, we follow the proof of [PS, Lemma 3.5.3],
replacing their 1/2 — «/2 4 y by y, and replacing Lemma 3.5.1 there by our Lemma 4.6.
We then obtain that, almost surely,

M(N)

dovi— W(N)‘ = O(NY).

j=1

Then, using equations (4.30) and (4.4), we find

M(N) M(N)
Do vi=Yj|=| D] win —up)| = lupv+r —url < CN°. (4.34)
j=1 j=1

Since § < 2/5, and recalling equation (4.5), this establishes Theorem 1.1. O]
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