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Abstract In this article, we show that the Abel-Jacobi images of the Heegner cycles over the Shimura
curves constructed by Nekovar, Besser and the theta elements contructed by Chida—Hsieh form a
bipartite Euler system in the sense of Howard. As an application of this, we deduce a converse to
Gross—Zagier—Kolyvagin type theorem for higher weight modular forms generalising works of Wei Zhang
and Skinner for modular forms of weight 2. That is, we show that if the rank of certain residual
Selmer group is 1, then the Abel-Jacobi image of the Heegner cycle is nonzero in this residual Selmer

group.
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1. Introduction

In a seminal work of Bertolini-Darmon [1], the authors constructed an Euler-Kolyvagin
type system using Heegner points on various Shimura curves. The cohomology classes in
this system satisfy beautiful reciprocity laws that resemble the so-called Jochnowitz’s
congruences. More precisely, these reciprocity laws relate the theta elements of the
Gross points on the Shimura sets given by certain definite quaternion algebras to the
reductions of the Heegner points on the Shimura curves given by certain indefinite
quaternion algebras. These theta elements encode the algebraic part of the special values
of the L-functions of elliptic curves over an imaginary quadratic field, while the Heegner
points provide natural classes in the Galois cohomologies of the elliptic curves over such
an imaginary quadratic field. These reciprocity laws enabled the authors to construct
annihilators for elements in the Selmer groups attached to these elliptic curves over an
imaginary quadratic field. As an application of these constructions, the authors proved
the one-sided divisibility of the anticyclotomic Iwasawa main conjectures for these elliptic
curves. The method of Bertolini-Darmon is axiomatised in [14] where it is shown that
the theta elements and the Heegner points (almost) form a bipartite Euler system in his
sense. See also the recent work [5] for a refinement.

The present article addresses the question of constructing a bipartite Euler system for
higher weight modular forms over an imaginary quadratic field. On the analytic side, the
theta elements are constructed by Chida—Hsieh in [8]. On the geometric side, it is natural
to consider the Heegner cycles constructed by Nekovar [25] over the classical modular
curves and by Besser [2] and Iovita—Speiss [17] over the Shimura curves given by indefinite
quaternion algebras. In this article, we show that these Heegner cycles and theta elements
indeed form a bipartite Euler system. As an application of this, we prove a converse to
the Gross—Zaiger—Kolyvagin type theorem which can be seen as the Selmer rank 1 case of
a generalisation of the Kolyvagin conjecture for higher weight modular forms. We follow
the strategy of Wei Zhang in his proof of the original Kolyvagin conjecture for modular
forms of weight 2.

There are other attempts to generalise the work of Bertolini-Darmon [1] to a higher
weight case. Notably, in [9], the authors indeed proved the one-sided divisibility for
the anticyclotomic Iwasawa main conjecture for higher weight modular forms. Their
construction relies on a clever trick using congruences between values of weight 2 modular
forms and higher weight modular forms when evaluated at Gross points. This strategy
works well when the root number of the involved L-function is +1 but does not apply to
questions when the root number is —1, which is the case of interest in the present article.
We also remark that in [7], the author works directly with the Heegner cycles but still
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in the case when the root number is +1 and he is able to prove the first reciprocity law
and apply it to prove a version of the Bloch—-Kato conjecture in the rank 0 case. In this
article, we prove the remaining second reciprocity law, which forms the main arithmetic
input to our proof of the converse to the Gross—Zagier—Kolyvagin type theorem.

1.1. Main results

To precisely describe our results, we first introduce some notations. Let f € Sp®V(N)
be a newform of level I'g(N) with even weight k > 2 and K be an imaginary quadratic
field whose discriminant is given by —Dy with Dg > 0. We assume that N and Dy are
relatively prime to each other. We also assume that N admits a factorisation N = NTN~
with N1 only divisible by primes that are split in X and N~ only divisible by primes that
are inert in K. Throughout this article we assume that the following generalised Heegner
hypothesis is satisfied:

N7 is square-free and consists of even number of prime factors that are inert in K.
(Heeg)

Let [ be a distinguished rational prime such that [t NDg and k <l—1. Let E = Q(f) be
the Hecke field of f and we fix an embedding ¢; : Q*¢ — C; such that it induces a place A
of E. Let E) be the completion of F at A and O = O, be the valuation ring of E). We
fix a uniformiser @ € O and let F', be the residue field of O. If n > 1, then we will write
0, =0/w". Let T=T(NT,N7) be the l-adic completion of the Hecke algebra acting
faithfully on the subspace of Sk(N) consisting of forms that are new at primes dividing
N7. Let ¢y : T — O be the morphism corresponding to the Hecke eigensystem of f and
@¢.n: T — O, be the reduction of ¢ modulo w". Let I, be the kernel of ¢¢ , and m¢
be the unique maximal ideal containing I ,. We denote by

PfA: GQ — GLQ(E,\)

the A-adic Galois representation attached to f whose residual Galois representation is
denoted by ps x. In this article, we will mainly consider the twist py, A(Q;Qk), which
we will denote by p% ,, whose representation space is denoted by Vi x. We fix a Gg-
stable lattice Ty x in Vy x. The residual Galois representation of p} , will be denoted
by p} 5. It is well-known that the representation p} , appears in the cohomology of a
certain Shimura curve with coefficient in the [-adic local system L;_o corresponding to
the representation Symkdst ®det¥ of GLs. Here, st is the standard representation of
GLy. To define these Shimura curves, we will introduce certain quaternion algebras. Let
B’ be the indefinite quaternion algebra of discriminant N~ and Op/ n+ be an Eichler
order of level NT contained in some maximal order Op/ of B’. These data define a
Shimura curve X = X 1’\3}; N- Which is a coarse moduli space of abelian surfaces with
quaternionic multiplications. We wish not to assume that N~ > 1, in which case X is a
projective curve over Q. In the case when N~ =1, X will denote the compactification
of the classical modular curve over Q. However, we only give the constructions and
proofs for the more complicated case of N~ > 1; the proof for the case of modular
curves is almost completely similar. We will rigidify the moduli problem of X by adding
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an auxiliary full level-d structure and denote the resulting fine moduli space by Xj.
Let Ay — X4 be universal abelian surface and 7y 4 : Wi ¢ — X4 be the Kuga—Sato
variety given by the kgz-fold fibre product of A; over X;. One can construct certain
projectors €4 and € that cut out the Chow motive corresponding to the space of
modular forms in the Kuga—Sato variety W}, 4. Then the representation Ty » occurs in
ca€r HF 71 (Wi, q,qae, O(%)) = HY (X qae, Li—2(0)(1)). We will put the following assumption
on the residue Galois representation py, ».

Assumption 1 (CR*). The residual Galois representation py \ satisfies the following
assumptions:
(1) k<l—1and |[(F;)k=1] > 5;

-1

(2) Py, is absolutely irreducible when restricted to G, =) Where p* = (-1)%7 p;
(3) If ¢| N~ and ¢ = £1mod [, then py  is ramified at g¢;
(4) If ¢ || N* and ¢ = 1mod [, then py ) is ramified at ¢;
(5) The Artin conductor N; of gy  is prime to N/Np;
(6) There is a place ¢ || N such that g  is ramified at ¢.
We remark that our assumption (CR*) is essentially the assumption (CR™) in [9]. It
is used to invoke results in [8] and [9]. The assumption (CR*)(6) is needed to apply the

main result of [35]. In order to apply the main results of [9], we also assume the following
technical assumption on f:

ai(f) % 1mod [ if k = 2. (PO)

Let K, be the ring class field over K of level m for some integer m > 1. In Subsection
3.1, we define a certain Heegner cycle €qYy, x € €46, CH?2 (W, ¢ ® K,,) ® Z; and an Abel-
Jacobi map for some n > 1

AJpn  €aexCHE (Wi g ® Kp) ® Zy — H (K, Ty).
The images of €4Y;,, , under the map AJy ,, give the cohomology class
Ko (M) := AJg (€Y i) € H' (Ko, T )
and we define
kn i= Corg, /kkn(l) € HY (K, T;.,).

Our main result concerns the element x;. The element x; in fact lives in the residual
Selmer group

Sel}-(N—)(N"“,Tf’l)

defined by some Selmer structure F(N ) spelled out in (4.4). Our main result is the
following.

Theorem 2. Suppose (f,K) is a pair thatl satisfies the generalised Heegner hypothesis
(Heeg) and (PO). Suppose in addition that f is ordinary at | and that py satisfies
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the hypothesis (CR*). If dimg, Selr(n-)(K,Ty1) =1, then the class k1 is nonzero in
Selr(n-) (K, Ty,1).

This theorem can be viewed as a converse to the Gross—Zagier—Kolyvagin theorem
for Heegner cycles. For the other direction, one can show that if x, is nonzero in
Selr(n—y(K,Ty), then the Selmer group Selzn-)(K,Ty ) is of rank 1. This follows
from the result of Nekovar [25] in the case when N~ =1 and its extension to the case
when N~ > 1 in [13]. In these works, they follow the original method of Kolyvagin and
use the derivative classes of the Heegner cycles to construct annihilators for the Selmer
groups. We can recover their results by combining the first and second reciprocity laws
proved in this article. See [37] for an example of how to carry this out. We also have
the Gross—Zagier formula [39] for the Heegner cycles over the classical modular curves by
Shou-Wu Zhang. Suppose that height pairing is nondegenerate; then the Gross—Zagier
formula and Theorem 2 would allow us to conclude that if the rank of Selmer group is
1, then the analytic rank of the L-function L(f/K,s) at s = g is 1. Next, we sketch the
proof of Theorem 2. First we recall the notion of an n-admissible prime for f.

Definition 1.1. We say a prime p is n-admissible for f if

1) ptNI;

2) p is an inert prime in K;

3) [ does not divide p? — 1;

4) " divides p? +p' 7 — €pa,(f) with ¢, € {£1}.

(
(
(
(

These primes are level-raising primes for f. This means that one can find a newform
flrl e SpeW(pN) that is congruent to f modulo w™. Note that fPl can be realised
in the space of quaternionic modular forms SP(NT,0) of weight k associated to the
definite quaternion algebra B of discriminant pN~. This is justified in the following
theorem, which we call the (unramified) arithmetic level-raising theorem for the Kuga—
Sato varieties. We consider the ordinary-supersingular excision exact sequence on X with
coefficients in Ly_o

0— Hl(YF;C,Lk_Q(O)(l))mf — Hl(Xl‘%%‘ci,Lk_g((’))(l))mf — HO(Xf’;SZC,Ek_Q(O))m -0

f

where YFZC is the special fibre of X over Fa¢ and Xgil (respectively Xg.) is its ordinary
P p

locus (respectively supersingular locus). The coboundary map of the above exact sequence
induces the following map:

GF 2
P, : HO(X;SZC,ck,Q(O)) ?

7 HY (B B (Xpse, Lr—2(0) (1)1, ,)-

Theorem 3 (Unramified level raising). Let p be an n-admissible prime for f. We assume
that the residual Galois representation py,x satisfies (CR*). Then the following hold true:

(1) There exists a morphism QS,[;?,]n TP — O,, which agrees with ¢fn: T — Oy on all of

the Hecke operators away from p and sends U, to epp¥,
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(2) Let Ij[fj]n be the kernel of the morphism ¢£€]n. We have a canonical isomorphism

GF 5 o~ _
Ot HO(Xe, L1-2(0)) /) — HY(Fpe, H (X e, L1-2(0) (1)) /1,.,,)

which can be identified with an isomorphism

©,: SE(NY,0) i — H (B H (Xpae, Li—2(0) (1)) 1,.,)-

[p
15

One can define a theta element O( f}fﬂ) associated to the Jacquet-Langlands transfer

f}ff] of fP! following Chida-Hsieh [8] that encodes the square root of the algebraic part of
the L-value L(fP)/K,%). Note that the global root number of the L-function L(f//K,s)
at s = g is +1. We have the following reciprocity formula relating the Heegner cycle class

Kn to the theta element @(fT[ff]).

Theorem 4 (Second reciprocity law). Let p be an n-admissible prime for f and assume
that py x satisfies assumption (CR*). Let f,[lp] be a generator of SP (N*,O)[Ij[fj]n}; then we

have the following relation between the class k,, and the theta element @(fk,’]);
(ocy (kn), fI1) 5 = u-O(fFymod w"
for some unit u € O,

Returning to the sketch of the proof of Theorem 2, we choose a l-admissible prime
p for f and consider the residual Selmer group Selrq,n-)(K, Ty 1) associated to fvL
The assumption that the residual Selmer group Selrny-)(K, Ty 1) is of dimension 1
implies that the dimension of Selr(,n-)(K, Ty 1) drops to 0. As a consequence of the
anticyclotomic Iwasawa main conjectures for f[?) over K proved in [35] and [9], we show
that the algebraic part of the special value L(fP!/K ,g) is indivisible by w and thus

O( f7[f]) is indivisible by w. Here we will rely on the recent work of Kim-Ota [26] to

compare the canonical period Q;?; and another period ) , - that show up in the

specialisation formula relating ©( f}ff}) to L(fP/K, g) Finally, the second reciprocity law
implies that locy (k1) is indivisible and therefore ; is nonzero.

We finish this introduction with a few remarks on the related works. First of all, in
[40], the author proves the Kolyvagin conjecture without assuming the rank of the Selmer
group is 1. It is reasonable to expect that one can formulate and prove an analogue of the
Kolyvagin conjecture for Heegner cycles using the results of the present article as the first
step of an induction process. In this article, the derived classes of the Heegner cycles are
completely untouched. As pointed out by Francesc Castella, our results should also shed
light on Perrin-Riou’s main conjecture for generalised Heegner cycles formulated by [23,
Conjecture 5.1]. Compare the proof of [5, Proposition 3.7] towards Perrin—Riou’s original
main conjecture for Heegner points. In an unpublished work of Castella and Skinner, the
authors carried out a similar program for the big Heegner point in the sense of Howard,
and it should be interesting to compare their results with the results in this article.
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1.2. Notations and conventions

We will use common notations and conventions in algebraic number theory and algebraic
geometry. The cohomologies in this article will be understood as the étale cohomologies.
For a field K, we denote by K?° the separable closure of K and let Gk := Gal(K?°/K)
be the absolute Galois group of K. We let A be the ring of adeles over Q and A(>) be
the subring of finite adeles. For a prime p, A(°>P) denotes the prime-to-p part of A(>).

Let F be a local field with ring of integers O and residue field k. We let Ir be the
inertia subgroup of Gr. Suppose M is a G p-module. Then the finite part HL (F,M) of
H'(F,M) is defined to be H'(k,M'") and the singular quotient H}, ,(F,M) of H'(F,M)
is defined to be the quotient of H!(F,M) by the image of H} (F,M).

We provide a list of quaternion algebras appearing in this article. Recall that N~ is
square-free with even number of prime divisors and p,p’ are n-admissible primes.

e B’ is the indefinite quaternion algebra of discriminant N .
e DB is the definite quaternion algebra of discriminant p/N .
e D" is the indefinite quaternion algebra of discriminant pp’ N~

2. Arithmetic level raising on Kuga—Sato varieties

2.1. Shimura curves and local system

Let N be a positive integer with a factorisation N = N*N~ with N™ and N~ coprime to
each other. We assume that N~ is square-free and is a product of even number of primes.
Let B’ be the indefinite quaternion algebra over Q with discriminant N~. Let Op: be a
maximal order of B’ and let Op/ n+ be the Eichler order of level N7 in Op/. We define
G’ to be the algebraic group over Q given by B’* and let K, be the open compact
subgroup of G’ (A(*)) defined by @E,’]\H. Let X = Xﬁ;’N_ be the Shimura curve over Q
with level K’ = K, . The complex points of this curve are given by the following double
coset:

X(C)=G"(Q)\H* xG'(A™)) /K.

We consider the functor X on schemes over Z[1/N] which gives the following moduli
problem. Let S be a test scheme over Z[1/N]; then X(S) classifies the triple (A4,¢,C) up
to isomorphism where

(1) A is an S-abelian scheme of relative dimension 2;
(2) t: Opr = Endg(A) is an embedding;
(3) C is an Ops-stable locally cyclic subgroup of A[N*] of order (N7T)2.

It is well-known this moduli problem is coarsely representable by a projective scheme X
over Z[1/N] of relative dimension 1. Let [ be a distinguished rational prime such that
4N and k<l—1. We let A =7Z/I" for some n > 1 or a finite extension of Z;. Then we
define £}, _,(A) to be the local system given by the composite map

T8 (X) = K' = OF, ;= GLa(Z)) — GLiy1(Z1). (2.1)
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To rigidify the moduli problem X, we choose an auxiliary square-free integer d > 5 that
is prime to NI and add a full level-d structure to the above moduli problem; that is, we
add the following data to the above moduli problem: let

Vq (OB//d)S — A[d] (22)

be an isomorphism of Op/-stable group schemes. By forgetting the data v4, we have a
natural map cq : X4 — X which is Galois with covering group G4 := (Op//d)*/{£1}.
Then this new moduli problem is representable by a projective scheme X4 over Z[1/Nd]
of relative dimension 1. We will set

Ky={9=(90)v €K' : 9, = ((1) ?) mod v for all v | d}.

We will denote by X, the base change of X; to Q. Then the C-point of X is given by
Xa(C) =G (Q\H* x G'(A%) /K.

Let 74 : Aq — ¥4 be the universal abelian surface. The sheaf R'mg, A over ¥4 is equipped
with an action of Op; = M2(Z;). We then define the following local system on X,

-2
i o(A):=Sym*2e- R'rg A, Lip_o(A):=Sym" e Rl'mg A (1412)

. . . . 0\ . .
where e is the idempotent given by the matrix ) in My(Z;). There is another

1

0 0
construction of this local system in [2] whose cohomology is tied more closely to the
Kuga—Sato variety that we will introduce below. We briefly review this construction.

Define

2/2 (A) =MpeB’ ker[R27rd*A M)

R%7mg.A]. (2.3)
We define the weight k — 2 local system by
m A7n m—
2 (A) = ker[Sym™ £5(A) =" Sym™ €5 (A)(—2)]
where m = % and A,, is the Laplace defined by

Am($1,...,$m): Z (xlvx])xljjzj]xm

1<i,j<m
where ( , ) is the nondegenerate pairing
(5 ):L5(A) x £5(A) = A(-2)
induced by the Poincare duality
(,): R*TguA X R2mg A — A(—2).
Lemma 2.1. We have an isomorphism

j—o(A) = Ly,_5(A).
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Proof. This result is contained in the proof of [2, Theorem 5.8]. We briefly outline the
construction. First of all, there is an isomorphism between the rank 3 local system

£5(A) = Sym?e- Rlmg, A.
Then it is an easy exercise to show that Sym*~2e. Rlmg, A is the kernel of the map

Sym™Sym?e - R, A Bm, Sym™ 2Sym?e- R'mg, A

with m = % The result follows from this. O

Let k> 2 and let 7y q: Wy g — X4 be the Kuga—Sato variety of weight k over X4. This

is defined by the kf—fold fibre product of A4 over Xg4,

Wha:=AdXx, - %Xz, Ad-

We will denote by Wy, 4 the scheme W, 4 ® Q. We define €4 to be the projector given by

Then the following relation clearly holds:
eall' (Xa® Q™. L} _»(N)) H'(X®Q™, L _»(A)).

The cohomology of the Kuga—Sato variety and the cohomology of the local system
l_o(A) are closely related.

Lemma 2.2. There is a projector € on W, q such that
e H* Wia ® Q¥ A) 2 e, HF (W 4 © Q2 A) 2 HY (X4 0 Q™ L),_5(A)).

Proof. This follows from the discussions in [17, (67), Lemma 10.1]. O

2.2. Shimura sets and quaternionic modular forms

Let k > 2 be an even integer such that k <1 —1. If A is a ring, let Ly_o(A) = Sym*~2(A?)
be the set of homogeneous polynomials of degree k — 2 with coefficients in A. We present
Li—2(A) as

Lyi2(A)= P Awv, (2.4)

2—k k—2
2ok <pgk2

. k=2 _ . k-2 . . . .
with v, := X "2 ~"Y 2 7. It gives rise to a unitary representation

Pk : GLQ(A) — AutA(Lk_Q(A))

(k=2

such that p(g)P(X,Y) =det™ "= (9)P((X,Y)g) for any P(X,Y) € Ly(A). Let A be a
Z)y-algebra; we define a pairing

(, )Y:Lg—o(A) X Lp_o(A)— A
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by the following formula:

2, T ngT r %77"

k-2 EE<r<hR2

For Py, P; € Li_5(A), the pairing above has the following property:

(P(9) Prypi(9) Po) = (P1, Pa).

Let pt N be a prime. Let B be the definite quaternion algebra of discriminant pN—. We
let G be the algebraic group over Q defined by B*. If U € G(A(*)) is an open compact
subgroup and A is a Zj-algebra, we define the space SP(U,A) of l-adic quaternionic
modular forms of weight & with values in A by

SE(U,A) ={h:G(A) = Li_2(A) : h(agu)
= pr(u; 1 )h(g) for a € BX and u € U - Z(A)}.

In the case U corresponds to an Eichler order Op y+ of level N7 in a fixed maximal order
Op, we will simply write the space S (U,A) as SPZ(NT,A). We define the Atkin-Lehner
tnvolution at q to be

0 1
for ¢ | N7T;
—NT 0
Tq = _ (2.5)
J for ¢ | coN—;
1 for gt N.
Then we put 7" =] ,Ta @ an element in G'(A). We will define an inner product on
this space
(,)p:SB(NT,A)xSB(NT,A) - A (2.6)
by the following formula:
1 +
(fi.f2)B = Z 7<f1(9)7f2(97N )k (2.7)

g€CI(N+) U]

where I'y = (B* ﬂg@é N9 1 Z(A)))/Q* and CI(NT) is a set of representatives of the
finite set

BAB*/6} . @

2.3. Reductions of Shimura curves

Let p be a prime away from N. We will consider the base change of X4, X to Z,2> and we
will denote them by the same notations. The special fibre of X4 and X will be denoted by
Xgand X. Let 2 = (A,4,7) € X 4(F3°) be an Fa-point. Then the p-divisible group A[p>]
of A can be written as A[p>°] = E[p*>°] x E[p] for a p-divisible group E[p*] associated to
an elliptic curve E and Ops acts naturally via Op ® Z,, = M(Z,,). Depending on whether
E[p*>] is ordinary or supersingular, we will accordingly call = ordinary or supersingular.
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Let X3° be the closed subscheme of X4 given by those points that are supersingular and
let Xgrd = Xq— X be its complement. We will refer to X3° as the supersingular locus
and to X3*4 as the ordinary locus. Let B = By n- be the definite quaternion algebra with

discriminant pN~ and Opg be a maximal order. Note that we can naturally view K;(p ), the
prime-to-p part of K, as an open compact subgroup of G(A(P)) = BX(A(>P)) The
scheme X° is given by a finite set of points, and we have the following parametrisation
of it.

Lemma 2.3. We have a bijection
X5 = B (Q\B* (A)/K PO .

Proof. The lemma is well-known and can be proved using essentially the same method
of the classical work Deuring and Serre. See [11, Lemma 9], for example. O

We will write
XP = BX(Q\B*(A™)/KP 0} (2.8)

and refer to it as the Shimura set associated to the definite quaternion algebra B with
level To(NT)NT(d). Therefore, the above lemma can be rephrased as a natural bijection

ss ~v v B
Xd :Xd'

Let Opr ,n+ be an Eichler order of level pN*t and let K’(p) be the associated open
compact subgroup in G'(A°°). Similar to (2.2), we define the open compact subgroup
K/ (p) of G'(A*) by adding a full level d-structure to K'(p). We have the curve X4(p)
over Q whose complex points are given by

Xa(p)(C) = G'(Q)\H* x G'(A=)/Ky(p).

We define an integral model X4(p) over Z[1/dN] which represents the following
functor. Let S be a test scheme over Z[1/dN]. Then X4(p)(S) classifies the tuples
(A1, Ag,t1,t9,m4,C\vq) up to isomorphism where

(1) A, for i =1,2 is an S-abelian scheme of relative dimension 2;

(2) ¢;: Opr — Endg(A;) is an action of Ops on Endg(A;) for ¢ = 1,2;

(3) ma: Ay — As is an isogeny of degree p that commutes with the action of Op/;
(4) C is an Op-stable locally cyclic subgroup of A[N*] of order N*2;

(5) vqg:(Op//d)s — A1[d] is an isomorphism of Op/-stable group schemes.

By forgetting the data given by v4, we have a natural map cq(p) : X4(p) — Xo(p) where
Xo(p) is the coarse moduli space representing the above functor without the data vy.
Note that the isogeny 74 induces an isomorphism between ~4 : A;[d] — A3[d] and yy+ :
A1[NT] 5 Ay[NT]. Again we consider the base change of X4(p) to Z,2 and use the same
symbol for this base change and denote its special fibre by X 4(p). Let Xo(p) be the image
of X4(p) under the map cq(p). We have the following descriptions of X 4(p) and Xo(p).
Similarly, let (X,X°"d, X*%) be the image of (X4, X', X5%) under the map cq. We will
call (X', X*%) the ordinary and supersingular locus of X.
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Lemma 2.4. The scheme X 4(p) consists of two irreducible components both isomorphic
to X 4 which cross transversally at the supersingular locus X5 (p) of Xa(p), which in turn
can be identified with the supersingular locus of X 4. A similar statement holds for Xo(p).

Proof. This is proved in [6, Theorem 4.7(v)]. O

Let 71 : X4(p) — X4 be the morphism given by sending (Aj,As,ma,t1,t2,C,vg) to
(A1,11,Cyvq) and o : X4(p) — X4 be the morphism given by sending (A1, A2, ma,t1,t2,C,v4)
to

(‘427L27,7/]\/'Jr (0)7’}/d o Vd)~

Then we can define two closed immersions 41 : X g — X 4(p) and is : X4 — X 4(p) as in the
proof of [6, Theorem 4.7(v)] such that

1 Oil 1 Oig o id FI‘Obp (2 9)

7TQOZ'1 7T20i2 - SP_IFI'Obp id ’ ’
where S, corresponds to the central element in the spherical Hecke algebra of GL2(Q,).
We will need the following important result known as the ‘Thara’s lemma’. This is

proved for the case of classical modular curves by Ribet [29] and Diamond-Taylor [11]
for Shimura curves.

Theorem 2.5 ([11, Theorem 4]). We have the following statements:
(1) The kernel of the pullback map

(m7+73)  HY (X0 @ Q™ Ly—2(F))) @ HY (Xg @ Q*, L1—2(Fy))
— HY (X4(p) ® Q*, L1 _o(F)))

is Fisenstein.

(2) The cokernel of the pushforward map

(T1am2s) : HY (X a(p) @ Q2 Li—2(Fy))
—H (X0 Q", Ly—2(F)) & H' (X4 ® Q*, Li—2(Fy))

is Fisenstein.

Remark 2.6. Here the restriction on weights in the original treatment of [11] can be
improved by using the recent work of [24]. However, we will rely on the freeness result on
the Hecke module of quaternionic modular forms [8, Proposition 6.8], and this result is
proved under the weight restriction in the Fontaine-Laffaille range.

2.4. Review of weight spectral sequence

Let K be a Henselian discrete valuation field with valuation ring Ok and residue field & of
characteristic p. We fix a uniformiser = of O . We set S = Spec(Ok ), s = Spec(k) and n =
Spec(K). Let K¢ be a separable closure of K and K, the maximal unramified extension
of K in K?°. We denote by k*¢ the residue field of K,,. Let Ix = Gal(K?*°/K,,) C
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Gk = Gal(K?°/K) be the inertia subgroup. Let [ be a prime different from p. We set
t;: Ik — Z;(1) to be the canonical surjection given by

o (a(wl/lm)/ﬂl/lm)m

for every o € Ig.

Let X be a strictly semi-stable scheme over S purely of relative dimension n, which we
also assume to be proper. This means that X is locally of finite presentation and Zariski
locally étale over

Spec((’)K[Xl,.. . ,X”]/(Xl .. 'Xr —ﬂ'))

for some integer 1 <r <n. We let X, be the special fibre of X and Xjac be its base change
to k%¢. Let X = X,, be the generic fibre of X and X, be its base change to K,,. We have
the following natural maps i: X, = X, j: X = X, i: Xpae = X0, and j: Xk, — X0, -
We have the nearby cycle sheaf given by

ur

RIU(A) =i*R%j, A
and the nearby cycle complex given by
RY(A) =i*Rj.A.

By proper base change theorem, we have H*(Xjac, RU(A)) = H* (X ac,A). We can regard
RU(A) as an object in the derived category DT (Xgac,A[Ix]) of sheaves of A-modules
with continuous Ix-actions. Let Dy,...,D,, be the set of irreducible components of Xj.
For each index set I C {1,...,m} of cardinality p, we set X, =N;c;D;. This is a smooth
scheme of dimension n —p. For 1 <p <m—1, we define

X = || X1k
Ic{1,...,m},Card(I)=p+1

and let a, : X,Ep) — X}, be the natural map, so we have a,.A = APag,A.

Let T be an element in Ik such that ¢;(T) is a generator of Z;(1); then T induces a
nilpotent operator T'—1 on RU(A). Let N = (T —1)®T where T € Z;(—1) is the dual
of t;(T). Then with respect to this N, we have the monodromy filtration M¢RV(A) on
RY(A) characterised by

(1) MuRU(A) = RU(A) and M_,_; RU(A) = 0;
(2) N:RU(A)(1) » RU(A) sends M, RY(A)(1) into M,_aRU(A) for r € Z;
(3) N":GrMRU(A)(r) — Gr™ RU(A) is an isomorphism.

The monodromy filtration induces the weight spectral sequence

E;f,q _ Hp+q(X ® kaC,GTﬁ/[pR\I}(A)) = Hp+q(X ® kaC,R\I/(A)) = HP-HZ(X ® Kach).
(2.10)
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The E;-term of this spectral sequence can be made explicit by
HPH(X ® kaC,Grﬁ/IpR\I/(A)) _ @ Hp+q—(i+j)(Xlgijj),A(_i))
i—j=—p,i20,j>0

= P HOEXE A).

i>max(0,—p)

This spectral sequence is first introduced by Rapoport—Zink in [28] and thus is also known
as the Rapoport—Zink spectral sequence.
Let X be a relative curve over Ok . Then we can immediately calculate that

GrM RU(A) = a1, A[-1],

Grif RU(A) = ag.A,

GrMRU(A) = a1, A[-1](—1).
The E;-page of the weight spectral sequence is thus given by

2| HO(X®k*a1.A(-1)) H2(X® k™, a0,A)

1 H! (X @ k™, ag, )
0 HO(X @k, ap,A)  HO(X @K™ a1, A)
1 0 1

and it clearly degenerates at the Eq-page. We therefore have the monodromy filtration
0B’ MH (X @K™, A) B MeH (X @ K, A) c® " M_ H (X @ K™,A)
=H'(X® K*,A)
with the graded pieces given by
GrMHY (X @ K, A) = ker[HY(X @ ka1, A(—1)) = H2(X @ k™, a0, A)]
GriTHY (X @ K, A) = H (X ® k™, a0 ) (2.11)
GrMH (X ® K*°A) = coker[H (X ® k*°,ap.A) & HO(X ® k*,a1,A)]

where 7 is the Gysin morphism and p is the restriction morphism. Note that the mon-
odromy action on H'(X ® K, A(1)) can be understood using the following commutative
diagram:

H' (X @ K*,A(1)) — ker[H(X @ k*,a1,A) 5 H2(X @ k*, a0, A(1))]

Js J

H' (X © K2, A) +—— coker[H(X ® ka0, A) 2 HO(X @ k*,a1,A)].
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In this case, we recover the Picard—Lefschetz formula if we identify H®(X ® k¢, a;,A) with
the vanishing cycles @, R®(A), on Xgac where  runs through the singular points X,SZ
on Xgac. Let M be a Gg-module over A; then we have the following exact sequence of
Galois cohomology groups:
0,
0 — Hf, (K,M) — H'(K,M) = HL _(K,M) =0 (2.12)

sing

where HL (K,M) = H!(k,M’x) is called the unramified or finite part of the cohomology
group H'(K,M) and HL (K,M) defined as the quotient of H'(K,M) by its finite part

sing
is called the singular quotient of H'(K,M). The natural quotient map H'(K,M) 8—p>
Hging(K,M) will be referred to as the singular quotient map. The element 0y (x) will be
referred to as the singular residue of z for z € H*(K,M). Let M = H"(X gac,A(r)) be the
rth twist of the middle degree cohomology of X ac. We need the following elementary

lemma.
Lemma 2.7. Let M = H"(Xgac,A(r)); then we have

M/x M(—1)\
1 ~ _ - 1' [~} .
Hﬁn(KaM) - (FI"Obp — 1)7 Hsmg(KvM) < NM )

Proof. This is well-known. The details can be found, for example, in [20, Lemma 2.6]. [

For M = H!(Xkgac,A(1)), we can use the Picard-Lefschetz formula to calculate
HL _(K,M); more precisely, we have

sing
Gk 0 P 110 G
L (KM) = (M(—1)> ~ [ coker[H(X®k*, ap.A) = H (X Rk, a1.\)]
e NM ~ \ Nker[HO(X @ k2, a1, A) 5 H2(X @ k2, a0, A(1))] ]

(2.13)

Composing the isomorphism (2.13) with 7, we obtain

0 P, 110 G
coker[H (X ® k¢, ag.A) & HO (X ® k*°,a1,A)]
Nker[HO(X ® k¢ a1, A) = H2(X ® k2, a0, A(1)))]

>~ coker[H* (X @ k%, a0, A) 2 HO(X @ k% a1, A) 5 H2(X @ k>, a0.A(1))]C*.
(2.14)

1 ~
Hsing (K’ M) = (

Next we consider the curve X4(p) over Spec(Zy2). Let Aq(p) — X4(p) be the universal
abelian surface over X4(p). Then we define the Kuga—Sato variety of weight k by the
%—fold fibre product of A4(p) over X4(p); that is,

Wh,a(P) = Aa(p) Xx,(p) * Xxu(p) Ad(p)- (2.15)

Then there is a semi-stable model Wk,d(p) constructed in [32, Lemma 7.1] and the action
of the projector €, extends naturally to the semi-stable model Wy 4(p). Moreover, the
first page of the weight spectral sequence converging to

att = (Wia(n 2Qpe (152 ) =1 Ralr) 0 Qa2 ()
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takes the following form by [32, (8.10)]:

2| HO(Xa(p)rgearLia(A) (1) HA(Xa(p)rge.an.Lia(A))

. H (Ko (p)rse 02 £ (M)

0 HO (X ap)rye a0- Lia(A)) HO(Xa(p)rye.ar. Lxa(A))
— 0 1

This means that the weight spectral sequence of the Kuga—Sato variety agrees with the
weight spectral sequence of the base curve with certain nontrivial coefficients. We have
to remark that the author works with a different Shimura curve in [32], but his method
adapts to our situation easily and gives the same result. By further applying the projector
€4, we obtain the following first page of the weight spectral sequence converging to

H' (X0(p) ® Q3°, Li—2(A))

2| H(Xo(p)rse,a1.Lr—2(A)(=1))  H*(Xo(p)rac,a0.Lr—2(A))
1 Hl(yo(p)FgczaO*Lk—2(A))

0 H(Xo(p)rac, a0 Lra—2(A))  HY(Xo(p)rac,a1:Li—2(A))

-1 0 1

Note that we can make it explicit for the terms in the above spectral sequence:

1) H(Xo(p)rac,a1+Lx—2(A ):HO(X%SZC,Ek_Q(A));

2) H'(Xo(p)Fae, a0: L—2(A)) = H (X pae, Ly—2(A)) B H (Xpae, Lx—2(A));

3) H?(Xo(p)rac, a0+ Li—2(A)) is Eisenstein;
) HY(Xo(p) (A)

)
)
)
4) HO )

(
(
(
( olp F;c,ao*ﬁk,Q A)) is Eisenstein.

2.5. Unramified level raising on the Kuga—Sato varities

Let f € Sp®V(N) be a newform of level I'y(N) with even weight & and with Fourier
expansion f=> a,(f)q". We denote by E = Q(f) the Hecke field of f. Let A\ be a place
of F over [ and E) be the completion of E at \. Let w be a uniformiser of the ring of
integers O := O, of Ey and F be its residue field. We will set O,, = O/w". Let K be
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an imaginary quadratic field whose discriminant is —Dy with Dy > 0. We assume that
N admits a factorisation N = NTN~ where N consists of prime factors that are split
in K and N~ consists of prime factors that are inert in K. Let py  : Gq — GL2(E\) be
the A-adic Galois representation attached to the form f characterised by the fact that

the trace of Frobenius at p{ N agrees with a,(f) and the determinant of p;  is ef_l

where ¢ is the [-adic cyclotomic character. We shall consider the twist p} \ = pf.a(35%).
Let Vs x be the representation space for p% ,. We normalise the construction of py, x such
that it occurs in the cohomology H!(Xqac,Li—2(Ex)(£)) and therefore P} » occurs in the
cohomology H' (X qac,Li—2(Er)(1)). Let T=T(NT,N7) be the l-adic completion of the
integral Hecke algebra that acts faithfully on the subspace of Si(N) consisting of forms
that are new at N~ and let TPl = T(N*,pN™) be the l-adic completion of the integral
Hecke algebra that acts faithfully on the subspace of Si(pN) consisting of modular forms
that are new at p/N~. The modular form f gives rise to a homomorphism ¢y : T — O
corresponding to the Hecke eigensystem of f. For n > 1, we define ¢f ,, : T — O, := O /w™
to be the natural reduction of ¢; by @w". We will define Iy, to be the kernel of the
morphism ¢¢ , and by m; the unique maximal ideal of T containing I¢ ,. We fix a Gq-
stable lattice T¢ ) in V¢ ) and denote by T ,, the reduction T ymod @w”. We will always
assume that the residual Galois representation py ) satisfies the following assumption.

Assumption 5 (CR”). The residual Galois representation py \ satisfies the following
assumptions:

1) k<l—1and [(F))*!| >5;

(1)
(2) py,» is absolutely irreducible when restricted to G'q(, /=) where p* = (-1)= p;
(3) If ¢| N~ and ¢ = £1mod [, then py, ) is ramified at ¢;

(4)
(5)
(6)

5) The Artin conductor Nj of py, y is prime to N/Np;

If || N* and ¢ = 1mod [, then py ) is ramified at g;

6) There is a place ¢ || N such that py x is ramified at ¢.

We will now prove a level-raising result for the modular form f First, we recall the
following notion of n-admissible prime for f.

Definition 2.8. We say a prime p is n-admissible for f if

We consider the special fibre th of V\Jk’d,Zp2 and define its supersingular locus
by Wisy = WEZ(X;S). Similarly, we define the supersingular locus of Wi 4(p) by
Wisi(p) = ﬂ;b(p) (X5 (p)). We will consider the following ordinary-supersingular excision
exact sequence
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i W k
" (Wk S ( >) o <Wk’d’F?C = Wiiapae, A <2)>
§+1 — ﬁ
— HW}??d‘FgC Wk,d,F;“«,A 5 .

Apply the projector €, and localise at the maximal ideal m¢; we in fact obtain an exact
sequence

0— H" (Xarse, Lx—2(A)(1))m, — Hl(ngggc7ck,2(A)(1))mf - H (X pacs Lo—2(A))m, = 0.

This follows from Lemma 2.2 and the following equations:
ngl ac A E\\ ~ k-2 % k—2
(1) HWss Wh,a @ F3¢,A(5)) = @zeXss H™> (Ad’z A(52))

(2) Bexp et ™ (Adx A(52) = De g Li—2(d)

by the definition of €. Here A4, is the fibre of my4: Ay — X4 above z. The ordinary-
supersingular excision exact sequence induces the following connecting homomorphism:

GF R
Oy HO(XS Fac,ﬁk,z(A))mfPQ — H' (Fye, H (X g e, Lo—2(A) (1)), )-
By applying the projector ¢4 to the above map, we have

GF 2 —
P HO(XFaC,ﬁk,z(A))mfp — H' (Fp2, H' (X pac, Li—2(A) (1)), )

By further taking the quotient by I¢ ,, we have
GF ,
©, : HO (X, L2 (A)) ;7 — B (Fpe, H (X e, Li—2(A) (1)) /1, ,,)-

The following theorem is known as the arithmetic level raising for the Kuga—Sato variety.

Theorem 2.9. Let p be an n-admissible prime for f. We assume that the residual Galois
representation pg x satisfies (CR*). Then we have the following statements:

(1) There exists a morphism qb%]n TPl — ©,, which agrees with Opn: T — Oy for all
of the Hecke operators away from p and sends U, to epp%.

(2) Let I)[fj]n be the kernel of the morphism gi)[fp} and m[f] be the mazimal ideal containing
If.n. When n =1, there exists a modular form fP) € SiV(pN) such that the
morphism (;Sf ]1 lifts to f[Pl,

(3) The Hecke module H' (X ® Q*,Lx—2(O)(1))m, is free of rank 2 over Ty, and the
Hecke module S,?(N"‘,(’))m[fp] is free of rank 1 over ']TE:]?].

(4) We have a canonical isomorphism

G
®, : HO (X, Lk 2(0)) ), 7

which can be identified with an isomorphism

= HY (Fpe H (Xpse, Li—2(0)(1)) j1,,) (2.16)

®, : SE(NT,0) jr = = HY(F e H (X pae, Li—2(0) (1) 1,.,). (2.17)
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Remark 2.10. We will refer to this theorem as the unramified arithmetic level raising
for the Kuga—Sato varieties. It addresses a question raised in the introduction of [9] about
the surjectivity of the Abel-Jacobi map restricted to the supersingular locus. The proof
is inspired by lectures of Liang Xiao [38] at the Morningside center; see also [21].

Proof of Theorem 2.9. We first proceed to show that ®,, is surjective. We consider
the localised weight spectral sequence for H' (Xo(p) ® Q3% Lx—2(O0)(1))m, and its induced
monodromy filtration:

0 ™ MHY (X0 (p) © Q7 L1—2(O) (1)), € 2™ MoH (Xo(p) © Q*, Lir—2(0)(1))m,
2 M HY (X0(p) © Q2 Li—2(O)(1))m,
By (2.11), we have
g, = ker[H (Xo (p)rac, a1.Ly—2(0)) = H*(Xo(p)rac, a0« Li—2(O) (1) m,

= HO (X%b?)c,Ckfz(O)(l))mj;
Eg:iﬂf = H'(Xo(p)rac,004 L1—2(O0)(1))m,
=H' (Xrge, L2 (0) (1)

E; w2 = coker[H* (Xo (p)pae,a0s Li—2(0) (1)) 2 H* (Ko (p)pac, a1+ La—2(O) (1)) m
= HO(X§e, Lk 2(0))m, -

f

Next we consider the pushforward map

ac (14, m24) ac
H' (Xo(p) ® Q)% La—2(0) (1)), ——> H' (X @ Q. Lr—2(0) (1))} -
This is surjective by ‘IThara’s lemma’, Theorem 2.5 and Nakayma’s lemma. It is well-known

that the composite

E}Y, < H'(X0(p) © QF, Li—2(O) (1)), ™22,

is zero. Therefore, we obtain the following commutative diagram where we have omitted
the coefficient L_2(O) in all of the terms:

H' (X® Q)¢ Lk —2(0)(1))E2

ac (i1x,24) ac ss
H (X @ F)(1)g7 —— H (Xo(p) @ QF°) (Dm; —— H (X )m,

mpy

lE l(ﬂl*ﬁm*) lq;./

H' (X2Q)(1)82 —— H' (X®Q2)(1)82 —— coker(V)

mpy mpy

Here the top row of the diagram is the monodromy filtration of H' (X ® Q3 L—2(O)(1))m,
which is exact on the right. The map @’ is the one naturally induced by (71.,72.). The
map V is by definition given by the composite of (71.,m2.) and (i1x,924). By (2.9), the

map V is given by the matrix
id  Frob,
Frob, id )’
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since the central element S, has the trivial action. It then follows that we have an
isomorphism

coker(V) = H' (F 2, H' (X ® Q3°, L1 —2(O) (1)), )-

Since (714,72.) is surjective, the map @’ is surjective as well. Let ®] be the reduction
of ® modulo Iy ,. Therefore, we are left to show that @/, agrees with the map ®,,. To
show this, we rely on some results proved in [16]. More precisely, the natural quotient
map induced by the monodromy filtration

H' (X0(p) © Q3¢ Li—2(O0) (1)), %HO(X%S;C’Ekfz(O))mf

factors through HY(Xg:d L4 _»(0)):

H (X0(p) © Q2. Li—2(O) (1), 5 H (XL Lia(O) (1),
— HO(XFZC,Lk_Q(O))mf -0

where the map Hl(Xl‘%%‘ci,Ek_g(O)(l))mf — HO(XIS;\S?)C,L:k_Q(O))mf comes from the natural

excision exact sequence for H'(X ® Fa¢,L;,_5(O0)(1))m, and i} is the pullback of the
cohomology of nearby cycles

H' (Xo(p)rse, RY(Lr-2(0))(1))m, 5HN (X pie, R (Ly-2(0)) (1)),

For the proof of these facts, see [16, Proposition 1.3], which extends to nontrivial
coefficients. Let z € HY(Xgh,Lr—2(0))m; and let & be a preimage of z in
P

H' (Xgid, Lk—2(O)(1))m, - Since ifi1, is the identity map, we can take i1, (%) as a preimage
P
of  in
HY (Xo(p)rye, RY(L—2(0)) (1)), -

Therefore, for x € HY(X.,Lr_2(0)), we have @'(z) = (m1.i1.(T),m2xi24(T)) =
P
(z,Frob,(z)). Since the natural quotient map

HY (X0 Q3 Li—2(0)(1))m, ®H (X ® Q3% Li—2(O)(1))m, — coker(V)
is given by sending
(z,y) € K (X @ Q}°, Lax—2(0)(1)m; ®H (X ® Q}°, Li—2(O)(1))m,

to (z —Frob,(y)) in light of the definition of V, we have ®'(z) = (1 —Frobi)a?. But this is
precisely the definition of ®(z). Note that we have an isomorphism

b ZH (X Q™ Ly 2(0)(1)/1,

for some positive integer r. By Definition 2.8 (3), we have T¢ n|cq, = On(1) ® Op. Then
it follows that

H (Fp2, H (X pae, Li—2(0) (1)) /1, ) EH (Fp2, 0, (1) © O)"
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Therefore, Frob, acts by ¢, on H'(Fp2,H' (Xrac, Lk —2(0)(1)) /1, ,,)- By [30, Proposition
3.8], which also applies to our more general setting, we know that Frob,, acts by U, on X
and thus by p¥ Up on HO(X5 L), _5(0O)). From the above discussion and by identifying
SB(NT,0) with HO(X;\SZC7£]€72(O))7 we conclude that we have a surjective morphism

@, 1 SP(N®,0) — H' (e H! (X, Lo—a(O)(1))1,.,)
= HY(F,2,0,(1) & O,)"
~ o,

This gives us the desired morphism gi)f TP — ©,, by projecting to any copy of O; in
the above equation. This finishes the proof of (1).

The statement in (2) follows from the main results of [12, Theorem 2] with trivial
modification to cover the higher weight case. Note that when n > 2, this lift may not
exist.

The statement in (3) follows from [8, Proposition 6.8] and the slight modifica-
tion in [7, Proposition 5.9], which replaces the ordinary local condition at [ by
the more general local conditions given by Fontaine-Laffaille theory. It follows then
SB(Nt,0)/I pn is of rank 1 over O,,. Since we have a surjective map ®,, : SP(NT,0) —
H' (F 2 H' (X, L4 —2(0)(1)) 1, ), the rank of H' (Xgac, Lx—2(0)(1))1, ,, has to be 2.

The statement in (4) follows from the previous discussions. More precisely, by (3), the
module S,c (NT (9) ] is free of rank 1 over O,, and we have a surjective map ®,,. This

concludes the proof of "this theorem.

2.6. Ramified level raising on Kuga—Sato varieties

Let B” be the indefinite quaternion algebra with discriminant pp’ N~. Let Op» n+ be an
Eichler order of level N contained in a fixed maximal order O B Then we define the

Shimura curve X" = Xﬁ” , - the same way as we define X = XN+ ~-- Then we define
an integral model X" of X" over Z, . For a Z,-scheme S, X" is the set of triples (A,,C)
where

(1) A is an S-abelian scheme of relative dimension 2;
(2) t: Opr — Endg(A) is an embedding which is special in the sense of [4, pg. 131-132];
(3) C is an Opn-stable locally cyclic subgroup of A[N*] of order N*2.

This moduli problem is coarsely represented by a projective scheme X" of relative
dimension 1 over Z,. We can similarly rigidify the moduli problem by adding a full
level-d structure for a square-free positive integer d with (d,pp’N) =1 as we did in (2.2).
Then we will write the resulting moduli problem by X//. The formal completion of X/
along the special fibre at p’ admits the Cerednick—Drinfeld uniformisation after base
change to Z,2. The Cerednick-Drinfeld uniformisation theorem asserts that the X/, can
be unlformlsed by the formal scheme M, which is a disjoint union of the Drinfeld upper
half-planes

BN 2 G(Q)\M x G(AP)) /KT, (2.18)

https://doi.org/10.1017/51474748022000068 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000068

2318 H. Wang

Here K is the open compact subgroup given by the Eichler order Op y+ and K is given
by

Ki={9=(90)v €K :9,= ((1) (1)> mod v for all v | d}.

Let Y;’ be the special fibre of X/]. Then we have the following proposition.

Proposition 2.11. We have the following descriptions of the scheme ij:
(1) The scheme Y;’ is a union of P1-bundles over Shimura sets
X, =P (xB)uP'(x?)
where both XP and XB are isomorphic to the Shimura set XP as in (2.8).
(2) The intersection points of the two P-bundles P1(XB) and P'(XP) are given by
PY(XT7)NPHXE) = X7 (p).
This also can be identified with the set of singular points on Y;/, A similar statement
holds for the curve bd replacing X P by XB and XB(p) by XE(p).
Proof. This is well-known. See [36, Proposition 3.2] for an exposition of this result. [

Let m ;: Wy ; — X be the Kuga-Sato variety defined similarly as in (2.15). Then
there is a semi-stable model W,’c’ 4 constructed in [32, Lemma 7.1] and the action of the
projector €; extends naturally to the semi-stable model VNV,’C/ 4- Moreover, the first page of

the weight spectral sequence converges to e, H*~1 (VNV,’C'd ®Qa5,A) =H (X © Q3¢ L1.—2(A))
and takes the following form by [32, (8.10)]

2| HO(X]©F%,a1.Lr2(A)(~1) H2(X) ©F%, a0, L2(A))

1 H' (X @ F2,a0. Lr—2(A))
0 HO(X @ F2%,a0. L2 (M) HO(X] @ F25, a1, Ly—o(A))
) 0 1

This means that the weight spectral sequence of the Kuga—Sato variety agrees with
the weight spectral sequence of the base curve with certain nontrivial coefficients. By
further applying the projector €4, we obtain the first page of the weight spectral sequence
converging to

H' (X" © Qi Lr—2(A)) (2.19)
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2| HOX@FX,a1.L-a(A)(~1)) H2(X"©F% a0, Ly_2(A))

1 H! (X" @ Faf,a0.Li—2(N))
0 HO(X" @ F3,a0, Lk —2(A))  HO(X" @F2,a1.Li—o(A))
1 0 1

Note that we can make it explicit for the terms in the above spectral sequence:
(1) HO(X" @ F2,a1.Li—2(N)) = HO (X (p)FZ$,£k—2(A))§
(2) HY (X" @F5,a0:Li—2(A)) = 0;
(3) HO(X” @F a0. L—2(A)) = HO(XF'?Z?,K;C,Q(A))@Q.

Let TPP'] be the l-adic completion of the integral Hecke algebra that acts faithfully on
the subspace of Si(pp’N) consisting of forms that are new at pp’ N~

Theorem 2.12. Let (p,p’) be a pair of distinct n-admissible primes for f. We assume
that the residual Galois representation py  satisfies the assumption (CR*). Then we have
the following statements:

(1) There exists a surjective homomorphism (/55‘?”::] Tl 5 O, such that ¢£?’1;:]
agrees with ¢y, at all Hecke operators away from pp’ and sends (U,,U,) to

(epp¥,ep/p’%). We will denote by [[1,75)1’] the kernel of gbgfj’:;}.

(2) We have an isomorphism of O, -modules of rank 1

=0 SE(NT,0)/T], = HYy (Que HY (X @ Q3 Li—2(0)(1) /1)),

sing

Proof. Following the formulas proved in (2.14), we have that

He (Qpe H (X @ Q) L1,-2(0)(1))) (2.20)

is isomorphic to
coker[HO (X, a0x Lx—2(0)) £ HO(X s, a1, Li—2(0)) T HA(Xphac, a0, Li—2(O(1)))] "2
(2.21)

Here we have

HO(Xg’z?,ao*Ek,z((’))) = HO(X{?B:?,E;C,Q((’)))M

and we can identify it with the space S (NT,0)%2. Similarly, under the Poincare duality,
we can also identify

H2 (X, a0 Lr—2(0) (1)) = H (P (Xgag), L —2(0) (1))
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with SZ(NT,0)%2. The space HO(XFuc,al*ﬁk 2(0)) can be identified with SZ(pNT,0).

Under these identifications, the composmon
HO(Xfoac, 04 Li—2(0)) £ HO(Xfac, a1 Li—2(0)) = H? (Xfac, a0+ Lr—2(O(1)))
P P P

is given by the intersection matriz

R T
k-2 y
Ty —p'7 (p/ + 1)

which we will also denote by V. Since p,p’ are n-admissible for f, the module
v
coker [SE(N"’,O);GIQ%L 5 SB(NT, O)?jzf ")]
is of rank 1 over O,, and is isomorphic to S,]f (NT,0) ik Note here the isomorphism
fon
between

coker | SP(N1,0)93 Y, SE(NT,0)%2 )
/157, /T8 )
and S,?(N"‘,O)?Iz}p] is induced by the map (x,y) — 3 (z+€yy) for (z,y) € SP(NT, O)?Iz[p]
By [1, Theorem 5.8] and [9, §3.5] adapted to the higher weight case, the natural U,-action

on
H? (Xgae, 00, L1 —2(0)(1)) = S¢(N*,0)%?
is given by (z,y) — (—p 'Sy p = m—i—Tp y). We consider the automorphism
§:SE(NT,0)%2 = SB(NT,0)%?

given by (z,y) (p’%x —l—Tp/y,p’%y). Then a quick calculation gives us that Vod =
p’_(k_Q)Uﬁ, — 1. This means that the quotient

B(N+ (0)®2
S (N7,0) = coker S,?(NJF,O)@IQ@ ~ SP(NT,0)%2

(Ij[cpn,U2 — pk=2) Fin /TF)
is of rank 1. Since p’ is n-admissible for f, we see immediately that Uy + ey p 2 s

invertible on SZ(N* (9)@2[p ;- Therefore, we have

fon

SE(N*,0)%2 _ SE(N*,0)%

IF U =72 (I Uy —epp™T)

and the latter quotient is of rank 1 over O,,. Then the action of TIPP'] on this rank 1

quotient gives the desired morphism qﬁ%ﬂl] : TIPP'] 5 ©,,. This finishes the proof of the
part (1). Part (2) follows directly from part (1) using the isomorphism between (2.20)
and (2.21). O

https://doi.org/10.1017/51474748022000068 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000068

Indivisibility of Heegner Cycles Over Shimura Curves and Selmer Groups 2321

Remark 2.13. We remark that a similar ramified arithmetic level-raising theorem was
first proved by Chida in [7, Theorem 5.11].

3. Heegner cycles over Shimura curves

3.1. Heegner cycles over Shimura curves

Let K be an imaginary quadratic field with discriminant —Dg < 0 and set dx =+/— Dk
Let z — Z be the complex conjugate action on K. We define 6 by

0

:DI+5K D= Dy ifoDK;

2 Dg/2 if2| Dg.
We always fix a positive integer N such that N = NTN~ with Nt consists of prime
factors that are split in K, while N~ consists of prime factors that are inert in K. We will

assume the following generalised Heegner hypothesis:

N~ is square-free and consists of even number of prime factors that are inert in K.
(Heeg)

Let B’ be the indefinite quaternion algebra of discriminant N~. We can regard K as a
subalgebra of B’ via an embedding ¢ : K < B’. Let m be a positive integer such that
(m,NI) =1. We will chose an element J such that

B =KoK-J (3.1)

and satisfies the following properties:

(1) J2=pB€Q* with <0 and Jt =1J for all t € K;
(2) Be(Z))? for all | N* and 8 € Z) for q | Dk

We define ¢, € G'(Qy) as follows:

1 if gfmNT;
0 6
ot (1 1) if ¢ = qq is split with q | 9";
= no 3.2
e qO ) if ¢ | m and ¢ is inert in K with n = ord,(m); (3:2)
1 ¢ " . . . .
0 1 if ¢ | m and ¢ is split in K with n = ord,(m),

and we define the element ¢ € G'(A(>)) by ¢ = [1,sq-
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Recall that we have defined the Atkin—Lehner involution at q to be

1
0 for q | Nt;
—-NT 0
Ty = (3.3)
J for ¢ | coN—;
1 for gt N.

We abuse the notation and put 7" = [1, finite7e 8s an element in G'(A>)). Next we
define the set of CM points on X. We define 2’ to be the fixed point in H* by 1o (K) C
GL2(R). We define the set of CM points on the Shimura curve X by

CMg(X) ={[Z/,b]c: b € G'(AC)}.

Let recy : K* — Gal(K®P /K) be the geometrically normalised reciprocity law. The
Shimura reciprocity law says that

reck (a)[2',0'] = [2/,u(a)b’].

Let m be a positive integer that is prime to N. Let Ok ,, = Z+mOj be the order of K
with conductor m. Let G,,, = K*\K*/O} , be the Galois group of the ring class field

K, of conductor m over K. Let a € K> and p be a prime which is inert in K; then we
define the CM point of level m on X by

Po(a) =[#,a®P ¢tV € X(C). (3.4)

We set Py, := P, (1) and call this the Heegner point of level m. By definition, this gives a
point in X (K,,) which has the following moduli interpretation. The point P, corresponds
to a triple (A, tm,Cry,) such that End(A,,,¢,,) is isomorphic to Ok ,,. We let (Ism(a),IBm)
be an arbitrary lift of (P, (a),Py) in Xq(K,,).

We define Heegner cycles over X; and X following [25] in the classical modular curve
case and [17], [7] in the Shimura curve case. Consider the point Py, = (A, tm,Cym,vm) and
the Neron-Severi group NS(A,,) of A,,. There is a natural action of B’* on NS(4,,)q
given by L£-b=1,(b)*L. Since A,, admits an action of Op' ® Ok 1 = Ma(Ok ), it is
clear that A,, is isomorphic to a product E,, X E,, with E,, an elliptic curve with CM
by Ok m. Let I'y, be the graph of mv/—Dg in A,, = E,, X E},,. Then we define Z,, to
be the image of the divisor given by [I';,] — [Em X 0] = mDg[0 X E,,] in NS(A,,). Tt lies
in the rank 1 submodule of NS(A4,,) generated by ([0 x E,,],[Ey, x 0],A,,) where A, is
the diagonal. Let y,, € NS(A,,) ® Z; be the class representing m~!Z,,. This is the unique
class up to sign satisfying

(1) Lm(b)*(ym) = Nrd(b)ym for any b € B/;

(2) The self-intersection number of y,,, is 2D.

Taking the %th exterior product of the element esy,, € eaNS(A,,) R Z; = egCHl(Am) ®
k—2

k—2 -
Z;, we obtain an element e,y.,,> € ekCH¥ (An? ) ®Z;. Denote by the embedding jj 4
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kE—2

An?  — Wi, q which is of codimension 1. We have the pushforward map

k—2 Tk, dx

enCH = (A2 )@ Zy 2% ¢, CH?® (Wha) ® Z. (3.5)

Then we define the Heegner cycle Y, i in ekCHg(Wk,d ® Kp,) ®Z; by

k—2

Yok = Jk,ax(exym® ). (3.6)

Next we consider the Abel-Jacobi map for X, and the local system Lg_o:

. . k
Alpa: EkCH%(Wk,dQQKm) ®Z; — H! (Km,Eka_l <Wk,d®Qdcvzl <2>>>

=~ HY (K, H (X, 0 Q™ L1,_2(Z))(1))).

We can further apply the projector €4, and it induces the following Abel-Jacobi map for
X and the local system Ly_o:

ATyt €qexCH? Wy g @ K,) @ Zy — H (K, H (X ® Q, Li—o(Z)(1))).
Finally, we compose this map with the canonical map from H'(X ® Q*¢,Ly_2(Z;)(1)) to
H (X © Q™ Ly—2(Z1)(1))m; ©1,,, O = Ty,»

where the tensor product is induced by ¢y : Ty, — O. We therefore have the following
Abel-Jacobi map for the representation Ty y:

AJs ke eqenCH? Wha © Kp) @ Zy — HY (K., Ts). (3.7)

We will define the level m Heegner cycle class by
k(m) = Ay (eaerYomx) € H (K, T 0).
We will refer to the following class simply as the Heegner cycle class:
k= Corg, k(1) € H' (K, Ty, ). (3.8)

For n > 1, we define similarly the Abel-Jacobi map for the representation T ,:

AJpn : €aerCH? Wia @ Kp) @ Zy — HY (K, Ty0). (3.9)
Reducing the classes k(m) and x modulo w™, we define

tin(m) € HY (Ko, Tron);
Kn € HY(K, T ).

3.2. Theta element and special value formula

Let p be a prime away from N and consider the definite quaternion algebra B over Q
with discriminant pN~. We denote by G the algebraic group over Q given by B*. We
will choose the element J’ as in (3.1) such that B= K@ K -J'. For each a € I?, we define
the Gross points of conductor m associated to K by

Tm(a):=a-s € G(A). (3.11)
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Recall that we have the fixed embedding ¢; : Q*¢ — C; and it induces the place [ of K
and the place A of Q?*°. We define an embedding

o bf

ix:B—Ms(K), a+bJ — (b ;

), a,be K (3.12)
and let ic := 1o 0tx and ix, =y 0ixbe the composition. Let pi o be the representation

Phoo : G(R) 2S5 GLy(C) — AutcLiy_o(C). (3.13)

Then C-v, is the line on which py () acts by (¢/t)" for ¢ € (K ® C)*. For a K-algebra
A we define the space SP (U, A) of modular forms on B of weight k and level U to be

{h:G(AL)) = Ly _5(A) : h(agu) = pr.oo(a)h(g) for a € G(Q) and u € U}.
Let SZ(C) = lim, SB(U,C) and A(G) be the space of automorphic forms on G(A). We
define a morphism
TU: Ly 5(C)®SP(C) — A(G)
by the following recipe:

V(v f)(g) = <pk,oo(goo)vaf(goo)>k—2

for v € Ly_2(C). Let 7 be the automorphic representation of GL2(A) corresponding to
f?! and 7’ be the automorphic representation of G(A) that corresponds to 7 via the

Jacquet-Langlands correspondence. Let fT[f] be a generator of SB(N +,C)[m%]. We define
an automorphic form in A(G) by

k—2

@Ef/] =U(v§ ®f7[ff]) for vy = D2 vo. (3.14)
Let pg,; to be the representation defined by
ok, G(Q) ST GL2(C;) — Aute, Li—2(Cy). (3.15)

It is easy to check that py and pj,; are compatible in the sense that

. _ —\/B6
wﬂwwmmmwfxwmmva? éﬂ)eemum. (3.16)
If [ is invertible in A, then we in fact have an isomorphism
SE(NF,A) = SP(NY,A), b hg) = il Donaler i) (3.17)

and we say % is an l-adic avatar of h. We will say fT[ff] is [-adically normalised if fjff] is a
generator of the rank 1 module SE(N,O)[W}] =SB (N,0) OSE(N,CZ)[W}]. We can now
define the theta element associated to f and K. Let f}ff] be A-adically normalised. We
define the theta element @m(fk,)]) € O[Gn] by

On(fTh =3 oo 2m(1))o]. (3.18)

Uegm
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We will denote the theta element simply by O( f}fﬂ) if m = 1. The following theorem
relates the central critical value of the L-function of fP! over K twisted by a ring class
character y of G, to the theta element above.

Theorem 3.1 (Chida-Hsieh, Hung). Let x be character of G,, and N* =0+ -0+, Then
we have

K@) =y HIE LX) yern it ORE /o™y

where Qi) N - 18 the l-adically normalised period for fP! given by

_ AR g vy

Qi) - 1=
e (FEL 1

Proof. This follows from the main result of [15] generalising [8] to ramified characters. [J

Note here the period Q) , 5 is not the canonical period Q;T;‘] of Hida defined by

AR L7k £ g oy

nyw (pN)

can ,__
Qf[p] T

where 74, (pIV) is the congruence number of f Pl in S)(pN). We record the following
result comparing these two periods, which we will use at a later occasion. Let g be a
prime and recall the local Tamagawa ideal Tamy(Ty 1) at ¢ is defined by

TamQ(Tf,A) = FittO(Hl(K;ran,)\)tor)

and the local Tamagawa exponent at ¢ is defined by the number ¢,(f) such that

Tam,(Ty, ) = (w'*)).
Proposition 3.2 (Kim-Ota). The following equation holds under the assumption (CR*):

Q _

flplpN
Ve <Q'J> = >t
f[P] q‘pN,

Proof. This follows from [26, Corollary 5.8] generalising the work of Pollack—Weston [27]
in weight 2. O

3.3. Explicit reciprocity laws for Heegner cycles

Recall that we have the modular form f € Spe¥(N) with N = N*N~ such that N~ is
square-free with even number of prime divisors. Let n > 1; we consider the Abel-Jacobi
map for Ty,

AJpn : €aerCH? Wia @ Kp) @ Zy — HY (K, T ).
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kE—2

We have the Heegner cycle class €35,k € edekCHg Wi, a @ Kp)) @ Zy with Y, jp = €pym®
for an element y,, € NS(A,,) satisfying

(1) tm(b)*(ym) = Nrd(b)y,, for any b € B';

(2) The self-intersection number of y,,, is 2D.

Here A,, is given by the Heegner point P, = (Am,tm,Ci) on X. Let p be an n-admissible
prime for f. We consider the following composite map:

loc,

A n
fdﬁkCH%(Wk,d ®Km) J—k> Hl(Kmvam) — Hl(Km,vafm)'

The image of €Y, 1 € edekCHg(Wk,dQ@Km) ® Z; under the above map is by definition
given by loc,(kn(m)) and it lands in HY (K., Tfn) as Wi 4 has good reduction at p.
Note that there is an isomorphism

Hii (Ko, Tf.n) = Higo (K, T,n) @ On[G] (3.19)

by [1, Lemma 2.4 and 2.5] and [9, Lemma 1.4]. Therefore, Theorem 2.9 implies the
following isomorphism:

®,: SP(NT,0), 1 @ OnlGn] S HNF, H (X @F%, L _5(0)(1))/1,.,) © On[Grm]

Hl
Hérl(K7rz,vaf7n)-

1w

(3.20)

It follows then that loc,(k,(m)) can be regarded as an element in Sf(N*‘,O)HM ®
fin

O1[Gm]. Recall that P, = (Amy iy CrnsVim ) € Xa(K ) is a lift of the Heegner point P, =
(Anytm,Cr) € X(K,,) and A, &2 E,, x E,, for a CM elliptic curve E,,. We have the
following commutative diagram:

k—2 —2

B k
edekCH¥(Am2 @ Km)®Z — edeka72 (Amz & Kom, 2y (162;2)>

ij’d* ljk,d*

€aekCHE Wy 0,00 Kpn) @ Zy —— eqer HY (Wi a @ Kon, Zo ().

On the first line of the diagram, we have the following isomorphism:

k=2 k-2 k—2
eqer V2 <Am2 ® K, 2y (2>> = eqepHY 2 (EZZ_QQ@Km,Zl (2)>

— Sym*2H! (Em @ Kon,Zy (‘“;2»

= Lk—Q(Zl)7
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while on the second line, we have

k k
eqer HF (Wk,d®Km7Zl <2)> ~ ! <Km7€d€k:Hk_1 (Wk,d®Q3C7Zl (2>> )
my my

=~ H' (K, HY (X © Q*, Ly—2(Z1)(1))m,)-

Here the first isomorphism follows from the Hochschild—Serre spectral sequence and the
fact that outside of the middle degree k —1, egex H* (W g ®QaC,Zl(§)) is Eisenstein and
hence vanishes after localising at my.

k=2 o k=2
Lemma 3.3. The image of the element eqepym® € edekCH¥(Am2 ® K.) @Z; under
the cycle class map to Li_2(Z;) can be identified with the vector v up to sign.

Proof. This follows from the fact that
(1) v§ and eqegcl (y? ) are the eigenvector of the action by K with eigenvalue 1;
(2) (eacrcl(yo? )reacrcllyn? )) = (vi,vi) = D72,
These properties characterise an element in Ly_5(Z;) up to sign. See [7, Lemma 7.2]. O

We recall the class k(m) is given by the extension class obtained by pulling back the
exact sequence

k k
0 — eqep HF 1 <Wk,d ®Q*,Z, (2>) — eqep P ((Wk,d =Y 1) QQ%,Z; (2>>
mpg mpy

k
— edEkH]f/,,n,ké@Q"‘C (W’“’d@) Q*Z <2)> -0
my
(3.21)

along the map Z; — edekH’f/m L@Qac (Wk,d@)QaC,Zl(%))mf sending 1 € Z; to the funda-
mental class of Y;,, , ® Q*°. The above exact sequence is equivalent to
0= H' (X ®Q",Li—2(Z)(1)m, = H' (X © Q" — Pp ® Q*, L1,—2(Z1)(1))m,

¢ (3.22)
—Hp Qe (X ®©Q™, Li—2(Z))(1))m; — 0

and the last term is the same as edeka_2(A7% ® QaC,Zl(kQ;z))mf > Li—o(Zy), as
explained in the paragraph after [7, Lemma 8.1]. Therefore, Lemma 3.3 implies that the
class k(m) is the extension class obtained by pulling back (3.22) along the map sending
1 € Z; to the vector v € Ly_2(Z;) up to sign. The class loc,(x(m)) is obtained similarly
by considering the special fibre of X; that is, we pull back the following exact sequence:

0= H (XQF, Lr_2(Zi)(1))m; » H (X QF — P, @F3°, Ly _2(Z1)(1))m,

B (3.23)
= Hp, orse (X @F, Lio2(Z1)(1))m; — 0

along the map sending 1 € Z; to v{; € Li_2(Z;) up to sign.

Recall the pairing
() )m: SPEN*,0) x SE(N*,0) = O
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defined as in (2.6). It induces a pairing
(2 )5 SENE0)/IF, x SP(NFO)I,) = On.

Theorem 3.4 (Second reciprocity law). Let p be an n-admissible prime for f and assume

that py  satisfies the assumption (CR*). Let f7[r be l-adically normalised and ]ﬂp]

be a
generator of S,?(N*,O)[I}ZTL]. Then we have the following relation between the Heegner

cycle class of level mky,(m) and the theta element @m(fjff]):

S~ (locy (o ki (m)), F2) ) 5 = u- 0 (f5)mod ="

0€Gm

where u € O,, is a unit.

Proof. Let o € G,;,. We define 1([:(‘;] (1))rN+ to be the function on X7 supported on the

Nt 1[Vo]
m(1))-7
be considered as an element of SZ(N*+,0). By the definition of ®,, and Theorem 2.9, all

classes of

point o(z,, (1)) 7" with its value given by the vector v{. Note that i can

H' (Fp2, H (X pac, Li—2(0) (1)) /1,.,,)
are obtained by pulling back the exact sequence below:
0— H'(Xpac, Lk —2(0)(1)) /1, — H( ;ﬂ?,ﬁk 2(0)(1) /1,
— HO(X;SgC,ck,Q(O)) 15 = 0. (3.24)
Since p is n-admissible and in particular inert in K, the point P, which is represented
by a product of CM elliptic curves has supersingular reduction. Moreover, by our

parametrisation (3.11) and (3.4), the reduction of P, is given by 2, (1)7"" when we
identify Xfae with the Shimura set X . Tt follows that the element loc, (o - %, (m)) as the

pullback of (3 24) factors through the exact sequence (3.23) modulo Iy ,, and is therefore

[v3)
o(en (7t 7]

> (locy(oma(m)), f2,) == 3 (a0 TR o]

c€Gm 0€Gm

=+ Y (Sl (o2 (1) [0

c€Gm

given by the element 1 up to a sign. Therefore, we have the following

equation:

= u-@m(fjf])mod w”.
O

Next, let (p,p’) be a pair of distinct n-admissible primes for f. Then we can consider the
Shimura curves X" and X and the corresponding Kuga—Sato varieties W}/ ; defined in
Subsection 2.6. Note that they correspond to the indefinite quaternion algebra B” with
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discriminant pp’ N~. We can define in the same manner as in (3.4) the Heegner point
PPl (a) = [/,a®)erN 7)o € X" (Kyn) (3.25)
for a € K*. We again write Py[fp’] for P#L)p/] (1). Using these points, we can define Heegner
cycles
V™) € cqer CHE (W) 4 © K1) © 2 (3.26)

similarly as in (3.6).

Since (p,p’) are n-admissible primes for f, there is a homomorphism gi)gffi] . Tlrr'l - 0,
such that gb[p Pl agrees with ¢ ,, at all Hecke operators away from pp’ and sends (Up,Up)
to (epp N ! *3%). Recall that I[pp] is the kernel of gbpp]

Lemma 3.5. We have the following statements:

(1) The morphism ¢[pp] can be lifted to a genuine modular form fPP'l e SRV (pp'N)
when n=1.

(2) There is an isomorphism Hl(Xéac,ﬁk_g((’))(l))/lyjf;] =Ty,

Proof. It again follows from the main results of [11] and [12] that the morphism qS[p vl

can be lifted to a genuine modular form, which we will denote as fPP'].
To prove the second statement, it follows from the main result of [3] that

HY (X e, La—a(O) (1)) /TP = T3

for some integer r. Then one can consider the weight spectral sequence converges to (2.19)
and use the fact that S,?(N+,(9)/I[p] is of rank 1 to conclude that r = 1. O
fin

Using the above lemma, we can define the Abel-Jacobi map
AIPPT: cgen CHE (WY 4 ® Ko) © 2y — H' (K, Ty0) (3.27)

following the same recipe for defining (3.7). We can define the corresponding Heegner
cycle class of level m,

kP (m) = AT (eaV, ) ) € HY (K, T ). (3.28)
Similarly, we define the class
KPPl = Corg, /rewlP?)(1) € HY(K, Ty,0). (3.29)
By [1, Lemma 2.4 and 2.5] and [9, Lemma 1.4], we have an isomorphism
H;mg(Km,‘mTf,n) = Hsmg(K Tf,n) & OTL [gm]

The element d,/loc, (kP?'1(m)) e HYo (Kp, Tfn) @ Op[Gm] under the composite below

loc ’

H (Kmva n) — H (Kmqp an n) —> Hsmg(Km,p’aTﬂn)
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can be considered as an element in S (N+,(’))/I[7’J]n ® Oy [Gn] using the map E,, given by
Theorem 2.12.

Theorem 3.6 (First reciprocity law). Let (p,p’) be a pair of n-admissible prime for f
and assume that py \ satisfies assumption (CR*). Let f}fﬂ be l-adically normalised and
ﬂfﬂm be a generator of S,?(N"‘,O)[I}Ij]n]. Then we have the following relation between the

Heegner cycle class kPPl (m) and the theta element @m(ﬂ[f]):

>~ (Optocy (o mlIm)). f21, ) =u-©,(f%)mod = (3.30)
c€Gm

where u € O) is a unit.

Remark 3.7. This theorem is proved by [7] in a slightly different setup with a different
method, but for completeness we give a proof.

Proof. We will use the formula given by [20, Theorem 2.18] and [20, Proposition 2.19],
which are proved for trivial coefficients. In our case, we will apply these results to the
cohomology of the Kuga—Sato variety W,’C' 4 With trivial coefficient. As noted in the
discussion above Theorem 2.12, the weight spectral sequence of the Kuga—Sato variety
agrees with the weight spectral sequence of the base curve with nontrivial coefficients.
Moreover, the Heegner cycle is fibered over the Heegner point over the base Shimura
curve; therefore, we can adapt these results in our setting with obvious modifications.

First we would like to apply [20, Proposition 2.19]; therefore, we are led to consider the
cycle class

2
paragraph below [20, (2.4.2)]. By applying the projector ey to it, we can identify this
cycle class with an element in

in the cohomology group eka(W,;'(c?)Fac,O(E)) where Yy[fi/]’# is defined as in the
Ehadl p/ el

H2 (X a0 L2 (0)(1)) = HE (P (XE, ), L4 »(0)(1)) %2

1(0)

supported on Xgac' Xz P,[ffp/]’#. This follows from Saito’s computation of the weight

P
spectral sequences of the Kuga—Sato varieties as we discussed in the paragraph of (2.19).

Note the latter space can be identified with SZ(NT,0)®2. Again, by our parametrisation
in (3.11) and (3.25) along with Lemma 3.3, this cycle class is given up to sign by a pair
of functions on X5 supported on 2,,(1)rY" sending 2,,(1)7Y" to v§ in the first copy
and sending zm(l)TN+ to ey v on the second copy. By the proof of Theorem 2.12 and

[20, Theorem 2.18], 9p/loc,y (Jw%’p/](m)) is thus given by 1([:(‘1]m(1)).TN+ [0] as an element
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in SB(N*t,0)/I ][cp ]n ® O [Gm]. Therefore, we have the following equation:

Z <8p/100p/(0"/€£§)p ( )) Jﬂpn B ==+ Z VO] (1))- _,_N+avf/‘\7{rp]n> [ ]

o€Gm oE€EGm 7 (@m
=+ > (v, 2 (02 (1))ilo]
o€Gm

:u-@m(f}f])mod ™.

4. Converse to Gross—Zagier—Kolyvagin type theorem

4.1. Selmer groups of modular forms

Recall that f is a modular form of weight & level I'o(N) such that N = N*N~. We assume
the following generalised Heegner hypothesis:

N~ is square-free and consists of even number of prime factors that are inert in K.
(Heeg)

Let K be an imaginary quadratic field with discriminant —Dg such that (Dg,N) = 1.
Let I > 2 be a prime such that {{ NDg. Recall py  : Gq — GL2(E)) is the A-adic Galois
representation attached to the form f, which is characterised by the fact that the trace of
Frobenius at pt N agrees with a,(f) and the determinant of py, y is effl where ¢; is the
l-adic cyclotomic character. Recall that we are interested in the twist p} \ = py, A(%)
Let Vi x be the representation space for p} . We have normalised the construction of
py.x such that it occurs in the cohomology H'(Xqac,Lr—2(Ex)(%)) and therefore P}
occurs in the cohomology H'(Xqac,Li—2(E)(1)). The modular form f gives rise to a
homomorphism ¢ : T — O corresponding to the Hecke eigen-system of f. Let n > 1; we
take ¢¢pn : T — O, to be the natural reduction of ¢¢ by @w". We define I¢, to be the
kernel of the morphism ¢f, and m; the unique maximal ideal of T containing I¢ .
We choose a Gq-stable lattice Ty in V¢ » and denote by Ty ,, the reduction Ty /™.
We also recall that the residual Galois representation py,  satisfies the assumption (CR*).
In light of this assumption and Theorem 2.9 (3), we can choose the lattice T x to be
Hl(XQac,Ek,g(O))mf. We denote by Ay x the divisible module given by Vi /Ty x. We
will set

Aﬁn:ker[Aﬁ)\ w—n>Af,)\]. (41)

Note that Ay, is the Kummer dual of T ,,.

Let M =Ty, or Ay,,. For v | N™, we set F,'M to be the unique line of M such that
Gq, acts by €,7, with 7, the nontrivial unramified character of Gq,. Then we define the
ordinary part of H'(K,,M) to be

H. 4 (Ky,M) = ker[H' (K, M) — H' (K,,M/E; M)].
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Let pt N be an n-admissible prime for f; then we set F; M to be the unique line such
that Frob, acts by €,p and F;"M is the line such that Frob, acts by €,. Then
Hl (KP7M) = Hl(KpangM) @Hl(KPaF;M)
= Hf%m (vaM) @ Hl (KP7M)

ord

(4.2)

In order to apply the results from Iwasawa theory, we assume that f is l-ordinary. For a
k
place v |l in K, let F,y M be the unique line of M such that Gq, acts by €. We define
H} 4 (Ko, M) = ker[H' (K, M) — H' (K,,M/F,;"M)]. (4.3)
Following the notation in [14], we define the local conditions F§ (a) for a triple of integers
(a,b,c) and [ by
HL (K,,M)  if v{abd;
HY(K,,M) if v|a;
H}Tg(c) (Ky,M)=<0 if v|b; (4.4)

HL (Ko M) if vle
HL (K, M) if vl

In other words, at places dividing a, we use the relaxed local condition; at places dividing b,
we use the strict local condition; at places dividing cl, we use the ordinary local condition.
If any of (a,b,c) is 1, then we omit it from the notation. We define the Selmer group for
M by

Selza(e) (K,M) ={s € HY(K,M) : loc,(s) € Hl}-g,(c)(KU,M) for all v}.

In this article, we will be mainly concerned with the Selmer group Sel z(y-)(K,M). Notice
that the Abel-Jacobi map

AJjn t €aerCH? Wi g @ K)® Zy — HY (K, T,

factors through Sel z(n-) (K, Ty ). This is well-known except for a justification for primes
dividing N~. Suppose that v | N~ and that py 5 is ramified at v. Then it follows from
our assumption (CR*) that v # Imod [ and a simple calculation using [10, Theorem 2.17]
shows that |[H'(K,,T¢ )| = |T?Z”|2 = 0. Next, suppose that v | N~ and that py ) is
unramified at v; then we have a decomposition

H' (K, Ty ) = Hlg (Ko, Tpn) @ Hg, (K4, Ty ).

Then our claim follows from the proof of the ramified level raising in Theorem 2.12.

Recall the definition of a bipartite Euler system of odd type in [14, Definition 2.3.2].
The following result follows from the first reciprocity law in Theorem 3.6 and the second
reciprocity law in Theorem 3.4 proved before.

Corollary 4.1. The theta elements of Chida—Hsieh defined in (3.18) and the Heegner
cycle classes defined in (3.8) form a bipartite Euler system of odd type for the Selmer
structures given by F(N~) over K.
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4.2. The proof of the main result

Now we can state and prove the main result of this article.

Theorem 4.2. Suppose (f,K) is a pair thal satisfies the generalised Heegner hypoth-
esis (Heeg) and f is ordinary at l. Assume that py x satisfies the hypothesis (CR¥).
If Selrn-y(K, Ty 1) is of dimension 1 over Fy, then the class k1 is nonzero in
Sel}‘(N—)(K;I‘f’l).

Remark 4.3. The above theorem can be considered as a generalisation of the converse
to Gross—Zagier—Kolyvagin type theorem proved by Wei Zhang [40] and Skinner [34] to
the higher weight case.

Let p be a 1-admissible prime for f and let fIP! be the level raising of the modular
form f constructed in Theorem 2.9. Since the residual representations of f[P! and f are
isomorphic, we can regard Sel z(,n (K, Ty 1) as the residual Selmer group for f Pl Then
we have the following result comparing the rank of the Selmer group of f and that of f[r!.

Proposition 4.4. Suppose that loc, : Selrn-)(K,Tf 1) — HE (Kp, Ty 1) is surjective
(equivalently nontrivial). Then we have

dimy Sel]:(N—)(K,Tf,l) = dimy, Sel;(pN—)(K,Tf,l) + 1.
Moreover, we have in this case
Selr(n—) (K, Ty 1) = Selzp(n-)(K,Tr 1), Selrpn—)(K,Ty1)=Selr, v (K, Ty 1)

Proof. This follows from [14, Proposition 2.2.9, Corollary 2.2.10]. More precisely, we have
the following Cartesian diagram of Selmer structures:

Sel}-p(N—) % SeI}-(Nf)

yT yT (4.5)

Selj:(pr) (T Sel]:p(N—).

Here, the labels z and y on the arrows stand for the length of the respective quotients.
We have 2 +y =1 by [14, Proposition 2.2.9]. Since p is 1-admissible, the local conditions
H! (K. Ty1) and HL (K, Ty 1) are dual to each other under the local Tate duality.

ord

Therefore, if
IOCP : Sel]:(N—)(K7Tf71) — H%in(Kpanyl)
is surjective, then y =1 and = =0. O

Next we combine results from [9] and [35] to deduce a special value formula for the
modular form f[P!. For this, let Sel(X, Agip) = h_r)nn Sel(K, A ,) be the minimal Selmer
group of fIP! defined as in [9, Introduction]. Here A #in and Ay, are defined the exact
same way as in (4.1). We will also use the Selmer group Sel,n- (K, A ,,) defined in
[9, Definition 1.2], which consists of classes in H'(K, A ,) that are ordinary at primes
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dividing pN~1 and unramified at other places. Also, we recall the following technical
assumption imposed on the main result of [9]:

ai(f) # lmod ! if k =2. (PO)

Theorem 4.5. Suppose (f,K) is a pair that satisfies the generalised Heegner hypothesis
(Heeg) and (PO). Assume that pgx satisfies the hypothesis (CR*) and, in addition,
assume that f is l-ordinary. Then L(fP!/K 1) # 0 if and only if Sel(K, A1) is finite
and we have
L(fP1/K 1
Ve <(f/)> = lengpSel(K, A g ) + Z tq(f1P!

Qcan
fiv) qlpN

Proof. Since gy satisfies the hypothesis (CR*), the form f [Pl satisfies the hypothesis
(CRY) of [9]. Since f satisfies (PO), P also satisfies (PO). Therefore, we can combine
[9, Corollary 2] and the main result of [35] to obtain the following equation:

L(fPl/K 1
Ve ((f/’)) lengpSel(K, Ay ) + Z tq(
Qf[P]’pN* q|N+
It follows from [26, Corollary 5.8] that
Q0 -
flPlpN _ [p]
- <Q ) )
flPl alpN-

The result follows. O

Remark 4.6. Instead of using the one-sided divisibility of Chida—Hsieh [9], one can apply
the main result of [18] to f and its quadratic twist f¥ to get the same result. This is the
approach used in [40], and one can then avoid the assumption (PO).

Proof of Theorem 4.2. Suppose c is a generator of Selry—)(K, Ty 1). Then we can
find a l-admissible prime p for f such that loc,(c) € Hf (K, Ty 1) is nonzero by using
the same proof of [9, Theorem 6.3]. Then Proposition 4.4 implies that

dimk Sel]:(pr)(K,Tf’l) = dimk Sel]:(Nf)(K,Tf’l) —1=0.

Since Sel, - (K7Tf[p],1) can be regarded as a subspace of Selzn-)(K,Ty, 1), we know
that

Sele— (K,Af[p],l) =0.

Then by the control theorem of [9, Proposition 1.9 (2)], we have Sel,y- (K,A ) = 0.
Therefore, Sel(K,A ) =0 and Eq“w tq(f[p]) = Eq\N+ ty(f) =0, by the proof of [9,
Corollary 6.15]. Then we can apply Theorem 4.5 and conclude that

o <L<f[p1/K,1>> _

Qi1 pn-
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The second reciprocity law in Theorem 3.4 and the specialisation formula for the theta
element in Theorem 3.1 allow us to conclude that loc, (k1) is nonzero in HY (Kp, T 1).
Therefore, 1 is nonzero in Sel z(y-)(K, Ty 1) and we are done. O
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